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Abstract

One of the effective methods to find explicit solutions of differential
equations is the method based on the operator representation of solutions.
The essence of this method is to construct a series, whose members are the
relevant iteration operators acting to some classes of sufficiently smooth
functions. This method is widely used in the works of B. Bondarenko for
construction of solutions of differential equations of integer order. In this
paper, the operator method is applied to construct solutions of linear dif-
ferential equations with constant coefficients and with Caputo fractional
derivatives. Then the fundamental solutions are used to obtain the unique
solution of the Cauchy problem, where the initial conditions are given in
terms of the unknown function and its derivatives of integer order. Com-
parison is made with the use of Mikusinski operational calculus for solving
similar problems.
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1. Introduction

The fractional differential equations have achieved in recent years a
considerable interest both in mathematics and in applications. They have
been used in modeling of many physical and chemical processes and in
engineering (see, for example, [1] -[3], [5], [9]-[11], [23], [27],]29]. In its turn,

(© 2016 Diogenes Co., Sofia
pp. 229-252, DOI: 10.1515/fca-2016-0013 DE GRUYTER



230 R. Ashurov, A. Cabada, B. Turmetov

mathematical aspects of fractional differential equations and methods of
their solution have been discussed by many authors, including [1],[7],[8],[9],
[15]-[17], [24],[26] and [28].

Let m be a positive integer and m —1 < o < m. The Caputo fractional
derivative of order « is defined, for f a C™ function on its interval of
definition, as (see [24], [17])

DYf(t):=1""" ft), t>0,

dtm
where

Iﬁf(t) = F(lﬁ)/o(t—T)B_lf(T)dT, t>0, 8>0,

is the Riemann-Liouville fractional integral of order 5.

If B — 0, it is easy to verify that I?f(t) — f(t) almost everywhere
[28]. Therefore we may define I°f(t) := f(t), which leads for o = m to the
equality

m dm
D) = S0)
Consider a homogenous linear fractional differential equation
DY%(t) — a1 D* Yy (t) — ... — a1 D Vy(t) —apy(t) =0, >0 (1.1)

with constant real coefficients a;, j = 1,...,m and m > 1.

We look for solutions y € C™ ([0, 00)).

Ifm=1,1ie 0< a<1,then we have the equation D*y(t) —ayy(t) =0
and y € C1([0, 00)).

When a = m equation (1.1) coincides with integer order linear differen-
tial equation and in this case the construction of the fundamental solutions
and of the solution of the Cauchy problem with the initial data

mn

d
y™M(0) := g ¥(0) = oy n=0.1,m — 1, (1.2)

is well known. This fundamental theory, based on the characteristic equa-
tion
AN — A - —an N —am =0,

can be found in any textbook on differential equations. The main goal of
the present paper is to construct the solution of the Cauchy problem (1.1),
(1.2) and to obtain the fundamental solutions of equation (1.1). For this
purpose we modify and use the technique based on the method of operator
algorithms introduced by B.A. Bondarenko in [4] and then developed by
V.V. Karachik [14] for ordinary differential equations.

There are different methods of solving Cauchy problems for differential
equations of fractional order. A detailed survey of these methods can be
found in [17]. In the paper of M.M. Dzerbashyan and A.B. Nersesyan [8]
it was investigated the Cauchy problem for the special class of differential
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equations of fractional order. To solve this problem the authors reduced it
to an equivalent integral equation. One of the common methods of solving
differential equations of fractional order is the method of integral transfor-
mations. A detailed description of this method can be found in the paper
[15] and books by [17], [24], etc. An effective method for constructing ex-
plicit solutions and solving the Cauchy problem for differential equations
of fractional order is based on the Mikusinski operational calculus. In the
papers of Yu. Luchko et al. [12],[19]-[22] this method has been applied for
solving linear differential equations of fractional order with constant coeffi-
cients and with derivatives of type Riemann-Liouville, Caputo and Hilfer.
After that, this method has been applied for a general equation with the
operator of R. Hilfer [18]. In the paper A. Pskhu [25] it has been formulated
and solved the initial problem for linear ordinary differential equations of
fractional order with Riemann-Liouville derivatives. He reduced the prob-
lem to an integral equation and constructed the explicit solution in terms
of the Wright function. We also note that in papers [6] and [13] the Cauchy
problem for differential equations of fractional order has been studied by
the Adomian decomposition method.

The main idea of the method used in the present paper is based on the
properties of the normed system of functions and consists on the following;:
Let us introduce the notations

Ll = Da7 L2 = alDail + ...+ am—lDai(mil) + am,

and R} = (0,400). Then equation (1.1) can be written as L1y(t) = Loy(t),
t E R+.

A system of functions { fi(¢)}72, is called to be f-normed with respect
to operator L; in the domain R, if the equations Lqfo(t) = f(t), and
Ly fr(t) = fr—1(t) hold everywhere in R (see [14]). In the case f(t) =0
the system {fi(¢)} is called 0-normed with respect to L;.

Now let the system {fx(t)}32, be 0-normed with respect to L; in the
domain R satisfying the following two conditions everywhere in R, :

(i) L1Lafi(t) = LaL1 fi(t), k = 1,2, ...

(ii) the series

=3 L5 (1.3)
2

converges and allows term-wise application of L;.
Then it is easy to verify that the function defined in (1.3) is a solution
of (1.1). Indeed,

Lyy(t) ZLQLlfk ZL fea(t) = Lo > L5 fi(t) = Loy ().
k=0
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If we consider, instead of a 0-normed system, a f-normed system, then we
may construct solutions of non-homogeneous equations.

We note also that a similar method was used to solve the Cauchy prob-
lem for the equation (D®# — X\)Ny(t) = f(t) in [30], where D*F is the
generalized Riemann-Liouville fractional derivative introduced by R. Hilfer
(see [12]).

2. Homogenous equations

In this section we consider equation (1.1) and construct a 0-normed
system of functions with respect to operator Li. Based on this system of
functions we find the fundamental system of solutions of equation (1.1).

For s =0,1,...,m — 1, we introduce the following system of functions

takJrs

= =0,1,2,.. 2.1
fs,k(t) F(ak+$+1)’ k 07 9 bl ( )

First we show that for any s the system {fx(t)}7, is O-normed with
respect to L; and, from Section 1, it satisfies conditions (i) and (ii).

LEMMA 2.1. For any s = 0,1,...,m — 1 the system of functions
{fsk(t)}32, is O-normed with respect to Ly in the domain R, ie. for
allt € R,

D%fs0(t) =0, D%fs(t) = fsp-1(t), k=1,

P r oo f. Obviously D%t* = 0 for all s = 0,1,...,m — 1. Therefore
D fso(t) = 0 for these s.
Let k£ > 1. Then by the definition of derivatives D one has

Doztozk;—i—s — 1 /t(t _ T)m—oz—l dm Tozk:—f—sdT
L'(m—a) J drm
(Oék + S) Fgfnk + S)— - 1)) /t(t o T)m—oz—l,]_ozk—i—s—md,r
0
_ (ak+s)--(ak+s—(m—1))
N I'(m—«)

I'm—-ao)l'(ak+s+1—m) jak+s—a
Fak+s+1—a)
I(ak +s+1) palk—1)+s
MNak—1)+s+1)
Thus

Dopakts — F(ak +s+ 1) ta(k71)+s. (2.2)

T(a(k—1)+s+1)
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Therefore,

o 1 I'ak+s+1
Dfs,k(t)zr ( )

a(k—1)+s _
(ak+s+1)T(ak—1) +s+1)" k1 (1)

|

LEMMA 2.2. For any s = 0,1,...m —1, k > 1 and all t € Ry, it is
satisfied that LiLsfs ;(t) = LaL1 fs (t), i.e.
DD fo 1 (t) = DD f, 1 (t), j=1,...,m— 1. (2.3)

Proof Sincem—1—-j < a—j <m—j then, by the definition of
the Caputo derivatives, we have

DafjtakJrs _ Imfjf(afj) dm_]‘takJrs - Jm—a dm_]‘takJrs
dtm=7 dtm=J
1 ' LA™ o
— t — m—oa— e +sd

I'(m— «) /0 (t=7) drm=i’ ’

ak:—i—s---ak:—i—s—(m—j—l ! m—a—1_ok+s—(m—j
_ ( ) (F(m B a) )) /0 (t _ 7_) 1 k—+s—( ])dT
_(ak+s)---(ak+s5s—(m—j—1)T(m—a)l'(ak+s+1—(m—j))
B I'(m — ) MNak+s+1—(a—1j))
« tak-i—s—(a—j) _ F(ak +s+ 1) tak-i—s—(a—j).

Fak+s+1—(a—j))
Thus )

takJrsf(afj)
(ak+s+1—(a—1j))

D fu k() = -
Therefore
. 1 1
DD fou(t) =
for(®) T(ak+s+1—(a—3)D(m—a)
dr™m
If the number ak + s — (o — j) < m — 1 and it is integer, i.e. if k =1
and s € {0,1,...,m — j — 1}, then

DD o 1.(t) = 0. (2.4)

t dm .
X/ (t —r)m—ae-l rokts—(a=1)qr.
0

Otherwise one has

o pya—j _ (b t+s—(a=j)) - (ak+s—(a—j)—(m—1))
DED™ fuult) = T(ak+s+1— (a—4)D(m —a)

t
% / (t _ T)mfaflTakJrsf(afj)fde’
0
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and the integral can be written as
Dm — )k + 41— (0~ ) = 1) iy ag)-a
Iak+s+1—(a—j)—a) ’
Therefore, if k > 1 and s ¢ {0,1,...,m —j — 1}, then
1
MNak+s+1—(a—j)—a)
On the other hand, from (2.2) we have
1
MNak—1)+s+1)
Obviously, if k =1 and s € {0,1,...,m — j — 1}, then
DID*f 1 (t) = 0. (2.6)

DD f, (1) = pokts—(a=j)=a (9 5)

DaijDafs,k;(t) _ Dafjta(k71)+s.

Otherwise one has
. 1
D77 D* t) =
Jsr(®) T(a(k — 1)+ s+ 1)D(m — )
t dm—j
% / (t _ 7_)mfozfl ‘Ta(kfl)JrsdT
0 d'Tm_j
(ak—a+s) - (ak—a+s—(m—j—1)
MNak—1)+s+1)I'(m — «)

t .
% / (t . T)m—a—l,]_ozk—a—i—s—(m—])d,r.
0

The last integral has the form

'm—-a)l'(ak+s+1—a—(m-— j))takJrs—(a—j)—a_

MNak+s+1—(a—j)—a)
Therefore, if k > 1 and s ¢ {0,1,...,m —j — 1}, then
1
MNak+s+1—(a—j)—a)
Comparing equalities (2.4) with (2.6) and (2.5) with (2.7) we deduce the
equality (2.3). O
According to equation (1.3) we introduce the following m functions

ys(t) = Z Lgfs,k(t)
k=0

DO TIDf, 1 (t) = okts—(a=g)=a  (97)

takJrs

t> 2.
(ak+s+1)’ >0, (28)

o
=Y (@D '+t ay DD 4 am)*
k=0

where s =0,1,...,m — 1.
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Note that it is well known (see [25], page 12), that for the Gamma
function the asymptotic estimation

D(z+1) = V2ra (i)x{uo (i)}

holds as x — oo.

THEOREM 2.1. Series (2.8) converges uniformly on any segment [0,T].
Moreover it can be differentiated term-wise for allt € Ry and at any natural
order, and operator L, may be applied term-wise.

Proof. If m=1,ie. 0 < a <1, then the statement of theorem
follows from the asymptotic estimation of the Gamma function.

Let us assume m > 1 and denote ¢ = a—(m—1) and a = max{|a1|, ..., |am|}.
Then it is not hard to verify that

|(a1Dm72+s I amleE + am)k tak-l-s
I'(ak+s+1)
< ak(Dmf2+€ ...+ D 1)k gokts .
- I'(ak+s+1)

1.0y,

Note that ZilJr___H.m:k < k ) = mk.

Therefore

(Dm—2+€ 4+ 4 D¢ + 1)kfs,k(t)
= Z ( i1 ' > plm=2te)in Dsimflfs,k(t)

(m—2)k

_ Z Z ( . k >DnDE(i1+...+iM1)fs,k(t)

11...tm
n=0 (m72)21 +(m*3)i2"'+inL—2:n
(m—2)k

k
< mh >0 DY DYfW),
n=0 §j=0

since the corresponding derivatives of fs 1 (t) are positive and
DI fo k(t) = DD fop(1).
Let (D — 1)gs k(t) = fsx(t) andt (D = Dhs(t) = gs (1), ie.
geslt) = [ foalt = ryir

and .
hei(t) = / TeflEE,E(TE)gs,k(t — T)dT,
0
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where

00 k
z
= 2.9
?) kZ:O I'(ek + p) (2:9)
is the Mittag-Leffler function (see [28]).

Then f;,(t) = (D — 1)(D® — 1)hs ,(t), and therefore

mE S DY DL = mE (DO (D) ()

_ mk(D(afl)kJrlJrs _ pm=2)k+1
—DF*HD L D) (1),

After some routine calculation as below, we have the following estimate

for hg i (t):
t— ’T
har(t) < ak:—i—s—i—l/ a 1/ p)** dpdr
Eee(7%)e! / e—1 k+s+1
= t—7)ektstlg
T(ok+s+2) Jy (t=7) g

EE,E(TE)et F(e)r(ak +s5+ 2) tak+s+1+z—:
MNak+s+2)Nak+s+2+¢)
G(t)takJrerlJrs
I(ak+s+2+¢)

where G(t) := I'(e)E. .(7°)e! is a bounded function in any segment [0, 7).
Let N—1< < N,and 0 < N < (m — 1)k + 2 be an integer number.
Let the integer kg be such that kge > 1. From here on, in this section it is
assumed that k& > k.
We apply the operator D? to the function hs i (t). First, since all the
corresponding derivatives of f (), up to order N—1, are zero at the origin,
we conclude that

dN t dN
dtNgs’k(t) = /0 ertN f&k(t — T)d’i‘.

In the same way one has that
dN t 1 dN
_ E— 1>
dtNhs’k(t) = /0 T B (T )dtNgs’k(t — T)dr.

Therefore,

Dﬁhsk( t) =1V~ B a” hs (t) = 1 /t(t — x)N,[H d hs x(z)dx
: dtN (N -8) Jo dzN
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! e— e 1 t s dN
:A T lEe,e(T )[F(N_IB)/T(t—-TJ)N B ldmNg&k(.’IJ—T)dx}dT

_ [ elp (e 1 tiTt N_p-1 d¥ dold
_/0 T (T )[F(Nﬁ)/o (t—71—p) degs,k(p) p|dr.

Thus

or, by using the same argument,

t t—1
DPhyp(t) = / =g () / (D o)t — 7 — p)dpdr.
0 0

To prove this result, we estimate D? hs(t). First, by direct calculation
(see proof of Lemma 2.1), one has

8 tak-{—s tak—l—s—ﬂ
DF fs(t) = = .
fsr(®) MNak+s+1) T(ak+s+1-0)

Therefore, in a similar manner as we estimated hg x(t), we have
G(t)tak-i-s-i-l-i-e—ﬂ
“T(ak+s+2+e—0)

Making use of this estimate and the one of h, ;(t), we easily obtain
|(D(a—1)k+1+e - D(m—2)k+1 - De(k+1) + 1)hs k;(t)| < (D(a—l)k+1+5 + 1)hs k;(t)

G(t)thrs G(t)takJrerlJrs
“T(k+s+1) T(ak+s+2+e)
Therefore the asymptotic estimation of the Gamma function implies:

Dﬁhs k( )

S ot . takJrs
Dm— £ R _ DE
N LR T
k=ko
amt kto‘k
+1+5
ka+s+1 ZI‘ak+s+2+5) =0

k=ko k=ko
Thus series (2.8) converges uniformly on any segment [0, 7.
Moreover, if ¢ € Ry, then it is not hard to verify that

& dm takJrs

m—2+¢ L. 5 k
k:%;Jdtn[(alD + A am1 D 4 ay,) F(ak—l—s—i—l)]
d" > amt
dt” Z k‘+s+ 1)

=ko+
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4 gstle i (am)*ee® < 0o
P D(ak+s+2+¢)

which implies the convergence of the series on the left hand side.
Hence, when ¢ € R, one may differentiate series (2.8) term-wise at any
natural order.

Similarly, for any ¢t € R, one obtains

io: | ( ot )k tak-l—s ‘
Li(ay D™ " + . -+ apm_1D® + an,
k=ko-+m I(ak+s+1)
< G(t) i tsfa(amt)k‘ + i tS*a+1+€(am)thk -
o
- IFk+s—a+1) I'(ak+s—a+2+¢) ’
k=ko+m k=ko+m

i.e. the series on the left hand side converges. Hence, when ¢t € R, we can
apply operator L; term-wise to (2.8) and the result holds. O

As consequence of the previous assertions, we conclude that for each
value of s =0,1,...,m — 1 functions (2.8) are solutions of equation (1.1).

THEOREM 2.2. The functions ys(t), s = 0,1,....m—1 are linearly
independent on any segment [t1,t3] C R.

P r o o f. The result holds by contradiction. Let us assume that func-
tions ys(t), s = 0,1, ...,m —1 are not linearly independent on some segment
[t1,t2] C Ry, i.e. there exist constants Cj, not all of them are equal to zero,
such that

m—1
p(t) =) Cays(t) =0, t € [t1,1a].
s=0

According to Theorem 2.1, the functions y,(t) are power series, converging
in R;. Hence the function ¢(t) is a power series too, converging in R.
Therefore p(t) = 0,t € [t1,t2] implies the equality ¢(t) = 0, ¢t € Ry and,
in particular, ¢(0) = 0.

Now it is easy to verify that 0 = Z;n:_ol Csys(0) = Cp. Hence,

m—1
Z Coys(t) =0, t e R,.
s=1

If we differentiate this equality, taking into account that ygl)(t) =
ys—1(t), we have that

m—1 m—2
Z Csys—l(t) = Z CS-Hys(t) = 0.
s=1 s=0
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Using the same arguments as above, we deduce that Cs = 0 for all s =
0,1,...,m—1. Thus we arrive to a contradiction and we deduce the linear
independence of functions ys(t), s = 0,1,....,m—1, on [t1, t2]. O

REMARK 2.1. The function y,(¢) can be written in terms of multivari-
ate Mittag-Leffler function (see, for example, [20]):

00 m i
E(b b b )b(zl 29 z ) R Z Z C]g ) H_j:l e
1,025---,9m ), ’ Yty m) T J1.im m R
k=0 i1+ +im=Fk NGRS ijl bjij)

(2.10)

| . . . . .
k 11,19,...,%, > 0, are the multinomial coeffi-

where Ck,i1...inL = il!"'im;l!im!’

cients.
Indeed, let aj = a —j,5 = 1,2,...,m — 1. Then

Lé;fs,k(t) = (a1 D™ 4+ a2 D*? + ... + a1 D1 + am)kfs,k(t)

; iy Dot Damflimflta(i1+---+im71+im)+5
= g Crii i att..a™ fam
21 tm 1 Y'm—1Ym T - - -
of? T ) s+ 1
i1+ i m o1 +im=k (a(iy + oo +ime1 +im) +5+1)

: i1 pla—ar)in  pla—am—1)im—14@im

— 11 m— Tm

= E Chit i @1 -y Ay o ' N
i1t tim—1Fim=k r (8 + 143005 (e —aj)ij + azm)

Further, since o = a —j,7 = 1,2,...,m — 1, then

ys(t) = t°x

m .
3 . i1 Tm—1 _im
E E Chyit.oign @7 -0y QT

-1 .. .
k=0 i1+...4i m—1+im=k r (S +1+ Z;”:l Jij + azm)

¢ g(m=L)im—1goim

=t E(l,...,m—l,a),s+1(a1t7 evey am—ltm_lv amta)-

DEFINITION 2.1. The linearly independent functions ys(t), s = 0,1, ...,
m — 1, form the fundamental system of solutions of equation (1.1).

EXAMPLE 2.1. By means of Remark 4.1, we have that Theorem 2.1
generalizes [17, Theorem 5.12]. Indeed, let m be a positive integer and
m —1 < a <m. Suppose that a; = 0,7 =1,2,...,m — 1, and a,, = XA # 0.
Then equation (1.1) has the form

D%(t) — Ay(t) = 0,

and according to Theorem 2.1 the following functions
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> . tock:—i—s k tock:—i—s
t) = L
ys(t) k;zo *T(ak +s+1) Z I(ak+s+1)
)\to‘

=t°F, Y =0,1,... -1 2.11
F Oék+8+1) a,erl( )) S s 4y , M ) ( )

form the fundamental system of solutions, where E, s41(At%) is the Mittag-
Leffler function (2.9).

3. The fundamental matrix and the Cauchy problem

In this section we consider the Cauchy problem (1.1), (1.2) and find its
solution. Note that existence and uniqueness of solutions of the Cauchy
problem, even for more general equations than (1.1), were proved by many
authors (see, for example, [20]).

Let ys(t), s = 0,1,...,m — 1, be the fundamental system defined in
(2.11).

DEFINITION 3.1. The following matrix

yo(t) yi(t) o Yme1(t)
viy=| w'® 0 e
TN IO R e It

is called the fundamental matrix of equation (1.1).

Based on this matrix one can easily find the solution of the Cauchy
problem. Indeed, if y(t) = ZZL:_Ol Csys(t) is a solution of (1.1), then

y™M () =St Coy™ (t) and therefore one has

y(t) Co
y(l)(t) — Y () C
y(m: i) () CT',;'_l

Thus, if the vector C = (Cy, ...,C,,_1)T satisfies equation Y (0)C = b,
where b = (bg, ...,b,,—1)"7, then y(t) is the solution of the Cauchy problem
(1.1), (1.2). In other words, if we choose C = Y ~1(0)b, then the solution
of the Cauchy problem has the form

y(t) = (Y1 (0)b,yp(t)), (3.1)
where yp(t) = (yo(t), -+ ym-1(t)).
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Obviously, in order to ensure the existence of the solution defined in
(3.1) one should verify that det Y (0) # 0.

PROPOSITION 3.1. det Y (0) # 0.

P r o o f. The proof will be deduced by contradiction. For this let us
assume that det Y (0) = 0. In this case there exists a constant vector C =
(Co, ..., Cm—1)T, such that not all coordinates Cy are zero and Y (0)C = 0,
where 0 is zero vector. This implies that y(t) = 2?;01 Csys(t) is the
solution of equation (1.1) with the initial data 4™ (0) =0, n = 0,1,...,m —
1. But the Cauchy problem has the unique solution and therefore

y(t) = Coyo(t) + Crya(t) + - - - + Crn1Ym—1(t) = 0.

Since not all Cy are zero, previous expression implies linear dependence of
the system ys(t). Thus we have a contradiction, which proves the proposi-
tion. O

Next we show that the maximal number of linearly independent solu-
tions of equation (1.1) is m.

PROPOSITION 3.2. Let x(t), t > 0, be any solution of equation (1.1).
Then z(t) is a linear combination of solutions ys(t), s = 0,...,m — 1.

Proof. Let z(t) be a solution of (1.1) and =™ (0) = z,,, n = 0,1, ...,
m — 1. Obviously, y(t) = (Y ~1(0)xo,yg(t)) is a solution of equation (1.1),
where xg = (zo, ...,xm_l)T satisfies the same initial conditions. Since the
Cauchy problem has a unique solution, then z(t) = (Y ~1(0)xo,yp(t)). O

Thus, formula (3.1) gives the expression of the solution of the Cauchy
problem (1.1), (1.2).

So, we are interested to find the explicit form of the matrix Y ~1(0).

To this end, let p > 0 be any real number. Consider the functions

0 1 ( 1) i taker
t) = DYl _1 Do~ (m= ,t>0.
yp(t) kE:O(al + A + am) Flak+p+1) ' 2

(3.2)

Obviously, if p = 0,1,...,m — 1, then y, belongs to the set of fundamental
solutions of equation (1.1).

In the sequel we denote y®(t) = DBy(t) for any positive real number

3.
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THEOREM 3.1. Let p > 0, n be integer and n < «. Then

Y (1) = ) ypfn(t)i 1 p>n,
P al?/z(vni () + ..+ amflyl()i;nZQ(t) + amyz(ﬁr;,)l(t), p+1<n.

Proof. If n <p, then
Y (1) = i(alpa—l F ot A DD g )E gekrr=n
P — " " T(lak+p+1—n)
ie. yz(,n) (t) = yp—n(t) and the first part of theorem is proved.
If p+ 1 < n < «, then making use of the previous equality, one has
B o telk—1)+a—1
w0 = V0 = @D )t

k=1

Z alDa 1 +am)k
k=
tozk;—l—a—l (n—p-1)

I(ak + (a—1)+ 1)}

= (@D + - an)yl )

oa— n—1
= (@Dt am)y ()

o0

= D (@D '+ tap)

(n—p—1)

= (a1 D™ Ly “+ ap)

(alDa—1+. . .+am)tak+a_1+p (n—1)

= Mak+ (a—1)+p+1)

= ay{" V() +azy V(O A amo1y o) o () Famy Y ().

a

COROLLARY 3.1. Let n be integer and 1 <n < m — 1. Then

y () — ary V() — asy V(1) = = a1y (8) — amy P (1) = 0,

P r o o f. The result holds by taking p = 0 in Theorem 3.1. O

COROLLARY 3.2. Let n be integer and 1 <n < m — 1. Then

55" (0) = ary"V(0) — agy" 2 (0) — .. — an_1s”(0) — an = 0.

P r oo f. Obviously if p > 0, then y,(0) = 0 and yo(0) = 1. Therefore,

if p > n, from Theorem 3.1 we obtain yén)(O) = 0p,n (the Kronecker delta
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function). Using this and first part of Theorem 3.1 we have, from Corollary
3.1,

0 =50 =aryd" ™ (0) = agy" " (0) = .. = 13" 73 (0) — amy "3 (0) =
y(0) — a1 (0) — agyd" 2 (0) — asyd" P (0) = - — a1y (0) — @
O

Now, we are in a position to obtain the expression of the inverse of the
fundamental matrix at ¢t = 0.

THEOREM 3.2. The inverse of the fundamental matrix at t = 0 is
given by the following expression

1 0 0 .. 0

—aq 1 0 ... 0

YH0)=A:= —az —ay 1 . 0
—Aam—-1 —AaAm—-2 —aQm-3 ... 1

P r oo f. Asit was stated in Theorem 3.1, all above the diagonal ele-
ments of matrix Y (0) are zero, i.e. ygn)(O) = 0 if s > n. Moreover it has
the following form with the diagonal elements ygs)(O) =1

1 0 0 0

y(0) 1 0 0

YO =| 3P0 40 1 0
w0 w0 w1

Let us denote by Y; the row of matrix Y'(0) with number ¢ and by A; the
column of matrix A with number j, i.e.

Y; = ({7 0(0), ..., yM (0), 1,0, ..., 0),

A] = (0, ceey 0, 1, Ay ey am_j)T.
Then Y(0) - A= (Y - 4j); i1 -

Note that the last m — i elements of Y; are zero, and the first j — 1
elements of A; are zero. Therefore, if ¢ = j, then ¥; - A; = 1 and if 7 < j,
then Y; - A; = 0. Finally, if ¢ > j, then

Y% . Aj =1- yélij)(()) —aj - yéli]il)(()) —...—1- Aj—j,
and if we use Corollary 3.2 with n = i — j, then we obtain ¥; - A; = 0.
Thus Y; - Aj = 6; j, which implies that Y'(0) - A is the identity matrix. O
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ExaMpPLE 3.1. Let 3 < a < 4. Consider the Cauchy problem
D¥(t) — ar D Yy(t) — a2 D ?y(t) — a3D*y(t) — ay(t) = 0,
y(0) =b;, j=0,1,2,3.

According to (3.1), the solution of this problem has the form

y(t) = (Y~1(0) - b,yr(t)), (3.3)
where
1 0 0 0
—1 - —a; 1 0 0
Y (0) B —a2 —aq 1 0 ’
—az —ay —aip 1
bo
I t) =
= by ) yF()—(yo yr Y2 3/3)7
bs
and
- 1 2 3 poo ot
t) = D%~ D%~ D%~ =0,1,2,3.
ys(t) Z(al +az +as +ay4) T(ak+s+1)’ s=0,1,2,

k=0
The initial conditions give us

y(t) = boyo(t) + (b1 — aibo)yi(t)
+ (ba — agby — a1b1)ya2(t) + (bs — azby — azby — a1b2)ys(t).

In particular, if a1 = as = az3 = 0,a4 # 0 and bg = 1,b; = be = b3 = 0,
then the solution follows the expression

oo tozk;
t) =boyo(t) =b K = by By 1(agt®).
y(t) 0 Yo(t) 0 l;)a4f(ak+ 1) 0 ,1(G4 )

Next consider the case when a1 # 0,a2 = a3 =a4 =0, and b3 = 1,5y =
b1 = by = 0.
In this case one has

0 tozk+3
t) = (bg — asbg — asby — a1b t) =y3(t) = ak pla—1k
y(t) = (bg — asbp — azbi — a1b2)ys(t) = ya(t) 121 I(ak + 4)
oo tak+3_(a_1)k oo tk+3 o0 tk
= k — k _ =3 k
_Zalf(ak+4—(a—1)k) Zal(/-<7+3)! DI
=0 k=0 ) k=3
t
= afg[ealt —1—ait— a% 5 ]
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Thus the solution of the Cauchy problem
Dy(t) — a1 D*"Hy(t) =0,

has the form
2

t
y(t) = a;*[e™t — 1 — ayt — a? 5 ]

ExXAMPLE 3.2. Let m be a positive integer and m — 1 < a < m.
Consider the Cauchy problem
D%y(t) — Ay(t) =0,
yD(0) =bj, 5=0,1,---,m— 1.

Obviously, for this equation Y ~1(0) = E, i.e. the identity matrix and
the fundamental system of solutions was found in Example 2.1. Therefore
according to (3.1) the solution of the Cauchy problem has the form

m—1

y(t) = Y bet*Eo a1 (A7),
s=0
i.e. we have the known result from [17].

ExaMPLE 3.3. Consider the Cauchy problem (1.2), (4.1), with coef-
ficients a; = —1, j = 1,2,...,m — 1. Then the solution of the problem has
the expression:

m—1 s
y(t) = Z (Z bs) tsE(l,...,mfl,a),erl(altv ---yam—ltmilaamta)-

s=0 \i=0

4. Non-homogeneous equations

Let f(t) be an arbitrary continuous function in [0,7"). In the present

section we consider a non-homogeneous equation
D(t) — a1 D*Ly(t) — ... — a1 D" Dy(t) — apy(t) = (1),
t € (0,7), (4.1)

and the Cauchy problem (1.2),(4.1).

We look for solutions y € C™([0,T")).

Again, as in the homogenous case, if m = 1, i.e. 0 < a < 1, then we
have equation D%y(t) — a1y(t) = f(t) and y € C*([0,T)).

If we consider the initial data

y™M0)=0, n=0,...,m—1, (4.2)
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with equation (4.1), then, as it was noted above, this Cauchy problem has
a unique solution. We denote this solution by y¢(t). Let 3(t) be the unique
solution of problem (1.1), (1.2), which has the form (3.1). Then, because
of the linearity, function y¢(t) 4 y(t) will be the unique solution of problem
(4.1), (1.2). Thus, to solve the Cauchy problem (4.1), (1.2) it is sufficient
to find y(t).

Let yo—1(t) be the function defined in (3.2) and Lo := & D1, We first
study some properties of y,—1(t).

LEMMA 4.1. The function y,—1(t) is the solution of the Cauchy prob-
lem:

(Lo — La2)y(t) =0, t >0,
y9(0) =0, j=0,1,..,m =2, ¢ D(0) = 1.

P r o o f. Consider the system of functions

tak—l—a—l

k() = k=0,1,2,...
fa 1,k‘() F(ak‘+a)’ 0) ) &y

By a direct calculation, we can verify that D®~1f, ;1 o(¢) = 1 and therefore
Lo fa-1,0(t) = 0. Hence in the same way as in Section 2, one can show that
this system is O-normed with respect to Lo and satisfies conditions (i) and
(ii) from Section 1. Therefore,

yafl(t) = Z Léfa—l,k(t)
k=0

is a solution of equation (Ly — Lo)y(t) = 0,¢ > 0. Now it is not difficult to
show that y,—1(t) satisfies the Cauchy conditions. O

THEOREM 4.1. The unique solution of the Cauchy problem (4.1), (4.2)
has the form

t) = /0 F(T)ya—1(t — 7)dr. (4.3)

P r oo f. Since f(t)is a continuous function in [0, T"), using the Cauchy
conditions for y,—1(t) one obtains

dtjyf /f dﬁya 1(t—=7)dr, j=1,...m—1,t€[0,T).

Therefore ys(t) satisfies the Cauchy conditions (4.2). On the other hand
(see the proof of Theorem 2.1)
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. t .
DY Iy s(t) = / f(O)(D* Tyo_1)(t —7)dr, j=1,....m—1, t€][0,T).
0
(4.4)
Function F(t) := {::1 y#(t) is absolutely continuous in [0, 7T") and F'(0) = 0.
Therefore (see [28], p.40)
d d
m—« " F(t)= _ I™“F(t).
2 FO= 4 (t)

Making use of this equality, we apply the operator jt to (4.4) with j = 1.
Since D% 1y,_1(0) = 1, we deduce

Lyyy(t) = D%y (t) = f(t) + /0 f(7)(Loya—1)(t — 7)dr.

Hence, due to Lemma 4.1, we conclude that

(L1 — Lo)ys(t) = £(t) + /O FO(Lo — In)yar)(t — 7)dr = f(2).

a

REMARK 4.1. As in the case of function y,(t), the solution of the
non-homogeneous equation can be written in terms of multivariate Mittag-
Leffler function. Indeed,

yafl(t) = Z Lgfa—l,k(t) =
k=0

toz—ltzj .“t(m—l)im—l ta’im

Z Ck il...imazf almm__ll ai,’f . . 3
: [ (s+1+i1+...+(m — 1)ipa +in)

-----

Therefore

yp(t) = /0 (t— 7)o

X E(l,...,mfl,a),erl (al(t - T)a seey amfl(t - T)mila am(t - 7_)01) f(T)dT

Now, let us see that if f(¢) is a real analytic function in (0,7), i.e.
o tn
F0) =Y 500" e ©.1), (45)
n=0
then function y(t) has a particularly simple form.

LEMMA 4.2. If f(t) = t"/n!, for n a non-negative integer, then y¢(t) =
Yatn(t)-
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P r o o f. Consider the system of functions
takJraJrn

aink(t) = . k=0,1,2, ...
Jatni(t) T(ak+a+n+1)

By a direct calculation, we can verify that Li fo4n0(t) = f(t). Therefore in
the same way as in Section 2, one can show that this system is f-normed
with respect to L; and, from Section 1, it satisfies conditions (i) and (ii).
Hence

oo
yaJrn(t) = Z L]2€fo¢+n,k(t)
is a solution of equation (L1 — Lo)y(t) = f(t),t € (0,T).
Obviously ya4n(t) satisfies the Cauchy conditions (4.2). |

ExAMPLE 4.1. Let m be a positive integer and m — 1 < a < m.
Consider the Cauchy problem

y90)=0, j=0,1,...,m—1.

According to Lemma 4.2 the solution of this problem has the form
takJraJrn

yf(t) = ya+n Z F k4 o+ n) = t0t+nEa7a+n(to‘).

The following statement is an easy corollary of Lemma 4.2.

THEOREM 4.2. Let f(t) be a real analytic function in (0,7T), i.e. f(t)
has the form (4.5). Then
Zf 0)Yatn(t)-

REMARK 4.2. Since

oin(®) = [ =) (P,

n!
then it is satisfied that

yf(t) = Z f(n)(o)ya+n(t)

n=0
=[Sm0 weaiar = [t nar

i.e. yr(t) follows the form (4.3).
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5. Conclusion

Some 30 years ago a mathematician from Uzbekistan, B.A. Bondarenko,
introduced the Operator Algorithms method to solve partial differential
equations (see [4]). Recently, in 2012, V.V. Karachik [14] adopted this
method to solve ordinary differential equations and the authors of [30] used
the same method for solving some fractional differential equations.

The main purpose of this paper is to show that by using the Bondarenko
method one can construct the fundamental solutions of more general frac-
tional differential equations (1.1) (in fact, we may apply this method for the
general linear differential equation with constant coefficients and the Ca-
puto derivatives considered in [20]). As it was shown in Introduction, this
method is very simple, a solution of the equation has the form (1.3), and
to use this method, unlike to other methods, we do not need to introduce
and explore many new notions (for example, in the modified Mikusinski
method, see [20] and [24], there are introduced new spaces C,, and with the
operations of the Laplace convolution it is obtained a commutative ring,
then this ring is extended to the quotient field). We also note that in the
Bondarenko method the solution of the Cauchy problem has a particularly
simple form (see formula (3.1) and Theorem 3.2).
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