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On the unit group of a commutative group ring
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Abstract. We investigate the group of normalized units of the group algebra
Zpe G of a finite abelian p-group G over the ring Zpe of residues modulo p°
with e > 1.

1 Introduction

Let V(RG@) be the group of normalized units of the group ring RG of a finite abelian
p-group G over a commutative ring R of characteristic p® with e > 1. It is well
known ([4], Theorem 2.10, p.10) that V(RG) = 1 + w(RG), where

w(RG):{ZaggGRG ’ Zag:()}

geG geG

is the augmentation ideal of RG.

In the case when char(R) = p and G is an arbitrary finite (not necessary
abelian) p-group, the structure of V/(RG) has been studied by several authors (see
the survey [3]). For a finite abelian p-group G, the invariants and the basis of
V(Z,@G) has been given by R. Sandling (see [12]). In general, when char(R) = p°
with e > 2, the structure of the abelian p-group V(RG) is still not understood.

In the present paper we investigate the invariants of V(RG) in the case when
R = Z,- is the ring of residues modulo p°. The question about the bases of V(Z,-G)
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434 V.Bovbpr and M. SALIM

is left open. Our research can be considered as a natural continuation of results of
R. Sandling.

Note that the investigation of the group V(Z,-G) was started by F. Raggi
(see, for example, [10]). We shall revisit his work done in [10] in order to get a more
transparent description of the group V(Z,-G).

Several results concerning RG and V(RG) have found applications in coding
theory, cryptography and threshold logic (see [1,2,7,8,13]).

2 Main results

We start to study V(Z,-G) with the description of its elements of order p. It is easy
to see that if 2 € w(RG) and ¢ € G is of order p, then ¢+ p°~!z is a nontrivial unit
of order p in Z,-G. We can ask whether the converse is true, namely that every
element of order p in V(Z,cG) has the form ¢+ p®~'z, where z € w(RG) and c € G
of order p. The first result gives an affirmative answer to this question.

Theorem 1. Let V(Z,eG) be the group of normalized units of the group ring ZpG
of a finite abelian p-group G, where e > 2. Then every unit u € V(Z,-G) of order
p has a form u = c+ p°~ 1z, where c € Glp] and z € w(Zy-G). Moreover,

V(ZpG)lp] = Glp) x (1 +p*w(ZyeG)),
where the order of the elementary p-group 1 +p6_1w(Zpe G) is plGI=1,
A full description of V(Z,-G) is given by the next theorem.

Theorem 2. Let V(ZyeG) be the group of normalized units of the group ring ZpeG
of a finite abelian p-group G with exp(G) = p™ where e > 2. Then

V(ZyeG) = G x £(Z,:G),

(ZpeG) 2 101 X ( y cpdﬂfl),
=1

1=

where the nonnegative integer s; is equal to the difference of
P 216+ e

and the number of cyclic subgroups of order p' in the group G and where | =
Gl = 1= (514 + 50).

Note that Lemma 9 itself can be considered as a separate result.
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3 Preliminaries

If H is a subgroup of G, then we denote the left transversal of G with respect to
H by 2 (G/H). We denote the ideal of F'G generated by the elements h — 1 for
h € H by 3(H). Furthermore FF'G/J(H) = F|G/H] and

V(FG)/(14+3(H)) =2 V(F|G/H]).

Denote the subgroup of G generated by elements of order p™ by G[p"].
We start with the following well-known results.

Lemma 1. Let p be a prime and j = p'k, where (k, p) =1. Ifl <n, then pnt s

the largest p-power divisor of the binomial coefficient (p] )

Proof. If j = p'k and (k,p) = 1, then the statement follows from

i "o =l .
pn _ n—1 Hg:f,(i,p):l(p - Z) : f:l (p —p’L)
i) G -1k : n

Lemma 2. Let G be a finite p-group and let R be a commutative ring of characteristic
p® withe> 1. Ifl > e then

(1—gP =1 —g" "7, (s=0,....0—e+1).

Proof. See Lemma 2.4 in [6]. .

Let R be a commutative ring of characteristic p® with e > 1. The ideal w(RG)
is nilpotent ([4], Theorem 2.10, p. 10) and the nth power w™(RG) determines the
so-called nth dimension subgroup

D,(RG) =GN (1+w"(RG)), (n>1).
Lemma 3. (See 1.14, [11].) Let e > 1. If G is a finite abelian p-group, then

G, ifn=1;
gn(ZPE G) = { Gpe+'i, prz <n S pi+1.

The next two lemmas are well known.

Lemma 4. If G is a finite abelian p-group, then

V(Zp@)lp) = 1+ 3(G[p))-
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Proof. See Lemma 3.3 in [5]. -

Lemma 5. Let U(R) be the group of units of a commutative ring R with 1. If I is
a nilpotent ideal in R, then

UR)/(1+1)=U(R/I)
and the group (14+1™)/(1+I™*1) is isomorphic to the additive group of the quotient
[

Proof. Note that I is the kernel of the natural epimorphism ¢ : R — R/I. On
U(R) the map o induces the group homomorphism ¢ : U(R) — U(R/I) which is
an epimorphism with kernel 1+ 1. Indeed, if v +1 € U(R/I) and o(w) = (x+1)7!,
then
olzw)=(x+D(z+1)" 1 =14+1.
Thus 2w = 1+ ¢ for some ¢ € I and 1+t is a unit in R, so w € U(R). Of
course x = w~1(1+¢) is a unit such that 6(w) = (z + I)~! = =1 + I. Therefore
d: U(R) — U(R/I) is an epimorphism.
Now, let x,y € I™ and put (1 + x) = x + I"™"!. Then

P(1+a)(1+y) =ay+a+y+ 1"
:x+y+lm+1:¢(1+x)+¢(l+y)’

S0 9 is a homomorphism of the multiplicative group 1 + I to the additive group
I™/I™*1 with kernel 1+ ™+, .

Let fe: Zpe — Zye—1 (e > 2) be a ring homomorphism determined by

fela+(p*) =a+ (") (a € Z).

Clearly Zye /(p* ' Zpe ) = Zype—1 and the homomorphism f, can be linearly extended
to the group ring homomorphism

ﬁ: ZpeG — Zpe—lG. (1)

Let us define the map v: Z,e — Z to be the map with the property that for any
integer a with 0 < @ < p® — 1 we have v (a) = @ € Zye. Obviously, Zye > v, =
ag +p°~B,, where 0 < t(ay) < p°~'. Hence any = € Z,eG can be written as

z = Z Vg9 = Z g +p! Z Bg9, (2)

geG geG geG
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where redy,(z) = o g9 € ZpeG is called the p-reduced part of z.
It is easy to see, that Ret(f.) = p°~1Z,eG and (Rer(f.))? =0, so by (1) and
(2) we obtain that

ZyeG [ (0 2 G) 2 TG
Since p°~1Z,cG is a nilpotent ideal by Lemma 5,
U(ZpG) /(14 p ' Zpe G) 2 U(Zpe—r G).
Clearly, 1 + p®~'Z,cG is an elementary abelian p-group of order

V(2 G0 19Dy

1 elecG: = =
L 2 Gl = g e Uz, pe e P

Furthermore, if u € V(Z,-G) = 1 + w(ZpeG), then
u=redy(u) +p*1 Y Bylg — 1),
geG

where redy, (u) =1+ . ag(g—1) is a unit and 0 < v(ay) < p°~ 1. Tt follows that

u = red, (u)(1 +p°! (z € W(ZpG)). (3)

z),
Lemma 6. Let fo: V(ZyeG) = V(Zye—1G) be the group homomorphism naturally
obtained from (1). Then Ker(fe) = 1+ p° 'w(Z,yeG) is an elementary abelian p-
group of order pl¢1=1 and

V(ZpeG) /(14 p° ' w(Zpe G)) = V(Zyyerr G). (4)
Proof. Let u € V(Z,eG). Then by (3) we have that
Jew) =14+ (ag+ @ )9 —1) € V(ZyerG),
geG

50 V(ZpeG) /(1 + p*~'W) 2 V(Zye—1G), where W C w(Z,eG). It is easy to check
that 1+ p°~'W is an elementary abelian p-group of order
|V (ZpG)| pellGI=1) _ o1,

1+p W = =
H+p W= g 6y = penierD

Clearly, [p® 'w(ZpeG)| = [p*~ W] = pl¢1=1 and consequently
L+p ' W =14 p1w(Z,-G).

The proof is complete.
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4 Proof of the Theorems

Proof of Theorem 1. Use induction on e. The base of the induction is: e = 2.
Put H = G[p]. Any u € V(Z,-G)[p] can be written as
U =c121 + -+ ey,
where c1,...,¢; € %(G/H) and x1,..., 24 € Zy2 H.
First, assume that ¢; ¢ H for any i = 1,...t. Clearly,
Ja(u) = erfa(ar) + cafo(wa) + - - + cifa(ar) € V(Z,G). (5)
Since fo(u) € 1+ J(H) (see Lemma 4), we have that ¢; € H for some 7, by (5), a
contradiction.
Consequently, we can assume that ¢; =1 € H, 1 # 0 and 1 € Supp (z1).
This yields that
fa(u) = folxr — x(21)) + cafola — x(22)) + -+ - + o falze — x(20))+
+ fa(x(@1)) + e2fo(x(2)) + -+ + cefo(x (@) € V(Z,G).

Clearly, either fo(u) =1 or fo(u) has order p. Lemma 4 ensures that
fax(z1)) =1
falx(x2)) == falx(z)) =0 (mod p).

It follows that u can be written as

(mod p), and

u—l—&-Zcz Z 5 h—1)+pz, (2 € Z2G). (6)

i=1  heqG]p]

We can assume that z = 0. By Lemma 3 we have that
G =2,(G) D Dy(G) =D3(G) =+ =D,(G) = G”,
so (6) can be rewritten as
uzl—i—iq Z ﬁ}(f)(h—l)—&—w
i=1  heGp\D,
where w € w?(Z,2G). Then, by the binomial formula,

t
1=’ =1+pY Y. BY(h-1)+

=1 heG[p]\D,

+@(iq > AN-D) b (mod i(Ze6))

i=1  heG[p|\Dp
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It follows that

pzci Z Bh( - )

=1 heGp\D,

(mod w?(Z,2G))

and ﬁf(f) =0 (mod p?) for any h € G[p]\D,. Hence by (6),
u=14w, (w € W (ZyQ)).

Again, by Lemma 3, we have that

G =D,(Q) D Dpi1(G) =Dpi2(Q) = =Dp2(Q) = G

and (6) can be rewritten as
t .
uzl—&—Zci Z 5,(11)(h—1)+w,
i=1  heD,\D,2
where w € w?(Z,2G). This yields

1:up21+pzci Z 5(1)( 1)+

i=1  heD,\D,2

+(§)(§Zci > A=) e (mod S,

i=1 h€©p\©p2
As before, it follows that
t
pd i Y B(h-1)=0 (mod w?(Z,G))
=1  heDy\D 2
and ﬂ =0 (mod p?) for any h € D, \ D,2. Therefore,

u=14+w, (w € W (Zy2Q)).

439

:G)).

By continuing this process we obtain that v = 1 4 pv, because the augmentation

ideal w(Z,2G) is nilpotent.

Now assume that the statement of our lemma is true for Zye—1 G. This means

that for a unit u of the form (3) we get B,(f) = pe_zoz;f) and

u—l—l—ch Z p° zahi (h—1),

i=1  heG[p]
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)
t
l=uw=1+pY ¢ Y p 20 (h—1)
=1 hedlp)
and ozgf) = 0 (mod p). The proof is complete.

Lemma 7. Let G be a finite abelian p-group. Then
V(ZpeG) == G X S(ZpeG)

and the following conditions hold:
(i) if e > 2, then fo(L(ZpeG)) = &(Zpe—1G);
(ii) if e > 2, then Rer(fe) = 1+ p° 1w (ZpeG) = £(ZpeG)[p] and

L(ZpeG) /(1 + p* ' w(Zpe Q) = &(Zpe—1G); (7)
(iil) £(ZpeG)[p] = L£(Zpe-1G)[p] for e > 3.

Proof. If e = 1, then there exists a subgroup £(Z,G) of V(Z,G) (see |9], Theorem
3) such that V(Z,G) = G x £(Z,G).
Assume V(Zpe-1G) = G X £(Zpe-1G). Consider the homomorphism

T i V(ZpeG) = V(Zpe s G) = G % £(ZperG).

Denote the preimage of £(Zye-1G) in V(ZyeG) by £(Zp-G). Clearly, felg) = g for
all g € G and
Rer(fe) =14 p* ' w(ZpeG) < £(Zpe G).

If € £(Zy-G) NG, then
G2 fe(z) € £(Zpe—1G) NG = (1),
s0 2 = 1. Hence £(Z,:G) NG = (1) and G x £(ZyeG) C V(Z,:G). Since
To(G X £(ZpeG)) = V(Zpes G)

and Ret(f.) C G x £(Z,G), we have that V(Z,-G) = G x £(Z,-G) by properties
of the homomorphism.

(i) Clearly the epimorphism f, (e > 2) satisfies (7) by construction.

(iii) Let e > 3. From (ii) we have

fer(fo) = 14 p* ' w(Zye G) = £(Zpe G)[p)
and |1+ p°~'w(ZyG)| = pl¥I~" (see Lemma 6). It follows that
|£(ZPEG)[p” - |£(Zpe—1G)[p” :p‘Gl*l,

so the proof is finished.
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Lemma 8. Lete > 2. Ifu € £(Zp-G), then
ul =p - [fe(uw)]- (8)

Proof. Let |u| = p™. By Theorem 1 we obtain that Wt =1 + p°®~ !z for some

2 € w(ZyG), and ﬁ(u”m_l) =1, so the statement follows by induction. -

Lemma 9. Letd>1 and 0 # y € ZyeG. Then (1 —I—pdy)p%d =1 and the following
conditions hold:
(i) if p°~ty # 0, then the unit 1 + p?y has order p°~<, except when

p=2, d=1 and y>¢&27:-G;

(i) if p°~ly = 0 then y = p°z, where p°~'z # 0, and the unit 1 +p®+*z has order
pefdfs'

Proof. Let j = p'k and (k,p) = 1. By Lemma 1, the number p*tU—D4= ig the
largest p-power divisor of (pejid)pjd for 5 > 1. Since
e—d—l+pkd>e—d—Il+pd=e+ (P —D)d—1>e+p—1—1>¢;
dp*~ > d+pl > dte—d>e,

the number p° divides the natural numbers (? E;d) p’ and p®° . Using these in-
equalities, we have

e—d e—d e—d . . e—d e
(Ll "= 14300, (7 )y 0™yt = L

Therefore, the order of 1 + p?y is a divisor of p¢~¢.

e—d—1

Assume that (1 4+ pdy)? = 1. Since
dpt= 4t > d 4 pe—dt >d+1+(e—d—1)>e,

we obtain that

d \pe—d—1 P pe_d_l id i dpe—d—1 e—d—1
(1+py)? =1+ )Y 4 p™ yP
i=1 J
pp_d_171 e—d—1
—1+ (p , )p]dyJ 1
i=1 J
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e—d—1 e—d—1

and Y27°" 71 (P 7)p/%y7 = 0. This yields that

pe—d—171

1 P o4 o PN
e—1, _ _ _ gdyd 9
Py ( ) )p y > < ; >p y 9)
Jj=3
Assume that p°~'y # 0. Since j = p'k, where (k,p) = 1, the number p¢+—1d=1-1

is the largest p-power divisor of (pefjfl)pjd for j > 2 by Lemma 1. Put
m=(—1d—1-1,

and consider the following cases:
1. Let I=0. Thenm=(k—1)d—1—1and k > 2, s0o m > 0.
2. Let [ > 1. Then j = p'k > p' > 4 and

m=(p'k—1)d—1-1
>l 1) —1—-l=p —2-1>@p'+))—1-2=p'—2>0.
3. Let I =1. Then pk > 2 unlessp=2and d =1. If p =2 and d = 1 we have

m=(pk—1)2—2=2pk—42>0.
In all cases m > 0 unless p = 2, d = 1 and y? & 2Zy.G. Therefore

peJr(j*l)dflfl > pe
and by (9), we get p°~y = 0, a contradiction. Hence, the order of the unit 1+ py

is p°~<. The proof of part (i) is finished.
If p°~1y = 0 then y = p*z, where p°~'z # 0, so by part (i), the unit 1+ pd+sz

has order p¢=4=*. -
Corollary 1. If G = (a | a® = 1) then
V(ZQeG) =G x <]. + 2(a — 1)> =~ Oy X Cge-1.
Proof. Indeed, (a — 1)? = —2(a — 1), s0 |1 +2(a — 1)| = 2¢7L. -
Proof of Theorem 2. Let |V(Z,G)[p]| = p" and exp(G) = p". Assume that
V(Z,G) = (by) x -+ x (by), (10)

where |(b;)] = p%. The number r = rank,(V) is called the p-rank of V(Z,G).
Obviously

co—1 —1
p2

V(Z,G)lp) = (B0 ) x (0 ) o (2.

T
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Put H = G[p|. Since V(Z,G)[p] =1+ I(H) (see Lemma 4), p" equals the number
of the elements of the ideal J(H). It is well known (see [4], Lemma 2.2, p.7) that a
basis of J(H) consists of

{u,(hj—l) |UZE,§R1(G/H), hJEH\l}
and the number of such elements is %(|H| —1) = |G| — |GP|. Hence
r =rank,(V) = |G| — |G"|.

Since V(Z,G)P = V(Z,GP), we have rank,(V(Z,G)?) = |G?| — |GP*|. Tt follows
that the number of cyclic subgroups of order p in V(Z,G) (see (10)) is

(1G] - |G?]) — (|G?| — |G¥"|) = |G| — 2|G?| + |G|

Repeating this argument, one can easily see that the number of elements of order
p' in V(Z,G) is equal to

67 =267 | + |67, (i=1,...,n). (11)

Recall that V(Z,G) = G x £(Z,G) (see [9], Theorem 3) is a finite abelian p-group
and £(Z,G) has a decomposition

£(Z,G) = >< 54C (sq €N), (12)

d=1
where rank, (£(Z,G)) =7 = s1 +-- -+ s, and exp(G) = p". The number s; is equal
to the difference of (11) and the number of cyclic subgroups of order p’ in the direct

decomposition of the group G.
We use induction on e > 2 to prove that

n

(2 G) 210 x ( >< sdcpdﬂfl), (13)
d=1
where [ = |G| — 1 — r and where s1,...,s, € N are from (12).

The base of the induction is: e = 2. According to Lemma 7, the kernel of the
epimorphism f, is Rer(f.) = 1 + pw(Z,2G), which consists of all elements of order
pin £(Z,2G) and |1 + pw(Z,2G)| = p!¢I=! by Lemma 6. Hence

exp(£(Z,2G)) = p - exp(L(Z,G)) = p" T
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and the finite abelian p-group £(Z,2G) has a decomposition

n

£(Zy2G) 21y x () saCp )

d=1

where s1,...,8, € N are from (12), and where [ = |G| — 1 — r by Lemma 6.

Assume that

n

£(Zper1 G) 2 1Cpems x X saCpusems ).

d=1

Using Lemma 8, we get

exp(L(ZyeG)) = p - exp(L(Zye-1G)) = p"Te!

and £(ZpeG)[p] = L(Zpe-1G)[p] with e > 2, by Lemma 7(iii). Now, again as before,

we obtain (13). The proof is complete.

References

1]

[11]

[12]

N.N. AiZENBERG, A. A. Bovpi, E.I. GERGO and F. E. GECHE, Algebraic aspects
of threshold logic, Cybernetics, 2 (1980), 26-30.

M. I. ANOKHIN, On some sets of group functions, Mat. Zametki, 74 (2003), 3-11.
A. Bovbpi, The group of units of a group algebra of characteristic p, Publ. Math.
Debrecen, 52 (1998), 193-244.

A. A.Bovpl, Group rings, Kiev.UMK VO (1988), 155 (in Russian).

V. Bovbi AND A. GRISHKOV, Unitary and symmetric units of a commutative
group algebra, Proc. Edinburgh Math. Soc., to appear.

C. CoLEMAN and D. EAspownN, Complementation in the group of units of a ring,
Bull. Austral. Math. Soc., 62 (2000), 183-192.

B. HURLEY and T. HURLEY, Group ring cryptography, Int. J. Pure Appl. Math.,
69 (2011), 67-86.

T.HuRrRLEY, Convolutional codes from units in matrix and group rings, Int. J. Pure
Appl. Math., 50 (2009), 431-463.

D. L. JounsoN, The modular group-ring of a finite p-group, Proc. Amer. Math.
Soc., 68 (1978), 19-22.

F.Raca1 C, Las unidades en anillos de gruppo con coefficientes em Kyn, Z,» and
Fpn, Anales del Inst. de Mat.de la UNAM, 10 (1977), 29-65.

R. SANDLING, Dimension subgroups over arbitrary coefficient rings, J. Algebra, 21
(1972), 250-265.

R. SANDLING, Units in the modular group algebra of a finite abelian p-group, J.
Pure Appl. Algebra, 33 (1984), 337-346.

Acta Scientiarum Mathematicarum 80:3-4 (2014) © Bolyai Institute, University of Szeged



On the unit group of a commutative group ring 445

[13] W.WILLEMS, A note on self-dual group codes, IEEE Trans. Inform. Theory, 48
(2002), 3107-3109.

V. Bovbi, Department of Math. Sciences, UAE University - Al-Ain, United Arab Emirates;
e-mail: vbovdi@Qgmail.com

M. Savim, Department of Math. Sciences, UAE University - Al-Ain, United Arab Emirates;

e-mail: MSalimQuaeu.ac.ae

Acta Scientiarum Mathematicarum 80:3-4 (2014) (© Bolyai Institute, University of Szeged



