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Abstract

We derive exact solutions to classes of linear fractional differential equa-
tions and systems thereof expressed in terms of generalized Wright functions
and Fox H-functions. These solutions are invariant solutions of diffusion-
wave equations obtained through certain transformations, which are briefly
discussed. We show that the solutions given in this work contain previously
known results as particular cases.
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1. Introduction

For the last several decades, the application of fractional differentiation
to the mathematical modeling of physical problems has become increas-
ingly common [6, 14, 15]. In particular, anomalous diffusion processes in
complex systems, from charge transport in amorphous semiconductors to
bacterial motion, have been successfully modeled with fractional diffusion-
wave equations [12].

In this work, we derive exact solutions expressed in terms of well-known
special functions for fractional ordinary differential equations (FODEs) of
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the form

d® am o, d™ Am—1 g A1

e (2) = =% e (2) + =37 a1 (2) +-+ao (2), (L1
where Ry,a; R (i=0,...,m) and a, = 0, and for systems of the
form

_ _ -1
£ ()= S ()4 AR ()4 ta (2)
4 () = Zmazme A2 () 2mat me 1 2 ) by (2),

dz a2 dz™2 am2—1 dzm2—1
(1.2)
where R4, a;,b5 R (i=0,...,m;5 =0,...,ma) and ap, by, = 0.
Here, for R,, fractional differentiation is defined in the Riemann-

Liouville manner:

L ORI
70 : 1 ar fOZ(Z S)n—oz—l (S)dS, (n 1,”) with n N.

(n—a) dz"
Throughout this work, we consider n N satisfying 0 n 1< <n.

It is interesting to consider the forms taken by (1.1) and (1.2) in the
particular cases that m = 2 and m1 = mo = 1, because these are the cases
most commonly considered in scientific and engineering fields. In these
cases, we obtain the FODE

[o" 2
j? (2)=a (2)+ 2zi () + %zZ% (2), where a,b,c R (1.3)

dz
and the system of FODEs

e — byd
{ dz™ (Z) a’l (Z) + [e% Zdz (Z)’ Where al’ a2’ bl) b2 R (14)

fw () =ax () + 228 (2),

We can derive (1.3) and (1.4) from the fractional diffusion-wave equation

o (@) g (1.5)
and the system
0%y 2
Sl = c(x) vy,
g * (1.6)
ote = Uz

with variable diffusion coe cient c¢(z) = A(z + B)* or with c(z) = Aek®,
where A, B and k are real constants, through scaling transformations with
similarity variable z = (2 + B)at (where s is suitably chosen real number)
or with z = ea®t. Thus, we can obtain exact invariant solutions to (1.5)
and (1.6) by obtaining exact solutions to (1.3) and (1.4), respectively.

In the following Section 2, we briefly introduce the special functions
that are used to express the solutions of (1.1) and (1.2). In Section 3, we
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present the solutions of (1.3) and (1.4) in two propositions. The results
obtained there hint at a general pattern for the solutions to (1.1) and (1.2).
In Section 4, we explicitly identify this pattern and derive exact solutions to
(1.1) and (1.2) using the roots of the characteristic polynomials of the right-
hand sides of (1.1) and (1.2) in analogy to the well-known method of solving
Cauchy-Euler differential equations. In Section 5, we derive exact solutions
of diffusion-wave equations and systems with variable coe cients using the
results obtained in Section 3 and show that our solutions correspond to
known solutions in some cases.

2. Preliminaries

We express the solutions of (1.3) and (1.4) in terms of generalized
Wright functions and Fox H-functions, which are defined as follows:

DEFINITION 2.1. 1) The Wright function is an entire function, defined
by

for z C and for real satisfying > 1 and C [4].
2) The generalized Wright function

(Au i)l,p . - i=1 z
P q[z (Bjs j)ig =2 K
’ k=0 H (Bj + jk‘)

j=1
is defined for = C,p,q Ny=1{0,1,2,...}, 4;,B; Cand ; ; R\{0}
(t=1,...,p;7=1,...,q), is absolutely convergent, and thus it is an entire
q P
function for =% ; > ;> 1,[5].
i=1 i=1

]7
3) The Fox H-function

(Aia i)l,p _i/ m,l s
=5 Hov'(s)z%ds,

Hm™l [z
pa (Bj, j)ig

with  HI(s) = —— = ,
I[I (4 ) [T @@ Bj+ js)
i=l+1 j=m+1

is defined for = C\ {0}, m,l,p,q No with (m,l) = (0,0), 4, ; R4
and A;,B; R (i=1,...,p;j =1,...,q). The contour L separates the
poles of the gamma functions (B;  js) (j = 1,...,m) from the poles of
the gamma functions (1  A; + ;s) (i =1,...,1), [9].
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In this work, we take L as L i, a contour that extends from the point
i to the point +4 , where is chosen such that L separates the
poles as stated above. The above integral converges under the conditions

([101)

q

P
i Z i+zj Z ;>0 and |argz|<?'u.

1 i=1+1 j=1 j=m+1

l
Iu/ =

7

With regard to expressions for solutions to (1.1) and (1.2), we are partic-
ularly interested in the case I = 0 of the H-function. In this case, the
H-function vanishes exponentially for large z, [9].

Let us formulate the following known results as lemmas for the general-
ized Wright functions [5, 7] and Fox H-functions [10, 3] for the convenience
to present our results.

q P
LEMMA 2.1. Let =) B; > A;> 1. Then the following equal-
=1 i=1
R.

J
ities hold for R4 and a
(1) If 1 >0, B; >0and Ay = 1 =1, then we have

dOé — 1)]- b AZ’ Z 3
@ <ZB1 lp . |:azﬁ1 ( ) ( )2p :|>

Bj, j)l,q
— asz1+m51—1—a G,ZBl (]-a 1)5 (AZ +m iy i)Q,p
P (Bitm 1 1), (Bj+m g, j)ag |’
where m is the smallest non-negative integer such that By +m 1 1

is not a negative integer.
(2) For R\ {0} and R R, the following equality holds

1 d %,QR o (AZ) i)17p
(—Z%JFR) (Z boopoa [az (Bj, j)ig
Ao (Al + 17 1)7 (AZ7 i)27p :|

= —za_l_aRp q [az"
1 (Bj, j)iq

LEMMA 2.2. Let
p

m q P
:Zj Zi>O,M:Zj Z j Zi>0,

j=1 i=1 j=1 j=m+1 i=1
Ry anda R\ {0}. Then the following equalities hold:
(1) For a > 0,
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d® —ap| (Aiy i)1p-1, (1, p)
_Hm,O ap iy i)1p—1,\1y p
dzo P [az (Bj, j)iq
- —ap| (Aiy i)1p-1,(1 )
— 5 aHm,O |:az ap ( iy 1)1,p—1» sy P , 2> 0.
P (Bj, g

(2) If m 1, then
1 d > o[ —ap| (Aiy i)1p-1,(1, p) ]
_Z_+B H”I’I’L7 az Clp 19 1 Y4 9 9 p

( p dz ! P (Bja j)l,q

= HI’ZZO [azaﬁ

(Ai, D1p-1,(1, p) ]
(Bi+1, 1),(Bj, jl2g |

In the next section, we present exact solutions of (1.3) and (1.4) in
propositions using the aforementioned special functions.

3. Construction of exact solutions

We express solutions to (1.3) and (1.4) using two kinds of special func-
tions. Which of these functions we use in any given case depends on the
right-hand side and order of the fractional derivative of (1.3) or (1.4). Be-
fore moving on to the formulation of exact solutions of (1.3) and (1.4), we
introduce the following notation.

Let us consider the case that ¢ = 0 and b = 0 in (1.3). Then writing

7 as 5, we can rewrite the right-hand side of (1.3) as

a +ézd——b lzi 5
dz dz

Then, in the case of (1.4), assuming b1b2 = 0 and introducing the quantities
ap a

b_2’

1
a1 + ﬁzd— =b (—zi 81) ,
z z

d d
by d 1 d
as + —2,25 = by <—z$ 82)

Now, let us assume ¢ = 0. Then the characteristic equation of the right-

hand side of (1.3) is
b 1
s+ (E —> s+—=0. (3.1)

ole
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We write the determinant and roots of (3.1) as D = % 2 4 lc’—z 42 and

51,2 = % é % + 5) , respectively. Then we can rewrite the right-hand
side of (1.3) in the factorized differential form
+bd+c2d2_ 1 d 1 d (3.2)
a Zdz 5% dz2_c Zdz s1 Zdz s | . .

This notation is useful for at least two reasons. First, it reveals the unifor-
mity in given solutions of (1.3) and (1.4) with different orders of fractional
derivatives. In particular, in the case ¢ = 0, we can avoid a tedious compu-
tation by simply rewriting the right-hand side of (1.3) in factorized operator
form. Second, using this notation, we can easily generalize (1.3) and (1.4)
into (1.1) and (1.2). We will discuss this generalization in the next section.

3.1. Solutions expressed in terms of generalized Wright functions.
We now formulate the solutions of (1.3) and (1.4) as follows.

PropoOSITION 3.1. We have the following solutions expressed in terms
of the generalized Wright function.
(1) For >1anda,b R with b= 0, the equation
d“ b d
T =0 +_ZE’ z R (3.3)
has as a solution

n k _
“k o £ 51),(1L,1)
z) = 2% %9 4 [bz a )
(=2 0% k)
where 5 = ¢, and ¢ (k=1,...,n) are constants.
(2) For > 2 anda,b,c R with ¢ =0, the equation
d® b d c od?
@ = Q +—Z£+—222@, z R (34)
has as a solution
n
- ol (M5 s1,1),(1 5 s1),(L)
z) = 2% "3 1 [cz a a ,
(=2 T A
Wheresl,gzé(é %:t 5),D:$ i—l;—i—lc’—z 47“,andck.(kzl,...,n)

are constants.
(3) For > 1 and aj,as,b1,by R with bjbe = 0, the system

e _ b dy

o — @ +azdz’ » R (35)
a5y _ o by dyp '
dzee — Y2 a”dz’

has as a solution
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n k} S1 1 k‘ S9
_ - 2 (1 2% _71)7(_ _71)7(171)
(2) = 1;—1 k2™ 3 1 [Az @ 22 2 (14 2 k?oé ) 2
n 3 k s1 k 52
20—k 2 (_ 51) )(]- 51) )(1)1)
+ 2y E k22”3 [Az A A2 20 2(1 19 5:12 )2 ,

n
2b2 Z Ck7lz2a_k3 1 [Az%‘
k=1

n 1 k s1 k 82
3 et 2| (3 26 3:1).(1 25 %.1),(L1)
+k:1ck,22 3 1 [AZ et k.2 ) )
where A = 4b1by, 51 = Z—i, S9 = Z—;, and ¢ 1, cg2 (kK =1,...,n) are

constants.

P r o o f. The proof can be carried out similarly in all three cases using
Lemma 2.1. For this reason, we present proof only for the second case.
From the linearity of (3.4), it is su cient to show that a single summand,

e of T £ s,1),(1 £ s1),(1,0)

of the solution (z) satisfies (3.4). Because 1 + k > 0 for any k, by
Lemma 2.1, we have the following identity for the left-hand side of (3.4):

d- 2 £ 51,2 £ s,1),(11)
dzak 1(1+ i )2 } (3.6)

Then, by virtue of (3.2) and the second assertion of Lemma 2.1, the right-
hand side of (3.4) becomes

1.4 1.4 _e(L. 2
C Zdz S1 Zdz S9 k—=2¢C Zdz S1

X<za_k3 1[cza (1 & 1),

)

=227k [cza

2 é )32,1),(1,1) D

which is equal to the left-hand side of (3.6). O

)

3.2. Solutions expressed in terms of Fox H-functions. Unlike the
previously presented solutions expressed in terms of generalized Wright
functions, we present the solutions expressed in terms of Fox H-functions
for z > 0.
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ProproOSITION 3.2. For the following cases, we have solutions expressed
in terms of Fox H-functions.

(1) For0 < <1 anda,b R withb >0, the equation
d® b d
@:CL +—ZE, Z>0 (37)
has as a solution

_ oo (20 ()
(2) = erHyy [ b ‘ ( 51) |
where s = ¢, and ¢ is a constant.
(2) For 0 < <2 anda,b,c R with ¢ > 0, the equation
d® b d c od?
@:a +—Zd—+—2 w, z>0 (38)

has as a solution

2 (1, )
_ HQ,O < )
() = el [ c ‘ ( s1,1),( s2,1) ] ’
where 512 = % (é % + 5), D= é Z—Z + 2—2 47“, and ¢y Is a constant.
(3) For 0 < < 1 and aj,as,by,by R with bjby > 0, the system

e _ by d¢
{gfgi; S ALY (3.9)

e — 02 T L

has as a solution

—2«
1,2 )

— bVE20 |2 (1,

@ = asmi [l o 5 )
by 00272 (1,2 )

= oy 2H?? | Z—

(Z) &1 bl 1,2 4b1b2 ( 571’1)’(% 572’1) ’
where s1 = z—ll, S9 = Z—;, and cj is a constant.

P r o o f. Analogously to the proof of Proposition 3.1, the three as-
sertions of this proposition can be proved in a similar manner by using
Lemma 2.2. For this reason, we consider only the second assertion with
c1 = 1, without loss of generality. Because the convergence condition of
H-functions holds (i.e. p =2 > (), we can apply the first assertion of
Lemma 2.2. We thereby obtain

d® 2.0 z @ (1 ) — 2,0 27 (1 )
A7 o [0 ’ S (e ’
dzo 12 [ c | ( s1,1),( s2,1) ST (s (osa)

for the left-hand side of (3.8), which is further simplified into the form

d* o9 l2z7¢ (1, ) 20 |2 (1, )
_H’ [ ’ = _E[7 _— ’ .
= [ c ‘( s1,1), (s, 1) | T2 [T (1 s 1) (1 s21)
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The right-hand side of (3.8) is obtained in analogy to the second assertion
of Proposition 3.1, by using (3.2) and interchanging the parameters ( s1,1)
and ( s2,1) in the solution (z) in accordance with the second assertion
of Lemma 2.2. O

We now show that for a special case of (3.8), we have solutions expressed
in terms of Wright functions.

COROLLARY 3.1. Let the determinant of (3.8) be D = # 2 4 b
4a 1

-+ = 4, and suppose ¢ = 0.
(1) For 0 < < 2 andc > 0, (3.8) has a solution of the following form:

2273 1/3 b 1
() = cuA (-t ( = 533 2+d) )

(2) For > 2, (3.8) has a solution of the following form:
n 3 241 b
(2) = chza’kg 1 <g (3 Tt 62), (1) > _
4
k=1

(1+ k, )

P r oo f. To prove the first assertion, we need to show that (z) cor-
responds to the solution given in the second assertion of Proposition 3.2.

When D =1 and 0 < <2, the roots of the characteristic equation (3.1)

become s; = % (é l—c’ + %) and s9 = s % In this case, the solution given

in the second assertion of Proposition 3.2 is
(L) ] |

20 |2
z)=cHy,) |—
@=at2 77| ey
Then, applying the duplication formula for the Gamma function

1 —
(s1 s) (31 S+§>: 9142(s1+s) (251 2s),

it becomes
) 2:7% 3 b1
c’' 272 c 2 ’

Thus, the first assertion is proved.

The second assertion can also be proved by applying the duplication
formula of gamma function to the solution given in the second assertion of
the Proposition 3.1 O

To this point, we have presented several exact solutions of (1.3) and
(1.4). These solutions are classified according to the kind of special func-
tions used to express them. Now, we discuss the second advantage of rewrit-
ing the right-hand sides of (1.3) and (1.4) in factorized differential operator

(z) = _651z%(é*%+

S
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form. Specifically, we show that utilizing this form, we are able to gener-
alize our treatment of (1.3) and (1.4) to the cases of (1.1) and (1.2) with
arbitrary integers m, mi and meo. As a result, we find that the solutions
to (3.3) and (3.4) of Proposition 3.1 and the solutions to (3.7) and (3.8)
of Proposition 3.2 can all be represented in a unified manner by a single
general formula.

4. Construction of exact solutions in the general case

As in the beginning of Section 3, by virtue of (3.2) we represent the
right-hand side of (1.1) by P( ) as follows:

P( ):amﬁ (lzdilz si>

Here, s1, s9,..., S, are the roots of the characteristic polynomial

R 01 (]

Now, generalizing the results of the previous section, we formulate the
following theorem.

THEOREM 4.1. (1) If0 < < m and a,, > 0, then for z > 0 (1.1) has
the following as a solution:
@) }

( ) “ [am ( Sj’]-)lym
(2) If > m, then (1.1) has as the following as a solution

B 1 £ (1,1)
(2) =) k2 P 1 [amzo‘ (3 T Lm R ,
; 1+ k, )

where ¢, (k =1,...,n) are arbitrary constants.

n

In a similar manner, we can rewrite the right hand sides of the equations
n (1.2) as

mi i mi
al Zd m 1 d s

E =2"a Il —z— = z

; dz ) <2 dz 2 (2)

=0 =1
and N

mo ; mi-+mso
b Z- d* m 1 d s

=0 i=mi1+1

Here, 81,82,.. »Smy and Sy 41, Smy42, - - -5 Smy+my, are, respectively, the

roots of the characteristic polynomials

5):a0+§aiﬁ(s i), P2(5)=b0+§bl-ﬁ(s i).

i=1 ;=0 i=1  j=0
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The following result concerns solutions of (1.2).

THEOREM 4.2. Here, we use m to represent mi+ms and A to represent
2mitmag b
mi1Ymsg -
(1) If0 < < % and @y, by, > 0, then for z > 0 the system (1.2) has
the following as a solution:
() = crsealon) 173 |

Z72a

A

(1,2) ]

( % + %’ 1)1,m1 ? ( %’ 1)m1+17m

—2« (1’2 ) :|
(5 Dim (342000 |

(2) If > 7, then the system (1.2) has the following as a solution:

(2) = 2T Oy HY,, [z

1,m A

Am,

n n

() = Zc;ﬁlza*k kl(AzQO‘) + 2™ ay,, chygzzafk kg(AzQO‘),
k=1 k=1
n n
(2) = 2™b,, chvlz%‘_k p1(AZ%%) + chvgzo‘_k po(AZ%Y),
k=1 k=1
where
k i 1 k i T
AT NG S RCI S SO
(1+ k2 ) 1’
3 k i k i 7
k2(2) = mi1 1|2 (5 2a %’ 1)1,m1 ’ (1 2a 87’ 1)M1+1,m (1,1)
1+2  k2) 1’
r k i 3 k i 7
k1(2) = me1 1|2 (1 2a %’1)1,%’(5 20 %’1)m1+1,m’(1’1)
| 1+2 k2) ’
r 1 k i k i 7
k2(2) = my1 1|2 (5 20 %’1)1%1 ’(1 2a %’1)m1+1,m’(1’1)
| i+ &2)
Here ¢y, k1, cko2 (k=1,...,n) are constants.

The proofs can be carried out analogously to the proofs of Proposi-
tion 3.1 and Proposition 3.2.

5. Solutions to a class of fractional linear partial di erential
equations and systems thereof

In this section, we demonstrate the application of the propositions pre-
sented in this paper by providing exact solutions of generalizations of (1.5)
and (1.6). The solutions obtained in this section reduce to a previously
known solution in a particular case.
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5.1. Solutions to a fractional linear evolution equation. Let us con-
sider the following linear fractional evolution equation with variable coe -
cients:

Yu(t, x) Mu(t, x) . (o)
— am (T + b)pixm + am—1(z +b)P 17:6”1—1
+ - +ag(z + b)P"u(t, x), >0, x> b t>0. (5.1)
Here a; (1 = 0,...,m), b and p are real numbers and a,, > 0. The infini-
tesimal scaling symmetries of (5.1) are
Xlzu—, X2:($+b)—+ut—
U x t

The invariant solution corresponding to the generator X = aX; + X» (a
R) is

p—m

u=(x+0b)* (2), withz=t(z+b) =, (5.2)
where (z) solves the following reduced FODE:
de am (m  p)"™ A" Gy g, d™E a d
dzo = m Zm dzm + m—1 Zm dszl +-- .+_ZE+QO’ z>0.
Here, the parameters ag, aq,...,a,_1 depend on ai,as,...,ay, , m and
D.

Now, let us take a closer look at the case m = 2:

«

T: = as(z + b)Pugy + a1 (z + b)Y ug + ag(z + )P 2u (5.3)

for >0,z > b,t>0, with ao > 0. For the case of ag = 0, solutions of
(5.3) were found in [11] through Laplace transformation method and were
expressed by Fox-H functions. Now, generalizing the result of [11], let us
find solutions of (5.3) for any values of ag.
Applying the transformation (5.2) with m = 2, (5.3) reduced to the
following FODE
s _ b d ¢ od?
@—a —i——z%—i-—Qz 2

where @ = a(a  1)ag +aa; +ag, b= (p 2) (1%2 +2a 1+ Z—;) ay and

¢ = (p 2)%ay. From Proposition 3.1 and Proposition 3.2, we have the
following solutions of (5.4) for p =2 :

z >0, (5.4)

(1) Fr0< <2, (2)=cH7y [%‘
(2) For > 2,

.

( 3171)7( 3271)

n

(2) =) az*Fs [Az“

k=1

)

(1 £ s,1),(1 £ 52,1),(1,1)}
1+ k)
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2
where A = (p 2)%az and S12 = 2(p—1_2) <1 2a Z—; + \/<1 Z—;) %) .

If ag = % (Z—; g) (Z—; +£ 2) in (5.3), then by Corollary 3.1 we
obtain the following solutions of (5.4):

(1) For0 < <2, (2)=c22° ( 2:~ % : %,1+95).

Ip—2[y/a2 2
_ . a—k (p*Q)QGQZa (2 % S, 2) ) (17 1)
(2) For > 25 (Z) - kgl Ckz 2 1 |: 1 (1 + kj, ) )

P

_ 1
Wheres—m(i 2a X

az
If we set a9 = a1 = p = 0 in the above solutions, then they correspond
to the solutions obtained in [1] and [8].
If p = 2, then (5.4) becomes
dCM
—— = (ala 1)az +aay +ap) , 2>0,
and the solution given in Proposition 3.1 is reduced to
n

(2) =Y iz B rracr ((ala 1)az + aay + ap)z%),
k=1
where E, g(z) is a Mittag-Le er function defined by
o0 :

ZZ
E,p5(2) = _.
a,5(2) ZZ; i)
Finally, we can obtain the invariant solutions of (5.3) by substituting these
solutions into (5.2).
5.2. Solutions to a system of fractional linear equations. Let us
consider the following system:

{% = a1 (7 + )™, + by (x + )™ L,

% = as(x + €)™ uy + ba(z + )2 L,

>0, x> ¢ t>0,

(5.5)
where a1, as,by,ba, m1,ms,¢c Randajas > 0. Then, with the substitution

— d-i—m mq+mo—
u(fl'7 t) (-75 + C)d m22 (Z), with 2z = t(;g + c) 1+2a2 : and d R,
v(z,t) = (z + )2 (2),

we obtain the system of FODEs

d%p _ — by dy
e v SR (5.6)
dz> 2 a~dz?

where @1 = (d+ %2) a1 + by, @z = (d+ %) ag+ by, by = 7(7”&%272)@ and

by = (m1+TV;2—2)a2_
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We obtain the following results by virtue of Proposition 3.1 and Propo-
sition 3.2.

Case 1. Let us consider the case m = mi +mo = 2. Then, for 0 < < 1,
the solution to (5.6) given in Proposition 3.2 is

2 1,2 )
z) = cisen((m 2a HZ’O[Z— 3(7 s :|a
S e (e A NCRE SN R
—2x
a2 .20 z (1,2 ) ]
z = C —H7 T oo . S S )
() lmLﬁm Nearaz| (5.1). (5 %.1)

and for > 1, the solution given in the third assertion of Proposition 3.1
is

n 2 k 1 k
_ a—k 20 5w $1).6G m %111
(Z)_I;C’“’lz 31 [MQ' TTar T k2
n 2 3 k S1 k 2
a1 20—k 206w 1.0 31,1
+Mkz_10k,22 3 1 |:M2‘ @ (1+2 k’a2 ) )

(2)

n 2
S e O AR %nﬂm]
M k=1 7

n ) 20
+ ch,zza_ 31 [MQ

+ k,2 ) ’
o o (2d+m2)a1+2b1 o (2d+m1)a2+2b2
where M = m, S§1 = W and SS9 = W
Case 2. Next, let us consider the case mi + mo = 2. In this case, we can
rewrite (5.6) as
vy
« a’ b
{ggw N _1 z > 07
dza - a’2 bl
where a; = (d+ %2 )a1 + b1, a2 = (d+ 5*)az + be. Then, the solution given

in Proposition 3. 1 is reduced to

a—k — 2«
z) = E Ch1% (G1ag2%® )+ ay E Ck, 22297k y(ayagz )

n
Z) = a9 Z Ck’lza_k 2(&1&22204) + Z Ck7222a_k 1(@1@222a),

where 1(2) = E2q.14a—k(2) and 2(2) = Eaq1424—k(2). Similarly to the
previous cases, using the solutions of the reduced system, we are able to
obtain invariant solutions of (5.5).
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The readers interested in more applications of the results obtained in
this work are referred to work [2].
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