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Abstract. The proofs of generalized Hardy, Copson, Bennett, Leindler-type,
and Levinson integral inequalities are revisited. It is contemplated to establish
new proof of these classical inequalities using probability density function.
New integral inequalities of Hardy-type involving the 7" order Generalized
Riemann—Liouville, Generalized Weyl, Erdélyi—Kober, (k,v)-Riemann—Liouville,
and (k,v)-Weyl fractional integrals are established through a probabilistic
approach. The Kullback—Leibler inequality has been applied to compute the
best possible constant factor associated with each of these inequalities.

1. Introduction

In 1920, G. H. Hardy [11]| published a note that says that if a > 0, f(z) >0, p > 1
and [ fP(z)dz is convergent, then

[P [ romons (LY [ oo o)

In 1925, the same author published another note ([12], see also [10, Theorem 327,
p. 240]) in which the continuous Hardy inequality was established as stated below:

Theorem 1. Suppose p > 1, f(x) > 0, and that f(x) is integrable over any finite
interval (0,2) and fP(x) is integrable over (0,00). Then
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468 A. MANNA

The discrete Hardy inequality asserts that if (ax)72 ; is a non-negative sequence
of real numbers and p > 1, then

n

SGre) (i) e ®

k=1

The constant term (%)p in both inequalities (2) and (3) is sharp. It is easy to prove
inequality (3) by restricting inequality (2) to the class of step functions. Landau
([12, p. 154]) first discovered this important fact. These inequalities are known as
the standard form of Hardy’s inequality and which occupy prominent positions in
different branches of mathematics. Based on this inequality, several applications in
the form of generalizations, extensions, refinements, etc. have been studied by many
mathematicians during the past nine decades. For further information regarding
Hardy inequalities and their extensions and applications, the readers are referred
to the book by Hardy et al. [10] and to the articles [3,5-7,15,21] and references
cited therein.

In case when 0 < p < 1, f(x) >0, f(x) is integrable over any interval (z, c0)

and fP(z) is integrable over (0, 00) then

B G L a5 [ srowsrons

unless f = 0. The term (%p)p is a best possible constant factor in (4) [10, Theorem

T
337, p. 251].

An important extension of inequality (2) was proved by Hardy [13] which is
given below:

Theorem 2. Suppose thatp > 1, m # 1, f(x) > 0 and fP(x) is integrable on (0, 00).
Define F(x) as

F(z) = /Oév f(®)dt form > 1 and F(x) = /00 f(®)dt for m < 1.

Then

/0 R (@) da < () /O e (af)Pda holds, (5)

Im —1]

where the constant term (‘m’%”)p is best possible. It may be noted that when p =1,
inequality (5) becomes an equality [10].

The reversed version of inequality (5) is also due to Hardy [13], and is stated
below:
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Theorem 3. Suppose that m, and F' satisfy the conditions as provided in Theorem 2
but 0 < p < 1. Then the inequality

/0 x*me(x)dx>( P )/0 x” "™ (x f)Pdx holds. (6)

m—1]

The constant term (ﬁ)p 1s best possible.

Further extensions of inequalities (5) and (6) are due to Copson [8] as given
below:

Theorem 4. Suppose thatp > 1, m # 1, f(x) > 0 and fP(x) is integrable over [a, c0),
a > 0. For a positive real-valued function A(x) (> 0), denote A(z) = [* A(1)dl such
that A(co) = co. Define F(x) as

oo

F(z) = /I A) f(t)dt form > 1 and F(x) = / A) f(t)dt form < 1.

Then the following inequality holds:

/a @) A () FP () < ( p )p / AN () (). (7)

jm — 1|

In case when 0 < p < 1, the following inequality

/a @) A (1) FP () > ( P )p / @) A (@) () da holds.  (8)

[m —1|

2
[m—1]

In both the cases, the constant term ( )p s sharp.

A variant of the Hardy—Copson inequality was studied by Leindler [16] who
obtained the discrete version of the following continuous inequality:

Theorem 5. For a positive real-valued function A(xz) (> 0), denote A.(z) =
L5 MD)dl, where x € [a,00) with a > 0 such that A,(co0) = 0. Suppose that p > 1
and 0 < m < 1. Then the following inequality holds:

TR ([ eso)'as < (20 [T e )

a

Bennett [4] established another variant of the Hardy—Copson inequality and
obtained the discrete version of the following continuous inequality:

Theorem 6. Denote A, (z) = [° A(1)dl, where M(z) > 0, € [a,00) with a > 0
such that A«(00) = 0. Suppose that 1 < m < p. Then the following result is true:

a
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In case when 0 < p < 1, the signs of both inequalities (9) and (10) are reversed,
and associated constant terms are sharp.

Apart from the discrete version of inequality (9), Leindler [16] further obtained
the discrete version of the following integral inequalities, called as Leindler-type
inequalities:

Theorem 7. Suppose that p > 1, A(z) > 0, g(z) is integrable over the intervals
(a,z) and (x,00). Then the following inequalities are true:

/aoo )\(x)(/; g(t)dt)pdm <p’ /aoo Alfp(x)</oo A(t)dt>pgp(x)dm, (11)

€T

/aoo () ( /;o g(t)dt) Ty < pr /:O AP () ( /: A(t)dt) P (12

The term pP in both cases is best possible. In case when 0 < p < 1, the signs of the
above inequalities are reversed as shown by Leindler [18] in the discrete case.

Corollary 1. (|10, Theorem 328|) Ifp > 1, AN(z) =1 and a — 0T, then inequality

(12) gives . )
/O ( / gltydt) dw < p? /O 2P (2)dr.

The inequalities (2), (4), (5) and (6) are known as the basic models of the
theory of classical integral inequalities. These inequalities and their generalizations
and variants are dealt with in this paper. Many mathematicians have published
proofs of these inequalities in the literature. Recently, Walker [24] presented proof
of inequality (2) by a fully probabilistic approach.

In a continuation to the work presented by Walker [24], we report here a prob-
abilistic proof of the other important classical inequalities (7)—(12). It is noteworthy
that inequality (4) is a special case of inequality (6) and inequalities (5) & (6) are spe-
cial case of inequalities (7) & (8), respectively. So, it is needless to present the proofs
of inequalities (4), (5) & (6) separately. Some of the other important inequalities es-
tablished earlier by Leindler [17] and Levinson [20] have been reinvestigated here to
obtain proofs via probabilistic approach and employing a certain class of functions
in the process. Finally, using Generalized Riemann—Liouville integral, Generalized
Weyl integral, Erdélyi-Kober, (k,v)-Riemann—Liouville, and (k,v)-Weyl fractional
integrals of order 7, new integral inequalities are derived through a probabilistic
approach.

The Kullback—Leibler inequality [9], stated below, has been applied to prove
that the constant term is sharp: Let n and ¢ be two probability density functions
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(p.d.f.) on a set A of non-zero Lebesgue measure in (0,1). Then the Kullback-
Leibler inequality (or ‘Information inequality’) states that

/g Z’;}d >0 (13)

and that equality holds if and only if {(u) = n(u) for all u € (0,1).
Now, multiplying both sides of inequality (13) by (p — 1) and hence using
logx < z — 1, one immediately obtains

L¢P (u)
= du > 1, (14)

which is used frequently for proving all results.

2. Proofs of the main results and more

Let us begin with the proof of Theorem 4 that is the proof of inequality (7).

Proof of Theorem 4. Two different cases are considered to prove it.

Case I: m > 1. Let n(t;x) be a p.d. f. in the domain (a,z) for x > a > 0.
Then by definition, one gets f; n(t;z)dt = 1. Applying the Jensen’s inequality, the
following is obtained:

([ sasar) = ([ 2w
<[ S o= [
Using Fubini’s theorem, one obtains
/aooAmi /)\ tydt) " </ Am /:ﬁ(tl){:gdt)dx
:/a /\p(t)fp(t)(/too[\m(gj));](j—)l(t;x)dx)dt' (15)

Now assuming that n(t;x) is a scale distribution in the domain (a, ) as defined by

oy A AR

for some p. d. f. n(u) in the domain (0, 1). Inserting the above value of n(¢; z) in the
inner integral of right-hand side of inequality (15) and changing the variable using

Acta Scientiarum Mathematicarum 86:3-4 (2020) (© Bolyai Institute, University of Szeged



472 A. MANNA

transformation v = %, one gets

B N S (0 R
/t @) /t Am(x)Apfl(t)nP*(ﬁ?)d

oy \) )
N )\p—l(t)/o ATn—p-l—l(x)np—l(A(t))d

1 Lym—p-1
= / du
AL A™P(E) Jo nP~H(w)

Therefore inequality (15) becomes

a J(Cﬂ)c /A df”</0 n::»l / Amp fP(@)dw,  (16)

which proves inequality (7) with the constant term

1 umfpfl
Comlt) = | S

For sharpness of the associated constant term C), ,,,(7), it is required to show that

1, m—p—1
PP u™r
LN < [ E—du=Cpln).
(m—l) Cr, _/0 NP~ (u) w = Cpm(n)

By choosing a p.d. f. ((u) = (%)umT_l_l in the domain (0, 1), inequality (14)
after simplifications assumes the form

/O 1 ;;;""f(; duz (2" (a7)

In addition, if one chooses n(u) = (mTfl)um;l ~ p.d.f on (0,1), then the equality
sign occurs in inequality (17) and hence the proof of Case I is complete.

Case II: 0 < m < 1. Now assuming that n(¢;z) is a p. d. f. in the domain
(z,00), one gets by definition fmoo n(t; x)dt = 1. Applying Jensen’s inequality, the
following is obtained:

([ o)’ = ([ S nem)’
[ [0
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Then Fubini’s theorem implies that

[ 280 el 25 [297000
_ /a T ) ( /a t/w(x))\;)%daz)dt. (18)

Now a scale distribution n(t; 2) in the domain (z,c0) is chosen as follows:

o AWA@) AG)
i) = =g (5

for some p. d. f. n(u) in the domain (0, 1). Then the inner integral of the right-hand
side of inequality (18) simplifies to the following form:

! A(x) s M) A2P=D(¢)
. s ot omis iy (A1)

NG

Changing the variable by using transformation u = ?\((f)) , one gets

! A(@) _ 1 ! du
L NW@W”Wt@dzAw‘@Amﬂ@)A w1 (u)

Finally, inequality (18) assumes the form

) (/OC Mo (1)) o < /Olu_m_pﬂdu/am MA(fzx)fp(x)dx, (19)

() P (w)

which proves inequality (7) with the constant term

1 u—m—pt1
Cp,m (1) :/0 de

To obtain the sharp constant term C, ,(7), it is enough to show that

1 —m—p+1
p\?P u
(1 — ) Cpm < /0 =1 () du Cp,m(n)

Am

a

Let us choose a p. d. f. {(u) = (%)u%_l in the domain (0, 1). Then inequality
(14) takes the form

1,,—m-p+l1
u po\P
- du> [
/0 ) au 2 (1 —m) ’ (20)

Acta Scientiarum Mathematicarum 86:3-4 (2020) (© Bolyai Institute, University of Szeged



474 A. MANNA

and that equality holds when n(u) = (1777")1L177m71 is chosen in the domain (0, 1).
This completes the proof of inequality (7).

It may be noted that when 0 < p < 1, the function F(x) defined earlier is
concave for m > 1 as well as for m < 1. Consequently the signs of inequalities (15)
and (18) are reversed and hence inequality (8) can be proved easily and subsequent

derivations are left for the readers. -
Now it is planned to present the proof of Theorem 5 that is the proof of
inequality (9).

Proof of Theorem 5. Proceeding in the parallel lines of the earlier theorem, n(¢; x)
denotes p. d. f. in the domain (a,z) for x > a > 0. Using Jensen’s inequality and
Fubini’s theorem, one gets

i /A dt dx</ NP (8) fP (1) / /Mf)l(m)dx)dt.
(21)

Now n(t; x) is chosen as a scale distribution in the domain (a, z) as defined below:

L AB)A(z) o Al(x)
(@) = =33 U(A*(t))

for some density function n(u) in the domain (0,1). Then the inner integral of
right-hand side of inequality (21) simplifies to

Mo [ A@) ARV (0) N
AAﬂWWWMd_KAM@wﬂl )

which reduces to the following by changing the variable u = /1\\ (é)

N

Oo A(z) . 1 ! du
/t A;"(a:)np—l(t;a:)dx* )\P—l(t)AT_p(t)/o um TP =lpp=1(y)’

Finally, inequality (21) can be written as

/aoo AA(Z)C) (/j A (1)t do < /01 %du /:o pr(x)da (22)

which is inequality (9) with the constant term

1u7m7p+1
mm) = [ ——du.
Comti) = || ity

It has already been proved in Theorem 4 (Case II) that the term Cy, ,,,(n) > Cpm =

(ﬁ)p is best possible constant. Hence inequality (9) is established.
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Proof of Theorem 6. Considering 7(t;z) as a p.d.f. in the domain (z,00) for
x € |a,0), a > 0 and then applying Jensen’s inequality and Fubini’s theorem, one
obtains

Am / (O f(t)dt) de < / AP(1) (1) / NTEE )1(t m)dx)dt. (23)

Choosing n(t; x) is a scale distribution in the domain (x,c0) as below:

A A®)
n(t;z) = A*(z)n<A*(x))

for some p. d. f. n(u) in the domain (0,1). Then inner integral of the right-hand side
of inequality (23) becomes

M) [T @) AT (1)
m -1 dv = m+p—1 A (z) dz,
a A* (x)np (tVT) t )\p—l(t)A* P (x)np_l(/\i(t))

B 1 /1 du
= )\pfl(t)A;nfp(t) //\\*7(“)) u7m+p+17717*1(u)

< 1 /1 du
>~ )\Pfl(t)ATip(t) 0 u7m+p+1np71(u),

where u = j\\ (( ) Finally, inequality (23) reduces to

a 3(2 / At dﬂc</0 77: 1p : / Am p fP(z)dz, (24)

which proves inequality (10) with the constant term
1 um—p—l
C = ——d
Pvm(’rl) /(; npfl(u) U

The constant (—2<)" = Cp,,n < Cp . (n) is sharp as Case I shows in the proof of
Theorem 4, hence its derivation is omitted. Therefore inequality (10) is proved.

It is now contemplated to give a probabilistic proof of the Leindler-type in-
equalities (11) and (12) of Theorem 7.

Proof of Theorem 7. Choosing the substitutions g(t) = 1{52) for inequality (11)

and ¢g(t) = f ( ) for inequality (12), respectively, then these inequalities reduce to
the 1nequaht1es

/a h Aa)( / ’ Af*(z) dt) da < p7 / NP () £ () d (25)
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and
/:o )\(x)(/:o /{E?)dtydm <pP /aoo AP () 7 (2) di. (26)

Therefore it is adequate to prove inequalities (25) and (26).
Proof of (25). Let n(t;z) be a p. d. f. in the domain (a,x) for 2 > a > 0. Then
by applying Jensen’s inequality and Fubini’s theorem, one can directly obtain

* EOIAY /°° frt) /‘” Alx)
< .
/a W% ORI v A
Select a scale distribution 7(¢; z) in the domain (a, z) as follows:

L AOAE) (A
i) = e (3m)

for some density function n(u) in the domain (0,1). Then inequality (27) after

substituting v = /X*((f)) with A, (0c0) = 0 assumes the form

/:O A(@(/j [{*(8) dt)pda: < /01 upl;l:l(u) /:o AP (2) () da,

which proves inequality (25) with the constant term

! du
Cp(n) = /0 ————— 2> p''= Cp.

()

The term p? is best possible which can be easily deduced from Theorem 5 by putting
m = 0. This completes the proof of inequality (25).

Proof of (26). Suppose that 7(t; x) is a p. d. f. in the domain (z, c0) for = €
[a,00), a > 0. Applying Jensen’s inequality and Fubini’s theorem, the following is

/a h A ( /w b /{E?)dt)pdx <[ [{28 /a t o _Al(é); . (28)

Defining a scale distribution 7(¢; ) in the domain (x,00) as follows:

oy AWA@) AG)
i) = =g (5

obtained:

a

for some density function n(u) in the domain (0,1). Then by using the transforma-

tion u = %, inequality (28) assumes the form

/aoo )\(33)(/:0 /‘ig&)pdw < /01 w”l:;lpul(m /aoo AP (2) f7 (2)d,
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which is inequality (26) with the constant term

1
du
_ p_
Cp(n) - /(; Upilnpil(u) Z = CP7
which is again best possible as shown earlier. This completes the proof of inequality

(26). .

In addition to the above inequalities, some generalizations were made by
Leindler [17] in the discrete case. Before putting a list of generalized inequalities,
the following is recalled: for p > 0, ¢ € D(p) if ¢ is a non-negative increasing
function on [a,00), a > 0, ¢(0) = 0, @é:)
results are true:

is non-increasing. Then the following

Theorem 8. Suppose p > 1, m # 1 and ¢ € D(p). Notations A(z) and F(x) carry
the same meaning as in Theorem 4. Then the following holds:

/oo AMz)A™™(z)p(F(z))dx < (|mp_ 1|>P/°° MNP () AP (2)p(AN(z) f(z) ) dex.
(29)

2
[m—1]

The constant term ( )p is best possible.

Corollary 2. By choosing p(x) = 2P, p > 1, one gets inequality (7).
Similarly Theorems 5 & 6 can be generalized in the following way:

Theorem 9. Suppose p > 1 and m # 1. Define F*(x) as

o0

P (z) = / N F ()t form < 1 and F*(z) = / MO F(@)dt form > 1.

x

If o € D(p), then the following inequality is true:

/wAmA;m(x)so(F*(x))dxs( L )p/ooxlfwmz:*m(z)w(A(x)f(x))dz. (30)

[m — 1|

Corollary 3. By choosing p(x) = aP, p > 1, one gets inequalities (9) and (10).

To prove the above theorems, the following lemma proved by Leindler [19] is
recalled:

Lemma 1. ([19]) Ifp >0, v € D(p) and = > 0, then

tPo(z) < @(tz) for 0 <t <1 and (tz) < tPo(x) fort > 1.
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Proof. The proof immediately follows from the definition of the class D(p) and is

hence omitted. -

Next we present the proofs of Theorem 8 and Theorem 9.

Proof of Theorem 8. The proof of this theorem is quite similar to that of Theorem
4. Suppose that p > 1, m > 1 and ¢ € D(p). Applying Jensen’s inequality and
using Fubini’s theorem, one can directly establish the reduced form of inequality
(15) as shown below:

[ wmelre)es [ fi)/ Wéflfﬁ)) (e

(
:/:O B f / e n” 1( T v)dt,  (31)

where the notations have their usual meanings and the last line is the application of
Lemma 1 for 0 < n(t; z) < 1. Remaining of the proof runs similar lines as developed
in Theorem 4. The case m < 1 will be treated similarly as the Case II of Theorem
4. Therefore inequality (29) immediately follows by joining these two cases. The
procedure for obtaining the best possible constant will also be same as that of

Theorem 4, and hence omitted. -

The proof of Theorem 9 is also quite similar to those of Theorems 5 & 6.

Proof of Theorem 9. Suppose that p > 1, m < 1 and ¢ € D(p). Applying Jensen’s
inequality and using Fubini’s theorem, one can directly establish the reduced form
of inequality (21) as follows:

/aoo Aérsz)so(F*(x))d:c < /aoo ZE:(E;) /zw()\ézz;fg))n(t;x)dtdz
(

:/aoc o(At)f / Mf)l(mcl )dt (32)

where the notations have their usual meanings and the last line is the application of

Lemma 1 for 0 < n(t;z) < 1. The rest of the proof runs similar lines as developed
in Theorem 5. Similarly the case m > 1 will be treated as presented in Theorem
6. Hence inequality (30) follows immediately by combining these two cases. The
procedure for obtaining the best possible constant is again the same as those of

Theorems 5 & 6, and is hence skipped. -

Levinson proved the following;:
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Levinson inequality. ([20, Theorem 2|) Let ¢ be defined on an open interval (finite
or infinite) such that p(u) > 0, ¢” > 0 and satisfies the following inequality for
p>1:

oo > (1 - ;1)) ()2 (33)

Suppose that f(x) is defined in the domain (0,00), range of which lies in the closed
interval of definition of ¢. For a positive real-valued function A(z) (> 0), let A(z) =
JEA)dl such that A(co) = co. Then we have

[ ela [rosaa)e < (2 [Teten e

The reduced inequality (A = 1) is also due to Levinson ([20, Theorem 1]).

Now inequality (34) will be proved using a probabilistic approach as discussed
in the earlier proofs. But this time only the condition ¢ € D(p) will be used instead
of condition (33). The statement of the theorem reads now as follows:

Theorem 10. Letp > 1, p € D(p) and f(x) be defined on (a,00), a > 0. Then the
following

/ / At dt dz < ( fl)p/f o(f(x))dz holds.  (35)

Also the constant factor (p’%l)p is sharp.

Proof. Let n(t;z) be a p.d.f. in the domain (a,z) for x > a > 0. Proceeding
similarly as in Theorem 4, by applying Jensen’s inequality and Fubini’s theorem,
one gets

[t [ sy [ [ oo

Choosing the scale distribution n(¢; ) in the domain (a, x) as in Theorem 4 (Case

I) given by n(t;z) = )‘((t))n(//\\((i))) inequality (36) takes the form

/:oga(A(lx) /;)\(t)f(t)dt>dx< /:o /toogo<n(fj§2))));\((i))n<2((;)))dxdt. (37)

Using the transformation u = %, Lemma 1 with 0 < (¢; ) < 1 and then applying

the non-decreasing property of A, inequality (37) is reduced to the form

[ ot [ oswaae < [t [T e
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which proves the inequality (35) with the constant term fol W}p%l(u)du. To prove that
the associated constant term C, = (ﬁ)p sharp, it is enough to show that C), <

fol unp%l(u)du = Cp(n) and which again follows from Theorem 4. This completes

the proof of inequality (35). .

3. New integral inequalities

In fractional calculus, the Riemann—Liouville integral plays an essential role, whereas
the Weyl integral finds its application in the theory of Fourier series. A natural
extension of Hardy’s inequality (2) using the Riemann—Liouville integral is due to
Knopp [14], and another extension of Hardy’s inequality involving the Weyl integral
can be found in the book of Hardy et al. ([10], Theorem 329).

In this section, a generalized version of the Riemann—Liouville integral, and the
Weyl integral are introduced and using both these generalized integrals, new frac-
tional integral inequalities are established. Further, applying the same techniques,
new integral inequalities involving the r* order Erdélyi-Kober, (k,v)-Riemann—
Liowville, and (k,v)- Weyl fractional integrals are presented. Finally, it will be shown
that the best possible constants attached with each of these integral inequalities
may be obtained through a probabilistic approach. In the remaining portion of the
paper, it is assumed that the right-hand side integral in each of the inequalities
(39), (43), (46), (49), (53) and (58) is finite.

3.1. Generalized Riemann-Liouville integral

Let r > 0 be a real number and A(z), A(x) carry the same meaning as mentioned
in Section 1. Then Riemann—Liouville integral of \(x)f(z) of order r with origin
at 0 is defined as

1

70 =55 / “(Alx) — AWM (1)t (38)

Then we have the following theorem.

Theorem 11. Suppose that p > 1. Then the following inequality

IS ACORY: Fa=2) " 1,
/0 /\(x)( Ar(x)) da:<{1M /0 Aa)fP(x)dz holds,  (39)

ra-1) P .
m} is sharp.

unless f = 0. The constant term {
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Corollary 4. In particular when A(z) =1 for all x € (0,00), then expression (38)
for fr(x) is known as the Riemann—Liouville integral of f(x) of order r with origin
at 0 and inequality (39) reduces to

/0 (ir) dm<{r( +1—f } / il

which further reduces to Hardy’s inequality (2) for r = 1 (see [10, Theorem 329]).

Naturally, inequality (39) is more general than its earlier form. It is now decided
to provide a probabilistic proof of Theorem 11 that is inequality (39).

Proof. Let n(t; ) be a probability density function in the domain (0, z) for x > 0,
so that one gets foz n(t;x)dt = 1. Applying Jensen’s inequality and Fubini’s theorem,
one obtains

[ o)
O <A /(03 ) ( / (A(x) — AR)PC=DNP (1 )f”()dt)d
= Jo Am(@{r(r)}p 0 ) !
Ne() P (1)

)f7(t) A(z)(A(z) — A(t)Pr—D
:/0 T (/ AP (z)nP=1(t; 2) dx>dt' (40)

Let n(t; z) be a scale distribution in the domain (0, z) and is defined as n(t;z) =
)‘E;)) ( A(I))) for some density function n(u) in the domain (0,1). Replacing the

value of n(¢; z) in inequality (40), one gets

[ ()
P < A(x)(A(z) — A(t))Pr—DAP— (g
3/0 {;t()f) (t)(/t Az)(A At A )dx)dt
_ A(t)

I N (DA (@) (30)
o » 1 L (1 — )1 B
/0 At f (t)({r( )}p/ =T du)dt where u = 5

B 1 1 (1 U p(r 1) p
- {r<r>}p/o w1 / A@) (e (1)

This proves inequality (39) with the constant term

1 (1 —u)ptr=1) y
Cprln) = {r<r>}P/o i) "
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ra-1)

P
m} is sharp, one needs

To show that the associated constant term C), . = {

to prove that
I‘(l — %) P
Cp,r(n) 2 {M} = Cp’r.

_1 .
By choosing a p. d. f. {(u) in the domain (0,1) as {(u) = %, where B(-, ")

denotes the well-known Beta function, the inequality (14) becomes
1 (1 —w)ptr=1 1 1 »
c,., = / du > B(1—-,r
0= 5 Jy i e 120 )
1 p
_ r-3)
Lr+1-3)f"

hence the constant C, () = Cp, in inequality (41) is sharp. Equality holds when

u P (l—u)""

n(u) = W. If f is non-nul, then there is an equality in (39) for f(z) =

{\(z)}~/7. But this leads to the divergence of IS A(@) fP(z), and this completes

the proof of inequality (39). -

3.2. Generalized Weyl integral

For r > 0, the Weyl integral of A\(x)f(z) of order r is now defined as follows:
1 e _

o) = g5 [ (MO =A@ N0 (42)

Then the following is true:

Theorem 12. Suppose that p > 1. Then the following result

> . rG) " \ .
/0 M) (fr(2)) do < {F(T‘F]l,)} /0 Ax) (A" (z) f(x))Pdx is holds,  (43)

r'($)
unless f = 0. The term {F(riil)

P
} 1s best possible constant.
P

Corollary 5. In particular, when A(x) = 1 for all x € (0,00), then (42) turns out
to be the Weyl integral of f(x) of order r so that inequality (43) reduces to

e8] T 1 p o)
[ ooras <\ [

p

which is another form of Hardy’s inequality (see [10, Theorem 329]) and further
reduces to another well-known inequality (see [10, Theorem 328]) when r = 1.
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It is to be noted that the inequality (43) is an extension of Hardy’s inequality
and here a probabilistic proof of inequality (43), i.e. Theorem 12 is presented.

Proof. Let 7(t; z) be a probability density function in the domain (z, c0) for « > 0.
Hence by definition f:o n(t;2)dt = 1. Then applying Jensen’s inequality and Fubini’s
theorem, one obtains

[Ty s [Tl ([T AOZAGIEEN O 4,

{r(r)} =L (t x)
_ (RO [ M)A — A
7/0 (T} </0 Pt ) d )dt. (44)

Choosing 7(t;xz) is a scale distribution in the domain (z,00) as n(t;x) =
/\(1?2/(\15()1 )77(1/\\((;;))) for some density function 7n(v) in the domain (0,1). Replacing

the value of n(t; z) in inequality (44), one gets

NP () 1 1 M) (A() — A(x))Pr=D A=) (1)
= /0 { (/o dw)dt

Loy N (A @) (55)

A
r 1 Pty : A(z)
/ AE) (AT () f())P ({F( )}pA o T i(o )dv)dt by puttmgv:m

—v p(r—1) oo
{F(r)}P /0 E,lp 177;)9 ) dv /O A A" () f(t))Pdt, (45)

which proves inequality (43) with the constant term

1 L (1 —v)rtr=1) ;
Cor ) = (x5 |, Ty

In order to demonstrate that term C,, is best possible only when it equals

{F(r-s— )}p one needs to prove that

Cpr(n) = {F(;))}p =Cp,r

F(r+%

By choosing a p. d. f. {(v) in the domain (0,1) as {(v) = %, then inequal-
ity (14) assumes the form

I S N ) 1 tovr_ [ TE)
Cp,r(n)_ {F(T)}p/o vpflnpfl(v) dv > {F(T)}p{B(p’T)} o {F(TJF;) s

which shows that the constant C),,.(n) = C, , in inequality (45) is best possible.
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1_
vp ! 1—v)"

Equality holds when n(v) = B((l 5 ' and this completes the proof of inequality
i,

(43). .

3.3. Erdélyi—Kober fractional integral

The Erdélyi-Kober fractional integral operators, I}/ ¢ and J7, are respectively the

UE
generalized form of the Riemann—Liouville and Weyl fractional integrals with power

weights and are defined as follows:

(Iehw) = = [ = eyt o
0

and

oo
U@ =55 [ @ -ty e
x

These operators have many applications in different parts of fractional integral and

differential calculus. The operators and their generalizations also find numerous

applications in mathematical physics [23]. Several authors have also obtained re-

sults involving these operators (see [1]). Here new Hardy-type integral inequalities

involving the Erdélyi-Kober fractional integral operators are established, and it is

proved that the best possible constants can be obtained by a probabilistic approach.
Let us begin with the following theorem.

Theorem 13. Suppose that p > 1, r > 0 and £ > 0. Then the following inequality

< » rE-) "1~
/0 ((Iyef)(x))Pdr < {M} /0 fP(z)dz  holds, (46)
re-4)

P
unless f = 0. The constant term { } is best possible.

T(r+6—55)

Proof. Let n(t;x) be a probability density function on (0,z) for z > 0, so by
definition fow n(t; z)dt = 1. Applying Jensen’s inequality and Fubini’s theorem, one
obtains

/0 (@) @)Pde

00 1ppp(=v(E+a)+v) T (v \p(r=1)p(v€-1) £p
S/ Py </ (x¥ —t) t f(t)dt)dx
0 {I'(r)}» 0 Pt x)
00 1p P oo (1 — VPO pu(r—1)4pr(1-€—r) p(ve—1)
:/ Ve (t)(/ (L) et dr)dt. (47)
o AT} \J; Pt )
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Choosing 7(t; x) is a scale distribution on (0,z) as n(t;2) = 1n(L) for some density
function n(u) on (0,1). Replacing the value of n(¢; z) in (47), one gets

| (@en@) e

3 /OO l/pfp(t) (/oc pP—1+pv(r=1)+pr(1—€-r) tp(uf—l) (1 B z)p(rfl)dx)dt
=)y Tor (L) g

_ > YP fP(t) (/1 uPE=D=1(] — g )p(r=1)
0

t
du) dt by putting u = —
x

o TOW )
_ vP 1 up(VE—l)—l(l _ uu)p(r—l) y o )
B {F(r)}P/O nP=1(u) d /0 fP(t)dt. (48)

ve—1_1 o —
Let us consider a p. d. f. ((u) on (0,1) as ((u) = &= Bp(é_(i_f) """ Then inequality
(14) becomes

P 1 pwe=1)—=101 _ 4v\p(r—1)
v / u (1 —u") du
0

{T(r)}» P (u)
» reE-5 "
= {r(i)}p{B(g‘]%’O} - {F(r+§_ le)} ’

which shows that the associated constant term in inequality (48) is best possible.

_1_
v TP 1(1—11.")"'71

BE— L.
inequality (46), that is Theorem 13.

Equality holds when n(u) = and this completes the proof of

Now the following theorem involving the fractional integral operator J;/, will
be proved.

Theorem 14. Suppose that p > 1, r > 0 and n > 0. Then

o0 T(n+ ;) Ppoo
| ran@yras < (b [ s o)

L(r+n+;

1
L(n+.5)

unless f = 0. The constant term {m

p
} is best possible.

Proof. Let n(t;z) be a probability density function on (z,00) for x > 0, so by
definition [~ n(t;z)dt = 1.
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Applying Jensen’s inequality and Fubini’s theorem, one obtains

| @@y
_ 0O P PV (/00 (tv — av)Pr=Dgp(=v(rtn)+v=1) £p(})
~Jo AT(n)}? nP=(t z)
< yppp(t) o (1 — )T grrngprr= ) —prrn)pv—p
o A{L(r)}r (/ nP=(t; @)

Choosing 7(t;x) is a scale distribution on (z,00) as n(t;z) = %n(%) for some
density function n(u) on (0, 1). Inserting the value of n(¢;z) in (50), one obtains

dt) dx

dx) dt. (50

| wrn@y

P fP(t) /t pPvn—p+1 p(r—1)
tevntPm2(] dx )dt
~Jo {F(T)}”( o 7HE) < t”) )

B o ypfp(t) 1 uplm—p+1(1 _ uu)p(r—l) . e
- /0 H{(r)}? (/ np*l( ) d“) di by putting u = >

P Lyprn=p+1(1 — v )p(r=1) ’(
= {r<r>}p/o =y d“/ " (51)

W/Jrf

Consider a p. d. f. ((u) on (0,1) as ((u) = £ Bp(n+(11 u)) —. Then inequality (14)

assumes the form
P 1 upyn—p—‘,—l(l _ ul/)p('r'—l) 1 p
N A e A G ),
- {PW)} 62)
|\ T(r+n+ %p) '

T(n+55)
D(r+n+55)
hence in inequality (49) is best possible. Equality holds when n(u) = ((u) and this
completes proof of the theorem.

p
Inequality (52) shows that the constant term { } in inequality (51) and

|
3.4. (k,v)-Riemann-Liouville fractional integral of order r

Let k> 0, r > 0, v be a non-zero real number and f(z) be a continuous function
defined on [0, z]. The (k,v)-Riemann—Liouville fractional integral of f(x) of order
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r is then denoted by ;1" f(x) and defined as follows [22]:

_r _vr
e

ZI""]"(J}) = W/; (l*V 7tl’)%*1t1’*1f(t)dt

where I';(z) is a k-Gamma function as defined below:

oo tk
Ti(x) = / t"teT E dt.
0

The relation between the k-Beta function Bg(z,y) and the k-Gamma function
is B(z,y) = %, where Bi(z,y) = +B(%,%), the original Beta function.
Now a new Hardy-type inequalty involving the r-th order (k, v)-Riemann—Liouville

fractional integral operator is presented. Indeed, the following theorem is proved:

Theorem 15. Suppose that f(x) (f £ 0) is a continuous function defined on [0, x]
and p > 1. Then the following holds:

o0 vl (k
/ (o I" f(z))Pdx < { (L~ } / fP(z)dz unless f =0. (53)
0

Fk(T + k(

v kD k(1= )

The constant term {m

p .
} s sharp.

Proof. Let 7(t; ) be a probability density function on (0,x) for z > 0. Applying
Jensen’s inequality and Fubini’s theorem, one obtains

| Gri@yra
0
0 p(1=%) —B5 o P
S/ %/ (JS _tV)( Dp(v— 1)f7()dtd
0 0

kL (r nP= 1t z)
oo p(1—%) P (¢ o (1 - L PR 1)~ BEE L 2Ty yp(v—1)
:/ k| ()(/ (1-) v dr)dt. (54)
0 kPL(r) t nP=1(t; o)

Now choosing 7(t; z) is a scale distribution on (0, ) as n(t;z) = Ln(t/z) for some
density function n(u) on (0, 1). Substituting the value of n(t; ) in (54), one gets

| ey
0

oo p(1—F) fp(¢ 0 (1 B p(£-1) —pr+p—1lyp(v—1)
g/ e | ()(/ (- ) i dr)dt.  (5)
o kPLL(r) ¢ nP=H(t/x)
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Changing the variable in inequality (55) using the transformation u = t/x, one gets

~ . o0 Vp(l—%)fp(t) 1 uzw—p—l(l _ ul/)p(i—l)
s [t () d“)‘“

pp=%) 1 ypr—p— 1(1—u p(5-1)
= d P(t)dt. (56
k;prg(r)/ P~ u/ " (50)

This proves that inequality (53) holds with the constant term

pp(1=%) /1 .
z PP (1 — u”)p(%’l)du.
kT (r) Jo

To prove that the associated constant term is sharp, we choose a p. d.f. {(u) on

v—2L-1 vy E—1
(0,1) as ¢(u) = =~ ;(17(1_“1))1“ . Then inequality (14) reduces to the following
Pk

form:

(1= %) /1 uP* =P (1 — )P yp(1=%) {3(1 ) }”
0

du >
kPTy(r) nP~1(u) ~ kP (r)

v EDL (R - ) b
_{Fk(r+k(1—;p))} ' (57)

vTRT (k= 2N \P .. .
m} m lnequahty (56)

and hence in inequality (53) is sharp. This completes the proof.

Inequality (57) says that the constant term {

3.5. (k,v)-Weyl fractional integral of order r

Let k> 0, r > 0, v be a non-zero real number and f(z) be a continuous function
defined on [z,00), > 0. Then the (k,v)-Weyl fractional integral || J" f(z) of f(z)
of order r is introduced in [2] and defined as follows:

1—x

v I F(z) = m(r)/m (# — ) E-1r1 £t

where Ty (z) is the k-Gamma function as defined in the previous sub-section. Now
a Hardy-type inequality involving the (k,v)-Weyl fractional integral of order r is
presented in the following theorem.

Theorem 16. Suppose that f(x) (f £ 0) is a continuous function defined on [z, 00)
forxz >0 andp > 1. Then

/Oo(”JTf(m))pdaz < Lk(’%) p/oo(q:ukrf(x))pdx holds unless f =0, (58)
o " Ly (r+ p%) 0 ’
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%}p 18 best possible.
R )

Proof. Let n(t;z) be a p.d.f. on (z,00) for x > 0. Applying Jensen’s inequality
and Fubini’s theorem, one gets

where the constant term {

/ (L7 f(2))Pda
0
00 (1-f o
< / L / (1 — oy npe-n L0 g,
0 xT

kPT? (r) Pt @)
0o p(1—Z) p t (1 — 22\ PG D ypu(E—1) (-1
:/ v kp fP() (/ ( tv ) * d$> dt. (59)
0 kP (r) 0 Pt )

Selecting a scale distribution n(t; x) on (x, 00) as n(t;x) = {zn(z/t) for some density
function n(w) on (0,1) and substituting the value of n(t; z) in (59), one obtains

/ T (@) da
0

<:/“qw0ZUT@)(/¢(1__$dm£_UﬁM£—D+Mw4HQ@—U
“Jo kPT (r) 0 P~ lnp=1(3)

dz)dt (60)

Using the variable transformation v = % in inequality (60), one gets

7w

which proves inequality (58) with the constant factor

> , pp=7) 1 ulP(1 — ¥ )P . »
/0 GJ"f(z))Pdx < kPFZ(r)/O du/o (tF f(t)) dt, (61)

du.

pP(1—%) /1 utP(1 —u?)PE-D
kPR (r) Jo V()

For proving that the associated constant factor is best possible, a p. d. f. ((u) =

1 -
vu P 1(17u")i71
B(3o%

form:

on (0, 1) is chosen. Then inequality (14) simplifies to the following

yP(1=%) /1 ul=P(1 _uu)p(%—l)du - pp(1=F) B(p%7 %) P _ ’/_%Fk(p%) p
krT? (1) Jo nP~1(u) ~ kPTR(r) v Ti(r+ p%) ’
Vﬁ%Fk(ﬁ)
Fk(T"l‘p%)

p
which implies that the constant term { } in inequality (61), and hence

inequality (58) is best possible. -
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4. Conclusions

An attempt has been made to give a probabilistic proof of the classical integral
inequalities of Hardy [10,13], Copson [8], Bennett [4], Leindler [16, 18] and Levinson
[20]. Several new integral inequalities of Hardy-type are also established using a
probabilistic approach. The associated constant factor in each of these inequali-
ties is sharp, and derived by using the Kullback—Leibler inequality. The approach
may be considered for proving and establishing other well-known and new integral
inequalities.
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