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Selfadjoint operators and symmetric operators
GO HIRASAWA*

Communicated by L. Kérchy

Abstract. Our study is in the set S(H) of all semiclosed operators in a Hilbert
space H. We show that the set Sso(H) of all selfadjoint operators is relatively
open in the set Ssym (H) of all semiclosed symmetric operators. We calculate the
value of a radius of minus-Laplacian —A. As a topological approach, we show
the selfadjointness of the Schrodinger operator with a Kato—Rellich potential.

1. Introduction

Let H be an infinite dimensional, complex Hilbert space. An operator means a
linear mapping from a domain in H into H, and the notation B(H) stands for
the set of all bounded operators with the domain H. An operator is said to be
semiclosed if its graph is a semiclosed subspace in the product Hilbert space H x H.
Characterizations for semiclosed operators in a Hilbert space are accomplished in
[8]. According to it, an operator is semiclosed if and only if it is a quotient of
bounded operators. Quotients of bounded operators are treated in [5], [7]. Moreover,
topological structures for them are studied in [3] and [4]. Especially, in the latter, we
introduced the metric which is called the g-metric on the set S(H) of all semiclosed
operators. The g-metric restricted to B(H) coincides with the metric induced from
the operator norm, and the g-metric is stronger than the gap metric on the set CD(H)
of all closed and densely defined operators. Moreover, we showed that CD(H) is
open in the metric space S(H).

A reason we study semiclosed operators is the following. The set S(H) which
contains the set of all closed operators is closed under sums, products, adjoints and
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530 G. HiraAsawa

closures if they exist. Hence sums of closed operators are necessarily semiclosed.
When we encounter sums of selfadjoint operators like Schrédinger type operators,
it is not so easy to decide that sums are selfadjoint or not, even closed or not. But
we can immediately deduce that their sums are symmetric and semiclosed. So we
believe that the set S(H) is one of the most suitable ones as a universal set when
we handle unbounded operators.

In this paper, we consider the set of selfadjoint operators in the set of semiclosed
symmetric operators from a topological stance. Our interest is a problem that
3

when are semiclosed and symmetric operators selfadjoint?’. For this, we obtain the
following main theorem which is proved in Section 3.

Theorem 1.1. Let (S(H),q) be the metric space. The set Ssq(H) of all selfadjoint
operators is relatively open in the set Seym(H) of all semiclosed and symmetric
operators: For s € Ssq(H), there exists a positive constant § > 0 such that

q(s,t) <9 and t € Ssym(H) imply t € Sso(H). (1.1)

In Section 4, we calculate the value of a positive constant § > 0 as above
theorem for a selfadjoint operator s = —A. That is,

2
q(—At) < % and t € Sgy, (H) imply ¢ € S5 (H).

As an application, the selfadjointness of the Schrédinger operator —A + V' with a
Kato—Rellich potential V' is shown in Section 5, which gives another proof for the
Kato—Rellich Theorem.

2. Preliminaries

The notation (-, -) denotes the inner product equipped with H and put ||| := (-, -)=.
A subspace M in H is said to be semiclosed if there exists an inner product (-, ),
on M such that M is a complete inner product space (i.e. a Hilbert space) and the
inclusion mapping J: (M, | - |lar) = H is continuous. When the inclusion mapping
J is continuous, that is, there exists a constant ¢ > 0 such that ||u|| < ¢||u|/as for
u € M, we write (M, || -|a) < H. In this case, we call || -||as a Hilbert norm on M.
It is known that a subspace M in H is semiclosed if and only if M is an operator
range in H, that is, M = Y H for some Y € B(H).

An operator s: dom(s) — H with a domain dom(s) C H is said to be semi-
closed if its graph {(u, su) : u € dom(s)} is a semiclosed subspace in the product
Hilbert space H x H. Characterizations for semiclosed operators are given as follows.
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Theorem 2.1. ([8]) Let s: dom(s) — H. Then the following conditions are equiva-
lent.

(1) The operator s is a semiclosed operator in H.

(2) The domain dom(s) is a semiclosed subspace in H, so that

5: (dom(s), || - [laom(s)) — H

is bounded with respect to some (equivalently, any) Hilbert norm || - ||aom(s) on
dom(s). Here, Su = su for u € dom(s).

(3) The operator s is represented by a quotient of bounded operators, namely there
exist A, B € B(H) such that

ker A C ker B, dom(s) = AH, and sAu = Bu foru € H.

In this case, we write s = B/A.

For T € B(H), we define the inner product (-, )7 on the operator range TH by
(Tu, Tv)7 = (u,v) u,v € (ker T)*. Then (TH, (-,-)7) is a complete inner product
space and (TH, (-,-)7) < H. We call a Hilbert space (T'H, (-,-)r) de Branges space
induced by T and denote it by M(T). In case of considering de Branges space,
positive operators have important roles as the following Lemma 2.2 shows. Here, an
operator T' € B(H) is said to be positive, in short 7' > 0, if (Tw,u) > 0 for u € H.

Lemma 2.2. ([1]) Let M be a semiclosed subspace in H and let || - ||pr be a Hilbert
norm on M. Then there uniquely exists a positive operator T € B(H) such that
(M, || - lar) = M(T) (isometrically isomorphic). Here T is given by (JJ*)z > 0
satisfying J : (M, || - ||m) — H.

From Lemma 2.2, there exists the bijective mapping from the set {|| - ||as :
(M, || - ||a) <= H} of all Hilbert norms on M to the set {T'>0: M =TH} of all
positive bounded operators whose ranges are M. Hence, we can choose a Hilbert
norm || - ||as from the set of all Hilbert norms on M for each semiclosed subspace
M, and let a be a corresponding M — || - || as, equivalently M — T > 0 such that
M = TH as above. Namely, a corresponding « is a choice function to choose a
Hilbert norm for each semiclosed subspace.

Now, we lay down two rules concerning the choice. The first is to choose the
original Hilbert norm || - || for H. Clearly the norm || - || corresponds to the identity
operator I on H. The second is, for a closed subspace M, to choose the original
Hilbert norm restricted on M, || - ||az(:= | - || on M). The norm || - |5 corresponds
to the orthogonal projection Py; onto M.

Based on a corresponding «, we introduced in [4] the g,-metric on the set
S(H) of all semiclosed operators. Since, by Theorem 2.1 (2), a domain dom(s)
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of a semiclosed operator s is a semiclosed subspace, it is a Hilbert space with a
Hilbert norm || - ||qom(s) given by a. Hence, there uniquely exists a positive operator
A € B(H) such that a Hilbert space dom(s) is isometrically isomorphic to de
Branges space M(A), that is, dom(s) = AH, |- [ldom(s) = || - |a- Let B := sA. Since
s and A are semiclosed, their product B is also semiclosed. Since clearly the domain
of B is the whole space H, the operator B is in B(H) by the semiclosed graph
theorem. This means that s is uniquely represented by a quotient B/A. When we
emphasize the corresponding «, we write s = B/A.

For s,t € S(H), we set s = B/A and t = D/C' as above. Then we define the
metric depending on the corresponding « by

q(s,t) = qa(s,t) = max{[|A - C|, [[B — D|]}.

We simply denote ¢(s,t) instead of g4(s,t) without confusion. The term [|A — C/|
means the distance between semiclosed subspaces dom(s) and dom(t) under the
corresponding a. In case of S,T € B(H), it follows from S = S/I and T = T/I
that ¢(S,T) = ||S = T

For a quotient F/E: Eu — Fu, u € H (E is not necessarily positive), a
positive bounded operator (E*E + F*F)2 has important roles in several situations.
It is shown in [8] that a quotient F/E is closed if and only if (E*E + F*F)z has a
closed range in H. The following lemma will be used later in our arguments.

Lemma 2.3. ([4]) Let s € S(H) and s = B/A be a quotient such that A > 0.
Then, s is in CD(H) if and only if (A2 + B*B)2 has the inverse in B(H), that is,
invertible.

Remark 2.4. We call (A2 4+ B*B)? the attached positive operator for B/A.

For an integer m > 1, a subspace in L*(R)
dom(D") = {f € L*(R) : D1 f, Df,.., Dy'f € I*R)} (Dy=-)
becomes a Hilbert space with a standard Hilbert structure

m 1/2
£ llwmz = (LA + IDfI + -+ 1D FIP)

(Il - || means L?-norm and D;: dom(D;) — L2(R) is the differential operator in
a weak sense.) Since (dom (D7), | - [[ym.2) < L?(R), a subspace dom(D}*) is a
semiclosed subspace in L?(R). We call the Hilbert space (dom(DJ), || - |[yym.2) the
standard Sobolev space W ?(R) with the order m. From W™?2(R) < L?(R),
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W™2(R) is represented by de Branges space M(A,,) for a unique positive operator
A, in isometrically isomorphic sense. It is shown in [4] that A,, is given by

Ap = +D}+-- + DIV, (2.1)

For o > 0, a subspace {f € L2(RN) : (1 +|¢[2)5 f € L%(RN)} is semiclosed
in L2(RY) (N > 1). Because this is a continuously embedded Hilbert space in
L2(RN) with a norm || f||g- := ||(1 + [€]?)°/2f]|, which is called the Fourier type
Sobolev space H? (RY) with the order o > 0. (~ means L2-Fourier transform and
€2 =2+ + &% for (&,...,&n) € RY.) When N = 1, the standard Sobolev
norm coincides with the Fourier type Sobolev norm, that is, || - |12 = || - ||g2-
The Sobolev space H?(RY) is expressed by de Branges space ./\/l(;lt,) for a unique
positive operator A,. The operator A, is given ([4]) by

A, = (I-8)7", (2.2)

which is known as the Bessel potential of the order o > 0.

3. A proof of the main theorem

In this section, we shall prove Theorem 1.1. A positive constant ¢ is said to be a
radius of a selfadjoint operator s if it satisfies the condition (1.1) with respect to
the g,-metric. A radius does not mean the best possible constant.

To construct a radius of a given selfadjoint operator, we first prove a funda-
mental inequality as follows.

Lemma 3.1. For s,t € S(H), let s = B/A and t = D/C. Then the following
inequality holds:

q(s = ¢I,t = ¢I) < (L+[¢]) a(s,t) for CeC. (3.1)
Proof. Since s — (I = B/A— (I = (B —(CA)/Aand t — (I = (D —¢C)/C,
q(s — ¢I,t = ¢I) = max{||A = C||, |(B —¢A) — (D —¢O)||}

<max{[|A—-C], |B - D[l +[C[[[A - Cl|}
< max{q(s,t), q(s,t) +[Cla(s, 1)} = (L+[C]) q(s,8). g
According to [4], since the set CD(H ) of all closed and densely defined operators
is open in (S(H),q), there exists a positive constant § for s € CD(H) such that

q(s,t) < §d and t € S(H) imply ¢t € CD(H). In the following, we explicitly give it
under the hypothesis of nonempty resolvent set p(s) of s.
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Lemma 3.2. Let s € CD(H), the resolvent set p(s) of s be nonempty and s = B/A.
For any nonempty compact set ® such that p(s) D P, we set

B =)
P TENT T
Then, q(s,t) <6 andt € S(H) imply t € CD(H) and p(t) D .
Proof. We note that A > 0 and AH is dense in H, so that ker A = {0}. For ¢ € @,
we see that the operator (s — (I)~! = ((B — CA)/A)~! = A/(B — CA) belongs to
B(H). Hence we have ker(B — (A) C ker A (= {0}) and (B — (A)H = H. This
means that there exists the inverse (B — (A)~! € B(H).
If g(s,t) < § and t = D/C in S(H), then, it follows from (3.2) that

(L+1[¢) als,t) < [|(B—¢A)~H|™" for any ¢ € @.

Since ||(B — CA) — (D — ¢O)|| < (1 +[¢]) q(s,t) for any ¢ € ® by the proof of
Lemma 3.1, we have

(3.2)

I(B = ¢A) = (D = ¢ONl < I(B = ¢A) I

Hence, we see that D —(C is invertible. Then, by the relations t — (I = (D —(¢C)/C
and ker C' C ker(D — (C), we easily see ker C = {0}. This means that ¢t — (I has
an inverse and (t — (I)~! = C(D — ¢C)~! € B(H). It follows from this equation
that ¢ € p(t), or p(t) D ® and t — (I is closed, that is, ¢ is closed. The denseness
of dom(t)(= CH) follows from the conditions ker C' = {0} and C' > 0. Therefore

teCD(H). -

We want to obtain a radius d¢ as large as possible for among a compact set
® as in Lemma 3.2.
Hence, we deal with the compact set & = {i, —i} consisting of two elements.

Lemma 3.3. Let s € S,o(H) and s = B/A, and let R = (A? + B*B)Y/? be the
attached positive operator for a quotient B/A as in Remark 2.4. Then, (3.2) for
O = {i,—i} is given by

§=0n = g (B+iA) | = LA(R). (33)

Here v(R) = inf{||Ru|| : u € (ker R)*, ||u|| = 1}.

Proof. It easily follows from (3.2) that d¢ = ||(B+iA)~1||~1/2. Thus it is sufficient
to show the equation ||(B £4iA4)71||~! = y(R). Let ¢ be i or —i. Then,

||(B _ CA)_1||2 = sup ”(B - CA)—lu,“Q _ HU”Q

—_— Y =SSP 34
SUp Tl i A 102 N ER
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Note that (Av, Bv) is real for v € H from the selfadjointness of B/A and ¢ +¢ = 0.
Hence we have

(B = ¢A)l* = (B~ ¢A)v, (B — ¢A)v)

_ 3.5
= [|Bv|* + ¢l Av]|* = (¢ + O)(Av, Bv) = || Av||* + || Bu]|*. (39

From (3.4) and (3.5), we have

[[v]l? 1
I = sup = sup
w0 [|Av[2 + [|Bol[2 wzo ([Av]l/ll0l) + (I1Boll/[lv]))?

= (inf 40P + [1BoI?) ™ =  int 4%+ 57 B)2el?)

llvll=

(B £iA)~

|
— (inf ||Ro|) ">

lloll=1

Hence we have ||(B £iA)™"||™* = inf|, =y || Rv||. Since B/A € CD(H), R = (A* +
B*B)? has the inverse in B(H) by Lemma 2.3, so that (ker R)* = H. This means
that

inf || Rl = inf{||Rol| : v € (ker R)*, [Jo]] = 1} = 4(R) (= IR ")

llvl=1

which completes the proof.

n
Proof of Theorem 1.1. For s € S,,(H), clearly p(s) D {i, —i}. We set
1
§=1d = 5’7(R) (3.6)

for ® = {i,—i}. Suppose that ¢(s,t) < ¢ and t € Sgym(H). It follows from
Lemma 3.2 that ¢ € CD(H) and p(t) D ®, so that ¢ is closed symmetric and

the range of t &¢I is H. Thus t is selfadjoint’. -

4. Examples

From now on, we shall give some examples of a radius (3.6) of differential operators
in the complex Hilbert space L?(RY) (N > 1). Differential operators here are
meant in a weak sense. The notation ~stands for the L?-Fourier transformation and
Lg (R™) means the range space of &-variable by .

L According to Theorem 4.2 in [10], a (not necessarily densely defined or closed) symmetric operator
t satisfies that the range of t &¢I is H, then it is automatically selfadjoint.
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Example 4.1. (A radius of ) Let Dy := 7% be the selfadjoint operator with the
maximal domain dom(Dl) in L2 (R). Let « be the choice function that we choose
the standard Sobolev norm || - [|y1.2(= || || g ) for dom(Dy), and we suitably choose
a Hilbert norm for each semiclosed subspace except for dom(D;). Let D; = B/A;
for Ay = (I+D3})~"/2 by (2.1), and let R := (A?+ B*B)'/? be the attached positive
operator for a quotient B/A; in CD(H). Then B = Dy A; = Dy (I +D?)~/2, and
since (ker R)* = L?(R) by Lemma 2.3, we have that, for f € L?(R),

V(R)QZHIHleRfHQ =t {IIALfII” + 1BFI1*}

= Inf {H(I+DQ)“J”H2+ HDl(IJrDQ)“fH }

~

=1

Hence we have v(R) = 1, so that § = y(R)/2 = 1/2 which is a radius of +-L under
the choice function « as above.

Example 4.2. (A radius of f%) Let Dy := f%(: D?) be the selfadjoint operator
with the maximal domain dom(Ds) in L?(R). Let a be the choice function that we
choose the standard Sobolev norm || - |22 for dom(D2), and we suitably choose a
Hilbert norm for each semiclosed subspace except for dom(Ds). Let Dy = B/A, for
Ay = (I+D2+D%) "2 by (2.1), and let R := (A2+ B*B)? be the attached positive
operator for a quotient B/Ay in CD(H). Then B = DyAy = Dy(I + D? + D¥)~ 2,
and since (ker R)t = L?(R) by Lemma 2.3, we have that, for f € L?(R),

y(R)? = inf [[RfI* = inf {[Asf* +[|BfI}

= nf (T +DF+ D) V2P + D1+ D+ D)2}

:Illﬁf (I +& +eH7 2P + 112+ € + €521y
1

= inf [(1+€HA+2+&H7V2f)2 = inf |Mf|?
[I£ll=1 [[flI=1

=v(M)?*, ((ker M)* = L{(R)),

where M := (1 +&41/2(1 4 €2 + ¢*)~/2 is a bounded multiplication operator and
invertible in B(LZ(R)). Hence, we have

Ly

1(B) =00 = 177 = | (g T

= (3/2)7% = V6/3,
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so that

=0.408...
6(008 ),

which is a radius of — d <2 under the choice function « as above.

Example 4.3. (A radius of —d—Q) Let Dy = —;? be the same operator as in
Lemma 4.2. Let a be the choice function that we choose the Fourier type Sobolev
norm || - || g2 for dom(D3), and we suitably choose a Hilbert norm for each semiclosed
subspace except for dom(Dg) Let Dy = B/A2 for Ay = (I +D3)~ ! by (2.2), and
let R := (A2 + B* B) be the attached positive operator for a quotient B/A2

in CD(H). Then B = DyAy = Dy(I + Dy)~ !, and since (ker R): = L2(R) by
Lemma 2.3, we have that, for f € L?(R),

’Y(R)2 HfH 1“ fHQ ”HHlf {HA2f||2_’_”Bf” )
= inf {7+ D2) LI+ [Da(d + Do) A1)

= Hl}ﬂli I+ 1P + 1€ +€)7 FI1%)

= inf |(1+&HEA+e)7f2= inf [|M]]?
IflI=1 [[fll=1

=7(M)?, ((ker M)* = L{(R)),

where M := (1+&4)2(1+€2)! is a bounded multiplication operator and invertible
in B(LE(R)). Hence, by calculations

C1y— (1+£2)2\1/2 (1+€2)2 1/2
m =on = = () T = 155
Y(B) = 2(M) = 17 — e

Since || ( 1554) lloo = 2, we have

1 1 V2

0= = =-.2712=YX2 (=q.

S1(R) = 5 C(=0353..),

which is a radius of ——2 under the choice function « as above.

Example 4.4. (A radius of kA) Let kA (k € R\ {0}) be the selfadjoint operator
with the maximal domain dom(A). Let « be the choice function that we choose the
Fourier type Sobolev norm || - ||z for dom(A), and we suitably choose a Hilbert
norm for each semiclosed subspace except for dom(A). Then we see that A < B/ A,

for Ay = (I — A)~! by (2.2). We also have kA < kB/A,, and let R := (:4;2 +
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k2B*B)? be the attached positive operator for a quotient kB/;{VQ in CD(H). Then
B =A(I — A)~!, and since (ker R)* = L?(R") by Lemma 2.3, we have that, for
f e L*(RY),
Y(R)? = nf 12 fII? = nf| {1 42f 1% + |kBf1*}
= It {0 = A) 7P+ [RAT - 8)7 )

= nf {100+ I T+ IR+ 1) )

= nf R JE(L+ ()T = inf 1 £

=v(M)?, ((ker M)* = LE(RY)),

where M := (1 + k2[¢*)2(1 + |¢[>)~! is a bounded multiplication operator and
invertible in B(LZ(RY)). Hence,

_ (1+ |¢|? (€ e e L
R =) = Jar-' 1 = [(SEERR Y - |
Y(R) =y(M) = ||p~ <1+HKM> 1+ R2Jef T+
Hence, we have
1 ||
§=-7R) = ——,
W= e

which is a radius of kA under the choice function « as above. This does not depend
on the dimension N of RY. In paticular, 6 = \/5/4 is a radius of —A.

5. An application

In this section, we show the selfadjointness of the Schrédinger operator —A + V
in L2(RY) with a KatoRellich potential V. Related topics such as Schrédinger
operators are found in [6] and [9].

A real-valued function V(z) on R¥ is said to be a Kato-Rellich potential if it
is decomposed as V = Vi + Vo € LP(RY) + L>®(R™). Here, p =2 if N = 1,2,3 and
p is some constant such that p > % if N > 4.

A notation V has two meanings. One is a function and the other is a mul-
tiplication operator with dom(V) = {f € L2(RY) : Vf € L*(RY)}. For a Kato-
Rellich potential V, it is known that the relation dom(—A) C dom(V') holds. Hence
dom(—A) = dom(—A+V). The following theorem is well known as a breakthrough
in the perturbation theory for operators.

Theorem 5.1. (cf. [6], [9]) Let V be a Kato—Rellich potential on RN (N > 1). Then,
—A +V is a selfadjoint operator with dom(—A) in L*(RY).
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We shall prove the above theorem using topological arguments. The sketch
for the proof is the following. For V' € LP(RY) 4+ L>°(R"), we can find sequences
{Vin}22, for i = 1,2 such that V. = Vi, + Va,, € LP(RY) + L®(RY) with
IVinllr — 0 as n — oo. Since Va2, is a bounded selfadjoint operator for each n,
—A+V; , is the selfadjoint operator on dom(—A). It follows from the boundedness
for V5 ,, that a radius of —A+V5 ,, can be taken by a radius ﬂ/4 of —A (Lemma 5.3).
We can see that ¢(—A+V, —A+V3,) — 0 as n — oo. Thus, a semiclosed symmetric
operator —A + V' is very near to the selfadjoint operator —A + V5 ,, with a radius
v/2/4 for sufficiently large n. It follows from Theorem 1.1 that —A +V is selfadjoint.

Lemma 5.2. For s,t € S(H) with dom(s) = dom(t), let s = B/A and t = D/A.
Then, q(s,t) = q(s+ X, t+ X) for any X € B(H).

Proof.

q(s+X,t+X)=q(B/A+X/I,D/A+X/I)=q(B/A+ X AJA, D/A+ X A/A)
—q((B+XA)/A,(D+XA)JA)=|(B+XA) — (D+XA)|
=[B-Dl| =q(s,1).

Lemma 5.3. Let s € Sso(H) and let § > 0 be a radius of s. For any bounded
selfadjoint operator S € B(H), the sum s+ S is selfadjoint and § is also a radius
of s+ S. That is, q(s +5,t) < and t € Sgym(H) 1mply t € Ss(H).

Proof. Clearly s+ is selfadjoint. By Lemma 5.2, we see that ¢(s+5,t) = q(s+S+
(=9),t+(=S5)) = q(s,t —S) < . Since t — S is a semiclosed symmetric operator,

we see that t — S is selfadjoint. Therefore, ¢ (= (t — 5) + 5) is selfadjoint. -

Proof of Theorem 5.1. Let H = L?(R") and let o be the choice function that we
choose the Fourier type Sobolev norm || - || g2 for dom(—A), and we suitably choose
a Hilbert norm for each semiclosed subspace except for dom(—A).

Let V be a Kato-Rellich potential such that V = V; + V5 € LP(RN) + L*°(RY).
(If Ve L*°, then clearly —A + V is selfadjoint. In the sequel, it may be assumed
that V' is unbounded.) For sufficiently large n such that ||V2||e < n, we define Z,
by Z, := {z € RY : |[V(x)| > n}. Note that Vo = 0 on Z, (a.e.). Let Vi ,(x) =
Vi(z)xz, () = V(x)xz, (), where xz, (z) is the characteristic function (the value is
lifx € Z,, 0 otherwise), and let Vs ,,(x) := V(z) = Vi n(x). Then V =Vi , + V5, €
LP(RN) + L*®(RY) and ||[Vin||L»r — 0 as n — oo by the Lebesgue convergence
theorem.
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Now, let —A = B / :4; De Branges space ./\/l(/’i;) is isometrically isomorphic to
the Sobolev space H2(RM) (|| - Iz, = I[lm2). And let V/ 2 D/C be a multiplication
operator. Since dom(—A)(= ;L;/H) C dom(V)(= CH), there uniquely exists an
operator Y € B(H) such that A, = CY (and ker Y* D ker C = {0}) by Douglas’s
majorization theorem(|2]). Now we have
4(B/A2 + D/C. B/ Az + Vo /T)
4(B/As + DY/CY, B/ A + Vo, A2/ As)

A+ V,—A+Vo,,)

Moreover,
Vinda| = sup  |[Vipdsgll= sup  [|Vindag]|
llgll=1,9€L? H;‘vzg\l;g:l
= sup |[Vinfl (f:=Az29).
£l g2=1

The Sobolev embedding theorem says that H?(RY) < L*(RY) holds if
N =1,2,3 and H?(R") — L"(RY) holds for any 0 < r < oo if N = 4 and for any
0<r<(3—%)tif N=>5.

Now, let p be the positive constant in the definition of the Kato—Rellich
potential and let p’ be the positive constant such that 1% + 1% = %, where p’ = oo if
p=2.If N =1,2,3, then p =2, so that p’ = co. And if N > 4, then p > %, so that

11 2

P =(3— 5)_1, or p' < (% - ﬁ)_l. Hence, it follows from the Sobolev embedding

theorem that
p/:w7 (N:17273)7

0<p <(1-2) (V2 oY

H*(RN) — Lp/(]RN), where {
Therefore, for Vi, € LP(RY) and f € H2(RY), it follows from Holder’s inequality
and (5.1) that

sup  |[Vinfll < sup ([Viallell fllLe

17l g2=1 1l g2=1

< sup |Vinllee - C|fllgz for some constant C' > 0
£l r2=1

=C|Vinler =0 (n— o).
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This means that ¢(—A +V,-A+V2,) = 0 (n — 00).

On the other hand, since V5, is a bounded selfadjoint operator, it follows
from Lemma 5.3 that a radius of —A + V5 ,, can be taken by a radius § = ﬂ/4
(Example 4.4) of —A. Therefore, the selfadjoint operator —A + Vs, is sufficiently
near to the semiclosed symmetric operator —A + V' so that their distance is within

V/2/4 for large n. Hence we conclude that —A + V is selfadjoint. -

6. Concluding remarks

There is a situation that we handle operators on the constant domain as in the case
of the Kato—Rellich theorem. Now, we shall consider a radius in such a situation. A
positive constant § is said to be a radius of a selfadjoint operator s on the constant
domain if it satisfies the following conditions:

q(s,t) <9, t € Ssym(H) and dom(s) = dom(t) imply ¢t € S (H). (6.1)

For s,t € S(H) with dom(s) = dom(t), we have representations of quotients s =
B/A and t = D/A. Then, since s — (I = (B — CA)/A and t — (I = (D — CA)/A,
we see that (3.1) corresponds to g(s — ¢I,t —¢I) = q(s,t). Hence, when s € CD(H)
and the resolvent p(s) of s is nonempty, we see that (3.2) corresponds to

do = min | (B - ¢4) 7|7

Therefore, when s € S;q(H), we see that (3.3) corresponds to
b = [|(B £iA) ™" = (B),

where R = (A2 + B*B)2. Now, we use the compact set ®, = {ci, —ci} (¢ > 0)
instead of ® = {i,—i} . Then, we have that

b, = [|(B £ cid) ™| 7" = y(Re),

where R, := (c?A%? + B*B)'/2. A positive constant dg_ is a radius of s on the
constant domain for each ¢ > 0. However we want to get as large a radius as
possible. Hence, taking the supremum among ¢ > 0, we have

d = supdg, = supy(R.),
c>0 c>0

which is a radius of s on the constant domain.
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Example 6.1. Now we shall calculate a radius of kA (k € R\ {0}) on the constant
domain. Let o be the choice function of Example 4.4. Then we see that AZ B/ A2
for Ay = (I — A)~! by (2.2) and kA £ kB/A,. Let R, = (¢ 24, + k2B B)}.
Then, R, is the attached positive operator for a quotient kB/ cAy = kA in CD(H).
Thus, it follows from Lemma 2.3 that (ker R.)* = L2(RY). So we have that, for
f e L*(RY),
1(Re)* = nf IR I = nf) {leAzfI? + IKBFIP}Y (B = A(I - A)7)
= ot {lle(r —A)7 AP+ TRA = A) TP

=”J1?r|lf {lle(L + &%) FIP + Ikl + (€)A1Y

= nf (¢RI 6 = it M

=7(M.)?,  ((ker Mc)* = LE(RY)),

where M, := (2 + k2|¢[*)2 (1 + [¢]?)~! is a bounded multiplication operator which
is invertible in B(LE(RN)). Hence,

R S [ ol W e
= k| ((}5 o \£|4’H et (1?%/{) )W

Here, we used the fact that ||g]|ec = 1” for g(z) = %jﬁ;f (x > 0,¢ is a constant).

Therefore we have

C
§ = su k| - sup ———— = |k,
supy(Re) =[] e ||

which is a radius of kA on the constant domain. In paticular, a radius of —A on
the constant domain is 1.
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