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Abstract

We discuss solvability of a nonlinear Riemann-Liouville integral equa-
tion in Lebesgue spaces. We treat the Volterra equations of the first and the
second types by applying boundedness criteria for the Riemann-Liouville
integral operator. The existence of a solution to integral equations will
follow from the Leray-Schauder Nonlinear Alternative.
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1. Introduction

The present paper is a study of Volterra convolution-type integral equa-
tions motivated by [3, 4]. Integral equations arising in this paper are
associated with initial value problems for Riemann-Liouville equations of
fractional order. Solvability of a boundary and initial value problems of
fractional order in Lebesgue spaces are are discussed in [1] and [8, 9], re-
spectively. In this paper we obtain new existence criteria of LP-integrable
solutions. In this section we introduce the auxiliaries on fractional differen-
tiation and integration and other techniques involved in this work. For the
theory and applications of fractional derivatives and integrals, we refer the
reader to the monographs [11, 12, 15, 16, 17] and also mention [3, 4, 5, 9, 14]
devoted to integral equations of fractional order as a part of the field of in-
tegral equations represented in the bibliography by well-known treatments
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[2, 6, 10]. The existence results are based on applications of a variant of
the Leray-Schauder Nonlinear Alternative [18]:

THEOREM 1.1. Let B be a Banach space, C C B be a convex set and
U be open in C with 0 € U. Let T : U — C be a continuous, compact
mapping. Then either

(¢) the mapping T has a fixed point, or,

(#7) there exists v € OU and A € (0,1) with v = XT'v.

The following theorem describing the properties of the Nemytzkii map
can found in [13].

THEOREM 1.2. Let f : [0,1] x R™ — R satisfy the Carathéodory
conditions and assume that f(-,v) € LP1[0,1] for every v € LP[0,1], 1 <
p < oo and 11)+pll = 1. Then the Nemytzkii operator F' : LP[0,1] — LP'[0,1]
defined by v+ f(-,v) is continuous and bounded.

The compactness criterion of Riesz shall be used in proving the com-
pactness of mappings.

THEOREM 1.3. Let K C LP[0,1], 1 < p < oo. Then K is relatively
compact if and only if the following hold:

(1) K is bounded in LP[0,1];
(i) [ [v(t +h) —o(t)|P dt — 0 as h — O uniformly in K.

The Riemann-Liouville fractional integral of order 0 < a < 1 of a
function v € LP(0,1), 1 < p < oo, is the integral

(0% 1 K o—
opu(t) = I'(a) /0 (t — 5)*Lo(s) ds. (1.1)
The Riemann-Liouville fractional derivative of order 0 < o < 1 is defined
by [} d 11—« 1 d ! —
Dy, v(t) = dtIO+ v(t) = (- a) dt/o (t—s) “v(s)ds. (1.2)

The relationships between (1.1) and (1.2) are stated in the next theorem
(see [11, 17]).

THEOREM 1.4. The following hold:

(a) The equality D, I, f = f holds for every f € LY(0,1);

(b) Forve LY0,1), 0 < a < 1, if T)7%v € AC[0,1], then

Il_av 0
oDy o(t) = v(t) — ( 041:(63 ( )tafl.
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Our attention turns now to sufficient conditions for solvability of the
Volterra integral equation

o(t) = 9l) + T f(t, 00, 0l = 1 (13)

A solution will be sought in Lebesgue spaces LP(0,1) with p > 1. The inte-
gral equation above is related to the Riemann-Liouville differential equation

D o(t) = f(t,v(t), a.e. te(0,1), (1.4)

of fractional order 0 < o < 1 satisfying the nonhomogeneous initial condi-
tion

Iy *v(0) = 7. (1.5)

The next result is well known (see, e.g., [7]).

LEMMA 1.1. Let the mapping T be defined by
1
Tw(t) = / K(t,s)w(s)ds, te(0,1),
0

Ly 1

for w € L (0,1). Then T : LP*(0,1) — LP(0,1), 1 <p1 < o0, , +

is a bounded map provided

1 1
HK(7 .)Hz,(o,l)x(o,l) = /0 /0 ‘K(t, S)’p ds dt < oo.
Moreover,

[Twllp < (K5 )llp,0.0x 00 [wlp: -

In the integral operators occurring in this paper, we encounter a kernel
K :(0,1) x (0,1) — R in the form

1 a—1

t— , O<s<t<l,

K(ts) = 4 Tl %) ° (1.6)
0, O0<t<s<,

where 0 < a < 1. For 1 < p< 1ia, we introduce

C1(a;p) = [[K (5 *)llp,0,1)x (0,1)
1
= 1—(1—a)p) P(2— (1 —a)p) 7. 1.
ey (L~ (L= ) P2 = (1= ap) (1.7
If (@a—1)p+1>0and 11? + pll = 1, then, by Lemma 1.1, Z§, : LP*(0,1) —
L?(0,1), is a bounded mapping with
1Z61wllp < Cr(a; p)flwllp, (1.8)

in view of (1.6) and (1.7).
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It is also a well-known fact [17] that Zg, : LP(0,1) — LP(0,1), p > 1, is

a bounded mapping with .

. 1.9
s ol (19)
Of course, LP1(0,1) C LP(0,1) for p < p; with |lw||, < ||wlp,-
Finally, we state a boundedness criterion (Theorem 3.5, [17]) for the

Riemann-Liouville fractional integral, which will be used for the Volterra
equation of the first kind.

s <
175wl < |

LEMMA 1.2. IfO<a <landl<p <}, then Zg : LP1(0,1) —

L*(0,1) is a bounded mapping for 1 <p < | !

apy’

In particular, following [17], one can show that

1Z54vllp < Coles prsp)l[v]lp: (1.10)
where
p1—1
1

I( )[1 <1 by )]H;_”ll < P ) U
g « —_ [0 .
Co(o; p1,p) 2\p m p1—1 P

If, in addition, 11? + pll =1, then 1 < (1 — a)p < 2 and with a little effort
we can show that

Cao(a;p) = Clasp,p1) = F(la) (2 _p(21 B a)> " (1.11)

2. The existence theorems

We now impose conditions which stand throughout the paper:
(Hy) f:]0,1]xR — R satisfies the Carathéodory conditions and f(-,v) €
LP1[0,1] for every v € LP(0,1), 1 < p; < oo and pll + 117 =1, and
(H2) there exist a nonnegative function a € LP1(0,1) and a constant
b > 0 such that |f(¢,2)| < a(t) + b|z[P~ a. e. in (0,1) and for all
z € R.

It is convenient to introduce a technical lemma.
LEMMA 2.1. Assume that 1 < p < lia, pll +zl) = 1, and let
F : LP(0,1) — LP1(0,1) satisfy (Hy) and (Hz). Then Z¢ F : LP(0,1) —
LP(0,1) with
I1Z8 Foll, < D(|lall, + bllolz™), (2.1)
where

D_ {min{r(a1+1),01(a;p)} , P2,
Cl(a;p)7 p > 2.
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Proof Itisclear that
1F0llpy < llallpy + bllvl5~" (2.2)

By (1.8), we have the inequality ||Z§, Fv||, < Ci(a;p)||Fv|p, for all p > 1.
First note that the function z: (1 —1/p,1) — R defined by

T(a+1) 1 1/ 1
2(@) = = ((a=Dp+1DYP((a—1)p+2)VP
(@)= ot = L= Do )0 - 1p 2)
is continuous in (1 — 1/p,1). Moreover,
ol/p
lim z2(a)=0 and lim z(a)= > 1.
a—(1-1/p)* a—1— «

If, in addition, p < 2 < py, we apply (1.9) to obtain |Z§, Fv|, <
F(0614_1) |Foll, < F(a1+1) | F||p,. Then the inequality (2.1) follows from (2.2).
g

REMARK. We present numerical illustrations that the constants 1/T"(a+

1) and C(a; p) indeed “compete”. For example, for a = 1/4, C1(a;1.09) <
F(a1+1) < C1(a;1.08). Also, forp =1.9and a = 0.6, D = < C1(0.65p)
while, for p = 1.9 and o = 0.7, D = C1(0.7; p)

1
I'(1.6)
1
< ram):
The main results are divided into two subsections by the type of the
Volterra equation.

2.1. The Volterra equations of the second kind (7 # 0)
THEOREM 2.1. Assume that (Hy) and (Hy) hold and 1 < p < !

—

and p < 2. Then the integral equation (1.3) has a solution vy € LP(0,1)
with |lvo|l, < R provided

nwu+mm{ cmmm}umml+w#1>SR. (23

1
Ma+1)’

Proof. Letve LP(0,1) and define

To(t) = o(t) + L5, f(t,v(t)), te(0,1). (2.4)

Let K C LP(0,1) be bounded. Define F' : LP(0,1) — LP1(0,1) by
Fu(t) = f(t,v(t)), t € (0,1). Then F(K) is a bounded subset of LP1(0,1),
that is, say, ||Fv|,, < B, v € K. Note that Z§, F : L(0,1) — LP(0,1)
is a continuous mapping by Theorem 1.2 and Lemma 2.1. An inequality
similar to (2.1) shows that T'(K) C LP(0,1) is bounded. So, it remains to
check that the condition (ii) of Theorem 1.3 holds, which would imply that
(2.4) is compact.

Constant factors depending only on the parameters p, «, and the con-
stant B and varying from step to step will be replaced in the estimates
below by a generic constant ¢ > 0 whose exact value is unimportant to us.
We rewrite (2.4) as
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To(t) = o(t) + C/O (t — s)* L Fu(s) ds.

Let h > 0 (the case h < 0 is treated similarly), so that
/ |Tv(t+ h) — To(t)|? dt

/‘quh (t)

t+h
c a=lrig s—c — ) (s sp
o [ =9 @) ds—e [ (=9 o s a
t+h
/‘qﬁt—i—h )+c/ (t+h—s)*"1Fu(s)ds
—l—c/o ((t+h—s)" (t—s)o‘_l)Fv(s)ds‘pdt

1
< 4Pt [/0 ¢t + h) — o(t)|" dt

+ /01 </tt+h(t Fh- s)o‘_1|Fv(s)|ds)p dt
+/01 (/Ot|(t+h—3)°‘1—(t— o1 | Fos \ds) dt|,

where we applied the inequality (a + b+ ¢)? <4P~L(aP + WP + cP), a,b,c>0.

By Holder’s inequality,
/ |Tv(t + h) —To(t)P dt
1 t+h
< c/ (¢ +h)*t — 1P dt+c/ / (t+h—s) P dsdt | Follp,
o Jt
c/ / |(t +h—s)"t—(t - s)o‘fl‘p dsdt || Fvl[,
t+h
—c/ (>t —(t+h)H)’ dt—i—ch/ / (t+h—s) VP dsqt
+ch/ / (t=s)*" = (t—s+h)*") dsdt
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1 t+h
<c/<(0‘ VP _ (t+ )l 1))dt+c// (t+h— )@ P dsdt

+ c/ / (@=Up _ (4 h — s)(a—lﬁ’) ds dt, (2.5)

where the inequality (2.5) follows from the inequality (1 — )P < 1 — 2P,
x € [0,1], p> 1. Tt is easy to see that

1
/ (t(a—l)l? —(t+ h)(a—l)p> dt
0
=c (1 + h(a_l)P+1 _ (1 + h)(a_l)p""l) < ch(a_l)P-l-l’

1 t
/ / §)@VP (4 4 h s)@‘*l)P) ds di
0 0

1
/ (a=1)p+1 4 pla—Dp+l _ (t+h)(a71)p+1) dt < chle=Dp+1
0

t+h
/ / (t+h— )@V dsdt = chle=DpHL

Combining the above,
1
/ ITv(t 4+ h) — Tv(t)[P dt < chle=DpH
0

for all v € K (here, again, c is constant whose exact value is insignificant).
The above inequality shows that the second condition of Theorem 1.3 is
verified. Hence, the set T'(K) is relatively compact and thus 7" : LP(0,1) —
L?(0,1) is a compact mapping.

In the remainder of the proof we note that p < p; since p < 2 and there
exists (a unique) R, > 0 such that the condition (2.3) holds if R < R,. Let
R < R,and U C C = LP(0,1) be defined by

U={velLPl0,1):|v], <R}
Then, assuming v € OU is a solution of v = XTw for A € (0, 1), we have, by

(2.1), )
R=lolly < [Tolly < 6, + |75, o]

IN

1
ol +min{ 1ot | (lal -+ ol ™)

IN

1
ol +min{ Ly 1ot b Glaly + o).
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which contradicts (2.3). Then u ¢ OU and, by Theorem 1.1, T" has a fixed
point vy € LP(0,1) with [lv|, < R. O

REMARK. If a > 1/2, it suffices to assume in the theorem above that
p < 2 (see, [1]).

If p > 2, we can follow the previous proof to obtain the next result.

THEOREM 2.2. Assume that (Hy) and (Hs) hold and 2 < p < ' .

Then the integral equation (1.3) has a solution vy € LP(0,1) with |lvgl|, < R
provided

8]l + C1(a;p) (lallp, + bR~ < R. (2.6)

2.2. The Volterra equations of the first kind (7 = 0)

The following results deal with the case of n = 0. In this case, since the
function ¢ = 0, the equation (1.3) becomes
v(t) = L5, [ (8, 0(1)- (2.7)
Certainly, Theorems 2.1 and 2.2 apply as well to the present case with
an obvious modification of (2.3) and (2.6) and the same condition on p
(which is initially imposed due to ¢ € LP(0,1), p(1 — ) < 1) to yield
Corollaries 2.1 and 2.2, which are stated here just for the record.

COROLLARY 2.1. Assume that (Hy) and (Hs) hold and 1 <p < ',
and p < 2. Then the integral equation (2.7) has a solution vy € LP(0,1)
with ||vg||, < R provided

1
: . p—1)
mln{r(a N 1),Cl(oz,p)} (||aHp1 + bR ) < R.

COROLLARY 2.2. Assume that (Hy) and (Hz) hold and 2 <p < ' .
If n =0, then the integral equation (2.7) has a solution vy € LP(0,1) with

llvollp < R provided
Ci(a;p) (|lallp, +bRP™Y) < R.

The constraint of ¢ € L,(0,1) for p < ail is now removed, and thus it
is possible to complement the result of Corollaries 2.1 and 2.2 by consid-
ering the case ail <p< azl. This will be accomplished with the aid of
Lemma 1.2. Now we give the corresponding existence result whose proof
is only sketched with just enough attention to detail to emphasize that it
relies on Lemma 1.2.
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THEOREM 2.3. Assume that (Hy) and (Hs) hold and ' <p< 2

Then the integral equation (2.7) has a solution vy € LP(0,1) with |lvgl[, < R
provided

Cy(as,p) (llally, +bRP™) < R.

Proof. Let ve LP(0,1) and define
To(t) = I¢, f(t,v(t)), te(0,1).

Sincezl)—i—pll = 1 and 1ia <p< 1Ea,then1<p1 < iandl <
p <, p;p Hence Z§, : LP*(0,1) — LP(0,1) is a bounded mapping by

Lemma 1.2. Furthermore, from (1.10) and (1.11),
1265 vllp < Cola, p1, p)[[vllpy = Cales p)l[vllp, -

The rest of the proof differs from that of Theorem 2.1 in only minor details.
g

The last result demonstrates the equivalence of the initial value problem
(1.4), (1.5) with n = 0 and the Volterra equation (2.7).

THEOREM 2.4. The function v € LP(0,1), p(1 — «) > 1, is a solution
of the Volterra integral equation (2.7) if and only if v is a solution of the
initial value problem (1.4) and (1.5) with n = 0.

Proof. Let v € LP(0,1), p(1 — «) > 1, be a solution of the initial
value problem (1.4) and (1.5) with n = 0 and zl) + pll =180, 1<p <}
Let 0 < t; <ty < 1. Then,

r(1— a)‘zg;%(@) — T8, v(ty)

to

RCERROLE /0 (1 — 5)"(s) ds
/ (b — 8) — (t2— 5)™%) yv(s)\ds+/2(t2—s)a\v(s)yds

t1

1/p1
( (b - s) O‘(tzs)_a)plds) ol

1/p1
< (tog — s) P ds) lvllp
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t1 1/p
<([ @ —wmegeryas) e,

0
to 1/p1
+ </ (to —s)~ M1 ds> lv]lp
t1
_ 1/p
= [(17 4 (2 = )7 =y ) g ) )

< 2ty — 1) TP o),

where ¢ is a constant, which depends only on « and p;. This shows that
Ié_:o‘v € ACI0,1]. Thus, by Theorem 1.4 (b), and since Ié_:o‘v(O) =n=0,

v(t) = I, Doy o(t) = Loy f (- v())(@),

that is, v is a solution of the integral equation (2.7).

The converse is clear by Theorem 1.4 (a). O
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