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Abstract

In this paper, we study nonlocal boundary value problems of fractional
differential equations and inclusions with slit-strips integral boundary con-
ditions. We show the existence and uniqueness of solutions for the single
valued case (equations) by means of classical contraction mapping principle
while the existence result is obtained via a fixed point theorem due to D.
O’Regan. The existence of solutions for the multivalued case (inclusions)
is established via nonlinear alternative for contractive maps. The results
are well illustrated with the aid of examples.
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1. Introduction

Fractional differential equations have been extensively investigated by
several researchers in recent years. The sphere of study for these equations
covers theoretical treatment, analytic and numerical methods of solutions,
and applications in a variety of disciplines in physical and technical sciences.
Examples include biophysics, blood flow phenomena, control theory, wave

(© 2015 Diogenes Co., Sofia
pp. 261-280, DOI: 10.1515/fca-2015-0017 DE GRUYTER



262 B. Ahmad, S. Ntouyas

propagation, signal and image processing, viscoelasticity, percolation, iden-
tification, fitting of experimental data, economics, etc. [28, 20, 29, 31, 19].
As a matter of fact, fractional calculus has evolved into an interesting field
of research and its tools have significantly improved the modelling tech-
niques. It has been mainly due to the fact that fractional-order operators
are nonlocal in nature and take into account the history of many important
materials and processes. The literature on linear and nonlinear boundary
value problems of fractional order, involving boundary conditions of diverse
nature, is also quite enriched now. For some recent work on the topic, see
[7, 22, 30, 14, 6, 1, 10, 4, 25, 15, 32] and the references therein.

Nonlocal Cauchy problems are regarded as more practical than the clas-
sical Cauchy problems with the initial conditions, see [9, 8]. Many kinds of
nonlocal problems have been studied in the last few decades. The topic of
nonlocal integral boundary conditions has also attracted a considerable at-
tention. More recently, the authors [2] discussed the existence of solutions
for fractional differential equations with slit-strips type integral boundary
conditions. In the present work, we consider a modified version of the
problem investigated in [2] by replacing the initial condition with a nonlo-
cal boundary condition. Precisely, we study the following boundary value
problem:

¢ Dix(t) = f(t,x(t)), t €]0,1], 1 < g <2,
z(0) = b(x)& X (1.1)
a:(,u):a/o x(s)ds—l—b/ﬁ z(s)ds, 0 <a<pu<pf<l,

where ¢D? denotes the Caputo fractional derivative of order ¢, f : [0,1] X
R — Rand h: C([0,1],R) — R are given continuous functions, and a, b are
real constants.

We emphasize that the integral boundary condition in (1.1) can be
interpreted as the sum of the influences due to finite strips of arbitrary
lengths is proportional to the value of the unknown function at an arbitrary
position (nonlocal point) in the slit (a part of the boundary off the two
strips), and the nonlocal term h(z) in (1.1) may be understood as h(z) =
Z§:1 kjx(t;) where kj,j = 1,...,p, are given constants and 0 < ¢; < ... <
tp < 1. For some real world problems and engineering applications involving
the strip conditions similar to the ones considered in the present study, we
refer the reader to the works [18, 26, 5, 23].
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As a second problem, we study the multivalued analogue of problem
(1.1) given by

¢Dix(t) € F(t,z(t)), t €[0,1], 1 < g <2,
z(0) = h(:r)(; X (1.2)
a:(,u):a/o x(s)ds—l—b/ﬁ z(s)ds, 0 <a<pu<pf<l,

where F : [0,1] x R — P(R) is a multivalued map, P(R) is the family of
all nonempty subsets of R, h(x) and a,b are the same as defined in the
problem (1.1). For some recent work on fractional multivalued problems,
see ([16, 12, 11, 3]) and the references therein.

The paper is organized as follows. In Section 2, we recall some basic
definitions from fractional calculus and establish a lemma which plays a
pivotal role in the sequel. Section 3 deals with the existence results for the
problem (1.1) which are shown by applying Banach’s contraction principle
and a fixed point theorem due to D. O’Regan. In Section 4, we discuss
the existence of solutions for the problem (1.2) by means of the nonlinear
alternative for contractive maps.

2. Preliminaries

In this section, some basic definitions on fractional calculus and an
auxiliary lemma are presented [28, 20)].

DEFINITION 2.1. The Riemann-Liouville fractional integral of order ¢
for a continuous function g is defined as

1 ¢ s
KCEAY ST

provided the integral exists.

DEFINITION 2.2. For at least n-times continuously differentiable func-
tion g :[0,00) — R, the Caputo derivative of fractional order ¢ is defined
as

1

‘Dig(t) = T(n—q

t
| / (t — 8)"01g™ (s)ds, n— 1< g <nn=g+]1,
0

where [g] denotes the integer part of the real number q.



264 B. Ahmad, S. Ntouyas

LeMMA 2.1. For any y € C([0,1],R), the unique solution of the linear
fractional boundary value problem

Dix(t) =y(t), 1<q<2, te]|0,1]
2(0) = h(x), (2.1)
a:(,u):a/ ds—l—b/ s)ds, 0 <a<pu<pf<l,

0

is

2(t) :/t(t_r(sq))q_l s)ds + {// S}(q_ )drds
+b/ /S(S )deS—/O (v (Sq))ql ()dds} (22)

1= 0= a0~ b0 - B)]h(@)
where , ,
ac b(1 — B%)
, — 4 #0. (2.3)

P roof. It is well known that the general solution of the fractional
differential equation in (2.1) can be written as

t — s q—1
x(t) = co + 1t —I—/O (t F((])) y(s)ds, (2.4)

where cg,c; € R are arbitrary constants.
Applying the given boundary conditions, we find that ¢y = P)(a:), and

{// S_Tq deerb// (r)drds

—s)1
_/0 (1 F(q)) y(s)d ds—{l—aa—b(l—ﬁ)}f)(m)}-

Substituting the values of cp,cq in (2.4), we get (2.2). This completes the
proof. O

3. Existence results for single-valued problem

We denote by C = C([0,1],R) the Banach space of all continuous func-
tions from [0, 1] — R endowed with a topology of uniform convergence with
the norm defined by ||z|| = sup{|=(t)| : t € [0,1]}. Also by L'([0,1],R) we



NONLOCAL FRACTIONAL BOUNDARY VALUE ... 265

denote the Banach space of measurable functions z : [0,1] — R which are
1

Lebesgue integrable and normed by ||x|/;1 = / |x(t)|dt.

0
In view of Lemma 2.1, we define an operator P : C — C by

g gyl
Po) = [T fatnas
1

+[1 A(1 —aa—b(1 - ﬁ))} h(z) t € [0,1].
Let us define P15 : C — C by

s 1
(P (1) 5A(F5 (s, 2()ds
qu

—I— a 7,x(7))drds
N Fq F(r,2(7))

1 rs q
+b ; /0 o ; ,x(7))drds
—1

(= 5)e
S f@m@»w},
and
(Pa)(t) = [1 = | (1~ aa—b(1 = B)]h(a). (33)
Clearly
(Px)(t) = (P1z)(t) + (P2x)(t), t € [0,1]. (3.4)

For convenience we introduce the notations:

- 1 adtl 1 - gatl 1
Uil VPRSI |m{"< +2) Wrm+a>+rm+n}’ (35

and

5::1+|jl|‘1—aa—b(1—ﬁ)‘. (3.6)

THEOREM 3.1. Let f : [0,1]xR — R be a continuous function. Assume
that
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( ) ‘f(t x) f(7 )‘SLHx_yH7VtE[O71L L>07 ‘T7y€R;
(A2) b : C(]0,1],R) — R is a continuous function satisfying the condi-
t1on

[b(w) = b(v)] < llu—vl, £<57, VuveC[0,1R), £>0;

(A3) v:=Ln+d < 1.
Then the boundary value problem (1.1) has a unique solution.

Proof. For z,y € C and for each ¢ € [0, 1], from the definition of P
and assumptions (A;) and (Az), we obtain

((Pz)(t) — (Py)(1)]

bt —s)rt R
/o rg )= flsys)ld

t a s (8 _ T)q—l B 8
+ ‘A| {‘a|/ / T'(q) ‘f(Tax(T)) f(Try(T))‘de

i / / i ‘Tq o(r)) = f(r,y(r))|drds

IN

(n—s)1t
+/0 F(q) |f(8 x(s)) - f(S,y(S))|ds}

1= (= a0~ b1~ 8)|Ib@) - b))

LHx—yH[/Ot(tF(S;Id +|A\{'“‘/ / o) s
+\b\/61/05 (S_F(q de3+/0 G F(q)) ds}]

1= - a0 - b0 - g -y
1 1 adt! 1—portt p
T(g+1) " |4 {'CL'F&H?) e ) o+ 1)}

1
+{1+ |A|‘1—aa—b(1—ﬁ)‘}fll$—yll

= (Ln+d0)|lz —yl|.

Hence

IN

IA

Lljz -yl

[(Pz) = (Py)ll < ~llz -yl
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As v < 1 by (As), the operator P is a contraction map from the Banach
space C into itself. Hence the conclusion of the theorem follows by the
contraction mapping principle (Banach fixed point theorem). O

Our next existence result relies on a fixed point theorem due to O’Regan
in [24].

LEMMA 3.1. Denote by U an open set in a closed, convex set C' of a
Banach space E. Assume 0 € U. Also assume that F(U) is bounded and
that F : U — C is given by F = F|+ Fy, in which Fy : U — E is continuous
and completely continuous and Fy : U — FE is a nonlinear contraction
(i.e., there exists a nonnegative nondecreasing function ¢ : [0, 00) — [0, 00)
satisfying ¢(z) < z for z > 0, such that |[Fy(z) — F2(y)| < ¢(||x — y||) for
all x,y € U). Then, either

(C1) F has a fixed point u € U; or
(C2) there exist a point u € OU and X € (0,1) with u = AF(u), where U

and OU, respectively, represent the closure and boundary of U.

Let
Qr ={z € C([0,1],R) : [[=]| <},
and denote the maximum number by

M, = max{|f(t,z)| : (t,z) € [0,1] x [—r,r]}.

THEOREM 3.2. Let f : [0,1] x R — R be a continuous function.
Suppose that (A1), (As2) hold. In addition we assume that

(As) 5(0) = 0;
(As) there exists a nonnegative function p € C([0,1],R) and a nonde-
creasing function 1) : [0,00) — (0,00) such that

£ (&, )| < p@)¢(|[ul]) for any (t,u) € [0,1] x R;

r 1
A sup > ,
(o) =00 p@)lpl ~ 1 ot

(3.6) respectively.

where 1 and 0 are defined in (3.5) and

Then the boundary value problem (1.1) has at least one solution on [0, 1].

P r o o f. By the assumption (Ag), there exists a number ry > 0 such

that
To 1

> . 3.7

mitr)lpll ~ 1 o 7

We shall show that the operators P; and Py defined by (3.2) and (3.3)
respectively, satisfy all the conditions of Lemma 3.1.
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Step 1. The operator Py is continuous and completely continuous. We
first show that P;(£2,,) is bounded. For any x € Q,,, we have

t(p_ g)a-1
Pl < [ s et

+\i1| {'“' /a / . ;)q_l | (7, (7)) |drds
+|b|/ / 8_7(-] 7,2(7))|drds

(n—s)rt
[ s <>>|ds}

PRI I -
L(g+1) JAl| T(¢+2) I'(g+2)

pd
+F(q+1)}

M,n||p]|.

IN

M, ||p||

Thus the operator Py (£, ) is uniformly bounded. For any t1,t2 € [0,1],t] <
to, we have

|(P1z)(t2) — (Plx)(tl)\

< pg | 2= = (= el
+F(1q) / ta = )71/ (s,a(s))|ds

( ,
tl'{| |/0 /0 ry Mratr)ldrds

L (s (g syt
ST A A Wratriaras + [" 070 |f<s,x<s>>|ds}

(q) 0
Mr g -1 -1 MT 2 -1
I'(g) /0 [(tg — 8)T " — (t1 — )7 ]ds + I'(g) /tl (ta — s)? "ds
M, |ty — 1]

1 1 | | adtl |b| 1— ﬁq—irl ul
+ a + + )
Lg+1) Al 'T(¢+2) P(g+2) T(g+1)
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which is independent of x and tends to zero as t9 —t; — 0. Thus, P; is
equicontinuous. Hence, by the Arzeld-Ascoli Theorem, P;(£,,) is a rela-
tively compact set. Now, let @, C ,, with ||z, — z|| — 0. Then the limit
|zn (t) — z(t)|| = 0 is uniformly valid on [0, 1]. From the uniform continuity
of f(t,z) on the compact set [0, 1] x [—rg, ro], it follows that || f (¢, z,(t)) —
f(t,z(t))|| — 0 is uniformly valid on [0,1]. Hence ||P1z, — Piz| — 0 as
n — oo which proves the continuity of P;. This completes the proof of Step
1.

Step 2. The operator Py : ., — C([0,1],R) is contractive. This is a
consequence of (Az). For z,y € C([0,1],R), we have

[Poa(t) = Pay(®)] = |1 (1 —aa—b(1 - 8)Ibx) - b(y)]
1
< {1y a0t o) = 1]}b() = b))
< dtle g,

which, on taking supremum over ¢ € [0, 1], yields
|Pax — Poyl| < L0H$ —vyll, Lop=4d<1.

This shows that P is a contraction as Ly < 1.

Step 3. The set P(S,) is bounded. The assumptions (Az) and (Ay)
imply that
[Pa()]| < dero,
for any = € €. This, with the boundedness of the set P;(Q,,) implies that

the set P(£2,,) is bounded.

Step 4. Finally, it will be shown that the case (C2) in Lemma 3.1 does
not hold. On the contrary, we suppose that (C2) holds. Then, we have
that there exist A € (0,1) and = € 9Q,, such that z = APx. So, we have
|z = ro and

b g)a-1
o(t) = A/O (¢ F(q); F(5,2(s))ds

t @ s (s—T)0 1
+)\A{a/0 /0 r'(o) f(r,z(7))drds

1 s (8 _ 7_)q—l
+b/8 /0 I'(g) f(r,z(1))drds
=)t

— S) S, TS S
LY st }
wAf1- 2(1 —aa = b(1 - B))[b(@). teo,1]
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Using the assumptions (A4) — (Ag), we get
ro < np(ro)|lpll + dtro.

Thus, we get a contradiction:
o 1
< .
ne(ro)llpll — 1 —6¢
Thus the operators P; and P, satisfy all the conditions of Lemma 3.1.
Hence, the operator P has at least one fixed point z € Q,,, which is the
solution of the problem (1.1). This completes the proof. O

ExamMpPLE 3.1. Consider the following fractional boundary value prob-
lem

( “D¥Sx(t) = f(t,x(t), t€[0,1],
L, |lz(1/5)]
O =4+ 1901 + [w(1/5))) (3.8)
1/4 1
x(2/3) = / d8+/3/4m(s)ds.
Here, ¢ = 8/5, a = 1/2,b = 1, a = 1/4, pn = 2/3 B = 3/4, and
) = 4+ 1ot ks OPsIowly Io(a) = Bw)| < el — yl wich

¢ =1/12. Further, A = 83/192, n ~ 1.881496, ) ~ 2.445783.

(a) Let us take
t

1 1
flt,x) = Ji2 4+ 16 <cosm+ Gtan (m/2)> + R

in the problem (3.8). Then |f(t,z) — f(t,y)| < L||lz — y|| with L =1/3 and
v = Ln+ 6 =~ 0.830981 < 1. Thus, the all the conditions of Theorem 3.1
with f(¢,x) given by (3.9) are satisfied and hence it follows by the conclu-
sion of Theorem 3.1 that there exists a unique solution for the problem (3.8).

(3.9)

The next example is concerned with the illustration of Theorem 3.2.

(b) Consider problem (3.8) with

1 1 | sin z|
f(t,m)-g(\/t+1+1> <t+|x‘+1—|—|sinx|>’ (3.10)

l2(1/5)]
12(1 4 [z(1/5)])
p(t) = ]1<\/

and h(z) = Clearly |f(t,z)| < p(t)¥(]lz[]), where

1
; 1) (el = 2+ ]
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1
Moreover, sup " ~ 2.391714 ~ 1.255990, that is, the

re(0,00) 1Y) 2] T 1-dt
condition (Ag) holds Hence the hypothesis of Theorem 3.2 holds. In
consequence, by the conclusion of Theorem 3.2, the problem (3.8) with
chosen values of f(t,z) and h(x) has a solution on [0, 1].

4. Existence results for multivalued problem (1.2)

Let us recall some basic definitions on multi-valued maps [13, 17]. For
a normed space (X, [|-]), let Py(X) ={Y € P(X) :Y is closed}, P,(X) =
{Y € P(X) : Y is bounded}, P.,(X) = {Y € P(X) : Y is compact}, and
Popo(X) ={Y € P(X) : Y is compact and convex}. A multi-valued map
G : X — P(X) is convex (closed) valued if G(x) is convex (closed) for all
x € X. The map G is bounded on bounded sets if G(B) = U,epG(x) is
bounded in X for all B € Py(X) (i.e. supyep{sup{ly|:y € G(z)}} < o0).
G is called upper semi-continuous (u.s.c.) on X if for each zy € X, the
set G(xg) is a nonempty closed subset of X, and if for each open set N
of X containing G(zg), there exists an open neighborhood Ny of z( such
that G(Ny) C N. G is said to be completely continuous if G(B) is relatively
compact for every B € P,(X). If the multi-valued map G is completely
continuous with nonempty compact values, then G is u.s.c. if and only if G
has a closed graph, i.e., T, = Zx, Yn — Ys, Yn € G(z,) imply y, € G(xy).
G has a fixed point if there is z € X such that x € G(z). The fixed point
set of the multivalued operator G will be denoted by FizG. A multivalued
map G : [0;1] — P.4(R) is said to be measurable if for every y € R, the
function

t—d(y,G(t)) =inf{ly — 2| : z € G(t)}

is measurable.

DEFINITION 4.1. A function z € AC?([0,1],R) is a solution of the
problem (1.2) if z(0) = h(x), =(pn) = a/ s)ds + b/ s)ds, and
0

there exists a function f € L([0,1],R) such that f(t) € F(¢,x(t)) a.e. on
[0,1] and
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() :/t(t_r(‘z);_lf )ds + {// S;(q_f r)drds
+b/ / (S_T )des—/O (h (Sq))q lf(s)ds} (4.1)

1= (10— aa =11 - 8)]h(a)

Here AC'([0,1],R) will denote the space of functions z : [0,1] — R that are
absolutely continuous and whose second derivative is absolutely continuous.

DEFINITION 4.2. A multivalued map F': [0,1] x R — P(R) is said to
be Carathéodory if

(i) t — F(t,x) is measurable for each = € R;
(11) x — F(t,z) is upper semicontinuous for almost all ¢ € [0, 1];

Further a Carathéodory function F is called L'—Carathéodory if
(iii) for each a > 0, there exists ¢, € L'([0,1],R") such that

|E(t, )| = sup{|v] : v € F(t,2)} < @a(t)
for all ||z]| < a and for a. e. ¢ € [0,1].

For each y € C([0,1],R), define the set of selections of F' by
Spy = {v e L'([0,1],R) : v(t) € F(t,y(t)) for a.e. t € [0,1]}.

The following lemma will be used in the sequel.

Lemma 4.1.  ([21]) Let X be a Banach space. Let F : [0,1] x R —
Pep.e(X) be an L'— Carathéodory multivalued map and let © be a linear
continuous mapping from L'([0,1], X) to C([0,1], X). Then the operator

©0Sp:C([0,1],X) = Pepo(C([0,1], X)), 2+ (©0Sp)(z) =0O(Skz)

is a closed graph operator in C([0, 1], X) x C([0, 1], X).

To prove our main result in this section, we use the following form of
the Nonlinear Alternative for contractive maps [27, Corollary 3.8].

THEOREM 4.1. Let X be a Banach space, and D a bounded neigh-
borhood of 0 € X. Let Zy : X — Pepo(X) and Zy : D — Pepo(X) two
multi-valued operators satisfying
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(a) Z is contraction, and
(b) Zs is u.s.c and compact.

Then, if G = Zy + Zs, either
(i) G has a fixed point in D or
(ii) there is a point u € 9D and A € (0,1) with u € AG(u).

THEOREM 4.2. Assume that (Ag) holds. In addition we suppose that:

(Hy) F:[0,1] X R = Py o(R) is L' —Carathéodory multivalued map;
(H2) there exists a continuous nondecreasing function v : [0,00) —
(0,00) and a function p € C([0,1],R™) such that

|F(t,2)llp = sup{lyl < y € F(t,2)} < p&)(|z]) for each (t,) € [0, 1]xR;
(H3) there exists a number M > 0 such that

(1—60)M
sO0mlp) " (4.2)

where 1, 0 are defined in (3.5) and (3.6) respectively.

Then the boundary value problem (1.2) has at least one solution on [0, 1].

P r o o f. To transform the problem (1.2) to a fixed point, we introduce
an operator N : C([0,1],R) — P(C([0,1],R)) defined by

( heC([0,1,R) :

bt —s)at
/o I'(g) Hs)ds

a s (s—7)a-1
+;{af0 Jo CT0 f(r)drds

Nﬂj‘ = S(g— )i~
(@) h(t) = +b/;/0 ( F(q))q 1f(’7’)d’7’d8

—_s)a—1
_j‘oﬂ (“F(g) f(S)dS}

1= 0= aa —b(1 - 8)]b(w)

for f € Spg.
Now, we define two operators A; : C([0,1],R) — C([0, 1], R) by

Arz(t) = [1 — (1 —aa—0b(1 - ,6’))] h(x), (4.3)

t
n
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and a multi-valued operator Ay : C([0,1],R) — P(C([0, 1], R)) by

h e C([0,1,R) : )
bt —s)it
0 I'(q) fs)ds
t a NG T)dTds
As(z) = h(t) = +A{1 /0 0 I;(lq) o (4.4)
+b ; /0 (s }(7;1)) f(r)drds
=)t
K —/0 ') f(s)ds}.

Observe that NV = A; + As. We shall show that the operators A; and As
satisfy all the conditions of Theorem 4.1 on [0,1]. The proof consists of
several steps and claims.

Step 1: We show that A; is a contraction on C([0,1],R). The proof is
similar to the one for operator P, in Step 2 of Theorem 3.2.

Step 2: Ay is compact and convex valued and it is completely continuous.
This will be established in several claims.

Cram I: Ay maps bounded sets into bounded sets in C([0,1],R). Let B, =
{z € C([0,1],R) : ||z|| < r} be a bounded set in C([0, 1], R). Then, for each
h € As(x),x € B, there exists f € Sg, such that

h(t) = /t(t;();l s)ds + {// 8_; (r)drds
—i—b// S_; )des—/o (N;(Z))q_lf(S)ds}.

Then, for ¢ € [0, 1], we have
h(1)]

bt —s)at — 7)1 1

< [ Vg e 'ds*'LA|{'“'J/ [y e
—g)e!

sl [ o s [ |ﬂww}

1 afﬁ‘l 1— ﬁQ‘H 'uq
< wllelel| o, |A|{||( oy Wr@+2y+mq+n}‘
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Thus,
[2]] < (r)nlpll.

Cram I1: Ay maps bounded sets into equi-continuous sets. Let t1,to € [0, 1]
with t; <ty and @ € B,,. Then, for each h € As(x), we obtain

tea) — we) < D /Otl[(tz—s)q_l—(tl—S)q_l]ds

lb(llrﬂﬂ(\l]))\\pll 2 (ts — )7~ 1ds
t1
Y(llzl)|lpll[t2 — ] 1 1 Qa1
i A I(g+1) * Al {|a|r(q+2)

1 — pat! q
P K } .

T(g+2) ' T(g+1)

Obviously the right hand side of the above inequality tends to zero inde-
pendently of x € B, as ta—t1 — 0. Therefore it follows by the Ascoli-Arzela
theorem that As : C([0,1],R) — P(C(]0,1],R)) is completely continuous.
Cram II1: Ay has a closed graph. Let x, — xx, hy, € Ao(xy,) and hy, — hy.
Then we need to show that h, € Az(x,). Associated with h,, € As(x,),
there exists f,, € Sp, such that for each t € [0, 1],

= [ e e R s

—H)/ / 8_; )des—/O (w ;(Zéq_lfn(S)ds}.

Thus it suffices to show that there exists f. € Sg,, such that for each
t €0,1],

ho(t) — /t(t_r(s))q_lf )ds + {// F(Tq))ql Fu(r)drds

+b// S_Tq )des—/O (“;(‘Z))q_lf*(s)ds}.
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Let us consider the linear operator © : L([0,1],R) — C([0,1],R) given
by

Fo O = /t(t_r(s))ql s)ds + {// S_Tq (r)drds

+b// S_Tq )des—/O (”;(z))q 1f(s)ds}.

Observe that
[ () — ha ()]

bt —s)at r ()\ds
Lo ) = ftsa

{ / / fulr) — fu(r))drds

8<s—7>q-1 AR PN
+b /B J AR (O ey A A R >>d}

— 0, as n — oo.
Thus, it follows by Lemma 4.1 that © o Sg is a closed graph operator.
Further, we have h,,(t) € ©(SFz, ). Since x,, — x, therefore, we have

ho(t) = /t(t—r())"‘lf* )ds + {// r(Tq))q o (r)drds

b / / 8‘; ()drds — /0 (N;(Z)q_lf*(s)ds}

for some f, € S ,. Hence Ay has a closed graph (and therefore has closed
values). In consequence, the operator Aj is compact valued.

~—

Thus the operators A; and A satisfy all the conditions of Theorem 4.1
and hence its conclusion implies either condition (i) or condition (ii) holds.
We show that the conclusion (ii) is not possible. If x € AA;(z) + A\Aa(z)
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for A € (0,1), then there exists f € Sp, such that

o) = A/t(t;(z);_lf( ds + A {// S b ydrds
+b// S_Tq )des—/OH(M;(Z))q_lf(s)ds}

+A[1 - A(1 —aa—b(1 — 5))%(33), te0,1].

Following the method for proof of Claim I, we can obtain
Plg+1) IAI Pig+2) " "' T(g+2)
pi 1
+ + 41+ 1—a)— 1| pf||x||.
D(q+1) } { et =) [}l

]l < & (llzDnllpll + 5€[l]- (4.5)

If condition (ii) of Theorem 4.1 holds, then there exists A € (0,1) and
x € OB, with x = AN/(x). Then, z is a solution of (1.2) with |z| = M.
Now, by the inequality (4.5), we get

(1-=60M

Y(M)n|lpll —
which contradicts (4.2). Hence, N has a fixed point in [0, 1] by Theorem
4.1, and consequently the problem (1.2) has a solution. This completes the
proof. O

=) < ¢lzDlpl

Thus

ExaMpPLE 4.1. Consider the following boundary value problem
([ <D32z(t) e F(t,z), 0 <t <1,
1 [z(1/5)]
0) =
2O = 4 1901 + 2(1/5))) (4.6)

1/4 1
x(2/3) = ;/0 x(s)ds + /3/4m(s)ds.

Here, ¢ =8/5, a=1/2,b=1, a=1/4, n=2/3 f=3/4, and h(z) =

1 [z(1/5)| . ,
. Obviousl - <z — th £ = 1/12.

2 T 1201+ 2 (1/5)) Obviously [h(z) — b(y)| < €|z —y|| wi /

Further, A = 83/192, 1 ~ 1.881496, § ~ 2.445783. Let F : [0, 1] xR — P(R)

be a multivalued map given by
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1 sin® z 1

1
+ _ (t+1), 2005:2] .

F(t,z) =
z = o) [12(sin3x+3) 24

For f € F, we have

e max[

1 sin® z 1

1 1
t+1 <
12 (sinPrt3) T 2al T )’260”] =9

Thus,

1E(,2)|lp = sup{ly| - y € F(t,2)} < pO)y([]), = €R,

with p(t) = 1, ¥(||z||) = 1/2. By the condition (H3), we find that M >
My, My =~ 1.81570. Clearly, all the conditions of Theorem 4.2 are satisfied
and hence the problem (4.6) has at least one solution on [0, 1].
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