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Abstract

In this paper, we study the existence and stability of Hilfer-type frac-
tional differential equations (dynamic equations) on time scales. We ob-
tain sufficient conditions for existence and uniqueness of solutions by using
classical fixed point theorems such as Schauder’s fixed point theorem and
Banach fixed point theorem. In addition, Ulam stability of the proposed
problem is also discussed. As in application, we provide an example to
illustrate our main results.
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1. Introduction

The analysis of dynamic equations on time scales, which goes back to its
initiator Stefan Hilger, is an area of mathematics that has recently gained a
lot of interest. It has been formed in order to unify the study of differential
and difference equations. Many results involving differential equations carry
over quite easily to corresponding results for difference equations, while
other results seem to be totally different from their continuous counterparts.
The study of dynamic equations on time scales shows such discrepancies,
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and helps avoid proving results twice-once for differential equations and
once again for difference equations [7, 2].

The general idea is to prove a result for a dynamic equation where the
domain of the unknown function is a so-called time scale, which may be
an arbitrary closed subset of the reals. This way results not only related
to the set of real numbers or set of integers but those pertaining to more
general time scales are obtained. The three most popular examples of
calculus on time scales are differential calculus, difference calculus, and
quantum calculus [6, 1]. Dynamic equations on a time scale have enormous
potential for applications such as in population dynamics. For example, it
can model insect populations that are continuous while in season, die out
in say winter, while their eggs are incubating or dormant, and then hatch
in a new season, giving rise to a nonoverlapping population. Bohner and
Peterson have expounded on various aspects of this new theory in the basic
books by [4].

In recent years, the theory of fractional differential equations (FDEs)
has played a very important role in a new branch of applied mathematics,
which has been utilized for mathematical models in engineering, physics,
chemistry, signal analysis, etc. There has been a tremendous development
in the study of differential equations involving fractional derivatives (see
[5, 17, 19, 24], and the references therein). Recently, a study of Hilfer-
type of equation has received a significant amount of attention, we refer to
[9, 10, 11, 13, 25] and the references therein. The objective of this paper is
that existence and stability results devoted to dynamic equations on a time
scale with Hilfer fractional derivative. Recently, Ahmadkhanlu et al.|2]
investigated the existence and uniqueness results for FDEs on time scales.
By Followed, Benkhettou et al. [6] studied the existence and uniqueness
of solution for an initial value problem of FDEs on time scales involved
Riemann-Lioville (R-L) derivative.

Motivated by the papers [2, 6], we consider the dynamic equation on
time scales with Hilfer fractional derivative (HFD) of the form

{Mgfx(t) = f(t2(t), t=1[0,0:=JCT, (1.1)

TISI%U(O) =x9, Y=a+p8—af,

where TAS‘J’F is the HFD defined on T, 0 < o < 1,0 < 8 < 1. Let T
be a time scale, that is nonempty subset of Banach space. The function
f:J xT — R is aright-dense continuous function.

The Ulam stability of functional equation, which was invented by Ulam
on a talk given to a conference at Wisconsin University in 1940, is one of the
essential subjects in the mathematical analysis area. The finding of Ulam
stability plays a pivotal role in regard to this subject. For extensive study
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on the advance of Ulam type stability, one can refer to [3, 15, 16, 18] and
the references therein. The credit of solving this problem partially goes
to Hyers. To study Hyers-Ulam stability of FDEs, different researchers
presented their works with different methods, see [14, 23, 24].

2. Preliminaries

In this section, we introduce definitions, notations and preliminary facts
which are used in the sequel. An extensive study of the analysis on time
scales can be found in [1].

2.1. Time scales.

By a time scale T we mean any closed subset of Banach space. Since
a time scale T is not connected in generally, we need the concept of jump
operators. The forward jump operator o : T — T is defined by o(t) :=
inf {s € T : s > t}, while the backward jump operator p: T — T is defined
by p(t) :==sup{s € T : s < t}. In this definition we put infO = sup T and
sup© = infT. If o(t) > t, we say t is left-scattered points. Points that
are left-scattered point, while if p(t) < ¢, we say t is a left-scattered and
left-scattered at the same time will be called isolated points. A point ¢t € T
such that ¢ < sup {T} and o(t) = ¢, is called a right-dense point. A point
t > T such that ¢ € inf {T} and p(t) = ¢, is called a left-dense point. Points
that are right-dense and left-dense at the same time will be called dense
points.

DEFINITION 2.1. A function f: T — R is called regulated if its right-
sided limits exists (finite) at all right-dense points in T, and its left-sided
limits exist (finite) at all left-dense points in T. A function f : T — R is
called rd-continuous if it is continuous at all right-dense points in T and its
left-sided limits exist (finite) at all left-dense points in T.

DEFINITION 2.2. Let f: T — R and t € T¥(=T). We define f® € R
(provided it exists) with the property that for every e > 0, there exists
6 > 0 such that

[F(a(t) = f(s) = FA@)o(t) = s]| < elo(t) —s|

for all s € Ur(t,8). We recall f2(t) the delta derivative (A-derivative
for short) of f at ty. Moreover, we say that f is delta differentiable (A-
differentiable for short) on T* provided f2(t) exists for all t € T*.

ProprosITION 2.1. Suppose that f : T — R is a continuous function
on T and A-differentiable on TF. If f2(t) > 0 for all t € TF, then f is
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nondecreasing at on T. If f2(tg) < 0 for all t € TF, then f is nonincreasing
onT.

DEFINITION 2.3. Let [a,b] be a closed bounded interval in T. A
function F' : [a,b] — R is called a delta antiderivative of a function f :
[a,b) — R provided that F' is continuous on [a,b] and A-differentiable on
[a,b); and F2(t) = f(t) for all t € [a,b).Then we define the A-integral from
a to b of f by

b
/ f)At = F(b) — F(a).

PROPOSITION 2.2. Suppose a,b € T, a < b and f(t) is continuous on
[a,b], then we have

b b
[ roai=lo@-as@+ [ soac
a o(a)

PROPOSITION 2.3.  Suppose T is a time scale and [a,b] C T, f is
increasing continuous function on |[a,b]. If the extension of f is given in the
following form:

) f(s); s€eT
Fls) = {f(t); S (ho(t) ¢ T.

Then we have

/a " H)At < / Rty

DEFINITION 2.4. Let T be a time scale, J € T. The left-sided R-L
fractional integral of order o € R™ of function f(t) is defined by

1
(«

(51 0= oy -9 i@ >0

where I'(+) is the Gamma function.

DEFINITION 2.5. Suppose T is a time scale, [0,b] is an interval of T.
The left-sided R-L fractional derivative of order @ € [n — 1,n), n € Z* of
function f(t) is defined by

(o) 0=t (&) [ sons @>0.

(n—a)
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Based on differentiating fractional integrals, a generalized definition
called HFD can be proposed. The HFD is considered as an interpolator
between the R-L and Caputo derivatives. For information on HFD, one
can refer to [20, 21, 22].

DEFINITION 2.6. The left-sided HFD of order0 < a < 1land 0 < g <1
of function f(t) is defined by

'H‘Ag_yff(t) — (Tloﬁilfa) TA(TIéi*ﬁ)(lfa)f)) (t),

T . d
where A = o

REMARK 2.1. [11, 13, 25]

(1) The operator TAS‘J’F also can be written as

a, l1-a 1-8)(1-«
'JI‘AO+5: Tloﬁi )TATIO(+ B)( ):

Tloﬁilia) TA’(Z-&-) y=a+p—ap.
(2) Let 8 = 0, the left-sided R-L derivative can be presented as TAZ, :=
']I'ACM,O
o+
(3) Let g =0, left-sided Caputo fractional derivative can be presented
as JAY, = Tféja TA.

Throughout this study, let C[J, R] endowed with the norm |z|, =
max {|z(t)| : t € J} and L!(J) is the space of Lebesgue-integrable functions
x:J — R with the norm

b
ey = / j2(s)] ds.

DEFINITION 2.7. For 0 < < 1, we denote the space C,[J, R] as
Oy, ) = {f(t) : ] — RO (t) € CLJ, R]}

where C,[J, R] is the weighted space of the continuous functions f on the
finite interval J.
Obviously, C,[J, R] is the Banach space with the norm

1flle, =17 F @)l -
Meanwhile, C?[J,R] := {f € C""'[J,R] : f™ € C,[J,R]} is the Banach

space with the norm

ey -5 [+ 7], s men
=0

c,’



ON THE BEHAVIOR OF SOLUTIONS OF FRACTIONAL ...1125
Moreover, C9[J, R] := C,[J, R].

We introduce the spaces which are used to solve our problems.
cxf = { feC [ R,AL € Cyyl), R]}
and
Cf_v = {f € Cl_W[J,R],Angf € Ci—4[J, R]}
It is obvious that
C7_[J,R] ¢ {7 [J, R).
DEFINITION 2.8. The expression
TAG f(x) = TATIOTVf(®), t>0,0<a<],
is called the left-sided R-L fractional derivative of order « of f provided
the right-hand side exists.

Next, we review some lemmas which will be used to establish our exis-
tence results.

LeMMA 2.1. [25] If « > 0 and 8 > 0, there exist

I 0=

and
{TAg‘Jrso‘_l] (t)=0, 0<a<l.

LEMMA 2.2. Let a > 0 and 0 <y < 1. Then, TI(‘)”‘Jr is bounded from
C,[J, R} into C,[J, R).

LEMMA 2.3. Leta>0and0 <~ < 1. Ify < «, then T[g‘+ is bounded
from C,[J, R] into C[J, R].

LEMMA 2.4. f € LM(J) and TAJY ™ f € L1(J) existed, then
« « 11—« 11—«
TAOJ?B I f = TI(?JS )TAgi 'y
LEMMA 2.5. For 0 <+ <1 and f € Cy[J,R], then

I8 £(0) == lim "I f(t) =0, 0< v < .
t—0+



1126 D. Vivek, K. Kanagarajan, S. Sivasundaram

LEMMA 2.6. Leta>0,3>0 and f € L'(J). Then
Trg T f6)  TISTO (), te .

In particular, if f € C,[J,R] or f € C[J,R], then equality holds at
every t € J.

LEMMA 2.7. Let 0 <a<1,0<y <1 If f € Cy[J,R] and "I, 7 f €
CL[J, R], then

(LN O,

teJ
() , Vted

T18‘+ TASJr @) =ft) -

DEFINITION 2.9. The right-sided fractional derivative operator of order
0<a<land0<fg<1is defined by

a, l1—a 1-8)(1-«a
TAof _ TI@( ) TA TI—(()+ A)(1-a)

LEMMA 28. Let0<a<1l,0<p<landy=a+p—ap. If
f €] _[J,R], then
Ty, Ay f =TI TAYS S,
and
Ay I = A

LEMMA 29. LetO0<a<1l,0<pB<landy=a+p—ap. If
f € Ci—4[J,R] and Tléiﬁ(l_a)f in C{__[J, R], then Trs TAgjrﬁf exists in
J and

1oy TASPF(t) = £ (1)
P roof By Lemma 2.8, we have
Trg TAG () = T TAYL f (),
and applying Lemma 2.5 and Lemma 2.7
(*15:7) (©)

-1
rey U

I TARTF() = f() —

Finally, we get
1o TAYPF(t) = £ (1)
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LEMMA 2.10. [5] Let v : [0,b] — [0,00) be a real function and w(-) is
a nonnegative, locally integrable function on [0,b] and there are constants
a >0 and 0 < a < 1 such that

v(t) <w(t) + a/o (t%i’))“ ds.

Then there exists a constant K = K («) such that
tow(s)
v(t) <w(t) + Ka,/o (t— S)ads,
for every t € [0,].

3. Existence results

This section is concerned to the existence of solution of the problem
(1.1). We adopt the same idea as in [9]. We begin with the following
lemma.

LEMMA 3.1. Suppose J = [0,b] C T. Let v = a + 3 — aff, where
0<a<land0< <1 Let f:Jx R — R be the function such that
f(,2())) € Ci—y[J,R] for any x € C1—[J,R]. Ifx € C]_[J,R], then x
satisfies (1.1) if and only if x satisfies the following integral equation

x(t) = Ff’oy) UAEEE F(la) /0 (t — )L f(s,2(s))As, t>0. (3.1)

Proof Let x € C]_ [J,R] be a solution of (1.1). We want to prove
that z is also a solution of the integral equation (3.1). By the definition of
C|_,[J, R], Lemma 2.3 and Definition 2.6, we have Tloliwx € C[J,R] and
TAY = TA("I)2) € C-,[J, R).

Thus by Definition 2.7 we have

A € O [J,R].
Now we apply Lemma 2.7 to obtain

Ty TAY _ L0 ,y—1
I A t) =x(t) — tY t .2
3 T8t = al) = 0 0 el (32)
Since by our hypothesis TAg Lz € C1—,[J, R], Lemma 2.8 yields
T AL e = TIg TAY w = TS f, in . (3.3)
From (3.2)-(3.3) we obtain
i) _
#(t) = oy Ly f(s,x(s))] (t), ted (3.4)
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which is equation (3.1).
Now we prove the sufficiency. Let 2 € C]__ [J, R] satisfy equation (3.1)

which can be written as (3.4). Applying the operator TAng to both sides
of (3.4), it follows from Lemma 2.1, Lemma 2.8 and Definition 2.8 that

TAY 2z = TAPI=) . (3.5)
From (3.5) and the hypothesis TAJ, z € C1_[J, R], we have

TA TR P p = TAPI) p e 0y (], R]. (3.6)
Also, since f € C1_,[J, R], by Lemma 2.2,
TP e ¢y UL R (3.7)

It follows from (3.6) and (3.7) and the Definition 2.8 that
T " el R].

Thus f and TI1=8(=9) f satisfy the conditions of Lemma 2.7.

Now by Tléi(l*‘l) to both sides of (3.5) and using Definition 2.9 and

Lemma 2.7, we can write

1070 (s, 2(9))] 0)
r(3(1 - a)
Since 1 —v < 1— (1 — a), Lemma 2.5 implies that

"1y 747 f(s,2(5))] (0) = 0.
Hence the relation (3.8) reduces to
TAN z(t) = f(t,a(t), te . (3.9)

Now, we show that the initial condition TI&;%:(O) = 1z also holds. We
apply TI&;” to both sides of (3.4), then Lemma 2.1 and 2.6 imply that

TN (t) = o + [%;5(1*&) f(s,x(s))] (t). (3.10)
In (3.10), taking the limits as ¢ — 0, we obtain

"1 2(0) = w0 + [T M (s, ()] (0)

= Zo.-

TAN 2 (t) = f(t,a(t) — Pl (38)

This completes the proof. O

For further investigation, we give the following assumptions:
(H1) The function f : J x R — R is a rd-continuous.
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(H2) The function f is completely continuous and there exists a function
p € LY(J) such that

|f(t,z)| < u(t), teJ, zeR.

(H3) Let f be a rd-continuous bounded function such that f(-,z(:)) €
Clﬁflw_a) [J,R] for any « € Cy_,[J,R] and there exists a positive

constants L > 0 such that

THEOREM 3.1. Assume that (H1)-(H2) are fulfilled. Then, equation
(1.1) has at least one solution.

P r o o f. We shall use Schauder’s fixed point theorem [8]. The proof
will be given in several steps as followed in [2, 6].

Consider the operator N : Ci_4[J, R] — Ci_,[J, R]. The equivalent
Volterra integral equation (3.1) which can be written in the operator form

z(t) = (Nz)(t), (3.11)
where
(N)(t) = zo(t) + [T f(5.2(5)] () (3.12)
with
zo(t) = | (i) A (3.13)

We shall show that the operator N is continuous and completely con-
tinuous.

Claim 1: N is continuous.

Let x, be a sequence such that z,, — x in C1_,[J, R]. Then for each
tedJ,

|t (N ) (1) = (N2) (1))
=

tfso‘*l s, xn(8)) — f(s,x(s s
< by o = (s = 5.5 A

e a=lgy s,xn(s)) — f(s,z(s S
< Ly €= 97 sl (s, ma() — Fls.a())] &

tl—’y t
< / (t— ) 1| f(s,2n(s)) — f(s,2(s))|ds, (by Proposition 2.3)
@) Jo

o B ) 1f(s,2n()) = £(s,2(Dlle,_, »
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where we use the formula

/at(t — )% a(s)|ds < (/at(t =) (s — ledS) Il

-1
= (t— a)* " B(y,0) e, -
Since f is continuous, Lebesgue dominated convergence theorem implies

|Nx, — N:CHCF7 —0 as n— oo.
Claim 2: N maps bounded sets into bounded sets in Cy_,[J, R].
Indeed, it is enough to show that for ¢ > 0, there exists a positive
constant [ such that z € B, = {:c € Ci—4[J,R] : HxHClﬂ < q}, we have
NG, <

I=Y(Nz ol R —8)* 1 f(s. z(s S
0] < 10+ [ =9 ) A
|x0| t=r _ g)et s s
<) * T /O (t— 5)°t u(s)| A
120]
< o * 1y Bl
=,

Claim 3: N maps bounded sets into equicontinuous set of C1_[J, R].
Let t1,t2 € J, t1 < ta, By be a bounded set of Ci_,[J, R] as in claim 2,
and x € B;. Then

|(Na)(t2)ty " = (Na) ()t

1=y
ty

: —8)* (s, x(s))As —
<P | = s

o
(o)

ty (2 — )" = (0 — )77 ()| A

/0 (= 5)° L f(s, () As

+t’;7 t2(t —s)! A
By | (2= 97 (o) A
< 1 i HA=v g, o gyaml 4l a—1
N A e R A IO
téify a+y—1
+ F(Oé) (tQ - tl) B(’Y, a) ||HHC'17—Y '

We see that the right-hand part of the above inequality tends to zero
independently of x € B, as t; —t2 — 0 . Hence along with the Arzéla-Ascoli
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theorem and the results of Claims 1-3, it is concluded that N : Ci_,[J, R] —
Ci1—+[J, R] is continuous and completely continuous.

Claim 4: A priori bounds.

Now, it suffices to show that the set

w={reCi_[J,R]: x=456UNzx), 0<d<1}

is bounded set.
Let z € w, z = §(Nx) for some 0 < 6 < 1. Thus for each t € J, we
have

= L0 -1 L t —s)e ! xz(s))As
z(t) =0 re’ T /0 (t =) f(t,z(s)As| .
In view of (H2), for each t € J, we have

(1) = |(Nz)(t)|

ol
< iy " F(a)B(%a) lualle, ., -

(e

The above implies that the set w is bounded. Thus Schauder’s fixed
point theorem helps to deduct the solution of the problem which states N
has a fixed point which is a solution of problem (1.1). O

4. Stability analysis

Next, we shall give the definitions and the criteria of Ulam-Hyers (UH)
stability and Ulam-Hyers-Rassias (UHR) stability for Hilfer-type dynamic
equations on time scales. We use some ideas from [18].

DEFINITION 4.1. Equation (1.1) is UH stable if there exists a real
number ¢y > 0 such that for each e > 0 and for each solution z € C}__ [J, R]
of the inequality

TAXP2(t) — ft,2(t)| e, te (4.1)
there exists a solution 2 € C7__[J, R] of equation (1.1) with
|z(t) —x(t)| < cpe, teJ

DEFINITION 4.2. Equation (1.1) is generalized UH stable if there exists
Yy € C(R*,R"), ¢4(0) = 0 such that for each solution 2z € C{__[J, R] of
the inequality (4.1), there exists a solution = € C}__ [J, R] of equation (1.1)
with
|2(t) —x(t)] < pre, te
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DEFINITION 4.3. Equation (1.1) is UHR stable with respect to ¢ €
Ci1—+[J, R] if there exists a real number ¢y > 0 such that for each € > 0 and
for each solution » € C7__[J, R] of the inequality

AR — f(t2()| S eplt), te, (42)
there exists a solution = € C__[J, R] of the equation (1.1) with
2(0) — 2(0)] < cjeplt), te

DEFINITION 4.4. Equation (1.1) is generalized UHR stable with re-
spect to ¢ € C1_,[J, R] if there exists a real number ¢, > 0 such that for
each solution z € C1_,[J, R] of the inequality

TAGT () — f(t2(1)] < @lt), te
there exists a solution = € C]__[J, R] of equation (1.1) with
2(t) — 2(0)] < crpp(t), e
REMARK 4.1. A function z € C]__ [J, R] is a solution of the inequality
TAGY2(t) — f(t,2(1)| <€, te ],

if and only if there exists a function g € C]__[J, R] such that

(1) |g(t)| <e, te.
(2) TASPz(t) = f(t2(1) + g(t), t € J.

LEMMA 4.1, If a function z € C|__[J, R] is a solution of the inequality

(4.1) then with z(t) = FZ(‘;) -

eb®

2(t) — 20(t) - r(la) /0 (= 8) (s 2N A8 <

P r o o f. The proof directly follows from Remark 4.1 and Lemma 3.1.
O

REMARK 4.2. Clearly,

(1) Definition 4.1=- Definition 4.2,
(2) Definition 4.3= Definition 4.4.
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We ready to prove our stability results for problem (1.1). The argu-
ments are based on the Banach contraction principle. We need the following
hypothesis:

(H4) There exists an increasing function ¢ € C1_,[J, R] and there exists
Ay > 0 such that for any ¢t € J,

ngﬁr P(t) < App(t).

LEMMA 4.2. Assume that (H1) and (H3) are fulfilled. If

< 1533@,@) <1, (4.3)

then problem (1.1) has a unique solution.

P r oo f. Consider the operator N : Ci_,[J, R] = C1_,[J, R].
(N@)(t) = 2o(t) + 71§ f(5.2(5)] (1) (4.4)

with zo(t) = ng) 7L,
By Lemma 3.1, it is clear that the fixed points of N are solutions of
problem (1.1).

Let 21,29 € C1—,[J,R] and t € J, then we have
|t ((Naa) (t) = (Na)(8))]

< by =9 1o 60) = Fsialo)] 5
< by =9 s 51 (6) £l A5
< by =9 o) = st s
<t [ i) - naolas
< proy BO0) o — e,

Then, ”

[Nz — Nazo, B(y,a) |lz1 — 22, -
v ) v

<
~ I«

From (4.3), it follows that N has a unique fixed point which is solution of
problem (1.1). O
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THEOREM 4.1. If the hypotheses (H1), (H3) and (4.3) are satisfied,
then the problem (1.1) is UH stable.

Proof Lete>0andlet 2 € C]_[J,R] be a function which satisfies
the inequality (4.1) and let x € C7__[J, R] be the unique solution of the
following Hilfer-type dynamic equation

TASPx(t) = f(t,a(t), teJ:=][0,b]
T1572(0) = T15772(0) = .
By Lemma 3.1, we get
w(t) = wo(t) + [TI f(s,2(5))] (1

with zo(t) = 2o ¢ 1

RG]
Integrating (4.1) and Lemma 4.1, we obtain
)= 20(0) = oy [ =" )A€ L T )
For any t € J,

|z(t) — x(t)| < |2(t) — 20(t) — I‘(la) /0 (t— )1 f(s,2(s))As
! t a-l — f(s,x(s s
g =97 s 20) =~ Floalo)] A

< o0 =) =y [ =9 ps (5

By using (4.5)
eb® + t —8)* Hz(s) — x(s)| ds

and by Lemma 2.10, we obtain

b vL
20 =2l = 1, 4y [1 a1’ } ©

= cye,

200) — 2(0)] < 1

where v = v(«) is a constant, which completes the proof of the theorem.
Moreover, if we set (€) = cye; 19(0) = 0, then the problem (1.1) is gener-
alized UH stable. O
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THEOREM 4.2. Assume that (H1), (H3), (H4) and (4.3) are satisfied.
Then, the problem (1.1) is UHR stable.

Proof Let 2 € O] [J,R] be solution of the following inequality
(4.2) and let « € C]_[J, R] be the unique solution of the Hilfer type dy-
namics equation (1.1). By Lemma 3.1,

1 ' a—1
L) /0 (t=8)" f(s,2(5)As.

By integration of (4.2) and applying Lemma 4.1 we obtain

z(t) — zo(t) — F(la) /0 (t —8)* 1 f(s,2(5))As| < edpip(t). (4.6)

On the other hand, we have

() = 20(t) =y [ (=9 F s 26 A

x(t) = xo(t) +

|2(t) — =(t)] <

L e el 2 (s o(s)) — Fs a(s))] As
ey €= 97 (6 = (s A

I o
<o) = 0) = gy [ (=9 p(s2(5)As
* ey =9 ) —(s) s

L t
< aplt) + / (t — )%= |2(s) — a(s)| ds.
¢ I'(a) Jo
By applying Lemma 2.10, we obtain
2(t) —2(t)] < [(1 +v1LAp)A] ep(t),
where v = v1(«) is a constant,then for any ¢ € J:
|2(t) — z(t)] < crep(t),
which completes the proof of the theorem. O

In next section, we give an example to illustrate the theory.

5. Application

We consider the following Hilfer-type problem on time scales

aB oy _ € ()] _ -
TA0+ (t) = 9+ ) (1+ ]x(t)]) , t=1[0,1]:=JCT, (5.1)

T1372(0) = 0. (5.2)
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Set f(t,x) = 4 +§,5t(f; oy () € T x [0, +00).
Let z,y € [0,4+00) and t € J. Then we have
fta) = e < ) -yl < by
, T WIS g alr—ul< o le -yl

It is obviousthat our assumptions in Theorem 3.1 holdwith L =

Denote a = g, 8= % and choose v = 2 and b= 1.

From (4.3),

1
10°

(FL(Z?)B(%O‘O —0.1274 < 1.

Now all the assumptions in Lemma 4.2 and Theorem 4.1 are satisfied.
The problem (5.1)-(5.2) has a unique solution and it is UH stable.
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