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Abstract

We study the existence of solutions for a system of nonlinear Caputo
fractional differential equations with coupled boundary conditions involving
Riemann-Liouville fractional integrals, by using the Schauder fixed point
theorem and the nonlinear alternative of Leray-Schauder type. Two exam-
ples are given to support our main results.
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1. Introduction

Fractional differential equations describe many phenomena in several
fields of engineering and scientific disciplines such as physics, biophysics,
chemistry, biology (for example, the primary infection with HIV), econom-
ics, control theory, signal and image processing, thermoelasticity, aerody-
namics, viscoelasticity, electromagnetics and rheology (see [6], [7], [8], [9],
[10], [11], [12], [18], [19], [21], [22], [23], [24], [26], [27], [29], [30]). Fractional
differential equations are also regarded as a better tool for the description
of hereditary properties of various materials and processes than the corre-
sponding integer order differential equations.
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Motivated by these various applications, in this paper, we investigate
the following system of nonlinear fractional differential equations

(S)

{ cDα
0+u(t) = f(t, v(t),cDp

0+v(t)), t ∈ (0, 1),
cDβ

0+v(t) = g(t, u(t),cDq
0+u(t)), t ∈ (0, 1),

supplemented with the coupled nonlocal boundary conditions

(BC)

{
u(0) = ϕ(v), u′(0) = 0, . . . , u(n−2)(0) = 0, u(1) = λIγ0+v(ξ),

v(0) = ψ(u), v′(0) = 0, . . . , v(m−2)(0) = 0, v(1) = μIδ0+u(η),

where α ∈ (n − 1, n], β ∈ (m − 1,m], n, m ∈ N, n, m ≥ 2, p, q ∈ (0, 1),
λ, μ ∈ R, γ, δ > 0, ξ, η ∈ [0, 1], f, g : [0, 1]×R×R → R, ϕ, ψ : C[0, 1] → R

are continuous functions, cDθ
0+ denotes the Caputo derivative of fractional

order θ (for θ = α, β, p, q), and Iγ0+, I
δ
0+ are the Riemann-Liouville frac-

tional integrals of orders γ and δ, respectively. If n = 2 and m = 2, then
the boundary conditions (BC) take the form u(0) = ϕ(v), u(1) = λIγ0+v(ξ)

and v(0) = ψ(u), v(1) = μIδ0+u(η), respectively, that is, the derivatives
of u and v at the point 0 do not appear in these conditions. Under some
assumptions on the functions f and g, we will establish the existence of so-
lutions for problem (S)− (BC) by using the Schauder fixed point theorem
and the nonlinear alternative of Leray-Schauder type.

The system (S) with α, β ∈ (1, 2) subject to the uncoupled boundary
conditions

(BC1)

{
u(0) = ϕ(u), u(1) = aIθ10+u(η),

v(0) = ψ(v), v(1) = bIθ20+v(ξ),

with ξ, η ∈ [0, 1], θ1, θ2 > 0, a, b ∈ R, was studied in paper Ref. [25].
We also mention the paper Ref. [4], where the authors investigated the
system of fractional differential equations equipped with nonlocal coupled
boundary conditions

(P )

⎧⎪⎪⎪⎨⎪⎪⎪⎩
cDα

0+x(t) = f(t, x(t), y(t),cDγ
0+y(t)), t ∈ [0, T ],

cDβ
0+y(t) = g(t, x(t),cDδ

0+x(t), y(t)), t ∈ [0, T ],

x(0) = h(y),
∫ T
0 y(s) ds = μ1x(η),

y(0) = φ(x),
∫ T
0 x(s) ds = μ2y(ξ),

where α, β ∈ (1, 2], γ, δ ∈ (0, 1), η, ξ ∈ (0, T ), f, g : [0, T ] × R × R × R →
R, h, φ : C([0, T ],R) → R are continuous functions, and μ1, μ2 are real
constants. By using the Banach contraction mapping principle and the
Leray-Schauder nonlinear alternative, the authors proved in Ref. [4] the
existence and uniqueness, and the existence of solutions for problem (P ).
For other recent developments on the fractional differential equations with
nonlocal boundary conditions we refer the reader to the papers [1], [2], [3],
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[5], [13], [14], [15], [16], [17], [20], [28], [31], [32], [33] and the references
therein.

The paper is organized as follows. In Section 2, we present some aux-
iliary results for a nonlocal boundary value problem of linear fractional
differential equations. Section 3 contains the main theorems for the exis-
tence of solutions for problem (S) − (BC), while Section 4 contains two
examples which illustrate our main results.

2. Auxiliary results

In this section we present some definitions and auxiliary results that
will be used to prove our main theorems.

Definition 2.1. ([18]) The Riemann-Liouville fractional integral of
order α > 0 is given by

Iα0+u(t) =
1

Γ(α)

∫ t

0
(t− s)α−1u(s) ds, t > 0, α > 0,

provided that the right-hand side is pointwise defined on (0,∞), where Γ
is the gamma function, defined by Γ(p) =

∫∞
0 tp−1e−t dt.

Definition 2.2. ([18]) For an (n − 1)-times absolutely continuous
function u : [0,∞) → R, the Caputo derivative of fractional order α is
defined as

cDαu(t) =
1

Γ(n−α)

∫ t

0
(t−s)n−α−1u(n)(s) ds, t > 0, n−1 < α < n, n ∈ N.

If α = m ∈ N and u ∈ Cm[0,∞), then cDαu(t) = u(m)(t).

We consider the fractional differential system{ cDα
0+u(t) = x(t), t ∈ (0, 1),

cDβ
0+v(t) = y(t), t ∈ (0, 1),

(2.1)

with the coupled boundary conditions{
u(0) = u0, u′(0) = 0, . . . , u(n−2)(0) = 0, u(1) = λIγ0+v(ξ),

v(0) = v0, v′(0) = 0, . . . , v(m−2)(0) = 0, v(1) = μIδ0+u(η),
(2.2)

where α ∈ (n − 1, n], β ∈ (m − 1,m], n, m ∈ N, n, m ≥ 2, λ, μ ∈ R,
γ, δ > 0, ξ, η ∈ [0, 1], u0, v0 ∈ R, and x, y are real functions.

In the sequel we set Δ = 1− λμξγ+m−1ηδ+n−1(m− 1)!(n − 1)!

Γ(γ +m)Γ(δ + n)
.
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Lemma 2.1. If x, y ∈ C[0, 1], u0, v0 ∈ R and Δ �= 0, then the unique
solution (u, v) ∈ Cn[0, 1] × Cm[0, 1] of the boundary value problem (2.1)-
(2.2) is given by

u(t) = u0 + Iα0+x(t) +
tn−1

Δ

[
−u0 − Iα0+x(1) +

λv0ξ
γ

Γ(γ + 1)

+λIβ+γ
0+ y(ξ)− λv0ξ

γ+m−1(m− 1)!

Γ(γ +m)
− λξγ+m−1(m− 1)!

Γ(γ +m)
Iβ0+y(1)

+
λμu0ξ

γ+m−1ηδ(m− 1)!

Γ(δ + 1)Γ(γ +m)
+

λμξγ+m−1(m− 1)!

Γ(γ +m)
Iα+δ
0+ x(η)

]
,

v(t) = v0 + Iβ0+y(t) +
tm−1

Δ

[
−v0 − Iβ0+y(1) +

μu0η
δ

Γ(δ + 1)

+μIα+δ
0+ x(η) − μu0η

δ+n−1(n− 1)!

Γ(δ + n)
− μηδ+n−1(n− 1)!

Γ(δ + n)
Iα0+x(1)

+
λμv0ξ

γηδ+n−1(n − 1)!

Γ(γ + 1)Γ(δ + n)
+

λμηδ+n−1(n − 1)!

Γ(δ + n)
Iβ+γ
0+ y(ξ)

]
,

(2.3)

for all t ∈ [0, 1].

P r o o f. The solution u ∈ Cn[0, 1] of equation cDα
0+u(t) = x(t) is

u(t) = c̃1 + c̃2t+ · · · + c̃nt
n−1 + Iα0+x(t), t ∈ [0, 1],

where c̃1, c̃2, . . . , c̃n ∈ R. By using the conditions u(0) = u0, u
′(0) = · · · =

u(n−2)(0) = 0, we obtain c̃1 = u0, c̃2 = · · · = c̃n−1 = 0, and so we deduce
u(t) = u0 + c̃nt

n−1 + Iα0+x(t), t ∈ [0, 1].

In a similar manner the solution v ∈ Cm[0, 1] of equation cDβ
0+v(t) =

y(t) satisfying the conditions v(0) = v0, v
′(0) = · · · = v(m−2)(0) = 0 is

v(t) = v0 + d̃mtm−1 + Iβ0+y(t), t ∈ [0, 1], with d̃m ∈ R.

Imposing the conditions u(1) = λIγ0+v(ξ) and v(1) = μIδ0+u(η) on the
above functions u and v, we obtain the following system in the unknown

constants c̃n and d̃m⎧⎪⎪⎨⎪⎪⎩
c̃n − λd̃mξγ+m−1(m− 1)!

Γ(γ +m)
= −u0 − Iα0+x(1) +

λv0ξ
γ

Γ(γ + 1)
+ λIβ+γ

0+ y(ξ),

−μc̃nη
δ+n−1(n− 1)!

Γ(δ + n)
+ d̃m = −v0 − Iβ0+y(1) +

μu0η
δ

Γ(δ + 1)
+ μIα+δ

0+ x(η).

In view of the given assumption Δ �= 0, the unique solution (c̃n, d̃m) of the
above system is

c̃n =
1

Δ

[
−u0 − Iα0+x(1) +

λv0ξ
γ

Γ(γ + 1)
+ λIβ+γ

0+ y(ξ)− λv0ξ
γ+m−1(m− 1)!

Γ(γ +m)

−λξγ+m−1(m− 1)!

Γ(γ +m)
Iβ0+y(1) +

λμu0ξ
γ+m−1ηδ(m− 1)!

Γ(δ + 1)Γ(γ +m)
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+
λμξγ+m−1(m− 1)!

Γ(γ +m)
Iα+δ
0+ x(η)

]
,

d̃m =
1

Δ

[
−v0 − Iβ0+y(1) +

μu0η
δ

Γ(δ + 1)
+ μIα+δ

0+ x(η)− μu0η
δ+n−1(n− 1)!

Γ(δ + n)

−μηδ+n−1(n− 1)!

Γ(δ + n)
Iα0+x(1) +

λμv0ξ
γηδ+n−1(n− 1)!

Γ(γ + 1)Γ(δ + n)

+
λμηδ+n−1(n− 1)!

Γ(δ + n)
Iβ+γ
0+ y(ξ)

]
.

Substituting the values of c̃n and d̃m in the expressions for u and v, we
obtain the solution (u, v) of problem (2.1)-(2.2) given by formula (2.3). �

By direct computation, we can obtain the following result.

Lemma 2.2. If x, y ∈ C[0, 1], then the following inequalities are
satisfied:

a) |Iα0+x(t)| ≤
‖x‖

Γ(α+ 1)
;

b) |Iα0+x(1)| ≤
‖x‖

Γ(α+ 1)
;

c) |Iα+δ
0+ x(η)| ≤ ηα+δ‖x‖

Γ(α+ δ + 1)
; d) |Iβ0+y(t)| ≤

‖y‖
Γ(β + 1)

;

e) |Iβ0+y(1)| ≤
‖y‖

Γ(β + 1)
; f) |Iβ+γ

0+ y(ξ)| ≤ ξβ+γ‖y‖
Γ(β + γ + 1)

,

where ‖x‖ = supt∈[0,1] |x(t)| and ‖y‖ = supt∈[0,1] |y(t)|.

Now we state the Schauder fixed point theorem and the nonlinear alter-
native of Leray-Schauder type, which play a pivotal role in the forthcoming
analysis.

Theorem 2.1. Let X be a Banach space and Y ⊂ X a nonempty,
bounded, convex and closed subset. If the operator A : Y → Y is com-
pletely continuous, then A has at least one fixed point.

Theorem 2.2. Let X be a Banach space and U be an open and
bounded subset of X, 0 ∈ U and A : Ū → X be a completely continuous
operator. Then either A has a fixed point in Ū , or there exist u ∈ ∂U and
ν ∈ (0, 1) such that u = νAu.
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3. Main results

We consider the spaces X = {u ∈ C[0, 1], cDq
0+u ∈ C[0, 1]} and Y =

{v ∈ C[0, 1], cDp
0+v ∈ C[0, 1]} equipped respectively with the norms ‖u‖X =

‖u‖ + ‖cDq
0+u‖ and ‖v‖Y = ‖v‖ + ‖cDp

0+v‖, where ‖ · ‖ is the supremum
norm, that is ‖w‖ = supt∈[0,1] |w(t)| for w ∈ C[0, 1]. The spaces (X, ‖ · ‖X)

and (Y, ‖ · ‖Y ) are Banach spaces, and the product space X × Y endowed
with the norm ‖(u, v)‖X×Y = ‖u‖X + ‖v‖Y is also a Banach space.

By using Lemma 2.1, we introduce the operator T : X × Y → X × Y
defined by T (u, v) = (T1(u, v), T2(u, v)) for (u, v) ∈ X × Y , where the
operators T1 : X × Y → X and T2 : X × Y → Y are given by

T1(u, v)(t) = ϕ(v)

[
1− tn−1

Δ
+

tn−1λμξγ+m−1ηδ(m− 1)!

ΔΓ(δ + 1)Γ(γ +m)

]
+ψ(u)

tn−1λξγ

Δ

[
1

Γ(γ + 1)
− ξm−1(m− 1)!

Γ(γ +m)

]
+Iα0+f(t, v(t),

cDp
0+v(t)) +

tn−1

Δ

[
− Iα0+f(t, v(t),

c Dp
0+v(t))|t=1

+
λμξγ+m−1(m−1)!

Γ(γ +m)
Iα+δ
0+ f(t, v(t),cDp

0+v(t))|t=η

+λIβ+γ
0+ g(t, u(t),cDq

0+u(t))|t=ξ

− λξγ+m−1(m−1)!

Γ(γ +m)
Iβ0+g(t, u(t),

cDq
0+u(t))|t=1

]
,

T2(u, v)(t) = ϕ(v)
tm−1μηδ

Δ

[
1

Γ(δ + 1)
− ηn−1(n− 1)!

Γ(δ + n)

]
+ψ(u)

[
1− tm−1

Δ
+

tm−1λμξγηδ+n−1(n− 1)!

ΔΓ(γ + 1)Γ(δ + n)

]
+Iβ0+g(t, u(t),

cDq
0+u(t)) +

tm−1

Δ

[
μIα+δ

0+ f(t, v(t),cDp
0+v(t))|t=η

−μηδ+n−1(n−1)!

Γ(δ + n)
Iα0+f(t, v(t),

cDp
0+v(t))|t=1−Iβ0+g(t, u(t),

cDq
0+u(t))|t=1

+
λμηδ+n−1(n−1)!

Γ(δ + n)
Iβ+γ
0+ g(t, u(t),cDq

0+u(t))|t=ξ

]
,

for all (u, v) ∈ X × Y and t ∈ [0, 1].

The pair (u, v) is a solution of problem (S)− (BC) if and only if (u, v)
is a fixed point of operator T .

Now we enlist the assumptions that we need in this section:
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(H1) α, β ∈ R, α ∈ (n − 1, n], β ∈ (m − 1,m], n, m ∈ N, n, m ≥ 2;
p, q ∈ (0, 1); γ, δ > 0; λ, μ ∈ R; ξ, η ∈ [0, 1];

Δ = 1− λμξγ+m−1ηδ+n−1(m− 1)!(n − 1)!

Γ(γ +m)Γ(δ + n)
�= 0.

(H2) f, g : [0, 1] × R × R → R are continuous functions and there exist
the constants ai, bi ≥ 0, i = 0, 1, 2, and lj, mj ∈ (0, 1), j = 1, 2
such that

|f(t, u, v)| ≤ a0 + a1|u|l1 + a2|v|l2 , ∀ t ∈ [0, 1], u, v ∈ R,
|g(t, u, v)| ≤ b0 + b1|u|m1 + b2|v|m2 , ∀ t ∈ [0, 1], u, v ∈ R.

(H3) ϕ, ψ : C[0, 1] → R are continuous functions, ϕ(0) = ψ(0) = 0 and
there exist constants L1, L2 > 0, θ1, θ2 ∈ (0, 1) such that

|ϕ(x)| ≤ L1‖x‖θ1 , |ψ(x)| ≤ L2‖x‖θ2 , ∀x ∈ C[0, 1].

(H4) f, g : [0, 1] × R × R → R are continuous functions, and there
exist ci, di ≥ 0, i = 0, 1, 2 and nondecreasing functions hj , kj ∈
C([0,∞), [0,∞)), j = 1, 2 such that

|f(t, u, v)| ≤ c0 + c1h1(|u|) + c2h2(|v|), ∀ t ∈ [0, 1], u, v ∈ R,
|g(t, u, v)| ≤ d0 + d1k1(|u|) + d2k2(|v|), ∀ t ∈ [0, 1], u, v ∈ R.

(H5) There exists L0 > 0 such that

(M1 + M̃1 +N1 + Ñ1)L
θ1
0 + (M2 + M̃2 +N2 + Ñ2)L

θ2
0

+A1(M3 + M̃3 +N3 + Ñ3) +A2(M4 + M̃4 +N4 + Ñ4) < L0,

where A1 = c0+c1h1(L0)+c2h2(L0), A2 = d0+d1k1(L0)+d2k2(L0),
θ1, θ2 are given in (H3), ci, di, i = 0, 1, 2 and hj , kj , j = 1, 2 are

given in (H4), and the constants Mi, M̃i, Ni, Ñi, i = 1, 2, 3, 4 are
given below.

For computational convenience, we introduce the following notations:

M1 = L1

(
1 +

1

|Δ| +
λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
,

M2 =
L2λξ

γ

|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
,

M3 =
1

Γ(α+ 1)
+

1

|Δ|Γ(α+ 1)
+

λμξγ+m−1ηα+δ(m− 1)!

|Δ|Γ(γ +m)Γ(α+ δ + 1)
,

M4 =
λξβ+γ

|Δ|Γ(β + γ + 1)
+

λξγ+m−1(m− 1)!

|Δ|Γ(γ +m)Γ(β + 1)
,
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M̃1 =
L1(n− 1)

Γ(2− q)|Δ|
(
1 +

λμξγ+m−1ηδ(m− 1)!

Γ(δ + 1)Γ(γ +m)

)
,

M̃2 =
L2(n − 1)λξγ

Γ(2− q)|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
,

M̃3 =
1

Γ(2− q)

(
1

Γ(α)
+

n− 1

|Δ|Γ(α+ 1)
+

(n− 1)λμξγ+m−1ηα+δ(m− 1)!

|Δ|Γ(γ +m)Γ(α+ δ + 1)

)
,

M̃4 =
n− 1

Γ(2− q)|Δ|
(

λξβ+γ

Γ(β + γ + 1)
+

λξγ+m−1(m− 1)!

Γ(γ +m)Γ(β + 1)

)
,

N1 =
L1μη

δ

|Δ|
(

1

Γ(δ + 1)
+

ηn−1(n− 1)!

Γ(δ + n)

)
,

N2 = L2

(
1 +

1

|Δ| +
λμξγηδ+n−1(n− 1)!

|Δ|Γ(γ + 1)Γ(δ + n)

)
,

N3 =
μηα+δ

|Δ|Γ(α+ δ + 1)
+

μηδ+n−1(n− 1)!

|Δ|Γ(δ + n)Γ(α+ 1)
,

N4 =
1

Γ(β + 1)
+

1

|Δ|Γ(β + 1)
+

λμξβ+γηδ+n−1(n− 1)!

|Δ|Γ(δ + n)Γ(β + γ + 1)
,

Ñ1 =
L1(m− 1)μηδ

Γ(2− p)|Δ|
(

1

Γ(δ + 1)
+

ηn−1(n− 1)!

Γ(δ + n)

)
,

Ñ2 =
L2(m− 1)

Γ(2− p)|Δ|
(
1 +

λμξγηδ+n−1(n− 1)!

Γ(γ + 1)Γ(δ + n)

)
,

Ñ3 =
m− 1

Γ(2− p)|Δ|
(

μηα+δ

Γ(α+ δ + 1)
+

μηδ+n−1(n− 1)!

Γ(δ + n)Γ(α+ 1)

)
,

Ñ4 =
1

Γ(2− p)

(
1

Γ(β)
+

m− 1

|Δ|Γ(β + 1)
+

(m− 1)λμηδ+n−1ξβ+γ(n− 1)!

|Δ|Γ(δ + n)Γ(β + γ + 1)

)
.

Theorem 3.1. Assume that (H1) − (H3) hold. Then problem (S) −
(BC) has at least one solution on [0, 1].

P r o o f. Let B̄R = {(u, v) ∈ X × Y, ‖(u, v)‖X×Y ≤ R}, where
R ≥ max

{
[8(M1 + M̃1)]

1
1−θ1 , [8(M2 + M̃2)]

1
1−θ2 , 24a0(M3 + M̃3),

[24a1(M3 + M̃3)]
1

1−l1 , [24a2(M3 + M̃3)]
1

1−l2 , 24b0(M4 + M̃4),

[24b1(M4 + M̃4)]
1

1−m1 , [24b2(M4 + M̃4)]
1

1−m2 , [8(N1 + Ñ1)]
1

1−θ1 ,

[8(N2 + Ñ2)]
1

1−θ2 , 24a0(N3 + Ñ3), [24a1(N3 + Ñ3)]
1

1−l1 ,

[24a2(N3 + Ñ3)]
1

1−l2 , 24b0(N4 + Ñ4), [24b1(N4 + Ñ4)]
1

1−m1 ,

[24b2(N4 + Ñ4)]
1

1−m2

}
.

Let us first show that T : B̄R → B̄R. For (u, v) ∈ B̄R, it follows by Lemma
2.2 that
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|T1(u, v)(t)| ≤ |ϕ(v)|
(
1 +

1

|Δ| +
λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
+
|ψ(u)|λξγ

|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+|Iα0+f(t, v(t),cDp

0+v(t))| +
1

|Δ|
[
|Iα0+f(t, v(t),cDp

0+v(t))|t=1|

+
λμξγ+m−1(m− 1)!

Γ(γ +m)
|Iα+δ
0+ f(t, v(t),cDp

0+v(t))|t=η |
+λ|Iβ+γ

0+ g(t, u(t),cDq
0+u(t))|t=ξ |

+
λξγ+m−1(m− 1)!

Γ(γ +m)
|Iβ0+g(t, u(t),cDq

0+u(t))|t=1|
]

≤ L1R
θ1

(
1 +

1

|Δ| +
λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
+
L2R

θ2λξγ

|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+ (a0 + a1R

l1 + a2R
l2)

×
(

1

Γ(α+ 1)
+

1

|Δ|Γ(α+ 1)
+

λμξγ+m−1ηα+δ(m− 1)!

|Δ|Γ(γ +m)Γ(α+ δ + 1)

)
+(b0 + b1R

m1 + b2R
m2)

(
λξβ+γ

|Δ|Γ(β + γ + 1)
+

λξγ+m−1(m− 1)!

|Δ|Γ(γ +m)Γ(β + 1)

)
= M1R

θ1 +M2R
θ2 +M3(a0 + a1R

l1 + a2R
l2)

+M4(b0 + b1R
m1 + b2R

m2), ∀ t ∈ [0, 1].

On the other hand, by Definition 2.2, we have

cDq
0+T1(u, v)(t) =

1

Γ(1− q)

∫ t

0

(T1(x, y))
′(s)

(t− s)q
ds,

where

(T1(u, v))
′(t) = ϕ(v)

(
−(n−1)tn−2

Δ
+

(n−1)tn−2λμξγ+m−1ηδ(m−1)!

ΔΓ(δ + 1)Γ(γ +m)

)
+ψ(u)

(n − 1)tn−2λξγ

Δ

(
1

Γ(γ + 1)
− ξm−1(m− 1)!

Γ(γ +m)

)
+Iα−1

0+ f(t, v(t),cDp
0+v(t)) +

(n− 1)tn−2

Δ

[
− Iα0+f(t, v(t),

cDp
0+v(t))|t=1

+
λμξγ+m−1(m− 1)!

Γ(γ +m)
Iα+δ
0+ f(t, v(t),cDp

0+v(t))|t=η

+λIβ+γ
0+ g(t, u(t),cDq

0+u(t))|t=ξ

− λξγ+m−1(m− 1)!

Γ(γ +m)
Iβ0+g(t, u(t),

cDq
0+u(t))|t=1

]
, ∀ t ∈ (0, 1).
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Then, by Lemma 2.2, we obtain

|(T1(u, v))
′(t)| ≤ |ϕ(v)|

(
n− 1

|Δ| +
(n− 1)λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
+
|ψ(u)|(n − 1)λξγ

|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+|Iα−1

0+ f(t, v(t),cDp
0+v(t))| +

n− 1

|Δ|
[
|Iα0+f(t, v(t),cDp

0+v(t))|t=1|

+
λμξγ+m−1(m− 1)!

Γ(γ +m)
|Iα+δ
0+ f(t, v(t),cDp

0+v(t))|t=η |
+λ|Iβ+γ

0+ g(t, u(t),cDq
0+u(t))|t=ξ |

+
λξγ+m−1(m− 1)!

Γ(γ +m)
|Iβ0+g(t, u(t),cDq

0+u(t))|t=1|
]

≤ L1R
θ1

(
n− 1

|Δ| +
(n− 1)λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
+
L2R

θ2(n− 1)λξγ

|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+ (a0 + a1R

l1 + a2R
l2)

×
(

1

Γ(α)
+

n− 1

|Δ|Γ(α+ 1)
+

(n− 1)λμξγ+m−1ηα+δ(m− 1)!

|Δ|Γ(γ +m)Γ(α+ δ + 1)

)
+(b0 + b1R

m1 + b2R
m2)

(
(n − 1)λξβ+γ

|Δ|Γ(β + γ + 1)
+

(n− 1)λξγ+m−1(m− 1)!

|Δ|Γ(γ +m)Γ(β + 1)

)
,

for all t ∈ (0, 1). In consequence, we obtain

|cDq
0+T1(u, v)(t)| ≤ 1

Γ(2− q)
‖(T1(u, v))

′‖

≤ L1R
θ1

Γ(2− q)

(
n− 1

|Δ| +
(n − 1)λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
+
L2R

θ2(n− 1)λξγ

|Δ|Γ(2− q)

(
1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+

1

Γ(2− q)
(a0 + a1R

l1 + a2R
l2)

(
1

Γ(α)
+

n− 1

|Δ|Γ(α+ 1)

+
(n− 1)λμξγ+m−1ηα+δ(m− 1)!

|Δ|Γ(γ +m)Γ(α+ δ + 1)

)
+

1

Γ(2− q)
(b0 + b1R

m1 + b2R
m2)

×
(

(n− 1)λξβ+γ

|Δ|Γ(β + γ + 1)
+

(n− 1)λξγ+m−1(m− 1)!

|Δ|Γ(γ +m)Γ(β + 1)

)
= M̃1R

θ1+M̃2R
θ2+M̃3(a0 + a1R

l1 + a2R
l2)+M̃4(b0 + b1R

m1 + b2R
m2),

for all t ∈ [0, 1]. Thus we have

‖T1(u, v)‖X = ‖T1(u, v)‖ + ‖cDq
0+T1(u, v)‖

≤ (M1 + M̃1)R
θ1 + (M2 + M̃2)R

θ2 + (M3 + M̃3)(a0 + a1R
l1 + a2R

l2)

+(M4 + M̃4)(b0 + b1R
m1 + b2R

m2) ≤ R
8 + R

8 + R
8 + R

8 = R
2 .
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In a similar manner, we can obtain

‖T2(u, v)‖Y = ‖T2(u, v)‖ + ‖cDp
0+T2(u, v)‖

≤ (N1 + Ñ1)R
θ1 + (N2 + Ñ2)R

θ2 + (N3 + Ñ3)(a0 + a1R
l1 + a2R

l2)

+(N4 + Ñ4)(b0 + b1R
m1 + b2R

m2) ≤ R
8 + R

8 + R
8 + R

8 = R
2 .

By the foregoing arguments, we deduce that

‖T (u, v)‖X×Y = ‖T1(u, v)‖X + ‖T2(u, v)‖Y ≤ R

2
+

R

2
= R,

which implies that T : B̄R → B̄R.

From the continuity of the functions f, g, ϕ and ψ, we can easily show
that the operator T is continuous.

Next we will show that the operator T : B̄R → B̄R is equicontinuous.
We denote

Λ1 = max
t∈[0,1], |u|≤R, |v|≤R

|f(t, u, v)|
and

Λ2 = max
t∈[0,1], |u|≤R, |v|≤R

|g(t, u, v)|.

For any (u, v) ∈ B̄R and t1, t2 ∈ [0, 1], t1 < t2, we have

|T1(u, v)(t2)− T1(u, v)(t1)|
≤

∣∣∣∣ϕ(v)(1− tn−1
2

Δ
+

tn−1
2 λμξγ+m−1ηδ(m− 1)!

ΔΓ(δ + 1)Γ(γ +m)

− 1 +
tn−1
1

Δ
− tn−1

1 λμξγ+m−1ηδ(m− 1)!

ΔΓ(δ + 1)Γ(γ +m)

)∣∣∣∣
+

∣∣∣∣ψ(u)λξγ tn−1
2 − tn−1

1

Δ

(
1

Γ(γ + 1)
− ξm−1(m− 1)!

Γ(γ +m)

)∣∣∣∣
+
∣∣Iα0+f(t, v(t),cDp

0+v(t))|t=t2 − Iα0+f(t, v(t),
cDp

0+v(t))|t=t1

∣∣
+
tn−1
2 − tn−1

1

|Δ|
[
|Iα0+f(t, v(t),cDp

0+v(t))|t=1|

+
λμξγ+m−1(m− 1)!

Γ(γ +m)
|Iα+δ
0+ f(t, v(t),cDp

0+v(t))|t=η |
+λ|Iβ+γ

0+ g(t, u(t),cDq
0+u(t))|t=ξ |

+
λξγ+m−1(m− 1)!

Γ(γ +m)
|Iβ0+g(t, u(t),cDq

0+u(t))|t=1|
]

≤ L1R
θ1
tn−1
2 − tn−1

1

|Δ|
(
1 +

λμξγ+m−1ηδ(m− 1)!

Γ(δ + 1)Γ(γ +m)

)
+L2R

θ2
tn−1
2 − tn−1

1

|Δ| λξγ
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+

1

Γ(α)

∣∣∣∣∫ t1

0
[(t2 − s)α−1 − (t1 − s)α−1]f(s, v(s),cDp

0+v(s)) ds

∣∣∣∣
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+
1

Γ(α)

∣∣∣∣∫ t2

t1

(t2 − s)α−1f(s, v(s),cDp
0+v(s)) ds

∣∣∣∣
+
tn−1
2 − tn−1

1

|Δ|
[

Λ1

Γ(α+ 1)
+

λμξγ+m−1ηα+δ(m− 1)!Λ1

Γ(γ +m)Γ(α+ δ + 1)

+
λξβ+γΛ2

Γ(β + γ + 1)
+

λξγ+m−1(m− 1)!Λ2

Γ(γ +m)Γ(β + 1)

]
,

which further implies that

|T1(u, v)(t2)− T1(u, v)(t1)|
≤ L1R

θ1
tn−1
2 − tn−1

1

|Δ|
(
1 +

λμξγ+m−1ηδ(m− 1)!

Γ(δ + 1)Γ(γ +m)

)
+L2R

θ2λξγ
tn−1
2 − tn−1

1

|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+

Λ1

Γ(α+ 1)
(tα2 − tα1 ) +

tn−1
2 − tn−1

1

|Δ|
×
[

Λ1

Γ(α+ 1)
+

λμξγ+m−1ηα+δ(m− 1)!Λ1

Γ(γ +m)Γ(α+ δ + 1)

+
λξβ+γΛ2

Γ(β + γ + 1)
+

λξγ+m−1(m− 1)!Λ2

Γ(γ +m)Γ(β + 1)

]
.

(3.1)

On the other hand, we obtain

|cDq
0+T1(u, v)(t2)−cDq

0+T1(u, v)(t1)|
=

1

Γ(1− q)

∣∣∣∣∫ t2

0

(T1(u, v))
′(s)

(t2 − s)q
ds−

∫ t1

0

(T1(u, v))
′(s)

(t1 − s)q
ds

∣∣∣∣
≤ 1

Γ(1− q)

∣∣∣∣∫ t1

0

[
1

(t2 − s)q
− 1

(t1 − s)q

]
(T1(u, v))

′(s) ds
∣∣∣∣

+
1

Γ(1− q)

∣∣∣∣∫ t2

t1

(T1(u, v))
′(s)

(t2 − s)q
ds

∣∣∣∣ .
Because

|(T1(u, v))
′(t)| ≤ L1R

θ1

(
n− 1

|Δ| +
(n− 1)λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
+L2R

θ2λξγ
n− 1

|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+

Λ1

Γ(α)
+

n− 1

|Δ|
[

Λ1

Γ(α+ 1)
+

λμξγ+m−1ηα+δ(m− 1)!Λ1

Γ(γ +m)Γ(α + δ + 1)

+
λξβ+γΛ2

Γ(β + γ + 1)
+

λξγ+m−1(m− 1)!Λ2

Γ(γ +m)Γ(β + 1)

]
=: D1, ∀ t ∈ (0, 1),

we deduce by the above inequalities that

|cDq
0+T1(u, v)(t2)−cDq

0+T1(u, v)(t1)|
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≤ D1

Γ(1− q)

[∫ t1

0
[(t1 − s)−q − (t2 − s)−q] ds +

∫ t2

t1

(t2 − s)−q ds

]
=

D1

Γ(2− q)
[2(t2 − t1)

1−q − t1−q
2 + t1−q

1 ].
(3.2)

In a similar manner, we find that

|T2(u, v)(t2)− T2(u, v)(t1)|

≤ L1R
θ1μηδ

tm−1
2 − tm−1

1

|Δ|
(

1

Γ(δ + 1)
+

ηn−1(n − 1)!

Γ(δ + n)

)
+L2R

θ2
tm−1
2 − tm−1

1

|Δ|
(
1 +

λμξγηδ+n−1(n − 1)!

Γ(γ + 1)Γ(δ + n)

) (3.3)

+
Λ2

Γ(β)
(tβ2 − tβ1 ) +

tm−1
2 − tm−1

1

|Δ|
[

μηα+δΛ1

Γ(α+ δ + 1)
+

μηδ+n−1(n − 1)!Λ1

Γ(δ + n)Γ(α+ 1)

+
Λ2

Γ(β + 1)
+

λμηδ+n−1ξβ+γ(n− 1)!Λ2

Γ(δ + n)Γ(β + γ + 1)

]
.

Using the estimate

|(T2(u, v))
′(t)| ≤ L1R

θ1μηδ
m− 1

|Δ|
(

1

Γ(δ + 1)
+

ηn−1(n− 1)!

Γ(δ + n)

)
+L2R

θ2
m− 1

|Δ|
(
1 +

λμξγηδ+n−1(n − 1)!

Γ(γ + 1)Γ(δ + n)

)
+

Λ2

Γ(β)
+

m− 1

|Δ|
[

μηα+δΛ1

Γ(α+ δ + 1)
+

μηδ+n−1(n− 1)!Λ1

Γ(δ + n)Γ(α+ 1)

+
Λ2

Γ(β + 1)
+

λμηδ+n−1ξβ+γ(n− 1)!Λ2

Γ(δ + n)Γ(β + γ + 1)

]
=: D2, ∀ t ∈ (0, 1),

we get

|cDp
0+T2(u, v)(t2)−cDp

0+T2(u, v)(t1)|
≤ D2

Γ(2− p)
[2(t2 − t1)

1−p − t1−p
2 + t1−p

1 ].
(3.4)

By the relations (3.1)-(3.4), we deduce that T : B̄R → B̄R is equicontinuous.
Thus the Arzela-Ascoli theorem applies and that the set T (B̄R) is relatively
compact, and thus T is a completely continuous operator. Therefore, by
Schauder fixed point theorem (Theorem 2.1), we deduce that the operator
T has at least one fixed point (u, v) in B̄R, which is a solution of problem
(S)− (BC). �

Theorem 3.2. Assume that (H1), (H3), (H4) and (H5) hold. Then
problem (S)− (BC) has at least one solution on [0, 1].
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P r o o f. With L0 given by (H5), we consider a set B̄L0 = {(u, v) ∈
X ×Y, ‖(u, v)‖X×Y ≤ L0} and show that T (B̄L0) ⊂ B̄L0 . For (u, v) ∈ B̄L0

and t ∈ [0, 1], we obtain

|T1(u, v)(t)| ≤ L1L
θ1
0

(
1 +

1

|Δ| +
λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
+L2L

θ2
0

λξγ

|Δ|
(

1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+ (c0 + c1h1(L0) + c2h2(L0))

×
(

1

Γ(α+ 1)
+

1

|Δ|Γ(α+ 1)
+

λμξγ+m−1ηα+δ(m− 1)!

|Δ|Γ(γ +m)Γ(α+ δ + 1)

)
+(d0 + d1k1(L0) + d2k2(L0))

(
λξβ+γ

|Δ|Γ(β + γ + 1)
+

λξγ+m−1(m− 1)!

|Δ|Γ(γ +m)Γ(β + 1)

)
= M1L

θ1
0 +M2L

θ2
0 +M3(c0 + c1h1(L0) + c2h2(L0))

+M4(d0 + d1k1(L0) + d2k2(L0)),

and

|cDq
0+T1(u, v)(t)| ≤ L1L

θ1
0

Γ(2− q)

(
n− 1

|Δ| +
(n− 1)λμξγ+m−1ηδ(m− 1)!

|Δ|Γ(δ + 1)Γ(γ +m)

)
+
L2L

θ2
0 (n− 1)λξγ

|Δ|Γ(2− q)

(
1

Γ(γ + 1)
+

ξm−1(m− 1)!

Γ(γ +m)

)
+

1

Γ(2− q)
(c0 + c1h1(L0) + c2h2(L0))

(
1

Γ(α)
+

n− 1

|Δ|Γ(α+ 1)

+
(n− 1)λμξγ+m−1ηα+γ(m− 1)!

|Δ|Γ(γ +m)Γ(α+ δ + 1)

)
+

1

Γ(2−q)
(d0 + d1k1(L0) + d2k2(L0))

×
(

(n − 1)λξβ+γ

|Δ|Γ(β + γ + 1)
+

(n− 1)λξγ+m−1(m− 1)!

|Δ|Γ(γ +m)Γ(β + 1)

)
= M̃1L

θ1
0 + M̃2L

θ2
0 + M̃3(c0 + c1h1(L0) + c2h2(L0))

+M̃4(d0 + d1k1(L0) + d2k2(L0)).

In view of the above estimates, we find that

‖T1(u, v)‖X = ‖T1(u, v)‖ + ‖cDq
0+T1(u, v)‖ ≤ (M1 + M̃1)L

θ1
0

+(M2 + M̃2)L
θ2
0 + (M3 + M̃3)(c0 + c1h1(L0) + c2h2(L0))

+(M4 + M̃4)(d0 + d1k1(L0) + d2k2(L0)).

(3.5)

In a similar manner we obtain

‖T2(u, v)‖Y ≤ (N1 + Ñ1)L
θ1
0 + (N2 + Ñ2)L

θ2
0 + (N3 + Ñ3)

×(c0 + c1h1(L0) + c2h2(L0)) + (N4 + Ñ4)(d0 + d1k1(L0) + d2k2(L0)).
(3.6)

Using (3.5) and (3.6), we get
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‖T (u, v)‖X×Y ≤ (M1 + M̃1 +N1 + Ñ1)L
θ1
0 + (M2 + M̃2 +N2 + Ñ2)L

θ2
0

+(M3 + M̃3 +N3 + Ñ3)(c0 + c1h1(L0) + c2h2(L0))

+(M4 + M̃4 +N4 + Ñ4)(d0 + d1k1(L0) + d2k2(L0))

= (M1 + M̃1 +N1 + Ñ1)L
θ1
0 + (M2 + M̃2 +N2 + Ñ2)L

θ2
0

+A1(M3 + M̃3 +N3 + Ñ3) +A2(M4 + M̃4 +N4 + Ñ4) < L0,

which shows that T (B̄L0) ⊂ B̄L0 . As argued in the proof of Theorem 3.1,
it can be shown that the operator T is completely continuous.

Next we suppose that there exists (u, v) ∈ ∂BL0 such that (u, v) =
νT (u, v) for some ν ∈ (0, 1). Then

‖(u, v)‖X×Y ≤ ‖T (u, v)‖X×Y ≤ (M1 + M̃1 +N1 + Ñ1)L
θ1
0

+(M2 + M̃2 +N2 + Ñ2)L
θ2
0 +A1(M3 + M̃3 +N3 + Ñ3)

+A2(M4 + M̃4 +N4 + Ñ4) < L0,

which contradicts that (u, v) ∈ ∂BL0 . Thus, by the nonlinear alternative
of Leray-Schauder type (Theorem 2.2), we deduce that the operator T has
a fixed point (u, v) ∈ B̄L0 , and so problem (S) − (BC) has at least one
solution on [0, 1]. �

4. Examples

Example 4.1. Letting α = 10/3 (n = 3), β = 9/2 (m = 4), p = 3/4,
q = 1/2, γ = 5/3, δ = 11/5, ξ = 1/2, η = 1/3, λ = 1 and μ = 2, we
consider the following system of fractional differential equations⎧⎪⎪⎨⎪⎪⎩

cD
10/3
0+ u(t) =

1√
4 + t2

sin t+
1

4
(v(t))1/3 − 1

3(1 + t)

(
cD

3/4
0+ v(t)

)2/5
,

cD
9/2
0+ v(t) =

e−t

1 + t2
− 1

2
(u(t))2/3 +

1

5(3 + t)
arctan

(
cD

1/2
0+ u(t)

)1/7
,

(S0)
for t ∈ (0, 1), supplemented with the boundary conditions⎧⎪⎨⎪⎩

u(0) = 2
(∫ 1

0 v(t) ds
)1/5

, u′(0) = 0, u(1) = I
5/3
0+ v(1/2),

v(0) = 4
(∫ 1

0 u(t) dt
)1/3

, v′(0) = v′′(0) = 0, v(1) = 2I
11/5
0+ u(1/3).

(BC0)
With the given data, it is found that Δ ≈ 0.9999958 (Δ �= 0) and

|f(t, u, v)| = | 1√
4+t2

sin t+ 1
4u

1/3 − 1
3(1+t)v

2/5| ≤ 1
2 +

1
4 |u|1/3 + 1

3 |v|2/5,
|g(t, u, v)| = | e−t

1+t2 − 1
2u

2/3 + 1
5(3+t) arctan(v

1/7)| ≤ 1 + 1
2 |u|2/3 + 1

15 |v|1/7,
for all t ∈ [0, 1], u, v ∈ R and ϕ(0) = ψ(0) = 0, |ϕ(v)| ≤ 2‖v‖1/5, |ψ(u)| ≤
4‖u‖1/3, where
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ϕ(v) = 2

(∫ 1

0
v(t) dt

)1/5

, ψ(u) = 4

(∫ 1

0
u(t) dt

)1/3

, ∀u, v ∈ C[0, 1].

Here l1 = 1/3, l2 = 2/5, m1 = 2/3, m2 = 1/7, θ1 = 1/5, θ2 = 1/3, L1 = 2
and L2 = 4. Clearly the assumptions (H1) − (H3) are satisfied. Thus, by
Theorem 3.1, we deduce that the problem (S0) − (BC0) has at least one
solution on [0, 1].

Example 4.2. Let us choose α = 5/2 (n = 2), β = 11/3 (m = 3),
p = 1/2, q = 1/3, γ = 9/4, δ = 7/2, λ = 2, μ = 3, ξ = 1/5, η = 1/2, and
consider the system⎧⎪⎪⎨⎪⎪⎩

cD
5/2
0+ u(t) =

(1 + t)3

200
− v4(t)

500(1 + |v(t)|) +
t2

400

(
cD

1/2
0+ v(t)

)3
,

cD
11/3
0+ v(t) =

(1− t)2

300
+

(1− t)u2(t)

400(1 + u2(t))
− t3

100

(
cD

1/3
0+ u(t)

)4
,

(S̃0)

with the boundary conditions⎧⎪⎪⎪⎨⎪⎪⎪⎩
u(0) =

1

300

(
max
t∈[0,1]

|v(t)|
)1/2

, u(1) = 2I
9/4
0+ v(1/5),

v(0) =
1

200

(
max
t∈[0,1]

|u(t)|
)1/4

, v′(0) = 0, v(1) = 3I
7/2
0+ u(1/2),

(B̃C0)
where

f(t, u, v) = (1+t)3

200 − u4

500(1+|u|) +
t2v3

400 ,

g(t, u, v) = (1−t)2

300 + (1−t)u2

400(1+u2) − t3v4

100 , ∀ t ∈ [0, 1], u, v ∈ R,

ϕ(x) =
1

300

(
max
t∈[0,1]

|x(t)|
)1/2

, ψ(x) =
1

200

(
max
t∈[0,1]

|x(t)|
)1/4

, ∀x ∈ C[0, 1].

Obviously

|f(t, u, v)| ≤ 1
25 + 1

500 |u|4 + 1
400 |v|3, |g(t, u, v)| ≤ 1

300 + 1
400 |u|2 + 1

100 |v|4,
|ϕ(x)| ≤ 1

300‖x‖1/2, |ψ(x)| ≤ 1
200‖x‖1/4,

for all t ∈ [0, 1], u, v ∈ R, x ∈ C[0, 1] and that h1(x) = x4, h2(x) =
x3, k1(x) = x2, k2(x) = x4. One can notice that c0 = 1

25 , c1 = 1
500 ,

c2 = 1
400 , d0 = 1

300 , d1 = 1
400 , d2 = 1

100 , θ1 = 1
2 , θ2 = 1

4 , L1 = 1
300 ,

L2 = 1
200 . Using the given values, we obtain Δ ≈ 0.99999969, M1 ≈

0.00666668, M2 ≈ 0.00010554, M3 ≈ 0.60180232, M4 ≈ 8.49974 × 10−6,

M̃1 ≈ 0.00369245, M̃2 ≈ 0.00011691, M̃3 ≈ 1.16661255, M̃4 ≈ 9.41543 ×
10−6, N1 ≈ 0.00008443, N2 ≈ 0.01000027, N3 ≈ 0.00082728,

N4 ≈ 0.13594897, Ñ1 ≈ 0.00019054, Ñ2 ≈ 0.01128439, Ñ3 ≈ 0.00186696,
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and Ñ4 ≈ 0.43463894. Taking L0 = 3, we find that A1 ≈ 0.26949999 and
A2 ≈ 0.83583333, and the assumption (H5) holds true as

(M1 + M̃1 +N1 + Ñ1)L
θ1
0 + (M2 + M̃2 +N2 + Ñ2)L

θ2
0

+A1(M3 + M̃3 +N3 + Ñ3) +A2(M4 + M̃4 +N4 + Ñ4) ≈ 1.001 < 3.

Therefore, the conclusion of Theorem 3.2 applies and consequently problem

(S̃0)− (B̃C0) has at least one solution on [0, 1].
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