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Abstract

The global stability of continuous-time fractional orders nonlinear feed-
back systems with positive linear parts and interval state matrices is in-
vestigated. New sufficient conditions for the global stability of this class
of positive feedback nonlinear systems are established. The effectiveness of
these new stability conditions is demonstrated on simple example.
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1. Introduction

In positive systems inputs, state variables and outputs take only non-
negative values for any nonnegative inputs and nonnegative initial condi-
tions [1, 4, 7, 19]. Examples of positive systems are industrial processes
involving chemical reactors, heat exchangers and distillation columns, stor-
age systems, compartmental systems, water and atmospheric pollutions
models. A variety of models having positive behavior can be found in
engineering, management science, economics, social sciences, biology and
medicine, etc. An overview of state of the art in positive systems theory is
given in the monographs [1, 4, 7, 10, 13].
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Mathematical fundamentals of the fractional calculus are given in the
monographs [10, 13, 20, 21]. The positive fractional linear systems have
been investigated in [3, 6, 10]. Positive linear systems with different frac-
tional orders have been addressed in [8, 9, 25]. Descriptor positive systems
have been analyzed in [2, 24, 25]. Linear positive electrical circuits with
state feedbacks have been addressed in [2, 13]. The stability of nonlinear
standard and fractional positive feedback systems has been considered in
[5, 6, 11, 12, 15, 17, 18, 22, 23]. A relation between controllability and ob-
servability of standard and fractional different orders systems was discussed
in [14], and stability and stabilization of fractional-order linear systems with
convex polytopic uncertainties in [16].

In this paper the global stability of nonlinear different fractional orders
feedback systems with positive linear parts and interval sate matrices will
be addressed.

The paper is organized as follows. In Section 2 the basic definitions and
theorems concerning the positive different fractional orders linear systems
are recalled. The stability of positive linear different fractional orders sys-
tem with interval state matrices is investigated in Section 3. Main result
of the paper the new sufficient conditions for the global stability feedback
nonlinear systems with positive linear parts are established in Section 4.
Concluding remarks are given in Section 5.

The following notations will be used: R - the set of real numbers,
- the set of n x m real matrices, Rﬁxm - the set of n x m real matrices with
nonnegative entries and R” = err“, M, - the set of n x n Metzler matrices
(real matrices with nonnegative off-diagonal entries), I,- the n x n identity
matrix.

R’I’LX’H’L

2. Positive different fractional orders linear systems
Consider the fractional continuous-time linear system
d*x(t)
dte

= Az(t) + Bu(t), (2.1a)

y(t) = Cx(t), (2.1b)
where z(t) € R”, u(t) € R™, y(t) € RP are the state, input and output
vectors, A € R™"™ B € R™™ (C € RP*™. In this paper the following

Caputo definition of the fractional derivative of « order will be used [10,
13, 20, 21],

oD f(t) = d‘;{f) _ 1“(11— 3 / (tfi(:))adT, 0<a<l, (2.2)

df (7)
dr

0
where f(7) =

and I'(z) is the Euler gamma function.
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DEFINITION 2.1. ([10, 13]) The fractional system (2.1) is called (inter-
nally) positive if z(t) € R} and y(t) € R, t > 0 for any initial conditions
x(0) € R} and all inputs u(t) € R, t > 0.

THEOREM 2.1. ([10, 13]) The fractional system (2.1) is positive if and
only if o
X
AeM,, BeRY™ CeRY™ (2.3)

DEFINITION 2.2. The fractional positive linear system (2.1) is called
asymptotically stable (and the matrix A Hurwitz) if

lim z(t) =0 forall xz(0) € RY. (2.4)
—00
The positive fractional system (2.1) is asymptotically stable if and only

if the real parts of all eigenvalues s; of the matrix A are negative, i.e.
Resy <0 for k=1,...,n,[10, 13].

THEOREM 2.2. The positive fractional system (2.1) is asymptotically
stable if and only if one of the following equivalent conditions is satisfied:

1) All coefficients of the characteristic polynomial

det[l,s — Al = s" + a,_ 15" 14 ... +a1s +ag (2.5)
are positive, i.e. a; <0 fori=0,1,...,n— 1.
2) There exists strictly positive vector A\ =[\1 ... Ay ], Ax >0,
k=1,...,n such that
Ax<0 or MAc<o. (2.6)

The transfer matrix of the system (2.1) is given by
T(s%) = C[l,s® — A]"'B. (2.7)

Now consider the fractional linear system with two different fractional or-
ders

d®z1(t)
dﬁi%;(t) ] =[ A Aung | [ 28 ] + [ g; } u(t), (2.8a)
yt)=[C1 Gy ] [ " (2 } , (2.8b)

where 0 < «a, < 1, z1(t) € R™ and z3(t) € R™ are the state vectors,
Ajj € Rm*mi By € R™WX™ C; € RPX™; 4,5 = 1,2; u(t) € R™ is the input
vector and y(t) € R? is the output vector. Initial conditions for (2.8) have
the form

.%'1(0) = T10, 1‘2(0) = T20 for Trog — |: i;g :| . (2.9)
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REMARK 2.1. The state equation (2.8a) of fractional continuous-time
linear systems with two different fractional orders has similar structure as
the 2D Roeesser type models.

DEFINITION 2.3. The fractional system (2.8) is called positive if z1(t) €
R and z2(t) € R}?, t > 0 for any initial conditions x19 € R, x99 € R’
and all input vectors v € R, £ > 0.

THEOREM 2.3. The fractional system (2.8) for0 < a < 1;0< <1
is positive if and only if

1 Ay A o Nxm
[ A9 Az ] . [ By } T (2.10)

02[01 CQ]GRI;X”, N =nq + ns.

THEOREM 2.4. The positive fractional system (2.8) is asymptotically
stable if and only if one of the following equivalent conditions is satisfied:

1) All coefficients of the characteristic polynomial

det[l,s — Al = 8" + Gy_18" 1 4 ...+ a1s + ag (2.11)
are positive, i.e. a; >0 fori =0,1,...,n — 1.
2) There exists strictly positive vector A =[\1 ... Ay ], Ax >0,
k=1,...,n such that
AN <0 or MA<o. (2.12)

THEOREM 2.5. The solution of the equation (2.8a) for 0 < o < 1;
0 < B < 1 with initial conditions (2.9) has the form

z(t) = [ %8 } = o (t)zo + 0/ M(t — 7)u(r)dr, (2.13)

where
M(t) = ®1(t)B1o + ®2(t)Bo
- [ sk L0 [+ (50 S0 ][5 ] e
- [Shom Tekn | = [ohl 0[5
and 00 00 tha+ip
Do(t) = g;mm, (2.14b)

ket D)a+1B-1

Pq(t) = ZZTle[(k Dot 8 (2.14c)

k=0 =0
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00 00 fhat(+1)5-1
= T 2.14d
kZ:Olg “Tlka + (1 + 18] (2.14d)
In the above,
I, for k=101=0,
Apn A _
[ 0 0 for k=1,
Tkl = 0 0 (2.146)
[ Ayt Amy } for k=0,1=1,
TlOkal,l + TOlTk,lfl for k+1>1.

and ®o(t), ®1(t), Po(t) are the two-parameter Mittag-Leffler functions E, ,,,
respectively with p =18+ 1, p =18+ «a, p =18+ B, see for example [21].

Proof A proofis given in [8, 9]. O

Note that if & = 3, then from (2.13) we have the 1-parameter Mittag-

Leffler function
o Ak‘tk‘a

P t) = E — = E,(AtY). 2.1
The transfer matrix of the system (2.8) is given by
~1
- I, s“ 0 - —
a By n _
T(s*s”)=C H 0 I,s° ] A} B. (2.16)

3. Stability of positive different fractional orders linear systems
with interval state matrices

Consider the positive different fractional orders linear system

[ d*z1(t)
dt>

:A[xl(t)}, n=ni+ny, 0<apf<l1

dPxa(t)

dt—% z2(t) (3.1)
= | A A
A= [ A21 Agg :| s A11 c Mnl, A22 S MnQ,

where z1(t) € R}, x2(t) € R]}? are the state vectors and the interval state
matrix A € M, is defined by

A < A< Ay, orequivalently A € [A;, As]. (3.2)

DEFINITION 3.1. The interval positive system (3.1) is called asymptot-
ically stable if the system is asymptotically stable for all matrices A € M,
satisfying the condition (3.2).
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The matrix
A=(1-qA1+q4s, 0<g<l, (3.3)

is called the convex linear combination of the matrices 41 € M, and
Ay € Mng-

THEOREM 3.1. If the matrices A1 € M,,, and Ay € M, of positive
system (3.1) are asymptotically stable, then their convex linear combination
(3.3) is also asymptotically stable.

P roof. By condition (2.12) of Theorem 2.4, if the positive linear
system (3.1) is asymptotically stable, then there exists strictly positive

vector \ = [ il } € R such that (2.12) holds.
2

Using (2.6) and (3.3) we obtain

AN=[1-q) A1+ qAdrA = (1 — QAA+ qA A < (1 —)A + g = A,
for 0<qg<l1.

3.4)
Therefore, if the positive linear system (3.1) is asymptotically stable and

(3.4) holds, then their convex linear combination is also asymptotically
stable. O

THEOREM 3.2. The interval positive system (3.1) is asymptotically
stable if and only if the positive systems (3.2) are asymptotically stable.

P r o o f. By condition (2.12) of Theorem 2.4 the matrices A; € M,,,,
Ag € M, are asymptotically stable if and only if there exists a strictly
positive vector A € R’} such that (3.4) holds. The convex linear combination
(3.3) satisfies the condition A\ < 0 if and only if (3.4) holds. Therefore,
the interval positive system (3.1) is asymptotically stable if and only if the
positive systems (3.2) are asymptotically stable. |

ExAMPLE 3.1. Consider the interval positive linear system (3.1) with
the matrices

2 1 0 3 15 1
A= 1 =3 1|, Ay=|15 -4 15 |,
0 1 -2 1 2 -3 (3.5)

n1:2, n2=1.

For the matrices (3.5) we choose AT =[1 0.8 1]7 and we obtain
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) -2 1 0 1 [ —1.2 ]
Adx=|1 =3 1 08 | =| —04 |,
0 1 =2 1 -1.2
- I c - - - (3.6)
) -3 15 1 1 —0.6
Ad=|15 —4 15 0.8 | =| —0.2
1 2 =31 —1.4

Therefore, by Theorem 3.2 the mterval posmve system (3 1) with (3.5) is
asymptotically stable.

4. Different orders nonlinear feedback systems with positive
linear parts and interval state matrices

Consider the nonlinear feedback system shown in Fig. 4.1 which consists
of the positive linear part, the nonlinear element with characteristic u =
f(e), the positive scalar feedback with gain h and interval state matrix A.
The positive linear part is described by the equations

BB
y(t) = C[ Ei”

dis
where 0 < o, 8 < 1, xy = x1(t) € R}' and x1 = x2(t) € R are the state
vectors, u = u( ) € R is the input vector, y = y(t) € R is the input vector,
matrices A, B, C for p = m = 1 are defined by (2.10).

t) ] + Bu(t), )

v=1(0 e=y u Positive linear part ¥y
f(e) ———p| with interval matrix >
4
+
h

Fig. 4.1: The nonlinear feedback system

The characteristic of the nonlinear element is shown in Fig. 4.2 and it
satisfies the condition
0< fle) <ke, 0<k<oo0. (4.2)

It is assumed that the positive linear part is asymptotically stable (the
matrix A € M, is Hurwitz) for all A satisfying (3.2).
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b U
ke

f(e

Fig. 4.2: The characteristic of the nonlinear element

DEFINITION 4.1. The nonlinear positive system is called globally stable
if it is asymptotically stable for all nonnegative initial conditions [ ilo ] €
20

R” and all state matrices satisfying (3.2).

The following theorem gives sufficient conditions for the global stability
of the positive nonlinear system with interval state matrix A satisfying
(3.2).

THEOREM 4.1. The nonlinear system consisting of the positive linear
part, the nonlinear element satisfying the condition (4.2), interval matrix
(3.2) and the positive scalar feedback with gain h is globally stable if the
matrix

A1+ khBC €M, for i=1,2 (4.3)
is asymptotically stable (Hurwitz matrix), where B, C are given by (2.10).

P roof. The proof will be accomplished by the use of the Lyapunov
method [17, 18]. As the Lyapunov function V;(z), i = 1,2 we choose
Vi(z) = Via(x) + Via(z) = )\3:1-%',1 + )\ngm >0
4 _ . 4.4
for i’i:|:x171:|€Rn7 )\Z‘:|:)\Z71:|€Rn, ( )
) T2 Ai2
where \;, ¢ = 1,2 2 are strictly positive vectors with all positive compo-
nents.
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Using (4.4) and (4.2) we obtain

d°Vii(z)  dPVio(x) o7 | SEt
, ) = [\ )\ t
dte + diB [ 2,1 0,2 ] di&;g (4.5)

= (A% + Bu) < AT (4; + kih BO)x;,
since u = f(e) < ke = kh;Cx; for i = 1,2.

a*v; d’V;
From (4.5) it follows that Zt‘ll(m) ‘c/ltz(x) < 0 if the matrix (4.3)

is Hurwitz and nonlinear system is globally stable. O

To find the maximal value of k for which the fractional positive non-
linear system with interval state matrices is globally stable the following
procedure can be used.

PROCEDURE 4.1.
Step 1. Find the value of k£ for which the matrix
A1 + kihBC € M, (4.6)
is asymptotically stable.
Step 2. Find the maximal value of ko for which the matrix
A + kohBC € M, (4.7)
is asymptotically stable.
Step 3. Find the desired value of k as
k= min(k:l, k‘g) (48)
Note that to check the global stability of the fractional positive non-

linear system it suffices to check the condition (4.3) only for the matrix
A1(Az) with greater sum of all its entries.

ExXAMPLE 4.1. Consider the fractional (o« = 0.4, = 0.6) nonlinear
system with the positive linear part with the interval state matrices

-25 04 02 0.1 -3 05 02 01
4 | 08 -18 02 03 4_| 1 —20203
! 02 03 -45 03 |@ 7 02 03 -5 04 |’

03 04 04 =35 03 04 05 —4

0.5
B=|"2 C=[02 04 05 03], ni=ny=2
06 | 2 04 05 03], :

0.4

4.9
the nonlinear element satisfying the condition (4.2) and the positive f(eed2

back with gain h = 0.5. Find k satisfying (4.2) for which the fractional
positive nonlinear system is globally stable.
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Using Procedure 4.1 and (4.9) we obtain the following:
Step 1. Using (4.6) and (4.9) for h = 0.5 we obtain

-25 04 02 01
0.8 —-18 02 0.3
02 03 -—-45 0.3
0.3 04 04 =35

Ay = Ay + k1hBC =

0.5
0.2
0.6
0.4

—2540.05k 04+0.1k  0.2+0.125k 0.1+ 0.075k
08+0.02k; —1.8+0.04k; 0.2+40.05k 0.3+ 0.03k;
02+0.06k;  0.3+0.12k; —45+0.15k; 0.3 + 0.09k;
0.3+0.04k;  04+0.08k 04401k  —3.5+ 0.06k;

(4.10)

+ 0.5k1 [02 04 05 03]

The characteristic polynomial of the matrix (4.10) has the form
det(Iys — Ay) = s + (12.3 — 0.3k;)s> + (53.96 — 2.9k, )s?
+ (98.83 — 9.21k1)s + (62.19 — 9.66k; )

and its coefficients are positive, which implies that the nonlinear
system with (4.10) is globally stable, for k; < 6.43.

Step 2. Using (4.3) and (4.9) we obtain

-3 05 02 0.1
1 -2 0.2 03
02 03 -5 04
0.3 04 05 —4

(4.11)

1212 = As + kah.éé =

0.5
0.2
0.6
0.4

—3+0.05ky 0.5+0.1ks 0.2+ 0.125k2 0.1 4 0.075k9

1+0.02ks —240.04ks 0.2 +0.05ky 0.3 + 0.03k5

0.2 4+ 0.06ky 0.3+ 0.12ks —5-+0.15ky 0.4 + 0.09k4
(4.12)

+ 0.5k1 [02 04 05 03]

The characteristic polynomial of the matrix (4.12) has the form

det(Iys — Ag) = s* 4 (14 — 0.3ko)s® + (70.05 — 3.31k)s>

(4.13)
+ (146.39 — 11.99k3)s + (104.64 — 14.28ks)
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and its coefficients are positive, which implies that the nonlinear
system with (4.12) is globally stable, for ky < 7.32.

Step 3. Using (4.8) and the results of Steps 1 and Step 2 we obtain
k = min(k;, k2) = min(6.43,7.32) = 6.43. (4.14)

Therefore, the fractional positive nonlinear system is globally stable
for k < 6.43.

5. Different orders nonlinear feedback systems with positive
linear parts and interval state matrices

The global stability of continuous-time different fractional orders non-
linear systems with positive linear parts and interval state matrices and
scalar positive feedback with gain h has been investigated. New sufficient
conditions for the global stability of this class of positive nonlinear systems
are established (Theorem 4.1). The effectiveness of these new stability
conditions has been demonstrated on simple example of positive nonlin-
ear different fractional orders system. The considerations can be extended
to discrete-time fractional different orders nonlinear systems with positive
linear parts with interval state matrices and positive scalar feedbacks. An
open problem is an extension of the considerations to nonlinear different
orders fractional systems with all interval matrices of their positive linear
parts.

Acknowledgements

This work was supported by National Science Centre in Poland under
work No. 2017/27/B/ST7,/02443.

References

[1] A. Berman, R.J. Plemmons, Nonnegative Matrices in the Mathematical
Sciences. STAM (1994).

[2] K. Borawski, Modification of the stability and positivity of standard
and descriptor linear electrical circuits by state feedbacks. FElectrical
Review 93, No 11 (2017), 176-180; doi: 10.15199/48.2017.11.36.

[3] M. Bustowicz, T. Kaczorek, Simple conditions for practical stability
of positive fractional discrete-time linear systems. Int. J. Appl. Math.
Comput. Sci. 19, No 2 (2009), 263-269; doi: 10.2478 /v10006-009-0022-
6.

[4] L. Farina, S. Rinaldi, Positive Linear Systems; Theory and Applica-
tions. J. Wiley, New York (2000).



GLOBAL STABILITY OF FRACTIONAL DIFFERENT ... 961

[5] T. Kaczorek, Analysis of positivity and stability of discrete-time and
continuous-time nonlinear systems. Computational Problems of Electri-
cal Engineering 5, No 1 (2015), 11-16.

[6] T. Kaczorek, Global stability of nonlinear feedback systems with posi-
tive linear parts. Intern. J. of Nonlin. Sci. and Numer. Simul. 20, No
5 (2019), 575-579; doi: 10.1515/ijnsns-2018-0189.

[7] T. Kaczorek, Positive 1D and 2D Systems. Springer, London (2002).

[8] T. Kaczorek, Positive linear systems with different fractional or-
ders. Bull. Pol. Acad. Sci. Techn. 58, No 3 (2010), 453-458; doi:
10.2478 /v10175-010-0043-1.

[9] T. Kaczorek, Positive linear systems consisting of n subsystems with
different fractional orders. IEEE Trans. on Clircuits and Systems 58,
No 7 (2011), 1203-1210; doi: 10.1109/TCSI.2010.2096111.

[10] T. Kaczorek, Selected Problems of Fractional Systems Theory.
Springer, Berlin (2011).

[11] T. Kaczorek, Stability of fractional positive nonlinear systems.
Archives of Control Sciences 25, No 4 (2015), 491-496; doi:
10.1515/acsc-2015-0031.

[12] T. Kaczorek, K. Borawski, Stability of positive nonlinear sys-
tems. In:  Proc. 22nd Intern. Conf. Methods and Models in Au-
tomation and Robotics, Miedzyzdroje, Poland (2017), 369-396; doi:
10.1109/MMAR.2017.8046890.

[13] T. Kaczorek, K. Rogowski, Fractional Linear Systems and Electrical
Circuits. Springer, Cham (2015).

[14] T. Kaczorek, L. Sajewski, Relationship between controllability and
observability of standard and fractional different orders discrete-time
linear system. Fract. Calc. Appl. Anal. 22, No 1 (2019), 158-169;
DOI:10.1515/fca-2019-0010;
https://www.degruyter.com/journal /key/FCA /22/1 /html.

[15] J. Kudrewicz, Stability of nonlinear systems with feedbacks. Av-
tomatika i Telemechanika 25, No 8 (1964) (in Russian).

[16] J.-G. Lu, Y.Q. Chen, Stability and stabilization of fractional-order
linear systems with convex polytopic uncertainties. Fract. Calc. Appl.
Anal. 16, No 1 (2013), 142-157; DOI:10.2478/s13540-013-0010-2;
https://www.degruyter.com/journal /key /FCA /16/1/html.

[17] A.M. Lyapunov, General Problem of Stability Movement. Gostechiz-
dat, Moscow (1963) (in Russian).

[18] H. Leipholz, Stability Theory. Academic Press, New York (1970).

[19] W. Mitkowski, Dynamical properties of Metzler systems. Bull. Pol.
Acad. Sci. Techn. 56, No 4 (2008), 309-312.



962 T. Kaczorek, L. Sajewski

[20] P. Ostalczyk, Discrete Fractional Calculus. World Scientific, River
Edge, NJ (2016).

[21] 1. Podlubny, Fractional Differential Equations. Academic Press, San
Diego (1999).

[22] A. Ruszewski, Stability of discrete-time fractional linear systems with
delays. Archives of Control Sciences 29, No 3 (2019), 549-567; doi:
10.24425 /acs.2019.130205.

[23] A. Ruszewski, Practical and asymptotic stabilities for a class of delayed
fractional discrete-time linear systems. Bull. Pol. Acad. Sci. Techn. 67,
No 3 (2019), 509-515; doi: 10.24425/bpas.2019.128426.

[24] L. Sajewski, Decentralized stabilization of descriptor fractional posi-
tive continuous-time linear systems with delays. In: Proc. 22nd Intern.
Conf. Methods and Models in Automation and Robotics, Miedzyzdroje,
Poland (2017), 482-487; doi: 10.1109/MMAR.2017.8046875.

[25] L. Sajewski, Stabilization of positive descriptor fractional discrete-time
linear systems with two different fractional orders by decentralized con-
troller. Bull. Pol. Acad. Sci. Techn. 65, No 5 (2017), 709-714; doi:
10.1515/bpasts-2017-00ZZ.

L2 Faculty of Electrical Engineering
Biatystok University of Technology
Wiejska 45D Street, 15-351 Biatystok, POLAND

L e-mail: kaczorek@ee.pw.edu.pl

2 e-mail: l.sajewski@pb.edu.pl (Corresponding author)

Received: February 25, 2020, Revised: May 22, 2021

Please cite to this paper as published in:

Fract. Cale. Appl. Anal., Vol. 24, No 3 (2021), pp. 950-962,
DOI: 10.1515/fca-2021-0040





