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Abstract

Noether theorem is an important aspect to study in dynamical sys-
tems. Noether symmetry and conserved quantity for the fractional Birkhof-
fian system are investigated. Firstly, fractional Pfaff actions and frac-
tional Birkhoff equations in terms of combined Riemann-Liouville deriv-
ative, Riesz-Riemann-Liouville derivative, combined Caputo derivative and
Riesz-Caputo derivative are reviewed. Secondly, the criteria of Noether
symmetry within combined Riemann-Liouville derivative, Riesz-Riemann-
Liouville derivative, combined Caputo derivative and Riesz-Caputo de-
rivative are presented for the fractional Birkhoffian system, respectively.
Thirdly, four corresponding conserved quantities are obtained. The classi-
cal Noether identity and conserved quantity are special cases of this paper.
Finally, four fractional models, such as the fractional Whittaker model, the
fractional Lotka biochemical oscillator model, the fractional Hénon-Heiles
model and the fractional Hojman-Urrutia model are discussed as examples
to illustrate the results.
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1. Introduction

The Riemann-Liouville derivative and Caputo derivative are two pop-
ular versions of the derivatives of fractional calculus (FC). The Riemann-
Liouville derivative sounds some more convenient for theoretical studies
in FC, however, its extraordinary singularity is limiting its applications
in engineering and physical modeling. A fractional derivative with weak
singularity, the so-called Caputo derivative, was introduced by Caputo in
1960s. This derivative can successfully be used for solving fractional initial
value problems with more natural initial conditions and has been applied
widely in the modeling process of many practical problems. Anyway, both
of these definitions have their irreplaceable advantages.

In fact, fractional order dynamical systems can better describe phenom-
ena from the engineering practice and can more truly reveal the natural
world. Therefore, the fractional dynamics has made great progress in theo-
ries and applications, such as the fractional Lagrangian mechanics, the frac-
tional Hamiltonian mechanics, the fractional generalized Hamiltonian me-
chanics, the fractional Birkhoffian mechanics and the fractional dynamics
of the nonholonomic system [2, 25, 26, 28, 30, 31, 35, 36, 37, 38, 40, 42, 46],
as well as their applications, see for example, [5, 7, 8, 9, 11, 23, 41].

The Noether symmetry and conserved quantity for the fractional dy-
namical system were first introduced by Frederico and Torres in 2007 by
introducing a new fractional order operator [15]. Using this operator, some
results have been obtained [13, 16, 17, 18, 19, 24, 29, 48]. However, Ferreira
and Malinowska expressed their doubts about the validity of the Noether
theorem got through this fractional operator, and they presented a coun-
terexample to express their ideas, [12]. At the same time, they recom-
mended Atanackovié¢’s definition of fractional conserved quantity. Actu-
ally, in 2009, based on the classical definition of the conserved quantity,
Atanackovi¢ [4] gave a definition of fractional conserved quantity, which
is different from the definition in [15]. Based on this definition, fractional
conserved quantity for the non-conservative system [14], the Hamiltonian
system [45], the generalized Hamiltonian system [27] and the Birkhoffian
system [43, 44, 47] were achieved.

As we all know, Birkhoffian mechanics is considered as an important
direction of modern analytical mechanics to study [20], and it is more
general than Newtonian mechanics, Lagrangian mechanics and Hamilton-
ian mechanics, as well as general holonomic and nonholonomic mechanics
[33, 34]. Besides, Birkhoffian mechanics can also apply to statistical me-
chanics, quantum mechanics, biological physics, hadron physics, atomic and
molecular physics and so forth [39]. In order to better solve the fractional
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dimension problems in science and engineering, and further explore the in-
ternal properties and dynamical behaviors of fractional dynamical systems,
we intend to study the fractional Noether symmetry and conserved quan-
tity on the basis of Atanackovi¢’s definition for the fractional Birkhoffian
mechanics, which was established by Luo [28] in 2014.

This paper is organized as follows. First, the some basics of the frac-
tional Birkhoffian mechanics are reviewed. Secondly, the Noether theory
for the fractional Birkhoffian system with combined Riemann-Liouville de-
rivative, Riesz-Riemann-Liouville derivative, combined Caputo derivative
and Riesz-Caputo derivative is established, respectively. And finally, some
four applications of the results are presented.

2. Fractional derivatives and their properties

In this section, we list some definitions of fractional derivatives and their
properties, including the Riemann-Liouville derivative, Caputo derivative,
Riesz-Riemann-Liouville derivative and Riesz-Caputo derivative [1, 28].

Let f(t) be continuous and integrable, then the left and the right
Riemann-Liouville derivatives are

BDpf0 = oL () [ -0 e
R0 = gy (g [ €0 (22)

the left and the right Caputo derivatives are

Cpery =, ! / oo (Lypede, @3)

I'(n—«) d¢
EDLIO = gy [ €- 0 e

the Riesz-Riemann-Liouville derivative and the Riesz-Caputo derivative are

2F(n1— a) ((;it)n /,: E=Em @), (2.5)

t2
KDL = gy [ €O 20

where I'(x) is the Gamma function, o and [ are orders of fractional deriva-
tives with n — 1 < «,8 < n. When «, (§ are integers, the usual integer
definition of a derivative is used. In addition, the Riemann-Liouville de-
rivative of a constant is not zero while the Caputo derivative of a constant
is zero, and for a« = § = 1, the left derivative is the negative of the right
derivative.

L DEf(t) =
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The combined Riemann-Liouville derivative and the combined Caputo
derivative are

MDA F (1) = VDR F (1) + (—1)" (1= )i Dy f(8), (2.7)

CDLOF(t) = 7S DEF(E) + (—1)"(1 = 7)E Dy, £ (t), (28)

where ¢, Df* and tDti can help for dealing with dynamical systems exhibiting

the arrow of time, v determines the different quantity of information from

the past and the future to keep track of the past and future of the dynamics.
From formulae (2.7) and (2.8), we have

RLDMSF(t) = ;[;’;Lfo(t) +(~)"PEDRF(O)) = RDRF®),  (29)
DY F(®) = i[ﬁfou) + (1D F(O)] = RCDg F(t),  (2.10)

i.e., the Riesz-Riemann-Liouville derivative and the Riesz-Caputo deriva-
tive can be deduced from the combined Riemann-Liouville derivative (2.7)
and the combined Caputo derivative (2.8) by setting 8 = «, v = %, respec-
tively.

What is more, when o, 8 — 1, we have

wD} =d/dt, D}, = —d/dt, ngﬁ =y, D} + (-1)"(1 — ) D}, = d/dt.
(2.11)

3. Fractional Birkhoff equations

In this section, fractional Pfaff actions and fractional Birkhoff equations
with different fractional derivatives are listed, see [28].

Assume that a mechanical system is determined by 2n Birkhoffian vari-
ables a*, the Birkhoffian is B = B(t,a"), and the Birkhoff functions are
R, = R,(t,a"), u,v=1,2,--- ,2n.

A unified fractional Pfaff action is defined as

t2
A= [ (R,DYPa” — B)dt. (3.1)
t1

Case A: Based on the combined Riemann-Liouville derivative, frac-
tional Pfaff action is expressed as

t2

ARy, = / (R,*"DPa” — B)dt. (3.2)
t1

When 0 < «,8 < 1, fractional Birkhoff equations in terms of combined

Riemann-Liouville derivative have the form

ORy 1 OB

af, v __ Cpba _
Oat Dy"a Do, Ry Oat

=0, pv=12---,2n. (3.3)
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Case B: Based on the Riesz-Riemann-Liouville derivative, fractional
Pfaff action is expressed as
to
Ap = / (REDSa” — B)dt. (3.4)
t1

When 0 < a < 1, fractional Birkhoff equations in terms of Riesz-Riemann-

Liouville derivative have the form
OR,» RC 0B
dak tlDtO;aV Tt DgRH o dat
Equations (3.5) can also be obtained from equations (3.3) when § = «,

1

=0, pv=12--- 2n. (3.5)

Y= 9-
Case C: Based on the combined Caputo derivative, fractional Pfaff
action is expressed as .
2
Ac = / (R,°DSPa” — B)dt. (3.6)
t1
When 0 < o, < 1, fractional Birkhoff equations in terms of combined
Caputo derivative have the form
6RVC o8, v RLpPB«a oB
Oat Dyra” - Dl_WR”  Oar
Case D: Based on the Riesz-Caputo derivative, fractional Pfaff action
is expressed as

=0, p,v=1,2,---,2n. (3.7)

to
Apc = / (R, f°D a” — B)dt. (3.8)
t1

When 0 < a < 1, fractional Birkhoff equations in terms of Riesz-Caputo
derivative have the form
OR, e R 0B
gantt P60 —nDRRu= o

Equations (3.9) can also be obtained from equations (3.7) when 5 = «,
1

7= 2
When a,8 — 1, all Egs. (3.3) (3.5) (3.7) and (3.9) reduce to the

classical Birkhoff equations [34]

_ v O OB 10 o, 3.10
Coar ~ 00 ™ op " gan = v =L (310)

4. Noether symmetry for fractional Birkhoffian machanics

=0, pv=1,2,---,2n. (3.9)

In this section, Noether symmetry based on different fractional deriva-
tives is investigated under the condition of 0 < «, 8 < 1.
Considering the infinitesimal transformations
t=t+At, a’(t)=ad"(t) + Nad", (4.1)
whose expanding forms are
t=t+¢e&(t,a"), a’(t)=a"(t)+e&(t, a"), (4.2)
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where ¢ is an infinitesimal parameter, £y and &, are infinitesimal generators.

Under the infinitesimal transformations (4.1), the unified fractional
Pfaff action becomes
A= | [Ry(ta")D3Pa” — B(t,a"))dt. (4.3)
f
Denoting the main linear part which accurates to the first-order infini-
tesimal of A — A as AA.

DEFINITION 4.1. If the condition AA = 0 holds, then the infinitesimal
transformations (4.1) are called Noether symmetric transformations.

The Noether symmetry can be verified from the Noether symmetric
transformations.

4.1. Noether symmetry in terms of combined Riemann-Liouville
derivative. Under the infinitesimal transformations (4.1), the fractional
Pfaff action in terms of combined Riemann-Liouville derivative becomes

Agp = [2[R,(E, a*)yRLD2a” ()

+Ry(t, @) (—1)"(1 — 7)REDY a¥ (8) — B(t,a"))d¢. (4.4)
In fact,
RLDea” (t) = fEDpa” + FEDgda” + At § 1 Dira”
— 1ty @[ = 1) e (1) At (4.5)

RLp? av(f) = FLD}) a” + FDy, da”

2

+ALGEEDha” — (L) St — )P a¥ (ta) At). (4.6)

Then using formulae (4.5) and (4.7), we get

to

AAgy, = {R,(t + At,a" + Aa”)'y[ﬁLDtaa” +§1LD§‘6a”
t1
d 1 d
At Rlpagy t—t1) % (1) At —1)"(1 —
+ dttl t @ F(l 7()[) dt( 1) a ( 1) 1] +( ) ( ’Y)
12 1% d 1%
X Ry(t—l—At,a”—i—Aa“)[?LDga +§LDg5a —i—Atdt?LDga
1 d
_ _ B,V Atol — B At at 1+ Aat
F(l—,@)dt(t2 t) a (tg) tg] (t-i- t,a + a )}

X (1 + tht)dt — ARy

d
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to B
= {R,,RLDO"ﬂéa” + (R, d RL paBav 4 OF, RL pouBav g JYA

" Y a7 ot ot
8RV RL na 5 v oB m d —a v
+ (g Dy a0 ’y[Ryr(l ) g~ 1) "a" () At
d 1 d
DB — BY T At + (1 —7)[R, —1)~F
+ (R v @ )dt t+ ( ’7)[R F(l _ 6) dt(t2 t)
X a”(tg)AtQ]}dt. (4.7)

Let AAgy, =0, we get
RVRLDa’ﬁ(f,, _ aug ) (RVStRLD ,ﬁay + 8RVRLDa/B v 13812’)50

+(ng RLD%B v — aau)gu [ Vr(ll_a) dt (t - t1)7 a (tl)
x€o(tr, a(t))] + (R,REDSPa” = B)éo + (1= 7[Ry py g 5 (b = )77
a”(t2)&o(t2, a*(t2))] = 0. (4.8)

Therefore, we have the following

CRITERION 4.1. For the fractional Birkhoffian system (3.3), if the in-
finitesimal generators &y and &, satisfy formula (4.8), then the infinitesimal
transformations (4.2) are Noether symmetric transformations.

Formula (4.8) is the Noether identity for the fractional Birkhoffian sys-
tem in terms of combined Riemann-Liouville derivative.

4.2. Noether symmetry in terms of Riesz-Riemann-Liouville de-
rivative. Under the infinitesimal transformations (4.1), the fractional Pfaff
action in terms of Riesz-Riemann-Liouville derivative becomes

Ag = / [R,(t,a"); Dg a” (t) — B(t,a")]dt. (4.9)
t1
Since
gpga"(i) =BDga” + RDgda” + At LR Dga
For(iay et — 2l MY (E2) At — o Gilt = 01 Ta¥ (81) Aty (4.10)

it is obtained from AAgr = 0 that
RAD (6 = ) + (R Dia+ DR = 460 + (5
X} Dt a” aau)gu 21 ( 1 a) dt’t —ta| T%a”(t2)é0(t2, a* (t2)) + (R
XED%CLV — )fo — 2F(1—a) dt|t — t1|_aay(t1)fo(t1, a”( )) (4 11)

Therefore, we have the following
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CRITERION 4.2. For the fractional Birkhoffian system (3.5), if the infin-
itesimal generators & and &, satisfy formula (4.11), then the infinitesimal
transformations (4.2) are Noether symmetric transformations.

Formula (4.11) is the Noether identity for the fractional Birkhoffian
system in terms of Riesz-Riemann-Liouville derivative.
Formula (4.11) can also be achieved from formula (4.8) by setting 5 = «a,

7=
4.3. Noether symmetry in terms of combined Caputo derivative.

Under the infinitesimal transformations (4.1), the fractional Pfaff action in
terms of combined Caputo derivative becomes

= ft Lt at 7CDa v (%)
+R,(t, a“)(—l)"( —9)ED2a¥(7) - B(f,a")dr. (4.12)
Using
n Dia(f) = ﬁDO‘a” +§Dpda” + At S Dpa”
— (e (= t1) 7" () Aty (4.13)

°pPar(t) = £D}a” + £ Dy, da” + At $ D} a”
—m{ﬁ) (ty — t)"Pa¥ (ty) Ato, (4.14)
from Definition 4.1 of the Noether symmetric transformations, we get

R,ODFP (& — a60) + (R g CD5 0" + %5l DT a” — G760 + (5

dak
xCDSPar — 28, — Ry p Loy (E = t1)"%a" (t1)6o(t1, 0k (tr)) + (R,
xCDPa’ = B)éo + Ry iy (t2 — 1) 7% (t2)é0(t2, ¥ (t2)) =0. (4.15)
Therefore, we have

CRITERION 4.3. For the fractional Birkhoffian system (3.7), if the infin-
itesimal generators &y and &, satisfy formula (4.15), then the infinitesimal
transformations (4.2) are Noether symmetric transformations.

Formula (4.15) is the Noether identity for the fractional Birkhoffian
system in terms of combined Caputo derivative.

4.4. Noether symmetry in terms of Riesz-Caputo derivative. Un-
der the infinitesimal transformations (4.1), the fractional Pfaff action in
terms of Riesz-Caputo derivative becomes

Agc = /tQ[R (t,a")r° Dg.a” () — B(t, a*)]dt. (4.16)
Since 1
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gCDa 1/ _)—ECDO[CLV—FECD%(SCLV—FAt(iECDa v

+2F(1—o¢) [| — t2| O‘a”(tg)Atg — |t — t1|_aalj(f1)At1], (417)

and AAgrc = 0, we get

» dpopa v ORurcpa v OB
RVt1 Dt2(€ —a €O)+(R thCD + 8t gc tga’ - at )50
OR, R, .
HOwRODga — 00 e+ a1 oyt~ Tl E2)6o(te, o (t2))
+Uﬂ%Da”—BEUf ‘&’ [t — t1]|7@a" (t1)&o(t1, ak(t1)) = 0.(4.18)
vh 2I'(1 — ) ’

Therefore, we have

CRITERION 4.4. For the fractional Birkhoffian system (3.9), if the infin-
itesimal generators & and &, satisfy formula (4.18), then the infinitesimal
transformations (4.2) are Noether symmetric transformations.

Formula (4.18) is the Noether identity for the fractional Birkhoffian
system in terms of Riesz-Caputo derivative.

Formula (4.18) can also be obtained from formula (4.15) by setting
B =a, Y= %

When «, 8 — 1, considering I'(0) = oo, formulae (4.8) (4.11) (4.15) and
(4.18) all reduce to the classical Noether identity [32]

. . OR,., OB OR,., OB
Rllgl/ - Bfo + ( a’ — ot )50 + ( a’ — )g,u = 0. (419)

ot dar " T ar
5. Conserved quantity for fractional Birkhoffian machanics

In this section, conserved quantities based on different fractional deriva-
tives are achieved under the condition of 0 < «, 8 < 1.

THEOREM 5.1. For the fractional Birkhoffian system (3.3), if the infin-
itesimal transformations (4.2) are the Noether symmetric transformations,
then there exists a conserved quantity for this system

Iry = (RVRLDa’ﬁ Y — B)&o + ftt RLDO"B(SV —a"6p) + (&
— &) D0 R AT — [ [ o (7 — 1) a” (t)&o (b, a¥(11))

- (1(1”?)” dr (t2 7)7Pa” (t2)&o(t2, a”(t2))]dT = const . (5.1)
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P roof. From Eqgs.(3.3) and formula (4.8), we have

y : OR,  OR, . wf v
I = (RA*DPa” — B)o+ &of o T a)RDPq

oat
0B 0B

. RL pa,pB v
ot + 8aﬂa )+ R, DSP(& —a &o)

.U e YR, d
T T AR

< &o(tr, a”(t1)) — (;(1 j);y ;t(fa — ) Pa” (t2)€o(t2, a”(t2))]

= —R,"DYO(E, — ') — (Rys1 RLpaBar + 6(;” RE DB
aB 8RV RL a OR,  OR,.
— — DS Ba? — I

d 8B 0B
RL na,B v RL na,B v
x DW Aa +§oRydt Dwﬂ —&( g, + 59"

d
dt

d
+ &Ry MDY e — g

(t —t1)"%a"(t1)

+ R RLDa,B(gy - aygo) (fy —a §o)CDﬁa

_ ORy gy, afqr _ Cpba 0B ) B
= (Mmippsg cpper, - OB, —arg) =0

a

THEOREM 5.2. For the fractional Birkhoffian system (3.5), if the infin-
itesimal transformations (4.2) are the Noether symmetric transformations,
then there exists a conserved quantity for this system

I = (R, Dgya” — 5o+f; [RuE D (6 — a760) + (&
—allfo)RCDQR dT—i—ftl 2F(1 a) dTHT—tglfaay(tg)fo(tg,a”(tg))
— |T *t1| « V(tl)fo(tl,au(tl))]dT = const . (52)

P r o o f. Using Egs.(3.5) and formula (4.11), we can get the result. O

THEOREM 5.3. For the fractional Birkhoffian system (3.7), if the infin-
itesimal transformations (4.2) are the Noether symmetric transformations,
then there exists a conserved quantity for this system

Ic = (R,°DSPa” — B)& + [} [R,CDSP (€, — avéo) + (&

—av&)"EDS Ry Jdr — [ [0 (7 = 1) 7 (8) o, at ()

- (11“(_17—)% (ta — 7)7Pa¥ (t2)&o(t2, a*(t2))]dT = const . (5.3)
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P r o o f. The result can be verified from Eqs.(3.7) and formula (4.15).
a

THEOREM 5.4. For the fractional Birkhoffian system (3.9), if the infin-
itesimal transformations (4.2) are the Noether symmetric transformations,
then there exists a conserved quantity for this system

Inc = (RECDga” — B)& + [} [RECDE (&, — av&) + (&
— &R DR JAT + [} {17 = tal 00" (t2)€o(ts, a(12)
— ’7‘ — tl‘fady(tl)fo(tl, a”(tl))]dT = const . (5.4)

P r o o f. Taking advantage of Egs.(3.9) and formula (4.18), we can
complete this proof. O

When o, — 1, since I'(0) = oo, we can get the classical conserved
quantity [32].

THEOREM 5.5. For the classical Birkhoffian system (3.10), if the infin-
itesimal generators &y and &, satisfy the classical Noether identity (4.19),
then there exists a conserved quantity for this system

I =R, — B = const . (5.5)

6. Applications
In this section, we present four applications.

APPLICATION 6.1. The Lotka biochemical oscillator model is an im-
portant class of biological model, which can well describe the competition
between different species during the research of ecology [34]. The fractional
Lotka biochemical oscillator model in terms of combined Riemann-Liouville
derivative has the form [28]

%RLD'?’BCLQ + %Cfo‘Vﬁ —ag — B expa1 =0,
;RLDg’ﬁal + ;CDfLO;QQ — ay — Poexpal =0, (6.1)

whose Birkhoffian and Birkhoff equations are

1 1
L aia® — Brexpa® + Baexpat, Ri = — _a?, Ry = 2a1, (6.2)

B = asa 5

try to find out its conserved quantity.

Since

d RL RL . d
DCM 14 — DCM 14
tE 0 P pg gy

qrh (t — tl)faay(tl), (6.3)
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e P CE S SR ()
it is obtained that

fo=1,84=&=0 (6.5)
is a solution to the Noether identity (4.8). Hence, from Theorem 5.1, we
obtain a conserved quantity

IpL, = _%aZRLDgé,Bal + %alRLDf;tﬁaQ _ agal + a1a2
2 1 t/1 2dRLpB, 1 1,1dRLNHYS 2
+ Brexpa” — Brexpa +ftl(2a & DY"at — 5at § VDY a
1:1CpBea 2 1:200B8a 1
+ 50 Dl_wa — 50 Dl_wa )dr. (6.6)

When o, 8 — 1, we obtain the classical conserved quantity
asal — aqa® — Brexpa’ + Baexpa’ = const . (6.7)
APPLICATION 6.2. The Whittaker equations are important aspects of

the phylogeny of classical mechanics [10]. The fractional Whittaker model
in terms of Riesz-Riemann-Liouville derivative has the form [28]

1R pa ,1 1R na ,4 1RC na (,1 4\ _
Dga" + 5 Dia D¢ (a" —a*) =0,

T2l T 2h
D + 3ACDR* —at =0,
~4R DR’ + 4R DR - JCDRe? + DR —al 4t =0,
— i Dgat — JRCDat + a® =0, (6.8)

whose Birkhoffian and Birkhoff equations are
B = %[2a1a4 _ (a3)2 _ (014)2]7
Ry = —ja Ry = j(a* —a*), Ry = ja*, Ry = }(a® —d®), (6.9)

try to find out its conserved quantity.

Considering
dRDaaV ZRDady-i- L d Ht—tlraall(tl) — \t—tg\*aa”(tg)]
dghr 7t 1t 2I'(1 — o) dt ’
(6.10)
it follows from the Noether identity (4.11) that
fo=18=8=8=8=0. (6.11)
Therefore, from Theorem 5.2, we obtain a conserved quantity
Ig = 75a2§D§‘2a1 + %(a1 — a4)§D§‘2a2 + %a‘lﬁDga‘g + ;(a2 — a3)
t d
X ED%a‘l — %[2@10,4 — (@)% — (a)?] + Ll[éaszf}D%al — %(al —a?)
< AR - ot DR — (a? — o) SR DRt + 3O Dpa?

—2a*RCDg (a! — a*) — 1a3RODY at — 1a*RODE (a? — a?)]dr. (6.12)



NOETHER SYMMETRY AND CONSERVED QUANTITY ... 521

When o — 1, we obtain the classical conserved quantity
2a'a* — (a*)? — (a*)? = const . (6.13)

APPLICATION 6.3. The Hojman-Urrutia equations occupy an impor-
tant position in the study of the inverse problem of Birkhoff mechanics
and Lagrange mechanics [21, 34]. The fractional Hojman-Urrutia model in
terms of combined Caputo derivative has the form [28§]

RLDY a2 + REDP o3 = 0, ° DS al — a? =0,
CpoPal — RLDlﬁ’_O‘va,4 — (a3 +a2)=0,°DPad +at =0, (6.14)
whose Birkhoffian and Birkhoff equations are
1
B = 2[(a3)2 +2a%a® — (a*)?], Ry = a®+a®, Ry = a*, Ry = Ry = 0. (6.15)
Now we discuss the Noether symmetry and conserved quantity for this
fractional model.
Taking calculation of the Noether identity (4.15), where

d ¢ C pay 1 —a
gD’ =D+ L)), (616)
d "y 8.
dt?pgav =DJa¥ + - ) (ta — ) Pa” (ta), (6.17)
we have
0=1,86=0,8&=1,8§=0,8=1. (6.18)

From Theorem 5.3, we obtain a conserved quantity
Io = (a2 + a3)CD3’ﬁa1 + a4CD§"Ba3 _ %(a3)2 — a2ad + %(a4)2

N fttl [(a® + ag)ddTCDg’Bal +at ddTCDﬁ’ﬂas

+a®DP (a2 + 6®) + *RD a')dr. (6.19)
When «, 8 — 1, we get the classical conserved quantity
1 1
2(a3)2 + a?a® — 5 (a*)? = const . (6.20)

APPLICATION 6.4. The Hénon-Heiles model plays an important role
in chaos [2, 6, 22]. The fractional Hénon-Heiles model in terms of Riesz-
Caputo derivative has the form [28]

RCDg a3 + a' +2a'a® = 0, B°Dg a* + a? — (a?)? + (al)? =0,
RDga' —a® =0, RDga® —at =0, (6.21)
whose Birkhoffian and Birkhoff equations are
B = 3[(a')? + (a)* + (a®)? + (a*)? + 2a%(a")* = (a?)?],
Ri =Ry =0, R3 = —a', Ry = —d®. (6.22)
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Now we discuss the Noether symmetry and conserved quantity for this
fractional Hénon-Heiles model.
Making use of

d . 1 —a- —a-
ah Daa” =3EDGa" + o [E= 0776 (4) — |t = taf 700" (t2))
(6.23)
Noether identity (4.18) gives
So=86=86=18§=8=0. (6.24)
Therefore, from Theorem 5.4, we obtain a conserved quantity
IRC — falch%a?’ o a2§CD§;a4 o %[(a1)2 + (a2)2 + (a3)2
+ (a4)2 + 2a2(a1)2 _ g(a2)3] + fttl (al diECD%ag + a2ddT§CD%a4
+a*} Dy at + a*f Dy a?)dr. (6.25)
When a — 1, we obtain the classical conserved quantity
2
(a))? 4 () + (a®)? + (a)? + 24%(a1)? — 3 (a®)® = const . (6.26)

7. Conclusion

A new research field called fractional Birkhoffian mechanics, which can
be used to study problems of science and engineering, was constructed
in Ref. [28] recently. We discuss the Noether symmetry and conserved
quantity for the fractional Birkhoffian mechanics in this paper. Noether
identities and conserved quantities in terms of combined Riemann-Liouville
derivative, Riesz-Riemann-Liouville derivative, combined Caputo derivative
and Riesz-Caputo derivative are presented, respectively. Our Theorem 5.1
- Theorem 5.4 are the new results. The classical Noether identity and
conserved quantity are special cases of the results achieved in this paper.

Noether symmetries for four fractional dynamical models, including
the fractional Whittaker model, the fractional Hénon-Heiles model, the
fractional Lotka biochemical oscillator model and the fractional Hojman-
Urrutia model are discussed in this paper, and the corresponding conserved
quantities are obtained.

Considering the significance of the fractional calculus and the Birkhof-
fian dynamics, further research, for instance, perturbation to Noether sym-
metry and adiabatic invariants for the fractional Birkhoffian mechanics,
can be done in the future. Besides, Lie symmetry and conserved quan-
tity, Mei symmetry and conserved quantity for fractional mechanics, such
as fractional Lagrangian mechanics, fractional Hamiltonian mechanics and
fractional Birkhoffian mechanics, are also hoped to be investigated.
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