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Abstract

We study the existence of solutions for a system of nonlinear Caputo
fractional differential equations with coupled boundary conditions involving
Riemann-Liouville fractional integrals, by using the Schauder fixed point
theorem and the nonlinear alternative of Leray-Schauder type. Two exam-
ples are given to support our main results.

MSC 2010: Primary 34A08; Secondary 34B15, 45G15

Key Words and Phrases: Caputo fractional differential equations, cou-
pled integral boundary conditions, fixed point theorems

1. Introduction

Fractional differential equations describe many phenomena in several
fields of engineering and scientific disciplines such as physics, biophysics,
chemistry, biology (for example, the primary infection with HIV), econom-
ics, control theory, signal and image processing, thermoelasticity, aerody-
namics, viscoelasticity, electromagnetics and rheology (see [6], [7], [8], [9],
[10], [11], [12], [18], [19], [21], [22], [23], [24], [26], [27], [29], [30]). Fractional
differential equations are also regarded as a better tool for the description
of hereditary properties of various materials and processes than the corre-
sponding integer order differential equations.
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Motivated by these various applications, in this paper, we investigate
the following system of nonlinear fractional differential equations

(S) { Cl)O—l—u( ) f(tvv(t)chg—f—v(t))v te (071)7
Dy, v(t) = g(t,u(t) *DY, u(t)), t € (0,1),

supplemented with the coupled nonlocal boundary conditions

u(0) = p(v), W/ (0)=0,...,u"2(0)=0, u(l) =], v(E),
(BC) { ’U(O) = w(u)v UI(O) =0,... 7’U(m72) (O) =0, U(l) = Mf%iu(ﬁ)v

where « € (n—1,n], B € (m—1,m|, n,m € N, n, m > 2, p,q € (0,1),
MupeR v, 6>0,&n€e [0,1], fr9:[0,1]]xRxR =R, p,¢:C[0,1] - R
are continuous functions, CD0 . denotes the Caputo derivative of fractional
order 0 (for § = a, B8, p, q), and I, , I3, are the Riemann-Liouville frac-
tional integrals of orders v and 9, rebpectlvely. If n =2 and m = 2, then
the boundary conditions (BC) take the form u(0) = ¢(v), u(1) = M, v(¢)
and v(0) = ¢ (u), v(1) = plf, u(n), respectively, that is, the derivatives
of v and v at the point 0 do not appear in these conditions. Under some
assumptions on the functions f and g, we will establish the existence of so-
lutions for problem (S5) — (BC') by using the Schauder fixed point theorem
and the nonlinear alternative of Leray-Schauder type.

The system (S) with «, 8 € (1,2) subject to the uncoupled boundary
conditions

u(0) = g(w), u(1) = alf} uln),
(BG) { 0(0) = (v), (1) = B v(e).

with £, n € [0,1], 61, 62 > 0, a, b € R, was studied in paper Ref. [25].
We also mention the paper Ref. [4], where the authors investigated the
system of fractional differential equations equipped with nonlocal coupled
boundary conditions

cDo+ﬂ?(7f) it x(t),y(t), o+y(7f)) € [0,77,
Do+y t) (t x(t),° Dy, x(t),y(t)), t € [0,T],
), Jo y(s)ds = ma(n),

y(0 ), o z(s)ds = pay(§),

where o, 8 € (1,2], v,0€(0,1),n, &€ (0,T), f,g:[0,T] xRxRxR —
R, h, ¢ : C(]0,T],R) — R are continuous functions, and pj, pe are real
constants. By using the Banach contraction mapping principle and the
Leray-Schauder nonlinear alternative, the authors proved in Ref. [4] the
existence and uniqueness, and the existence of solutions for problem (P).
For other recent developments on the fractional differential equations with
nonlocal boundary conditions we refer the reader to the papers [1], [2], [3],

(P)
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[5], [13], [14], [15], [16], [17], [20], [28], [31], [32], [33] and the references
therein.

The paper is organized as follows. In Section 2, we present some aux-
iliary results for a nonlocal boundary value problem of linear fractional
differential equations. Section 3 contains the main theorems for the exis-
tence of solutions for problem (S) — (BC'), while Section 4 contains two
examples which illustrate our main results.

2. Auxiliary results

In this section we present some definitions and auxiliary results that
will be used to prove our main theorems.

DEFINITION 2.1. ([18]) The Riemann-Liouville fractional integral of
order a > 0 is given by

1

Ig u(t) = I'(a) /0 (t —5)* Tu(s)ds, t >0, a>0,

«

provided that the right-hand side is pointwise defined on (0, c0), where I"
is the gamma function, defined by I'(p) = [P~ e~ dt.

DEFINITION 2.2.  ([18]) For an (n — 1)-times absolutely continuous

function w : [0,00) — R, the Caputo derivative of fractional order « is
defined as
1 t
DYu(t) = T(n—a) /0 (t—s)" "t (s)ds, t >0, n—1 <a <n, neN.
If « =m € N and u € C™[0,00), then Du(t) = u(™(t).
We consider the fractional differential system
D u(t) =z(t), te(0,1),
= o (.1)
0+’U(t) - y(t)7 te ( ) )7
with the coupled boundary conditions
u(0) = ug, w'(0)=0,...,u»20)=0, u(l) = M, v(E), (2.2)
v(0) = vg, v'(0)=0,...,0m"2(0) =0, v(1) = pId, u(n), '

where « € (n —1,n], B € (m—1,m|, n,m € N, n,m > 2, A\, u € R,
v, 0 >0,& n€l0,1], ug, vo € R, and x, y are real functions.
Ap&rtm=lpdtn=l(m _ 1)I(n — 1)!

In the sequel we set A =1 —
new T(y + m)T(6 + n)
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LEMMA 2.1. Ifz,y € C[0,1], up, vo € R and A # 0, then the unique
solution (u,v) € C™[0,1] x C™[0,1] of the boundary value problem (2.1)-
(2.2) is given by
o tn—1 - )\Uof7
u(t) = uo + Igy =(t) 7: Al —Up — IO+~’U(1) +11“(fy +1)

A&’ (m = 1) AT (m —1)!
AT y(e) = 0 - 10, y(1
)\MuO{H—m—lné(m _ 1)[ N )\M57+m—1(m — 1)!Ia+61‘( )]
PE+D0(y +m) Plytm) 0 2] (2.3)
A R puon)
N O O AN
S+n—1(, _ 1)! 5+n71(n - 1)!

Jatd oy 0T (n o 19 201

Apvo€ 0 = 1)L A" n = D!y ©
T(y + 1)0(6 +n) T(6+n) o Y
for all t € [0, 1].

_l’_

t
v(t) = vo + I, y(t) +
+

P r oo f. The solution u € C"[0,1] of equation “Df, u(t) = x(t) is
u(t) = ¢ + Cot + -+ + Gt H IS (), t €[0,1],
where ¢, Ca,...,¢, € R. By using the conditions u(0) = ug, u/(0) = --- =
u("*2)(0) = 0, we obtain ¢ = ug, ¢ = -+ = ¢,—1 = 0, and so we deduce
u(t) = uo + et + Ig, x(t), t €0,1].

In a similar manner the solution v € C™|0, 1] of equation CDg Lo(t) =
y(t) satisfying the conditions v(0) = wvg, v'(0) = --- = (™2 (0) = 0 is
(t) = vo + dpt™ " + 15, y(t), t € [0,1], with d,, € R.

Imposing the conditions u(1) = A, v(€) and v(1) = pI§, u(n) on the
above functions u and v, we obtain the following system in the unknown
constants ¢,, and Jm

= A& m - 1) A

. _ 1 )\IﬁJr’Y
Cn F(’)’ + m) Up 0+‘T( ) + F(’)’ + 1) + 0+ y(é-)a
~ 0+n—1 1\ " S
UCn 1) (n—1)! 8 Ko a+s
— dm = —vg — 1 1 1 .

In view of the given assumption A # 0, the unique solution (¢, d,,) of the
above system is

- 1 Avp€? Bt
—ug — IS x(1 A
A uQ 0+x( )+ T(y+1) +A 0+ y(&)

AT (m — 1) 4 MgV Ind (m — 1)!
- T(y4+m) Toy(1) + (6 + DI (y 4+ m)

A€ (m — 1)1
L(y +m)

Cp =
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AN m = 1) s
It
F(’)’ + m) 0+ IE(’I’}) )
~ 1 pion’ ot (n = 1))

dm A Vo 0+y( )+ F((S—i—l) +:U' 0+ x(n)

p? T =10 (1) + Apoo€ Tt (n — 1)
L@ +n) OF L(y+ 1) +n)

At n = 1)t g,
F(5 +n) O+Wy(§)] .

I'(6+n)

_l’_

Substituting the values of ¢, and dp in the expressions for v and v, we
obtain the solution (u,v) of problem (2.1)-(2.2) given by formula (2.3). O

By direct computation, we can obtain the following result.

LEmMMA 2.2. If z,y € C[0,1], then the following inequalities are
satisfied:

[E4|
a < N
a) [I§y2(t)] < T(a+1)
[l
a < ;
b) 15 x(1)] < Ma+1)
a+d
I - T I 7
¢) I8 (n)| < o td+1) d) [Io;y(1)] < L(B+1)

5 [/ —— Iyl
e) \Io+y(1)] < F(,B+ 1)7 f) ‘IO—f—’yy(g)‘ < F(ﬁ+’y+ 1)’

where |[z]| = supiepo,) |[#(¢)] and [[y|| = supyejo 1) [y(2)]-

Now we state the Schauder fixed point theorem and the nonlinear alter-
native of Leray-Schauder type, which play a pivotal role in the forthcoming
analysis.

THEOREM 2.1. Let X be a Banach space and Y C X a nonempty,
bounded, convex and closed subset. If the operator A :' Y — Y is com-
pletely continuous, then A has at least one fixed point.

THEOREM 2.2. Let X be a Banach space and U be an open and
bounded subset of X, 0 € U and A : U — X be a completely continuous
operator. Then either A has a fixed point in U, or there exist v € OU and
v € (0,1) such that u = vAu.
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3. Main results

We consider the spaces X = {u € C[0,1], D, u € C[0,1]} and ¥ =
{v e C0,1], D, v € C[0,1]} equipped respectively with the norms [juf x =
ull + [|D¢ ull and |lv|ly = ||v]| + [|°Df, v||, where || - || is the supremum
norm, that is [[w]| = supycjo 17 [w(?)| for w € C[0,1]. The spaces (X, || - [|x)
and (Y, | - ||y) are Banach spaces, and the product space X x Y endowed
with the norm |[|(u,v)||xxy = ||ul|x + [|v||y is also a Banach space.

By using Lemma 2.1, we introduce the operator T : X XY — X x Y
defined by T(u,v) = (T1(u,v),To(u,v)) for (u,v) € X x Y, where the
operators 77 : X XY —- X and T, : X x Y — Y are given by

tn_l tn—l)\ﬂg’Y'Fm_lné(m — 1)'
Ty (u, v)(t) = ¢(v) [1 TA T ATG+ DT(y 4 m) ]
=g 1 gt (m —1)!
) A [F(v +1) T(y+m)

tnfl
+I€+f(ta U(t)’cDngv(t)) +

A
by y+m—1 —1)!
e +($) P I 0,00 o) e

TG gt ut),C D, ul(t))|img

by y+m—1 —1\!

X o f:ﬁb) P18 gt u()2 D8, u(t)) s | |

B tmfl'u’né 1 nnfl(n _ 1)!

tm=l o gme L\ et g — D)1
W= A + A + )L +n)

+I g(t,u(t), DY, ult)) + IS (8, 0(t), DB o(t)) 1=y

A H
d+n—1 1\
un n—1)_, . .
- r((er(n) ) Iy f(t,0(t), D&v(t))\t:l—I&g(t,u(t), Dy u(t))li=1
)\anSJrnfl n—1) .
i 0,0, D)

[ 18, £ (£, 0(t).¢ DB, o(t)) =1

+

for all (u,v) € X xY and t € [0, 1].

The pair (u,v) is a solution of problem (S) — (BC) if and only if (u,v)
is a fixed point of operator T

Now we enlist the assumptions that we need in this section:
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(Hl) a, e R, a€ (n—1,n|, € (m—1,m], n,m € N, n,m > 2;
Py q€(0,1);79,0>0; A\, peR; & m €0, 1];
y+m—1,5+n—1 1)\ 1\
Ao ME n (m —1)!(n —1)! 20,
L(y+m)I'(6 +n)

(H2) f,g:1]0,1] x R x R — R are continuous functions and there exist
the constants a;, b; > 0, i = 0,1,2, and I;, m; € (0,1), j = 1,2
such that

|f(t,u,v)| < ag + arful'* + azlv]’2, YVt €[0,1], u, vER,
lg(t,u,v)| < by + by|u™ + ba|v|™2, Vte[0,1], u, veR.

(H3) ¢, v : C[0,1] — R are continuous functions, ¢(0) = ¥(0) = 0 and
there exist constants Ly, Ly > 0, 01, 03 € (0,1) such that

lp(2)] < Lifle|®, [6(2)] < Lo|lz|®, vz € C0,1].

(H4) f,g : [0,1] x R x R — R are continuous functions, and there
exist ¢;, d; > 0, i@ = 0,1,2 and nondecreasing functions h;, k; €
C([0,00),[0,00)), j = 1,2 such that

l, u, v eR,

|f(t,u,v)] < co+ crha(|u]) + e2ho(lv]), Vi €O,
te l, u,veR.

l9(t,u,v)| < do + diki(Ju]) + daka([v]), V< [0,
(H5) There exists Ly > 0 such that

1
1

(M + M, + N1+ Kh)Lgl + (M2 + M, + N + ]\72)1/82

+ Ay (M3 + Ms + N3 + N3) + Ag(My + My + Ny + Ny) < Lo,

where Ay = co+ci1hi(Lo)+caha(Lo), A = do+diki(Lo)+daka(Lo),
61, 02 are given in (H3), ¢;, d;, i = 0,1,2 and hj, kj, j = 1,2 are
given in (H4), and the constants M, ]\AI/Z-, Ni, N;, i = 1,2,3,4 are
given below.

For computational convenience, we introduce the following notations:

1 Au@*m‘ln‘s(ml)!)
Mi=L (1+ _ + )
FU T IAL T ARG + DT (y + m)

—1)!

A 226 ( Lo mi(m
oAl \Ty+) T T+m) )7
Mo — 1 N 1 ApErTm=lpatd (1)1
ST (a+1) " A(a+1) " AID(y+m)D(a+6+1)
AEPHY AV (m — 1)

M= Ar@ 1y +1) T ARG + mre +1)°
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~ _ Li(n—1) ATl (m = 1))
M“‘Nz@M|O*rw+mmv¢m>>
ﬁ@:LﬂnU&”( 1 e (m =)l
F2—-glAl \T(v+1) Ty+m) /)’
o — 1 1 + - 1 (n — DA Fm=Inatd (m — 1)!>
ST r2-q) \I'(e) ' |AID(a+1) IAIT(y +m)T(a+d64+1) )’

- " 1 ( pYantl AEYEM=1(m — 1) >
T re—glAl\IB+y+1) " T(y+mT(B+1))°

Ly 1 n" " —1)!

Al \I'(6+1) L'(6+n)

L At (n = 1) >

No=Lo(1+ . +
? 2( 1Al T AT (y + 1)T(5 4 n)

N T (=)
ST AIN(@+6+1) AT +n)T (a—i—l)

N, — 1 N 1 A +’yn6+n 1(n_ 1)
FTTB+1) CJANB A+ T ATG+ LBy +1)

S _ Li(m—1)pn’ < 1 7" n —1)!
"Tore-plal \r¢g+1) " r@+n) )’

5 _ Lam—1) (1 LA (n 1)!>
2T TE-p)Al T(y+ 1T +n) )’

]»\7 B m—1 l“7a+5 l“76+n_1(n . 1)'
ST TR - p) A \T(a+6+1) " T(+n)T(at1)

N 1 1 L M- 1 (m — D) Aun®Tr=1eB+r(n — 1)!>
PTre-p) \r@) TIAINB+1) T ARG +n)I(B 4y + 1)

THEOREM 3.1. Assume that (H1) — (H3) hold. Then problem (S) —
(BC) has at least one solution on [0, 1].

Proof. Let Bg = {(u,v) € X xY, |[(u,v)||xxy < R}, where
R > max {[8(M1 + M) o, [8(My + My)] 1=z, 24ag(Ms + My),

[24a1 (Ms + M)] 1, [24as(Ms + My)]® 52 , 24bo(My + My),
[24b1 (My + M) o [24by(My + M), [8(V; + M) o
8(Na + Na)| %2, 24ag(Ns + Ny), [24ar(Ns + Na)] -1
24a5(N; + N3)] 2y , 24bo(Ny + Ny), [24b1 (N4 + Ny - ,
[24bo (N4 + Ny)] 1y }

Let us first show that T : Bg — Bgr. For (u,v) € Bg, it follows by Lemma
2.2 that
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Lo At m=ipd(m — 1)
71, 0) (1)) < le(w) (1 NN 1)F(7+m)>
e (16t
Al \T(y+1)  T(y+m)

HIEG, (000D o)+ 5100000 D (o)

A m =D s crp
T, 00) D8 (0 o
FATG gt u(t).C DE u(®)) =]

AT (m — 1)) ¢
RO R ]

L At =lnd(m — 1)!)
<L R% (1 +
S\ AL AINE + DTy +m)
LoR%2 )\ 1 ¢m=1(m —1)! . .
+ + (ag + a1 R + ayR"
- (corn * Tomm ) wR o)
1 n 1 ApETTm=lpatd (i — 1)1
MNa+1) [A'(a+1) |A}F(7 +m)I'(a+d+ 11)
AP AT (i — 1)1 )
+(by 4 by R™ + by R™> n
ot bnr ) (B Sy 1t 1)
= M R% + MyR% 4 Mj3(ag + a1 R" + asR'?)
+M4(b0 + b R™ + bszQ), Vte [0, 1].

On the other hand, by Definition 2.2, we have

DI, T (u, v)(t) = ml_ ) /0 (Tl((tx,_ys)))q(s) s,
where

o (n=1)t""2  (n=1)t"2Ap 1’ (m—1)!
i) =olo) (= 4 )
(n— 1227 [ 1 £m1(m — 1))
0" (e o )
5 oD w0) + ) 1 £ 00, D el

)\,u@‘””_l(mf D! s .

L(y+m) Ioir f(t (), Dg+v(t))|t=n
ALY g (tu(t),C DY ult)) =
AT (i — 1)

L(y+m) I&g(t,u(t),CDg+u(t))|t:1] , YVt e (0,1).
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Then, by Lemma 2.2, we obtain

, n—1 (n— A& 1 (m — 1)
(@01 < ol (5 A + 1Py 4 ) )
[p(w)l(n — 1AL ( 1 & (m —1)!

N I(y+1) (v +m)

n—1
HIST f(t 0(t),2DE L u(t))] +

|A
ATt (m — 1)!
e T (0. DB o)

+Arf€;g<f,( T
AT (m = 1)! .
15,9600 DY ) |

+

[uoﬂf(t,v(t)fD&v(t»u:u

L(y +m)
o, (n—1  (n—1)Au&7 ™ (m — 1)!>
SLLl; (( |A1£/\57 |A1|F(6 + 15)r(71(+ m)1)v
2 2(n — m—l(m — ! L L
|A| (F(’Y+1)+ I'(y+m) )+(a0+a1R + agR"?)
4 n—1 (n— 1))\M57+m—1na+5(m —1)!
D) " [AD(@+1) " JAING £ m)T(a+38+1)

(n— DR (n—DAOFT 1 (m — 1)!)
AT@B+y+1) ATy +m)T(E+1) )
for all ¢ € (0,1). In consequence, we obtain

+(bo + b1 R™ + ba R™?) (

DT )0 <y 1T
L R" <n -1 (n—DAp& T o (m — 1)!)
“T2-q) \ [A] |AIL(6 + )T (y +m)
LyR% (n — 1)A¢Y ( 1 £ml(m — 1)!>
|A[T(2 —q) L(y+1) [(y+m)

1
R" + ayR"
r@— gt TR po) F A+ )
(n = DAE Tyt (m — 1)!) 1
+ bo + b1 R™ + by R™
IAIT(y + m)T(a+6 + 1) nzf@(o ! 217)
y (fn — AP N (n — AT (m — 1)!>
ALB+v+1) _ [AT(y+m)I(B+1)
= M RO+ MyR% + M;s(ag + a1 RM 4 agR™)+ My (bg + by R™ + byR™2),
for all ¢ € [0,1]. Thus we have

I (u, 0)llx = T2 (w, 0)[| + DGy Ta(w, o)l
< (My + My)R + (My + Ma)R%™ + (M3 + M3)(ag + a1 R" + aa R")
H(My+ Ma)(bo + 01 R™ + 0o R™) < T+ E+ §+ § =7

n—1
+
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In a similar manner, we can obtain

1 To(u,v)|ly = [|T2(u, v)|| + [|Df, To(u,v)||
< (Ny + Nl)Ral + (N + No)R% + (N3 + Ns)(ao + alRll + agR'2)
(N4+N4)(bo + by R™ 4 byR™2) < It s T3 Ry p B4R g = g‘.

By the foregoing arguments, we deduce that

+, =R,

R R
1T, )llxxy = T (w, v)llx + | T2(w,0)lly < 5+
which implies that T': Bgr — Bp.

From the continuity of the functions f, g, ¢ and v, we can easily show
that the operator T' is continuous.

Next we will show that the operator T : Br — Bpg is equicontinuous.
We denote

Al = max |f(t) u, U)|

te[0,1], |u|<R, |v|<R
and

Ay = max lg(t, u,v)]|.
t€[0,1], [ul<R, [v|<R

For any (u,v) € Bg and t1, t3 € [0,1], t; < t2, we have
T (u,v)(t2) — T1(1u,v)(t11)\ )
n— n— y+m—1 o |
o(v) [1- ty + by Apg n°(m —1)!
A AT(6+ 1)T(y +m)
L AT AT el (m - 1))
A AF(5 + D)I'(y +m)
looe® (-]
A L(y+1) L(y+m)

+ £o+f(t :_( ),CDE v(E))|e=ty — TG f (E, 0(t),°DE v(t)) =, |
w2 e p (). D8, o(t)) |

N
A y+m—1 —1)!
T D 0,000 DB v(0) oo
Lo, g(t u(t).Df u(t) =]

AgrTm —1)!
2 I gt ) Do) ]

tn—l o 75n—1 )\M{Hm 1 5
< LR 2 ! <1 + )
= Al 03+ 1T (v+m)

1 1 tn 1 1 é—m—l(m _ 1)[
+LyR% 7 ( + )
AT a Mgy re+m)

[t =9 = (0= 9 (00 DR >>ds\

<
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1 b2 _ .

+I‘(a) /t (ta — 8)* L f(s,0(s), Dngv(s)) ds‘
1

T A A M=yt (m — 1)1A,

|A] INa+1) L+ m)(a+0d+1)
AEPTTA, ATl (m — 1)1A,
PB+y+1)  Tly+mI@E+1) |7
which further implies that

\TH(ualﬁ(t2)i—ffi(uiv)(tlﬂ s
n—1_ 4sn— y+m—1 o |
< L[,R" ty ty < + Ap€ n°(m 1))
|A1| ' I+ 1)I’('yq§m)
=t g 1 ¢m1(m —1)!
+LyROEA 2 0 < i >
L Al \P(+1) T Ty +m) o
R i 3.1
Tre+nE Ty
9 [ Ay A& Tm=lpnato (m — 1)1A
I'(a+1) Fiy+m)I(a+d+1)
NPT A, NV (1 — 1)!A2]
B+y+1)  Tly+mIB+1) |
On the other hand, we obtain

D¢, Ty (u, v)(t2) =D, Ty (u,v)(t1))

+

Tr

_ L [[E @@ s) [ T (),

= F(llf q) /Ot1 (tzlf 5)4 d 1 /0 (t, — 5)0 d
1(u,v)) (s

+I‘(1—q) /t1 (ts — 5)a ds| .

Because

n—1 (n— DA™ nd(m — 1)!)
A [AIT(6 + 1T (y +m)
FLaREAe < Lol

: Al \T(y+1) " Ty +m)
Ay n n—1 Ay n ATt (my, — 1)1A4
I‘(a)ﬁ |A F(Oc—i—l)1 Fy+m)IN(a+d+1)

A yHm= — DA

AE 2 AE (m—1) 2] —. Dy, Ve (0,1),
L+~v+1)  Tly+mI(B+1)
we deduce by the above inequalities that

D3, T (u,v)(t2) —“Dg, T (u,v)(t1)]

KﬂWWW@HéhRm(

_l’_
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< F(lDl 2 [/Otl [(tr = 8)7 = (t2 — 5)" 1 ds + /: (tz =)™ ds] (3.2)

1 1— 1—q 1—q
= 2ty —t1) "9 —t +t .

In a similar manner, we find that
T2 (u, v)(t2) — Ta(u, v)(t1)]
gm—l _gm—l 1 " t(n —1)!
<L ]%ﬁ, 572 1 < + )
= PV A I(6+1) " T(6+n)

+L2R92 t72n_1 - tTln_l (1 )\M{yné-l—n—l(n - 1)')
Al Py + 16+ n)

(3.3)

Ao

gm—1 _ ym—1 a+d A d+n—1(pn _ 1)IA
N i [ ™AL T (= DA
r(8) 3] P(a+d+1) " T +n)(a+1)
P B S (O 1)!/\2}
rg+1) TO+n)l(B+y+1)

Using the estimate

/ L osm—1 1 7" (n - 1)!
|(Ta(u, v))'(8)] < LR Al \r@+1) + (6 +n) )

—1 AP (n — 1)!>
LoR%"™"
I N ( L(y+ T + )
Ao m—1[ un®A, pnd =l (n — 1)1A,
rE) 1Al [T +6+1) " TE+m)a+1)
Ao Apn? T e (n — 1)!A2]
=: Dy, Vt € (0,1),
(B+1) F@@+n)(B+v+1) 2 (0,1)

+

+ T
we get
DY Ta(u, v)(t2) =€ DG Ta(u, v)(t1)]

2 1— 1-p 1-p

< 2(ty — Pt t .

—F(2—p)[(2 1) o+t

By the relations (3.1)-(3.4), we deduce that T' : Br — B is equicontinuous.

Thus the Arzela-Ascoli theorem applies and that the set T'(Bp) is relatively

compact, and thus T' is a completely continuous operator. Therefore, by

Schauder fixed point theorem (Theorem 2.1), we deduce that the operator
T has at least one fixed point (u,v) in Br, which is a solution of problem

(S) — (BC). 0

(3.4)

THEOREM 3.2. Assume that (H1), (H3), (H4) and (H5) hold. Then
problem (S) — (BC) has at least one solution on [0, 1].
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X xY, ||(u,v)||xxy < Lo} and show that T'(By,) C By,. For (u,v) € By,
and t € [0, 1], we obtain

P roof With Ly given by (H5), we consider a set Br, = {(u,v) €
v

1 /\uf”er_ln‘s(ml)!)
T B < LLf (1
T (u, 0) (1) < Ly ( 1Al T 1AIRG + )0y +m)
92)\57 m—1

+L2L0 ‘A’ <F( 1 +£ ) m_l)!> +(Co+01h1(L0)+CQh2(LO))
1

v+1)  Tly+m)
N 1 N )\,U{W'm_lno""‘s(m—l)! )
Dla+1) " AL(@+1) " JAL(y+m)T(a+6+1)
+(do + k1 (Lo) + daka(L ))( NP e )] >
O ROl TR AN B+ v +1) T ANy + m)T(8 + 1)
= ML + My L3 + Ms(co + c1h(Lo) + caha(Lo))
+My(do + dik1(Lo) + daka(Lo)),
and
. LiLY (n—1  (n—D)Au&tm 1y (m — 1)!
LI GV A
LoL82(n — 1)AEY ( 1 & (m — 1)1>
AL(2—-¢q) \I'(y+1) (v +m)

1 1 n—1
+F(2 ) (co + c1h1(Lo) + c2ha(Lo)) (F(a) + AlN(a+1)

(n — 1))\M§’Y+m—1,’7a+7(m _ 1)' 1
AT (y+m)T(a+ 0+ 1) ) + T(2—q) (do + dik1(Lo) + d2ka(Lo))
» ( (n — 1))\§ﬁ+’7 (n — 1))\57+m71(m - 1)!)
JAD(B+y+1)  |AID(y +m)T(B + 1)

= ML + My L3 + Ms(co + c1h(Lo) + caha(Lo))
+My(do + d1k1(Lo) + daka(Lo)).
In view of the above estimates, we find that
171 (u, 0)l[x = (T3 (u, o) + D, Ti(u, 0)|| < (My + My) LY}
+(M2 + ]/\{2)[182 + (Mg + M3)(CO + Clhl(L()) + Cghg(Lo)) (3.5)
+(My + My)(do + d1k1(Lo) + d2k2(Lo))-
In a similar manner we obtain
1T (u )|y < (N + Ny)L + (Ny + Np)LE? + (N3 + N)
X (C() +c1h (LO) + CQhQ(LQ)) + (N4 + N4)(d0 + d1k1 (LO) + dng(Lo)).

(3.6)
Using (3.5) and (3.6), we get
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IT(u,v) | x v < (M + My + Ny + N)LY + (M + My + Ny + No) L2
(Mg + M3 + N3 + Ng)(CO +c1hy (LO) + CQhQ(LQ))
(M4 + M4 + Ny + N4)(d0 + dlkl(L()) + dng(Lo))
= (My + My + Ny + Ny)LH + (My + My + Ny + Np) Lg?

+A (M3 + Ms + Ns + Na) + Ag(My + My + Ny + N4) < Ly,

which shows that T(Br,) C Br,. As argued in the proof of Theorem 3.1,
it can be shown that the operator T" is completely continuous.
Next we suppose that there exists (u,v) € 9B, such that (u,v) =

vT'(u,v) for some v € (0,1). Then

1w, o)l xxy < [T (u, v)Hny < (M + My + Ny + Ny L

+ (Mo +M2 + Ny +N2)L 2 4 Ay(Ms + Ms + N3 + N3)

+A2(M4 + M4 + Ny + N4) < Ly,
which contradicts that (u,v) € 0Br,. Thus, by the nonlinear alternative
of Leray-Schauder type (Theorem 2.2), we deduce that the operator T" has
a fixed point (u,v) € Br,, and so problem (S) — (BC) has at least one
solution on [0, 1]. O

4. Examples

EXAMPLE 4.1. Letting a = 10/3 (n =3), 8 =9/2 (m =4), p = 3/4,
q=1/2,v=5/3,6 =11/5, (£ =1/2, n =1/3, A =1 and p = 2, we
consider the following system of fractional differential equations

2/5
DY u(t) = sint + L) -, L (DY)

3(1+1)
1/7
arctan (cDéfu(t)> / ,
(So)

1
V4 + t2
et 1

9/2
DY 2u(t) = =
o V= e T

(w(®)** + 5(3 + )

for t € (0, 1), supplemented with the boundary conditions
1/5
u(0) :2([0%15 ds> L (0) =0, u(1) = 120(1/2),

1/3
0(0) =4 (fo utydt) ", v'(0) =v"(0) =0, v(1) = 215} u(1/3).
(BCo)
With the given data, it is found that A ~ 0.9999958 (A # 0) and

Pt vl =yl sint + Jul’® = gl v/0] < 5 4 Gl 4 SJof?/2,
=t
9t u,v)| =15 — 1u?3 + 5(3+t) arctan(v'/7)] < 14 Ljuf?>/3 4+ o] /7,

for all ¢ € [0, 1], u, v € R and p(0) = $(0) = 0, |(0)] < 2[o]]/%, [9(u)] <
4||lul|*/3, where
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1/3

<p(v):2(/01v(t)dt> ,w(u):4</01u(t)dt> Vv e Co,1].

Here ll = 1/3, l2 = 2/5, myp = 2/3, mo = 1/7, (91 = 1/5, (92 == 1/3, L1 =2
and Lo = 4. Clearly the assumptions (H1) — (H3) are satisfied. Thus, by
Theorem 3.1, we deduce that the problem (Sy) — (BCp) has at least one
solution on [0, 1].

1/5

EXAMPLE 4.2. Let us choose a = 5/2 (n = 2), 8 = 11/3 (m = 3),
p=1/2,¢q=1/3,v=9/4,=7/2, =2, p=3,£{£ =1/5,n7n=1/2, and
consider the system

5/2 (1+1)° vi(t) 2 (epi2, )
D3 (t) = — AN
0+ D= "900 50001 + [o(0)]) * 400 ( o ))

| (50)
1—t)2 (1= t)u(t) 3 1/3 4 0
D3y = - DByt
o =500 T 40001 + u2(t)) 100( u )> ’
with the boundary conditions
0= o) u() = 212(1/5)
= max |v =
“ 300 \re[o1] : ’
0= [u(t)] . '(0) =0, v(1) =315} u(1/2)
= ma u v = =
v 200 \ o] ’ ’ ’
BC
where ( 0)
3 u4 2 3
F(tu,v) = 5 — 500(1-+ful) + %400
— 3,4
gt,u,v) = 507 4 4(%(12”2) B e (0,1, u, v €R,

1 1/2 1 1/4
= t t v Clo,1].
@) = g0 (max o)) w60 = oo (max o)) v e oo
Obviously

|f(t,u,0)] < 5 s sooltl! + 4000l ng(;t u, )| < 550 + ggolul? + 1golol,
lo(x)| < 300”35“ / ; ()] < 200HxH /
for all t € [0,1], u, v € ]R, 3: € CJ0,1] and that hl(:c) = :c , ha(z) =

x>, k‘l( ) = 22, k?z( ) = z*. One can notice that co = 215, 01 = 5(1)0,
2 = 400’ do = 300’ di = 400’ dy = 100’ 01 = ’ 0 = 4 L1 = 50,
Ly = 200 Using the given values, we obtain A = 0.99999969, M; =~

0.00666668, M ~ 0.00010554, Ms =~ 0.60180232, M, ~ 8.49974 x 1075,
M, ~ 0.00369245, M, ~ 0.00011691, M; ~ 1.16661255, My ~ 9.41543 x
1075, Ny ~ 0.00008443, Ny & 0.01000027, N3 & 0.00082728,

Ny ~ 0.13594897, N; =~ 0.00019054, N =~ 0.01128439, N3 ~ 0.00186696,



EXISTENCE OF SOLUTIONS FOR A SYSTEM OF ... 439

and ]V4 ~ 0.43463894. Taking Ly = 3, we find that A; ~ 0.26949999 and
As =~ 0.83583333, and the assumption (H5) holds true as

(M + M, + N1+ ]\71)[/81 + (M2 + M, + No + ZA\E)IL‘SQ

+A1(M3 + M3 + N3 + Ng) + AQ(M4 + My + Ny + N4) ~ 1.001 < 3.
Therefore, the conclusion of Theorem 3.2 applies and consequently problem
(So) — (BAéO) has at least one solution on [0, 1].
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