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The presented paper deals with the numerical analysis of pseudo-steady state conditions used in
the modelling of the batch dialysis process. First, under specified conditions, time dependences of
component concentrations and liquid volumes in both compartments were generated using a rigorous
model based on Fick’s second law. From these data, the diffusion coefficient of the component in the
membrane was calculated using a simplified model based on Fick’s first law. The specified coefficient
was then compared with the calculated one. Numerical analysis revealed that in case of not too
thick membranes, sufficiently high values of the diffusion coefficient, high intensity of mixing and
considering the concentration and volume data in compartments I and II, the pseudo-steady state
conditions can be considered as a good approximation of the real state.
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Introduction

Dialysis and diffusion dialysis are membrane pro-
cesses, which serve for the separation of compounds
in liquid mixtures. In order to quantify them, sev-
eral transport characteristics can be used, e.g., the
overall dialysis coefficient, permeability coefficient of
the membrane, membrane mass transfer coefficient,
and the diffusion coefficient of a component. All these
characteristics can easily be determined from dialy-
sis experiments using a two-compartment cell (Elmi-
daoui et al., 1995; Ersoz et al., 2001; Kang et al.,
2001; Xu & Yang, 2001; Akgemci et al., 2005; Alexan-
drova & Iordanov, 2005; Narębska & Staniszewski,
2008; Luo et al., 2010; Kaczmarek et al., 2008; Wu
et al., 2012; Hao et al., 2013a, 2013b). Determi-
nation of the last transport characteristic, i.e., the
diffusion coefficient, is mostly based on Fick’s first
law (Sudoh et al., 1987; Audinos & Pichelin, 1988;
Allen et al., 1989; Suhara et al., 1989; Narębska
& Warszawski, 1992; Heintz & Illenberger, 1996;

Narębska & Staniszewski, 1997; Palatý & Žáková,
2000).
Sudoh et al. (1987) studied the concentration of

cupric ions by the Donnan dialysis using a strongly
acidic cation-exchange membrane Neosepta C66-5T.
The diffusion coefficient, needed in the mathemati-
cal modelling of the process, was determined from the
experiments in a two-compartment cell. Audinos and
Pichelin (1988) used a two-compartment cell to deter-
mine the diffusion coefficient of KCl in an agar–agar
membrane. Poly[bis(trifluoroethoxy)phosphazene]
membranes were synthesised and used in diffusion
dialysis experiments to separate Cr3+ ions from Co2+

and Mn2+ ions (Allen et al., 1989). Solutions of Cr3+,
Co2+, and Mn2+ nitrates were used as feed solutions.
In connection with the measurement of the transport
numbers, Suhara et al. (1989) experimentally mea-
sured the diffusion coefficient of NaOH in a perflu-
orocarboxylate cation-exchange membrane Flemion.
Permeability of several anion-exchange membranes
(Neosepta-AFN, -AM1, -AM2, -CM1, -CM2) and dif-
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Fig. 1. Membrane with liquid films.

fusion coefficients of hydrochloric acid and sodium
chloride were determined from batch dialysis experi-
ments (Narębska & Warszawski, 1992). Heintz and Il-
lenberger (1996) reported the measurement of molecu-
lar bromine diffusivity in a cation-exchange membrane
Selemion CMV. The diffusion coefficient was of the or-
der of 10−12 m2 s−1 and its calculation was based on
the time dependence of the Br2 concentration in the
receiving compartment. Narębska and Staniszewski
(1997) determined the diffusion coefficients of lactic
acid and sodium lactate in Neosepta-AFN and Se-
lemion DSV membranes. Palatý and Žáková (2000)
used a two-compartment cell to determine diffusivi-
ties of inorganic acids (HCl, H2SO4, HNO3, H3PO4,
HF) in a Neosepta-AFN membrane as functions of the
acid concentration.
In a batch cell, dialysis is an unsteady state mass

transfer process governed by Fick’s second law. To de-
termine the diffusion coefficient of a component in the
membrane, the procedure based on Fick’s first law is
often used. The application of Fick’s first law, which
is simpler than that of Fick’s second law, implicitly
assumes a pseudo-steady state. If the real state is far
from the pseudo-steady state, this simplification can
lead to incorrect results. For this reason, the aim of
this communication is to find conditions under which
the application of the Fick’s first law provides accept-
able results.

Theoretical

Consider a dialysis membrane with liquid films
on both its sides, which is oriented perpendicularly
to the component flux, JA. The membrane separates
two solutions containing component A. This situation
is schematically depicted in Fig. 1. Thickness of the
membrane is expressed as δM, whereas those of liquid
films are expressed as δIL and δIIL . When the concentra-
tion of component A in compartment I is higher than
that in compartment II, unsteady mass transfer in the
direction of axis x occurs. The concentration field of

component A in the membrane and the liquid films is
described by the Fick’s law.

∂cIA
∂τ
= DIA

∂2cIA
∂x2

(1)

∂cAM
∂τ

= DAM
∂2cAM
∂x2

(2)

∂cIIA
∂τ
= DIIA

∂2cIIA
∂x2

(3)

where cA is the molar concentration of component A, τ
is time, and DA is diffusivity. Subscript M represents
the membrane, while superscripts I and II represent
compartments I and II, respectively.
Initial and boundary conditions for Eqs. (1)–(3)

are

cIA = cIAb0 for τ = 0, x ∈ 〈0, δIL〉 (4)

cAM = 0 for τ = 0, x ∈ 〈δIL, δIL + δM〉 (5)

cIIA = 0 for τ = 0, x ∈ 〈δIL + δM, δIL + δM + δIIL 〉 (6)

cIA
∣∣
x=0
= cIAb for τ > 0 (7)

cIA
∣∣
x=δIL+δM+δIIL

= cIIAb for τ > 0 (8)

In Eqs. (4), (7), and (8), subscripts 0 and b repre-
sent the initial values and bulk.
If no accumulation of component A occurs at the

solution/membrane interfaces, then

−ADIA
∂cIA
∂x

∣∣∣∣
x→(δIL)

−
= −ADAM

∂cAM
∂x

∣∣∣∣
x→(δIL)

+
(9)

−ADAM
∂cAM
∂x

∣∣∣∣
x→(δIL+δM)−

= −ADIIA
∂cIIA
∂x

∣∣∣∣
x→(δIL+δM)+

(10)
where A is the membrane area.
Furthermore, conditions of the solution/membrane

equilibrium on both sides of the membrane must be
considered, i.e.,

cAM|x→(δIL)+ = Ψ IA cIA
∣∣
x→(δIL)

− (11)

cAM|x→(δIL+δM)− = Ψ IIA cIIA
∣∣
x→(δIL+δM)+ (12)

In Eqs. (11) and (12), Ψ j
A (j = I, II) are the parti-

tion coefficients.
Finally, the balance of component A and the mass

balance over the liquid volume in compartments I and
II must be added to the mathematical model

− 1
A

d
(
V IcIAb

)
dτ

= −DIA
∂cIA
∂x

∣∣∣∣
x→0+

(13)
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− 1
A

d
(
V IρI

)
dτ

= −DIA MA
∂cIA
∂x

∣∣∣∣
x→0+

(14)

1
A

d
(
V IIcIIAb

)
dτ

= −DIIA
∂cIIA
∂x

∣∣∣∣
x→(δIL+δM+δIIL )

−
(15)

1
A

d
(
V IIρII

)
dτ

= −DIIA MA
∂cIIA
∂x

∣∣∣∣
x→(δIL+δM+δIIL )

−
(16)

where V is the liquid volume, ρ is density, and M is
the molar mass.
A combination of Eqs. (13) and (14) using the sub-

stitution

dρI

dτ
=
dρI

dcIAb

dcIAb
dτ

(17)

leads to the following differential equations

dcIAb
dτ
=

A

V I

DIA

(
1− MA

ρI
cIAb

)

1− cIAb
ρI
dρI

dcIAb

∂cIA
∂x

∣∣∣∣
x→0+

(18)

dV I

dτ
=

A

ρI

DIA

(
MA − dρI

dcIAb

)

1− cIAb
ρI
dρI

dcIAb

∂cIA
∂x

∣∣∣∣
x→0+

(19)

A similar combination of Eqs. (15) and (16) gives

dcIIAb
dτ
= − A

V II

DIIA

(
1− MA

ρII
cIIAb

)

1− cIIAb
ρII
dρII

dcIIAb

∂cIIA
∂x

∣∣∣∣
x→(δIL+δM+δIIL )

−

(20)

dV II

dτ
= − A

ρII

DIIA

(
MA − dρ

II

dcIIAb

)

1− cIIAb
ρII
dρII

dcIIAb

∂cIIA
∂x

∣∣∣∣
x→(δIL+δM+δIIL )

−

(21)
Solving the sets of Eqs. (1)–(12) and (18)–(21), de-

pendences of the component concentrations and liquid
volumes in both compartments on time are obtained.
Then, these data can be used in the numerical analysis
of the pseudo-steady state approximation.
In the mathematical model given above, a constant

diffusion coefficient and zero flux of solvent were con-
sidered.

Experimental

Generation of component concentrations and
liquid volumes in both compartments as func-
tions of time

Partial differential equations Eqs. (1)–(3) with the
initial and boundary conditions defined by Eqs. (4)–
(8) and other conditions defined by Eqs. (9)–(12) and
(18)–(21) were solved by the finite-difference method.
For this purpose, the membrane and both liquid films
were divided into a grid with the integration steps hI,
hM, and hII (in the x direction – index i) and k (in the
τ direction – index j). The number of grid points in the
x direction in the membrane and both liquid films was
constant and equal to 100 (nM = 100) and 50 (nI =
nII = 50), respectively. The integration step in the τ
direction was also constant (3.6 s). The simple and
implicit finite-difference method was used to ensure
the stability of the solution.
Using a simulation program written in Object Pas-

cal programming language implemented in a Borland
DelphiTM Professional (Version 6), the model devel-
oped was treated numerically with variables listed
in Table 1. In this work, laboratory data were not
treated. Values of the individual variables and their
ranges are based not only on experience in the field
of mass transport through membranes but also on
the data from literature. Membrane area, liquid vol-
umes, and initial component concentrations in com-
partments I and II were the same as those in a real
batch dialyzer, see e.g. Palatý and Žáková (2000) and
Palatý et al. (2007, 2010). In case of other variables,
the aim was to investigate their effect within the vari-
able ranges which can be met in the practice. In all
calculations, a fictive component and solvent, with ba-
sic characteristics summarised in Table 1, were con-
sidered. In the papers cited above, the effect of liquid
films on both sides of the membrane was neglected,
i.e., kIL = kIL = kL → ∞. However, the effect of
the mass transfer coefficients on the overall transport
through the membrane was investigated. Thus, the so-
called generated values of component concentrations
in both compartments, cIAb,gener and cIIAb,gener, were
calculated. Moreover, liquid volumes in compartments
I and II were also calculated. For illustration, these
quantities are plotted against time in Figs. 2 and 3.

Pseudo-steady state approximation

Transport of component A through the membrane
and liquid films is described by the following equations

J IA = −DIA
dcIA
dx

x ∈ 〈0, δIL〉 (22)

JAM = −DAM
dcAM
dx

x ∈ 〈δIL, δIL + δM〉 (23)
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Table 1. List of specified variables

Variable Value or range Referencea

A/m2 62.2 × 10−4
cIAb0/(kmol m

−3) 1.0 Audinos and Pichelin (1988), Narębska and Warszawski (1992),
Narębska and Staniszewski (1997)

cIIAb0/(kmol m
−3) 0.0

DIA/(m2 s−1) 1.0 × 10−9
DAM/(m2 s−1) 1.0 × 10−12–5.0 × 10−10 Narębska and Warszawski (1992), Heintz and Illenberger (1996),

Narębska and Staniszewski (1997)

DIIA/(m2 s−1) 1.0 × 10−9
kIL/(m s−1) 1.0 × 10−6–1.0 × 10−3
kIIL /(m s−1) 1.0 × 10−6–1.0 × 10−3
MA/(kg kmol−1) 72
V I0 /m3 1.0 × 10−3
V II0 /m3 1.0 × 10−3
δM/m 50 × 10−6–500 × 10−6 Suhara et al. (1989), Narębska and Warszawski (1992), Heintz and

Illenberger (1996), Narębska and Staniszewski (1997)

ρ/(kg m−3) ρ = ρw + 2cA + c2A
ρw/(kg m−3) 1000.0
ΨIA 0.1–10.0 Audinos and Pichelin (1988), Suhara et al. (1989), Narębska and

Warszawski (1992), Heintz and Illenberger (1996), Narębska and
Staniszewski (1997)

ΨIIA 0.1–10.0 Audinos and Pichelin (1988), Suhara et al. (1989), Narębska and
Warszawski (1992), Heintz and Illenberger (1996), Narębska and
Staniszewski (1997)

a) Variable falls into the range specified.

Fig. 2. Dependence of component concentration in compart-
ments I (1) and II (2) on time at kIL = kIIL = 1.0 ×
10−6 m s−1, ΨIA = ΨIIA = 1, δM = 50 × 10−6 m and
DAM = 1.0 × 10−10 m2 s−1.

J IIA = −DIIA
dcIIA
dx

x ∈ 〈δIL + δM, δIL + δM + δIL〉 (24)

Assuming the pseudo-steady state (J IA = JAM =
J IIA = JA) and constant diffusivity in the membrane
and liquid films, Eqs. (22)–(24) can be integrated and
rewritten into the forms

JA = kIL
(
cIAb − cIAi

)
(25)

JA =
DAM
δM

(
cIAM − cIIAM

)
(26)

JA = kIIL
(
cIIAi − cIIAb

)
(27)

Fig. 3. Dependence of liquid volume in compartments I (1) and
II (2) on time. For experimental conditions, see Fig. 1.

where kj
L

(
=

Dj
A

δj
L

)
(j = I, II) are the liquid mass

transfer coefficients and cj
Ai (j = I, II) are the

component concentrations in liquid at the solu-
tion/membrane interfaces.
The flux of component A can easily be determined

from the concentration and volume changes in com-
partments I or II, i.e.,

JA = − 1
A

d
(
V IcIAb

)
dτ

=
1
A

d
(
V IIcIIAb

)
dτ

(28)

A combination of Eqs. (26) and (28) leads to the
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differential equations in Eqs. (29) and (30) which de-
scribe the dependences of the component concentra-
tions in both compartments on time

dcIAb
dτ
= − A

V I
DAM
δM

(
cIAM − cIIAM

)− cIAb
V I
dV I

dτ

τ = 0, cIAb = cIAb0 (29)

dcIIAb
dτ
=

A

V II
DAM
δM

(
cIAM − cIIAM

)− cIIAb
V II
dV II

dτ

τ = 0, cIIAb = cIIAb0 = 0 (30)

Concentrations of component A in the membrane
on both its boundaries, cIAM and cIIAM, can be calcu-
lated from the set of Eqs. (25)–(27), to which equilib-
rium relations are added

cj
AM = Ψ j

Acj
Ai j = I, II (31)

When the changes of the liquid volumes and the
component concentrations in both compartments are
known, it is possible to determine the diffusivity of
the component in the membrane. For this purpose,
numerical integration, Eqs. (29) and (30), followed by
an optimisation procedure to determine the minimum
of a suitable objective function can be used. Thus
calculated diffusion coefficient can then be compared
with that for which the dependences cj

Ab = f (τ) and
V j = f (τ) (j = I, II) were generated by the rigorous
procedure.

Results and discussion

The procedure for the calculation of component
A diffusivity in the membrane from data generated
consisted of the following steps:

1. Calculation of derivatives
dV j

dτ
(j = I, II) from

dependences Vj = f(τ) (j = I, II) approximated by
second order polynomials.
2. Initial estimation of diffusivity.
3. Numerical integration of basic differential equa-

tions (Eqs. (29) and (30)). In this step, calculated val-
ues of the component concentrations in both compart-
ments can be obtained at the same time as generated,
i.e., cIAb,calc and cIIAb,calc. For this purpose, the fourth-
order Runge–Kutta method with an integration step
of 3.6 s was used.
4. Calculation of the objective function

F (DAM,calc) = (32)
m∑

i=1

[(
cI,iAb,gener − cI,iAb,calc

)2
+

(
cII,iAb,gener − cII,iAb,calc

)2]

where m is the number of data generated in one time
series.

5. Realisation of a one step optimisation procedure.
For this purpose, the golden section search was used
and corrected value of calculated diffusivity was ob-
tained.
6. Steps 2 to 5 were repeated until a minimum of

the objective function Eq. (27) was reached.
Relative error, E, was used to quantify the effect

of the simplification due to the pseudo-steady state
approximation on the diffusivity determination

E =
DAM,calc − DAM

DAM
× 100% (33)

Considering that the determination of the diffu-
sion coefficient can be based on the concentration and
volume data in both compartments or on the data
concerning compartment II, the relative errors of the
diffusion coefficient, EI+II and EII, were calculated.
(Note: In case of EII, the objective function in Eq. (32)
was based only on the concentrations in compartment
II.)
Relative errors of the diffusion coefficient are de-

pendent on the variables included in the following
equation

Ej = f
(
DAM, δM, ΨA, kL, c

I
A0, kV, kA

)
j = I + II, II

(34)
where kV is the ratio of the initial liquid volume in
compartment I to that in compartment II (kV =
V I0

/
V II0 ), kA is the ratio of the membrane area to the

initial liquid volume in compartment I (kA = A
/
V I0 ).

In Eq. (29), the effect of DAM, δM, ΨA, and kL was
analysed at the constant values of cIA0 = 1.0 kmol m

−3,
kV = 1.0, and kA = 6.22 m−1.
Results of the numerical analysis are presented

graphically as dependences of the relative error on the
diffusivity of the component in the membrane. In all
cases, the membrane thickness is a parameter of indi-
vidual dependences. Figs. 4–7 present the cases char-
acterised by very high intensity of liquid mixing in
both compartments, kIL = kIIL = kL = 1× 10−3 m s−1.
An opposite situation, i.e., where very low intensity of
liquid mixing was used, is depicted in Figs. (8)–(13)
(kIL = kIIL = kL = 1× 10−6 m s−1).
From Fig. 4, where EI+II is plotted against DAM,

it follows that with thick membranes, low values of
DAM, and low values of the partition coefficients the
relative error of the diffusion coefficient is on an ac-
ceptable level, i.e., EI+II < 5 %. An increase in the
partition coefficient increases the relative error, which
sharply decreases with an increasing value of DAM (see
Fig. 5). A further increase in the partition coefficient
has practically no effect on the dependences presented
in Fig. 5. A quite different situation occurs when de-
termining the diffusion coefficient from the concentra-
tion and volume data in compartment II (see Figs. 6
and 7) as the diffusion coefficients are underestimated
and the relative error is almost 20 %. The relative
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Fig. 4. Dependence of relative error, EI+II, on the diffusion
coefficient of a component in a membrane for kIL =
kIIL = 1.0 × 10−3 m s−1 and ΨIA = ΨIIA = 0.1:
δM · 10−6/m: 50 (�), 150 (•), 250 (�), 350 ( ), and
500 (�).

Fig. 5. Dependence of relative error, EI+II, on the diffusion
coefficient of a component in a membrane for kIL =
kIIL = 1.0 × 10−3 m s−1 and ΨIA = ΨIIA = 1.0. For
meaning of symbols, see Fig. 4.

error sharply decreases with an increase in the diffu-
sion coefficient, so that at DAM > 1 × 10−11 m2 s−1,
the relative error is below 2 %. These conclusions are
valid if the values of the partition coefficient are not
too high, i.e., ΨA < 1. Moreover, under these condi-
tions, an increase in the partition coefficient from 0.1
to 1.0 has practically no effect on the relative error. At
high values of the partition coefficients (ΨA = 10) the
relative error is high also for DAM > 1 × 10−11 m2 s−1.
As can be seen in Fig. 8, relative error of the dif-

fusion coefficient is very low (< 2 %), when also the
partition coefficients and the intensity of liquid mix-
ing are very low (kIL = kIIL = 1.0 × 10−6 m s−1). At
medium values of ΨA (Fig. 9), increased relative er-
rors can be found on both boundaries of the depen-
dence EI+II = f (DAM). In the studied range of DAM,
the relative error is below 10 %. In case of thick mem-

Fig. 6. Dependence of relative error, EII, on the diffusion co-
efficient of a component in a membrane for kIL = kIIL =
1.0× 10−3 m s−1 and ΨIA = ΨIIA = 0.1. For meaning of
symbols, see Fig. 4.

Fig. 7. Dependence of relative error, EII, on the diffusion co-
efficient of a component in a membrane for kIL = kIIL =
1.0 × 10−3 m s−1 and ΨIA = ΨIIA = 10.0. For meaning
of symbols, see Fig. 4.

branes and low values ofDAM, it is difficult to meet the
pseudo-steady state conditions. In case of thin mem-
branes and high values of DAM, the unfavourable ef-
fect of the mass transport governed by the liquid films
on both sides of the membrane is pronounced: e.g.,
if DAM = 5 × 10−10 m2 s−1 and δM = 50 �m then
kAM = DAM/δM = 1 × 10−5 m s−1, whereas kL =
1 × 10−6 m s−1. At very high values of the partition
coefficients (ΨA = 10), the relative error can reach al-
most 40 % (see Fig. 10). When the intensity of mixing
is very low and the diffusion coefficient is based on the
concentration and volume data in compartment II, the
diffusion coefficient is underestimated (see Figs. 11–
13). At low and medium values of ΨA (Figs. 11 and
12), the relative error can reach almost 20 %, whereas
at high values of ΨA, the relative error is very high
(see Fig. 13).
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Fig. 8. Dependence of relative error, EI+II, on the diffusion
coefficient of a component in a membrane for kIL =
kIIL = 1.0 × 10−6 m s−1 and ΨIA = ΨIIA = 0.1. For
meaning of symbols, see Fig. 4.

Fig. 9. Dependence of relative error, EI+II, on the diffusion
coefficient of a component in a membrane for kIL =
kIIL = 1.0 × 10−6 m s−1 and ΨIA = ΨIIA = 1.0. For
meaning of symbols, see Fig. 4.

A limited number of calculations were done to
determine the effect of physico-chemical properties
of the studied liquid. Calculations where MA = 100
kmol kg−1 and ρ = 1000 + 30cA+ c2A led to the same
conclusions as those discussed above.

Conclusions

The pseudo-steady state conditions in the mass
transport description in a two-compartment dialysis
cell was analysed numerically. The procedure used
consisted of two steps: i) under the specified condi-
tions, i.e., the initial concentration of the component
(cIA0), initial volumes of liquid (V

I
0 , V

II
0 ), mass trans-

fer coefficients (kIL = kIIL = kL), partition coefficients
(Ψ IA = Ψ IIA = ΨA), membrane thickness (δM), and dif-
fusion coefficient (DAM) dependences of the compo-

Fig. 10. Dependence of relative error, EI+II, on the diffusion
coefficient of a component in a membrane for kIL =
kIIL = 1.0 × 10−6 m s−1 and ΨIA = ΨIIA = 10.0. For
meaning of symbols, see Fig. 4.

Fig. 11. Dependence of relative error, EII, on the diffusion co-
efficient of a component in a membrane for kIL = kIIL =
1.0 × 10−6 m s−1 and ΨIA = ΨIIA = 0.1. For meaning
of symbols, see Fig. 4.

nent concentrations and liquid volumes in both com-
partments were generated using the rigorous model;
ii) the diffusion coefficient of the component in the
membrane was determined from the concentration and
volume data generated using a simplified mathemat-
ical model. The thus calculated diffusion coefficient
was compared with the specified one. The numerical
analysis proved that:
– when the diffusion coefficient is calculated con-

sidering the concentration and volume data in both
compartments under intensive liquid mixing, then, in
case of not too thick membranes and sufficiently high
values of the diffusion coefficient, the pseudo-steady
state conditions represent a good approximation of a
real state;
– value of the diffusion coefficient determined based

on the concentration and volume data in the com-
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Fig. 12. Dependence of relative error, EII, on the diffusion co-
efficient of a component in a membrane for kIL = kIIL =
1.0 × 10−6 m s−1 and ΨIA = ΨIIA = 1.0. For meaning
of symbols, see Fig. 4.

Fig. 13. Dependence of relative error, EII, on the diffusion co-
efficient of a component in a membrane for kIL = kIIL =
1.0× 10−6 m s−1 and ΨIA = ΨIIA = 10.0. For meaning
of symbols, see Fig. 4.

partment initially filled with pure solvent is underes-
timated;
– in case of very low intensity of mixing, relative

errors of the diffusion coefficient determination are ac-
ceptable for low and medium values of the partition
coefficients at the DAM determination based on the
concentration and volume data in both compartments.
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Symbols

A membrane area m2

c molar concentration kmol m−3

D diffusion coefficient m2 s−1

E relative error of diffusion coefficient

F objective function kmol2 m−6

f general function
h integration step in x direction m
J flux kmol m−2 s−1

k integration step in τ direction s
kA ratio of membrane area to initial liquid vol-

ume in compartment I m−1

kL liquid mass transfer coefficient m s−1

kV ratio of initial liquid volume in compart-
ments I and II

M molar mass kg kmol−1

m number of data generated
n number of grid points
V volume m3

x length coordinate m
δ thickness m
ρ density kg m−3

τ time s
Ψ partition coefficient

Superscripts and subscripts

A referred to component A
b referred to bulk solution
calc calculated
gener generated
i referred to solution/membrane interface
L referred to liquid
M referred to membrane
w referred to solvent
I referred to compartment I
II referred to compartment II
0 initial
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Akgemci, E. G., Ersöz, M., & Atalay, T. (2005). Transport of
formic acid through anion exchange membranes by diffusion
dialysis and electro-electro dialysis. Separation Science and
Technology, 39, 165–184. DOI: 10.1081/ss-120027407.

Alexandrova, I., & Iordanov, G. (2005). Transport of cadmium
and iron through a carboxylic membrane based on poly(vinyl
chloride)/poly(methyl methacrylate-co-divinyl benzene) sys-
tem. Journal of Applied Polymer Science, 95, 705–707. DOI:
10.1002/app.21230.

Allen, C. A., Cummings, D. G., & McCaffrey, R. R. (1989). Sep-
aration of Cr ions from Co and Mn ions by poly[bis(trifluoro-
ethoxy)phosphazene] membranes. Journal of Membrane Sci-
ence, 43, 217–228. DOI: 10.1016/s0376-7388(00)85099-1.

Audinos, R. & Pichelin, G. (1988). Characterization of electro-
dialysis membranes by chronopotentiometry. Desalination,
68, 251–263. DOI: 10.1016/0011-9164(88)80059-6.

Elmidaoui, A., Cherif, A. T., Molenat, J., & Gavach, C. (1995).
Transfer of H2SO4, Na2SO4 and ZnSO4 by dialysis through
an anion exchange membrane. Desalination, 101, 39–46.
DOI: 10.1016/0011-9164(95)00006-n.

Ersoz, M., Gugul, I. H., & Sahin, A. (2001). Transport of acids
through polyether–sulfone anion-exchange membrane. Jour-
nal of Colloid and Interface Science, 237, 130–135. DOI:
10.1006/jcis.2001.7487.

Hao, J. W., Gong, M., Wu, Y. H., Wu, C. M., Luo, J. Y.,
& Xu, T. W. (2013a). Alkali recovery using PVA/SiO2



568 Z. Palatý, H. Bendová/Chemical Papers 69 (4) 560–568 (2015)

cation exchange membranes with different –COOH contents.
Journal of Hazardous Materials, 244–245, 348–356. DOI:
10.1016/j.jhazmat.2012.11.056.

Hao, J. W., Wu, Y. H., & Xu, T. W. (2013b). Cation exchange
hybrid membranes prepared from PVA and multisilicon
copolymer for application in alkali recovery. Journal of Mem-
brane Science, 425–426, 156–162. DOI: 10.1016/j.memsci.
2012.09.024.

Heintz, A., & Illenberger, C. (1996). Diffusion coefficients of
Br2 in cation exchange membranes. Journal of Membrane
Science, 113, 175–181. DOI: 10.1016/0376-7388(95)00026-7.
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