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Abstract

This is an account on the theory of formal power series developed entirely without any
analytic machinery. Combining ideas from various authors we are able to prove New-
ton’s binomial theorem, Jacobi’s triple product, the Rogers—Ramanujan identities and
many other prominent results. We apply these methods to derive several combinato-
rial theorems including Ramanujan’s partition congruences, generating functions of
Stirling numbers and Jacobi’s four-square theorem. We further discuss formal Lau-
rent series and multivariate power series and end with a proof of MacMahon’s master
theorem.

Keywords Formal power series - Jacobi’s triple product - Partitions - Ramanujan -
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05A17

1 Introduction

In a first course on abstract algebra students learn the difference between polyno-
mial (real-valued) functions familiar from high school and formal polynomials de-
fined over arbitrary fields. In courses on analysis they learn further that certain “well-
behaved” functions possess a Taylor series expansion, i.e. a power series which con-
verges in a neighborhood of a point. On the other hand, the formal world of power
series (where no convergence questions are asked) is not so often addressed in under-
graduate courses.

The purpose of these expository notes is to give a far-reaching introduction to
formal power series without appealing to any analytic machinery (we only use an
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elementary discrete metric). In doing so, we go well beyond a dated account under-
taken by Niven [31] in 1969 (for instance, Niven cites Euler’s pentagonal theorem
without proof). An alternative approach with different emphases can be found in
Tutte [40, 41]. To illustrate the usefulness of formal power series we offer several
combinatorial applications including some deep partition identities due to Ramanu-
jan and others. This challenges the statement “While the formal analogies with ordi-
nary calculus are undeniably beautiful, strictly speaking one can’t go much beyond
Euler that way...” from the introduction of the recent book by Johnson [20]. While
most proofs presented here are not new, they are scattered in the literature spanning
five decades and, up to my knowledge, cannot be found in a unified treatment. Our
main source of inspiration is the accessible book by Hirschhorn [17] (albeit based on
analytic reasoning) in combination with numerous articles cited when appropriate.
I hope that the present notes may serve as the basis of seminars for undergraduate
and graduate students alike. The prerequisites do not go beyond a basic abstract al-
gebra course (from Sect. 7 on, some knowledge of algebraic and transcendental field
extensions is assumed).

The material is organized as follows: In the upcoming section we define the ring
of formal power series over an arbitrary field and discuss its basis properties. There-
after, we introduce our toolkit consisting of compositions, derivations and exponenti-
ations of power series. In Sect. 4 we first establish the binomial theorems of Newton
and Gauss and later obtain Jacobi’s famous triple product identity, Euler’s pentago-
nal number theorem and the Rogers—Ramanujan identities. In the subsequent section
we apply the methods to combinatorial problems to obtain a number of generating
functions. Most notably, we prove Ramanujan’s partitions congruences (modulo 5
and 7) as well as his so-called “most beautiful” formula. Another section deals with
Stirling numbers, permutations, Faulhaber’s formula and the Lagrange—Jacobi four-
square theorem. In Sect. 7 we consider formal Laurent series in order to prove the
Lagrange—Biirmann inversion formula and Puiseux’ theorem on the algebraic clo-
sure. In the following section, multivariate power series enter the picture. We give
proofs of identities of Vieta, Girad—Newton and Waring on symmetric polynomials.
We continue by developing multivariate versions of Leibniz’ differentiation rule, Faa
di Bruno’s rule and the inverse function theorem. In the final section we go some-
what deeper by taking matrices into account. After establishing the Lagrange—-Good
inversion formula, we culminate by proving MacMahon’s master theorem. Along the
way we indicate analytic counterparts, connections to other areas and insert a few
exercises.

2 Definitions and Basic Properties

The sets of positive and non-negative integers are denoted by N = {1,2,...} and
No ={0, 1, ...} respectively.

Definition 2.1
(1) The letter K will always denote a (commutative) field. In this section there are
no requirements on K, but at later stages we need that K has characteristic O or
contains some roots of unity.
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(i1) A (formal) power series over K is just an infinite sequence o = (ap, ay, - .
with coefficients ay, ay, ... € K. The set of power series forms a K -vector space

denoted by K[[X]] with respect to the familiar componentwise operations:

a+p:=(ap+bo,a1+b1,...), A= (Aag, Aay, .. .),

Y

where B = (bg, b1, ...) € K[[X]] and A € K. We identify the elements of a € K

with the constant power series (a, 0, .. .). In general we call ag the constant term
of « and set inf(«) := inf{n € Ny : a, # 0} with inf(0) = inf @ = oo (as a group

theorist I avoid calling inf(«) the order of « as in many sources).

(iii) To motivate a multiplication on K[[X]] we introduce an indeterminant X and

its powers
x%:=1=,0,...), X=Xx'=(0,1,0,...),
X%=(0,0,1,0,...),

We can now formally write

o0
o= ZanX”.
n=0

If there exists some d € Ny with a,, = 0 for all n > d, then « is called a (formal)
polynomial. The smallest d with this property is the degree deg(«) of o (by
convention deg(0) = —00). In this case, adeg(q) is the leading coefficient and o

is called monic if ageg(a) = 1. The set of polynomials (inside K[[X]]) is denoted

by K[X].

(iv) We borrow from the usual multiplication of polynomials (sometimes called

Cauchy product or discrete convolution) to define

a-Bi= i(iakbn_k)X”

n=0 k=0

for arbitrary o, 8 € K[[X]] as above.

Note that 1, X, X2, ... is a K-basis of K[X], but not of K[[X]]. Indeed, K[[X]]
has no countable basis. Opposed to a popular trend to rename X to ¢ (as in [17]), we

always keep X as “formal” as possible.

Lemma 2.2 With the above defined addition and multiplication (K[[X]], +, -) is an
integral domain with identity 1, i.e. K[[X]] is a commutative ring such that o - B # 0

forall o, B € K[[X]]\ {0}. Moreover, K and K[X] are subrings of K[[X]].

Proof Most axioms follows from the definition in a straight-forward manner. To prove
the associativity of -, let @ = (ao, ...), B8 = (o, ...) and y = (cp, . ..) be power series.
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The n-th coefficient of - (B - y) is

n n—i n i
Zai ijcn—i—j = Z aib‘/ck = Z(Zajbi—j)cn—iv

i=0  j=0 i+j+k=n i=0 j=0

which happens to be the n-th coefficient of (« - ) - y.

Now let o Z& 0 # B with k := inf(«) and [ := inf(8). Then the (k +[)-th coefficient
ofa-Bis) Oa, bi41—i = axb; # 0. In particular, inf(« - 8) = inf(a) + inf(8) and
o-B#0.

Since K € K[X] C K[[X]] and the operations agree in these rings, it is clear that
K and K[X] are subrings of K[[X]] (with the same neutral elements). O

The above proof does not require K to be a field. It works more generally for inte-
gral domains and this is needed later in Definition 8.1. From now on we will usually
omit the multiplication symbol - and apply multiplications always before additions.
For example, o — y is shorthand for (« - ) + (—y). The scalar multiplication is com-
patible with the ring multiplication, i.e. A(a¢f) = (Aa)B = a(AB) for o, € K[[X]]
and A € K. This turns K[[X]] into a K -algebra.

Example 2.3
(i) The following power series can be defined for any K:

o0 oo o0
1-X, ZX", an", Z(—l)"X”.
n=0 n=0 n=0

We compute

a —X)ZX” Zx” Zx” =1.

n=0

(ii) For a field K of characteristic 0 (like K = Q, R or C) we can define the formal
exponential series

o n 2 3
exp(X):=ZF=1+X+7+?+---eK[[X]].
n=0 :

We will never write eX for the exponential series, since Euler’s number e simply
does not live in the formal world.

Definition 2.4
(1) Wecall @ € K[[X]] invertible if there exists some 8 € K[[X]] such that 8 = 1.
As usual, g is uniquely determined and we write &~ := 1 /& := . As in any

ring, the invertible elements form the group of units denoted by K[[X]]*.
(ii) For «, B,y € K[[X]] we write more generally o = v if ay = B (regardless

whether y is invertible or not). For k € Ny let a* := « - - -« with k factors and
k= (@ H*ifa e K[[X]].
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(iii) For o € K[[X]] let () := {a,B B e K[[X]]} the principal ideal generated by
o.

The reader may know that every ideal of K[X] is principal. The next lemma im-
plies that every proper ideal of K[[X]] is a power of (X) (hence, K[[X]] is a discrete
valuation ring with unique maximal ideal (X)).

Lemma2.5 Leta =) a,X" € K[[X]]. Then the following holds
(i) « is invertible if and only if ag # 0. Hence, K[[X]]* = K[[X]] \ (X).
(ii) If there exists some m € N with @™ = 1, then o € K. Hence, the elements of
finite order in K[[X]]* liein K*.

Proof

(1) Let B => b, X" € K[[X]] such that «8 = 1. Then agbp = 1 and ag # 0. As-
sume conversely that ag # 0. We define by, b1, ... € K recursively by by :=
1/ap and

k
1
b!=——£ ibi—i € K
k a()l._lalkl

for k > 1. Then

‘ 1 ifk=0,
Zaibk—i = .
= 0 ifk>0.
Hence, o = 1 where 8:=>_ b, X".

(il)) We may assume that m > 1. For any prime divisor p of m it holds that
(«™/P)P = 1. Thus, by induction on m, we may assume that m = p. By way
of contradiction, suppose o ¢ K and let n := min{k > 1 : a; # 0}. The n-th co-
efficient of a? = 1is pa(’)’_lan =0. Since « is invertible (indeed ¢ ~! = 1),
we know ag # 0 and conclude that p =0 in K (i.e. K has characteristic p).
Now we investigate the coefficient of X"” in a”. Obviously, it only depends
on ao, ..., anp. Since p divides ({) = w for 0 < k < p, the bi-
nomial theorem yields (ap + a1 X)? = aé’ + alp XP?. This familiar rule extends
inductively to any finite number of summands. Hence,

(ao+ -+ anp X"?)? =ag+6le"p+a,f+1X(n+1)p+"'+a£pxnp2'

In particular, the np-th coefficient of a? is a,’f # 0; a contradiction to a? =
1. O

Example 2.6
(i) By Example 2.3 we obtain the familiar formula for the formal geometric series

1 o0
—x-uX
n=0



8 B. Sambale

(i1) For any o € K[[X]]\ {1} and n € N an easy induction yields
1 —a"
O
1—a

(iii) For distinct a, b € K \ {0} one has the partial fraction decomposition

I R I o
(a+X)(b+X)_b—a(a+X_b+X>’ D

which can be generalized depending on the algebraic properties of K.

We now start forming infinite sums of power series. To justify this process we
introduce a discrete norm, which behaves much simpler than the euclidean norm on
C, for instance.

Definition 2.7 Fora = Y a, X" € K[[X]] let
| ;=27 1@ e R
be the norm of « with the convention [0] =27 =0.

The number 2 in Definition 2.7 can of course be replaced by any real number
greater than 1. Note that « is invertible if and only if |o| = 1. The following lemma
turns K [[X]] into an ultrametric space.

Lemma 2.8 Fora, B € K[[X]] we have
(@) || = 0 with equality if and only if « =0,
(@) el = lallBl,
(iti) |o + B| = max{lal, |BI} with equality if |a| # | B].

Proof

(i) This follows from the definition.
(i) Without loss of generality, let o # 0 % 8. We have already seen in the proof of
Lemma 2.2 that inf(«8) = inf(«) + inf(8).
(iii) From a, + b, # 0 we obtain a, # 0 or b, # 0. It follows that inf(o +
B) > min{inf(«), inf(B)}. This turns into the ultrametric inequality |« 4 B| <
max{|«|, |B|}. If inf(e) > inf(B), then clearly inf(e 4+ B) = inf(B). O

Theorem 2.9 The distance function d(«, 8) := |a — B| for o, € K[[X]] turns
K[[X]] into a complete metric space.

Proof Clearly, d(a, B) = d(B, @) > 0 with equality if and only if « = 8. Hence, d is
symmetric and positive definite. The triangle inequality follows from Lemma 2.8:

d@,y)=la—yl=la—p+p—yl<max{la -l 18-yl
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Sla=Bl+1p—yl=d( B)+dB.y).

Now let @, a2, ... € K[[X]] by a Cauchy sequence with o, = Y ay, , X" for
m > 1. For every k > 1 there exists some M = M (k) > 1 such that |e,, — aps| < 27%
for all m > M. This shows ay, , = ap ., forall m > M and n < k. We define

Ak = aM(k),k

and o = Y ar X*. Then |a — | < 27 for all m > M(k), i.e. limy, o0 0ty = .
Therefore, K[[X]] is complete with respect to d. O

Note that K[[X]] is the completion of K[X] with respect to d. In order words:
power series can be regarded as Cauchy series of polynomials. For convergent se-
quences (og)x and (Bx)x we have (as in any metric space with multiplication)

lim (ax + Br) = lim o + lim B, lim (axBr) = lim oy - lim By.
k—o00 k—o00 k—o00 k—o00 k—o00 k— o0
The infinite sum
n
o = li
> e Jim Y e
k=1 k=1

can only converge if (o )k is a null sequence, that is, limy_, o |k | = 0. Surprisingly
and in stark contrast to euclidean spaces, the converse is also true as we are about to
see. This crucial fact makes the arithmetic of formal power series much simpler than
the analytic counterpart.

Lemma 2.10 For every null sequence o, o, ... € K[[X]] the series Z,‘Zil oy and
]_[,?il (1 + ax) converge, i.e. they are well-defined in K[[X]].

Proof By Theorem 2.9 it suffices to show that the partial sums form Cauchy se-
quences. For € > 0 let N > 0 such that |ax| < € for all k > N. Then, fork >1> N,
we have

1

IZ—Z Y

i=1 i=l+1
1 k

=[Ti el [T (e 1]
i=1 <1

Sy

< i=l+1
SEIC{+1,....k} iel

2.8
<max{lo;|:i=1+1,....k} <e,

k 1
[Ta+en-TTa+e)
i=1 i=1

<max{lo;|:i=1+1,....k} <e O

We often regard finite sequences as null sequences by extending them silently by
0. Let a1, a2, ... € K[[X]] be a null sequence and o = ZZ‘;O ak ., X" for k > 1. For
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every n > 0 only finitely many of the coefficients aj ,,az,, ... are non-zero. This
shows that the coefficient of X" in

iak - i(i ak,,,)X” 2.2)
k=1

n=0 k=1

depends on only finitely many terms. The same reasoning applies to the [ 7o (1 +
o).

For ¥ € K[[X]] and null sequences (o), (Br) it holds that > o + Y Br =
> (o +Br)and y Y ar = ) yoy as expected. Moreover, a convergent sum does not
depend on the order of summation. In fact, for every bijection 7: N— Nandn e N
there exists some N € N such that 7 (k) > n forall k > N. Hence, oz (1), @z (2), ... 152
null sequence. We often exploit this fact by interchanging summation signs (discrete
Fubini’s theorem).

Example 2.11
(i) For a € (X) we have |a"| = |a|* <27" — 0 and therefore Z,C;o:o o = ﬁ So
we have substituted X by « in the geometric series. This will be generalized in
Definition 3.1.
(ii) Since every non-negative integer has a unique 2-adic expansion, we obtain

0 L 1
H(1+X2)=1+X+X2+-~-=ﬁ.
k=0

Equivalently,

oo oo

ﬁ(1+x2k)_l_[ 1+ x29a - x% _l_[l—x2"“ 1
- _ w2k - _ vk T 1=—Xx"
k=0 k=0 1 X k=0 1 X 1 X

More interesting series will be discussed in Sect. 5.

3 The Toolkit

Definition 3.1 Let o = ZEO:() ap, X" € K[[X]] and B8 € K[[X]] such that @ € K[X] or
B € (X). We define

woBi=a(f):=) anp".

n=0

If « is a polynomial, it is clear that «(8) is a valid power series, while for g € (X)
the convergence of «(B) is guaranteed by Lemma 2.10. In the following we will
always assume that one of these conditions is fulfilled. Observe that |«¢(8)| < |« if

B e (X).
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Example 3.2 For o = Y 22 a,X" € K[[X]] we have a(0) = ap and a(X?) =
3% @ X*". On the other hand for & = Y%/ X" we are not allowed to form «(1).

Lemma3.3 Fora, B,y € (X) and every null sequence o1, a3, ... € K[[X]] we have

(Y aw)es=> a®. (3.1)
k=1 k=1

(TTa+a)op=TTa+apy, (3.2)
k=1 k=1
o (Boy)=(@op)oy. (3.3)

Proof Since |ag(B)] < |ax| — 0 for k — oo, all series are well-defined. Using the
notation from (2.2) we deduce:

<i“’<) °h= i(i“/m)f’" = i(f%nﬂ”) = iak(ﬁ).
k=1 n=0 k=1 k=1 n=0 k=1

We begin proving (3.2) with only two factors, say o = Y oo (a, X" and oy =
S bu X"

@a2) o= (D absi)B" =D Y (@B bk = @ 0 p)(@20 B).

n=0 k=0 n=0 k=0

Inductively, (3.2) holds for finitely many factors. Now taking the limit using
Lemma 2.8 gives

TTa+aen - ([Ta+an)ep|=[Tn+u®l| [T 0 +a@)-1]-0
k=1 k=1 k=1 k=n+1

asn — o0o. Using (3.1) and (3.2), the validity of (3.3) reduces to the trivial case where
a=X. O

We warn the reader that in general

aop#poa, ao(By)#(aop)(aoy), ao(fty)Faoftaoy.

Nevertheless, the last statement can be corrected for the exponential series (Lem-
ma 3.6).

Theorem 3.4 The set K[[X]]° := (X) \ (Xz) C K|[[X]] forms a group with respect
to o.

Proof Let «, B,y € K[[X]]°. Then a(B) € K[[X]]°, i.e. K[[X]]° is closed under o.
The associativity holds by (3.3). By definition, X € K[[X]]° and X oo =a = 0 X.
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To construct inverses we argue as in Lemma 2.5. Let of = 3% ja; , X" for k €
Np. Since ap =0, also ax, =0 forn <k and a, , = ai’ # 0. We define recursively

bo:=0, b ::i;éOand

Zak nbr

a
(L

for n > 2. Setting B :=Y_ b, X" € K[[X]]°, we obtain

Ba) = Zbka _Zzbkaknx —Z(Zbkak,n)x":?(

k=0n=0 n=0 k=0

As in any monoid, this automatically implies o (8) = X. O

For o € K[[X]]°, we call the unique g € K[[X]]° with a(8) = X = B(«) the
reverse of a. To avoid confusion with the inverse e ~! (which is not defined here), we
refrain from introducing a symbol for the reverse.

Example 3.5
(i) Let « be the reverse of X + X2+ --- = 1XX Then
o«
l -«
and it follows that o = 1 +X = X — X?+ X3 — ... . In general, it is much harder

to find a closed-form expression for the reverse. We do so for the exponen-
tial series with the help of formal derivatives (Example 3.11). Later we provide
the explicit Lagrange—Biirmann inversion formula (Theorem 7.5) using the ma-
chinery of Laurent series.
(ii) For the field IF,, with p elements (where p is a prime), the subgroup N,

X + (XZ) of IE‘,,[[X 11° is called Nottingham group. One can show that every
finite p-group is a subgroup of N, (see [9, Theorem 3]), so it must have a very
rich structure.

Lemma 3.6 (Functional equation) Let char K = 0. For every null sequence a1, ay, . ..
€ (X) C K[[X]11,

exp(kz;z ozk) = ,!:[1 exp(ag). 3.4

In particular, exp(nX) = exp(X)" forn € Z.

2
Proof Since Z,fil a € (X) and exp(og) € 1 + o + %k + -+, both sides of (3.4) are
well-defined. For two summands «, § € (X) we compute

k n—k
expla + B) = Z( +,3) ZZ() B

n=0 n=0 k=0
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00 1 k an—k 0 X gn
= L:Za—'~zﬂ—!=exp(a)exp(ﬂ).

S

By induction we obtain (3.4) for finitely many oy . Finally,
o

HO_OI exp(ax) — exp(i ak>) = ﬁ |exp(ak)|‘ expog) — 1| — 0
k=1 el kmnt

k=1 =n+1

as n — oo.
For the second claim let n € Ny. Then exp(nX) = exp(X + - -- + X) = exp(X)".
Since

exp(nX)exp(—nX) =exp(nX —nX) =exp(0) =1,
we also have exp(—nX) = exp(nX)_1 =exp(X)™". O

Definition 3.7 For o = ) a, X" € K[[X]] we call

o = ZnanX"*I e K[[X]]

n=1

the (formal) derivative of . Moreover, let @ := o and @™ := («®~D)’ the n-th
derivative for n € N.

It seems natural to define formal infegrals as counterparts, but this is less useful,
since in characteristic 0 we have o = 8 if and only if o’ = B’ and «(0) = B(0).

Example 3.8 As expected we have 1’ =0, X’ =1 as well as

, S Xn—l et X"
exp(X) :Zn Py :Z?:exp(X).
n=1 ’ n=0

Note however, that (X?)' = 0 if K has characteristic p.

In characteristic 0, derivatives provide a convenient way to extract coefficients of
power series. For « = ) a, X" € K[[X]] we see that a©@ (0) = a(0) = ag, «’(0) =
ar, o”(0) =2ay, ...,a"(0) = nla,. Hence, Taylor’s theorem (more precisely, the
Maclaurin series) holds

> o™
a:Z“ nf ) xn. (3.5)
n=0

Over arbitrary fields we are not allowed to divide by n!. Alternatively, one may use
the k-th Hasse derivative defined by

o0

HY @)=Y <Z>a,,x""

n=k
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(the integer (}}) can be embedded in any field). Note that H*(a) = kla®™ and o =
ZZOZO H"(2)(0)X". In the following we restrict ourselves to complex power series.

Lemma 3.9 For «, B € K[[X]] and every null sequence a1, oz, ... € K[[X]] the fol-
lowing rules hold.:

(Z ozk>/ = Z o (sum rule),
k=1 k=1
(@B) =a'B+ap ((finite) product rule),
(1_[(1 + ak))/ = H(l +ap) Z ; ' , ((infinite) product rule),
k=1 k=1 peri s
(%>/ = 01,8'6%01,3 (quotient rule),
(@opB) =d' (BB (chain rule).

Proof

(i) Using the notation from (2.2), we have

k=1 n=0 k=1 n=0k=1 k=1 n=0
o0
-y e
k=1
(ii) By (i) we may assume o = X* and 8 = X'. In this case,
(@B) = (XY = (k + DX =k x*1X! XTI XK =o' + Bla
(iii) Without loss of generality, suppose o # —1 for all k € N (otherwise both sides

vanish). Let || <2~V ~! for all k > n. The coefficient of X" on both sides of
the equation depends only on «1, ..., «,. From (ii) we verify inductively:

n ’ n n a/
(I+ap) =[]0+ k
(]!:[] k) ]!:[1 k;l—i-ak

for all n € N. Now the claim follows with N — oo.
(iv) By (ii),
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(v) By (iii), the power rule (a")’ = na '’ holds for n € Ny. The sum rule implies
o0 , o0 o0

@) = (Y ap") =Y anB" =Y na,p"' ' =a'B)p. O
n=0 n=0 n=1

The product rule implies the rather trivial factor rule (Aa)' = Ao’ for A € K as
well as Leibniz’ rule

(@p)" = Z (Z)a(k)ﬁ(n_k)
k=0

for o, B € K[[X]]. A generalized version of the latter and a chain rule for higher
derivatives are proven in Sect. 8.

Exercise3.10 Letc, B € (X) suchthat 8 ¢ (X?). Prove L’Hopital’s rule %(O) = %.

Example 3.11 For char K = 0 we define the (formal) logarithm by

o0

log(1+X):= Y

n=1

o x> X3
T xr=x-Z 4 Z . eK[X].
n 2 3

By Theorem 3.4, o := exp(X) — 1 possesses a reverse and log(exp(X)) = log(1 +
o) € K[[X]]°. Since

1
los1+X) =1-X+X*F...= X' = —
og(1+ X) X F =) X =

the chain rules yields

/
X
log(1+a) = e exp(X) =1.
1+a exp(X)
This shows that log(exp(X)) = X. Therefore, log(1 + X) is the reverse of o =
exp(X) — 1 as expected from analysis. Moreover, log(1 — X) =—>""° | )f—l

The only reason why we called the power series log(1 + X) instead of log(X) or
just log is to keep the analogy to the natural logarithm (as an analytic function).

Lemma 3.12 (Functional equation) Let char K = 0. For every null sequence oy, oy,
... € (X) CK[[X]],

tog([ (1 +a0) = log(1 + ). (3.6)

k=1 k=1
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Proof
1og<1_[(1 + ak)) = log(l_[ exp(log(1 + ak))) @ log(exp(z log(1 +ak)>)
k=1 k=1 k=1
o0
:Zlog(l+ak). O
k=1
Example 3.13 By (3.6),
X yn

log(ﬁ) = —log1-X)=Y" ~.

n=1

Definition 3.14 Let char K = 0. For ¢ € K and o € (X) let

1 +a) = exp(clog(l + a)).

If ¢ = 1/k for some k € N, we write more customary /1 +« := (1 + &)!'/¥ and in

particular v/1 +a := /1 +a.

By Lemma 3.6,
(1 +a)°(1 +a)? = exp(clog(l + @) +dlog(l + &) = (1 + &)

for every ¢,d € K as expected. Consequently, (/1 —i—a)k =14aforkel,ie.
Y1+ o is a k-th root of 1 4+« with constant term 1. Suppose that § € K[[X]] also sat-
isfies B = 1 4+ . Then B~ 1&/T+ « has order < k in K[[X]]*. From Lemma 2.5 we
conclude that 8711+ « is constant, i.e. = B(0)~/1 + . Consequently, </1 + o
is the unique k-th of 1 4+ o with constant term 1.

The inexperienced reader may find the following exercise helpful.

Exercise 3.15 Check that the following power series in C[[X]] are well-defined:

in(Xx) := - (_l)n X2n+1 X) = > (_l)n in
Sln( ) = Z m , COS( ) = Z (2n)| s
n=0 n=0
in(x 0 2%+l
tan(x) := 202 sinh(x) =Y 5
cos(X) P 2k + 1)!
0 2n+1 00 k
2n)! X —1
arcsin(X) := Z L)2—, arctan(X) := Z !szﬂ.
2"n)*2n+1 2k+1
n=0 k=0
Show that

(a) (EULER’s formula) exp(iX) = cos(X) +isin(X) wherei=+/—1€ C.



An Invitation to Formal Power Series 17

(b) sin(2X) = 2sin(X) cos(X) and cos(2X) = cos(X)? — sin(X)?.
Hint: Use (a) and separate real from non-real coefficients.

(c) (PYTHAGOREAN identity) cos(X)? + sin(X)? = 1.

(d) sinh(X) = %(exp(X) —exp(—X)).

(e) sin(X)' = cos(X) and cos(X)' = — sin(X).

(f) arctanotan = X.
Hint: Mimic the argument for log(1 + X).

(g) arctan(X) = %log(i—))ﬁ).

(h) arcsin(X) = ———

. . . l_Xz .
(1) arcsinosin = X.

4 The Main Theorems

The field Q can be embedded into any field K of characteristic 0. For ¢ € K and
k € N we extend the definition of usual binomial coefficient by

c\ . cc=1)...(c—k+1
(k)'_ k! €

K

(it is useful to know that numerator and denominator both have exactly k factors).
The next theorem is a vast generalization of the binomial theorem (take ¢ € N) and
the geometric series (take ¢ = —1).

Theorem 4.1 (NEWTON's binomial theorem) Let char K =0. For o € (X) and c € K
the following holds

(1+a)c=2<;>ak. @.1)

k=0

Proof 1t suffices to prove the equation for « = X (we may substitute X by « after-
wards). By the chain rule,

(1+X)°

— 1 XC—]
rx U+ X)

((1+X)°) = exp(clog(l + X)) =c¢

and inductively, ((1 + X)) = c(c — 1)...(c —k + 1)(1 + X)*~*. Now the claim
follows from Taylor’s theorem (3.5). Il

A striking application of Theorem 4.1 will be given in Theorem 6.12.
Example4.2 Let ¢ € C be an n-th root of unity and let & := (1 4+ X)% — 1 € (X). Then

woa=(1+0+X)—1)  —1=1+X)¢ —1
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and inductively o o --- o @ = (1 + X)¢" — 1 = X. In particular, the order of « in
the group C[[X]]° divides n. Thus in contrast to the group K[[X]]* studied in
Lemma 2.5, the group C[[X]]° possesses “interesting” elements of finite order.

Since we do not call our indeterminant ¢ (as in many sources), it makes no sense
to introduce the g-Pochhammer symbol (g; q),. Instead we devise a non-standard
notation in reminiscence of the binomial coefficient.

Definition 4.3 Forn € Ny let X"!:= (1 —X)(1 = X?)...(1—=X").ForO <k <n we
call

k

n X" 1 — xn=i+t
<k> = s = L L < KX
=1

a Gaussian coefficient. If k < 0 or k > n let (Z) =0.

As for the binomial coefficients, we have (j) = (") = 1 and (}) = (") for all n € Ng

n) 1-X"

and k € Z. Moreover, ({) =12 =1+ X 4+ --- + X"~!. The familiar recurrence

formula for binomial coefficients needs to be altered as follows.

Lemma4.4 Forn e Ngandk € Z,

<n:1>:Xk<Z>+<ki 1>:<Z>+X"+lk<,€i 1>- 2)

Proof For k > n + 1 or k < 0 all parts are 0. Similarly, for k =n + 1 or kK = 0 both
sides equal 1. Finally, for 1 <k <n it holds that

ol - e
k[l \k—1 1 — Xk Xk=l xn—k+1y
1 — xn+l X
1 — Xk Xk-lyxn+1-k)

:n+l: n+1 _ yntlk n n n
k n+1—k n+1—k n—k

n n
— Xn+l—k . O
<k> + k—1

Since (g) and <'1') are polynomials, (4.2) shows inductively that all Gaussian coeffi-
cients are polynomials. We may therefore evaluate (Z) at X = 1. Indeed, (4.2) becomes
the recurrence for the binomial coefficients if X = 1. Hence (Z)(l) = (Z) This can be
seen more directly by writing

_yn _ yn—k+1
<”> S X+ XD L0 X X
Lr _
1—

1-xt  1-X (IT+X+--+ X, (1+X)1

—x - X
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We will interpret the coefficients of (’;) in Theorem 5.4.

Example 4.5

4 _ 23 3 _yv2 2 2\ 2 3 4
) =X ) + { =X+ X+X)+(U+X+X)=1+X+2X"+ X"+ X".

The next formulas resemble (1 + X)" =Y }_, (Z)Xk and (1 — X)™" =

Yo ("HIE_I)X k¥ from Newton’s binomial theorem. The first is a finite sum, the
second an infinite formal series arising from some sort of inverses. We will encounter
many more such “dual pairs” in Theorem 6.9, Theorem 8.4 and (9.3), (9.4).

Theorem 4.6 (GAUSS' binomial theorem) For n € N and a € K[[X]] the following
holds

n—1

[T +axh = Z<Z>a’<x(§),

k=0 k=0
n o0

1 n+k—1 Kok
[T = (" et
k=1 k=0

Proof We argue by induction on n.

(1) For n =1 both sides become 1 + «. For the induction step we let all sums run
from —oo to oo (this will not change the equation, but makes index shifts much
more transparent):

G

[T +ax=d+ax <”>akx@
k=0 k=—00 k
o0 00 —~——
_ n k(%) < n >k+l n—k v (5)+k
= > ot x4 3 oFH xnkx G
k__oo<n—k> P n—k

R =N A USSR NP TY B ko ()
_k_X_:Oo<n_k>otX2+ ZX <n—k—|—1>aX2

k=—o00

o oo

4.2) n+1 kv (%) n+1\ , 5)

= X\ = X\2 .
2= 2 (1
k=—00 k=—00

(i) Here, n =1 is the geometric series ﬁ =0 ok X* . In general:
o o oo
nt1 R\ gk NP ER ik on [P R kgt
(1—aX )kz_()<k>ax_§<k oeX—X]; Lo



20 B. Sambale

Remark 4.7 We emphasize that in the proof of Theorem 4.6, « is treated as a variable
independent of X. The proof and the statement are therefore still valid if we substitute
X by some B € (X) without changing o to a(8).

Using
im (™= L gim 1 — xR - xmy = 423)
n—oo \k Xk n>o0 Xk’ )
we obtain an infinite variant of Gauss’ theorem:
Corollary 4.8 (EULER) For all « € K[[X]],
[’ 0ok (k)
K a*X\2
[Ja+ex )_Zx—k!, (4.4)
k=0 k=0
ae 1 O ok xk
1_[ 1— Xk = Xk| . (45)
k=1 o k=0 ’
If ¢ € (X), we can apply (4.5) with a X! to obtain
o0 o
1 ok
[ =2 5w (46
k=0 k=0

We are now in a position to derive one of the most powerful theorems on power series.

Theorem 4.9 (JACOBI's triple product identity) For every o € K[[X1]\ (X?) the fol-
lowing holds

o0 o0
1—[(1_sz)(l+aX2k—1)(1_|_a—1X2k—1)= Z a"sz.
k=1 k=—o00

Proof We follow Andrews [2]. Observe that « 1 X%~ js a power series for all k >
1, since o ¢ (X?). Also, both sides of the equation are well-defined. According to
Remark 4.7 we are allowed to substitute X by X2 and simultaneously o by «~! X in
4.4):

2
> a kxk

1—[(] +a7]X2k71) — 1_[(] +aflx2k+l) :Z (1 _Xz)(l _sz)

k=1 k=0 k=0
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U e Z —ka 1_[(1 X21+2k+2)

Again, a kXK is still a power series. Since for negative k the product over 1 —
X?+2k+2 vanishes, we may sum over k € Z. A second application of (4.4) with X>
instead of X and —X%**? in the role of  shows

o (-1 X2 H+2K

= — — _ 2
H(H'“ 21y — x 2% = Z k xk Z(l—XZ) e

k=1 k=—00

_Z (— aX) i x k+D)? o~k
(1-X2)...(1-Xx%)
k=—00

After the index shift k — —k — [/, the inner sum does not depend on / anymore. We
then apply (4.6) on the first sum with X replaced by X2 and —a X € (X) instead of
o:

o0 oo
—1 y2k—1 2k 2,
[Ta+e X ha - x2 = H MXW Z X
k=1 k=0 k=—
= 2
_ K2k
- 1_[ 1+ aXZk 1 Z X
k=1
We are done by rearranging terms. O

Remark 4.10 Since the above proof is just a combination of Euler’s identities, we
are still allowed to replace X and « individually. Furthermore, we have required the
condition & ¢ (X?) only to guarantee that o ! X is well-defined. If we replace X by
X", say, the proof is still sound for & € K[[X]]\ (X"*1).

A (somewhat analytical) proof only making use of (4.4) can be found in [45].
There are numerous purely combinatorial proofs like [23, 27, 38, 39, 44, 46], which
are meaningful for formal power series.

Example 4.11
(1) Choosing o € {£1, X} in Theorem 4.9 reveals the following elegant identities:

oo o] )
[Ja-x*a+x*hH2= 3" x*, (4.7)
k=1 k=—o00

00 kN2 o] [od]

(I—x% - 2
[ =[la-x*Ha-x*"H2= 3 n'x", (4.8)
k=1 k=1 k=—00

o] ] o] ) 9] )

2k 2kN2 _ k*+k _ k=+k
[Ta-xHa+x202=2 37 xFH=3 X0,
k=1 k=—00 k=0

(4.9)



22 B. Sambale

where in (4.9) we made use of the bijection k — —k — 1 on Z. These formulas
are needed in the proof of Theorem 6.17. In (4.9) we find X only to even powers.
By equating the corresponding coefficients, we may replace X2 by X to obtain

[Ta - x4+ x4 =[Ja - x50 +x02 =Y x5
=l k=1 k=0

A very similar identity will be proved in Theorem 4.13.
(ii) Relying on Remark 4.10, we can replace X by X> and o by —X at the same
time in Theorem 4.9. This leads to

l—[(l — XKy (1 = XOk=2y(1 — xOk—4) = Z (_1)kX3k2+k'
k=1 k=—00

Substituting X2 by X provides Euler’s celebrated pentagonal number theorem:

[Ta-x5=TTa-x*a-x¥Ha-x¥2= Y nix*s"

k=1 k=1 k=—oo0

(4.10)
There is a well-known combinatorial proof of (4.10) by Franklin, which is re-
produced in the influential book by Hardy—Wright [14, Sect. 19.11].
(iii) The following formulas arise in a similar manner by substituting X by X> and
selecting o € {—X, —X 3} afterwards (this is allowed by Remark 4.10):

]_[(1—)(5")(1—X5’<—2)(1—x5’<—3)= Z (4.11)
k=1 k=—00
[Ja-x*%a-x*hHa-x**H=>" (—1)"X@. (4.12)
k=1 k=—o00

This will be used in the proof of Theorem 4.15.

To obtain yet another triple product identity, we first consider a finite version due
to Hirschhorn [15].

Lemma 4.12 Forall n € Ny,

]_[(1 X2 Z( l)k(2k+1)X+k<2nn+kl>. (4.13)

Proof The proof is by induction on n: Both sides are 1 if n = 0. So assume n > 1 and
let Q,, be the right hand side of (4.13). The summands of Q,, are invariant under the
index shift k — —k — 1 and vanish for |k| > n. Hence, we may sum over k € Z and
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divide by 2. A threefold application of formula (4.2) gives:

_ nl - _1\k E%i 2n
On=X zk;m( DF@k+ 1) X <n_k>

+1 i( ek + DxSE
2 n—k—1

k=—00

2n —1
Z( DEQk + DX T < _k>

2n VK Lii 2n —1
+X Z( D*Qk+1)X 2 <_k_1>

k——m

k+k 2n —1
+ Z( D¥Qk+1)X 2 <_k_1>

k*—m

1 & k+3k+2 2n—1
X" D¥QRk+ DX .
+ 2k§w< 2k + 1) <n_k_2>

The second and third sum amount to (1 + X2") 0, —1. We apply the transformations
k+ k+1and k — k — 1 in the first sum and fourth sum respectively:

On=(+X")0n
) . ek | 2n—1 ik | 2n—1
-X Ek;oo(_l) <(2k+3)X 2 <n_k_1>+(2k—1)X 2 <n—k—l>>

=(1=X")Q0y 1 =2X"Qp 1 == X"y 0, 1=]](1-xH% -
k=1

Theorem 4.13 (JACOBI) We have

]‘[(1 — X3 = Z(—l)k(Zk + 1)X"ZT“
k=1 k=0

Proof By Lemma 4.12, we have

n+k+1

]_[(1 X3 = Z( l)k(2k+1)X_ lim <2 +1> lim ]_[ a1 -xh

n—k/[n>o0

o0
2
=Y =DF@k+ DX lim (1 - X" (1 - X2
n—0oo
k=0
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=Z(—1)k(2k+ 1)szT+k. O

k=0

In an analytic framework, Theorem 4.13 can be derived from Theorem 4.9 (see
[14, Theorem 357]). A combinatorial proof was given in [21].

As a preparation for the infamous Rogers—Ramanujan identities [35], we start
again with a finite version due to Bressoud [7]. The impatient reader may skip these
technical results and start right away with the applications in Sect. 5 (Theorem 4.15
is only needed in Theorem 5.5(v), (vi)).

Lemma4.14 Forn € Ny,

(e¢]

Z< > Z (—1) < > x %, (4.14)
pare + 2k

> In Rk ad B 2n + 1\ s?-3k

];<k>x _k;w( 1) <n+2k>x =, (4.15)

Proof Note that all sums are actually finite. We follow a simplified proof by Chap-
man [10]. Let &, and &, be the left and the right hand side respectively of (4.14).
Similarly, let 8, and B, be the left and right hand side respectively of (4.15). Note
that all four sums are actually finite. We show both equations at the same time by
establishing a common recurrence relation between «,,, 8, and &,, En

We compute ag = By = @p = ,30 =1.Forn>1,

2 BT

o0
n—1
=adp-1 + X" Z <k 3 1>Xk(k1)

k=—o00
o0
n—1
:Oln—l + Xn Z < k >Xk(k+1) — al’l—l + Xn,Bn—la
k=—o00
X In 2 ac X"
_ K24k —ky _ Ktk —k
B — X"ty = Z<k>x 1—=X"%= ZWX (1—X"%
k=—00 k=—o00

=(1-Xx" Z<” ; 1>X"2+k =(1—=X"Bu-1.

These recurrences characterize o, and S, uniquely The familiar index transformation

k> —k — 1 implies > 2o (—1) (i'_'m%) W = 0. This is used in the following
computation:

o0
2n 2n —2 5k2+k
e = )k — X 7
Gy == ) ( )<<n+2k> <n—1+2k>>

k=—o00
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(4 2) 1 n—2k 21’1 — 1 2’1 — 2 5k2+1<
X — X 2
Z( (< 2k>+ <n+2k—1 n—1+2k

k=—00
42 e omia 21 =2\ o] 2n—1 om
= Dl X xXn= X"z
Z =D < <n+2k>+ <n+2k—1>>
k=—00
:Xn:én—ls
2n+1 2n 5k2—3k
_X'“ — 1 k n+2k X5
o= Z( )<< +2k> n+ 2k
k=—00
OO

5k2—3k

1)k< > o
n+2k—1

_ i (‘Uk 2n —1 4 xn2k 2n —1 X5k22—3k
n—+2k—1 n+2k—2

k=—00
o0

- 2n—1 5k2—Tk42
— _ Xn _1 k X )

:Bnl+ E ( )<n+2k—2>

k=—o00
1> 50-k2-70-k1+2
2

=Byt + X" _X_j( Hi- k< _2kx

k=

= Z (_)< +2k— >X

5k2—3k
2

=1 =X"Bu1.

By induction on n, it follows that «,, = &, and 8, = Bn as desired. Il
Theorem 4.15 (ROGERS—RAMANUJAN identities) We have
o 1 > xk
H (1 — X5k=Ty(] — x5k—4) — Z Xk (4.16)
k=1 =0
10_0[ 1 2 yk?+k
= ) 4.17)
— y5k—2\(] — v5k—3 k1
e (L= X3E=2)(1 — X3k=3) — = XK
Proof
=, x¥* (43 2 @14) ko 2k 2n
i Eam () S ot 1)

@i [12, (1= X3 (1 = x3*2) (1 — x33)
- [TZ (1= X5
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o0

1

_Il:[l = XSk—l)(l _ XSk—4)’
[od] k2 +k [od] [os]
X 2_ 4+ 1
Y E xH im (") S Cpf T dim "
Xk n—o0 \k n—oo\n + 2k
k=0 k=0 k=—00
@12) TTre (1 — X9 (1 — X1 (1 — x4
[T, (1 — X5
= 1
= H 5k—2 5k—3y 0
=X (1 - x5

The Rogers—Ramanujan identities were long believed to lie deeper within the the-
ory of elliptic functions (Hardy [14, p. 385] wrote “No proof is really easy (and it
would perhaps be unreasonable to expect an easy proof.”; Andrews [4, p. 105] wrote
“...no doubt it would be unreasonable to expect a really easy proof.”). Meanwhile a
great number of proofs were found, some of which are combinatorial (see [3] or the
recent book [36]). An interpretation of these identities is given in Theorem 5.5 below.
We point out that there are many “finite identities”, like Lemma 4.14, approaching
the Rogers—Ramanujan identities (as there are many rational sequences approaching
V2).

One can find many more interesting identities, like the quintuple product, along
with comprehensive references (and analytic proofs) in Johnson [20].

5 Applications to Combinatorics

In this section we bring to life all of the abstract theorems and identities of the previ-
ous section. If ag, ay, . .. is a sequence of numbers usually arising from combinatorial
context, the power series @ = Y a, X" is called the generating function of (ay),. Al-
though this seems pointless at first, power series manipulations often reveal explicit
formulas for a,, which can hardly be seen by inductive arguments. We give a first
impression with the most familiar generating functions.

Example 5.1
(i) The number of k-element subsets of an n-element set is (Z) with generating
function (1 + X)". A k-element multi-subset {ay,...,ar} of {1,...,n} with

ay; < --- < ag (where elements are allowed to appear more than once) can be
turned into a k-element subset {a;,ar+1,...,ar +k—1}of {1,...,n+k—1}
and vice versa. The number of k-element multi-subsets of an n-element set is
therefore (’”,’271) with generating function (1 — X)™" by Newton’s binomial
theorem.

(i) The number of k-dimensional subspaces of an n-dimensional vector space over

a finite field with ¢ < oo elements is <Z> evaluated at X = ¢ (indeed there are

(" — D(g" —q)...(¢" — ¢"~**1) linearly independent k-tuples and (¢* —
D(g* — q)...(g" — ¢*") of them span the same subspace). The generating
function is closely related to Gauss’ binomial theorem.
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(iii) The Fibonacci numbers f, are defined by f, :=n for n =0,1 and f,4; :=

fn + fa_1 for n > 1. The generating function « satisfies o = X + X’a + X«
and is therefore given by o = ﬁ An application of the partial fraction
decomposition (2.1) leads to the well-known Binet formula

1+f5)n 1 <1—J§)n_

f”:ﬁ< 2 ) 5\ 2

(iv) The Catalan numbers c, are defined by ¢, :=n for n = 0,1 and ¢, :=
ZZ;% cxcn—k for n > 2 (most authors shift the index by 1). Its generating func-
tion « fulfills @ — &> = X, i.e. it is the reverse of X — X2, This quadratic equa-
tion has only one solution o = %(1 — \/1 —4X) in C[[X]]°. Newton’s binomial
theorem can be used to derive cp11 = +1 ( ) A slightly shorter proof based
on Lagrange—Biirmann’s inversion formula is given in Example 7.6 below.

We now focus on combinatorial objects which defy explicit formulas.

Definition 5.2 A partition of n € N is a sequence of positive integers A = (Aq, ..., A7)
suchthatA1+---+X; =nand Ay > --- > X;. Wecall Ay, ..., A; the parts of L. The set
of partitions of n is denoted by P (n) and its cardinality is p(n) := | P (n)|. For k € Ny
let pi(n) be the number of partitions of n with each part A; < k. Finally, let py ;(n) be
the number of partitions of n with each part < k and at most / parts in total. Clearly,
p1(n) = py.1(n) =1 and p,(n) = py.n(n) = p(n). Moreover, pi (n) =0 whenever
n > kl. For convenience let p(0) = po(0) = po,0(0) =1 (0 can be interpreted as the
empty sum).

Example 5.3 The partitions of n = 7 are

(7), 6, 1), (5,2), (5, 1%), (4,3), 4,2, 1), 4, 1), (3%, 1),
(3,2%),3,2,1%), 3, 1Y, 2%, 1), 2%, 13, 2, 1°), (17).

Hence, p(7) =15, p3(7) =8 and p33(7) =

Theorem 5.4 The generating functions of p(n), px(n) and pi i(n) are given by

Zp(n)X" = H —

k=1

> 1
Z)Pk(”)xn = ﬁ’
n=
o0
k+1
Zpk,l(”)xn=< N >
n=0
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Proof 1t is easy to see that py(n) is the coefficient of X" in

A4+ X"+ X" A+ X2+ X724 A+ X xiR )
1 1 1 1 (5.1)
T1-X1-X2"1-—XxK Xk

This shows the second equation. The first follows from p(n) = limg_  pr(n). For
the last claim we argue by induction on k 4/ using (4.2). If k =0 or [ = 0, then both
sides equal 1. Thus, let k,/ > 1. Pick a partition A = (A1, A2, ...) of n with each part
< k and at most [ parts. If A1 < k, then all parts are <k — 1 and A is counted by
Pk—1,1(n). If on the other hand A1 =k, then (A2, A3, ...) is counted by py ;—1(n — k).
Conversely, each partition counted by py ;—1(n — k) can be extended to a partition
counted by pi ;(n). We have proven the recurrence

Dk, 1(n) = pr—1,1(n) + pri—1(n — k).

Induction yields

o0 o o
o pamX" =Y poimX"+ XY e (m) X"

n=0 n=0 n=0
k+1—1 k+1—1 k+1
_(*t FxHF @2 (k+ i) 0
k—1 k k

Theorem 5.5 The following assertions hold for n, k,l € Ny:
(&) pii(n) = prr(n) = pr i1kl —n) forn <kl.
(if) The number of partitions of n into exactly k parts is the number of partitions
with largest part k.
(iii) (GLAISHER) The number of partitions of n into parts not divisible by k equals
the number of partitions with no part repeated k times (or more).
(iv) (EULER) The number of partitions of n into unequal parts is the number of
partitions into odd parts.
(v) (SCHUR) The number of partitions of n in parts which differ by more than 1
equals the number of partitions in parts of the form £1 4 5k.
(vi) (SCHUR) The number of partitions of n in parts which differ by more than 1 and
are larger than 1 equals the number of partitions into parts of the form 2 + 5k.

Proof

(i) Since (kzl> = (k';l), we obtain pi;(n) = p;x(n) by Theorem 5.4. Let A =
(M1, ..., Ag) be a partition counted by py ;(n). After adding zero parts if neces-
sary, we may assume that s = /. Then A= k—Ak—Aj—1,....k—Ap)isa
partition counted by py;(kl — n). Since A = A, we obtain a bijection between
the partitions counted by py ;(n) and py ; (kI —n).

(i) The number of partitions of n with largest part & is pi(n) — pr—1(n). The num-

ber of partitions with exactly k parts is

Pn k(M) — ppi—1(n) © Pkn(n) — pr—1,n(n) = pr(n) — pr—1(n).
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(iii)) Looking at (5.1) again, it turns out that the desired generating function is

1 = 1 — xkm
ktm m=1

=(I+X+-+ XA+ X2+ 4 x2ED)

(iv) Take k =2 in (iii).

(v) According to [36, Sect. 2.4], it was Schur, who first gave this interpretation of
the Rogers—Ramanujan identities. The coefficient of X" on the left hand side of
(4.16) is the number of partitions into parts of the form &1+ 5k. The right hand
side can be rewritten (thanks to Theorem 5.4) as

oo o0 oo n
DY X =N e — kX"
k=0 n=0 n=0 k=0

By (i), px(n — k%) counts the partitions of n — k% with at most k parts. If
(M1, ..., Ak) is such a partition (allowing A; = 0 here), then (A + 2k — 1, 12 +
2k —3,..., A + 1) is a partition ofn —k*4+143+---+2k—1=n with
exactly k parts, which all differ by more than 1.

(vi) This follows similarly using k> + k =244 + --- + 2k. 0

There is a remarkable connection between (iii), (iv) and (v) of Theorem 5.5: Num-
bers not divisible by 3 are of the form 1 + 3k, while odd numbers are of the form
+1 4 4k.

Example 5.6 For n =7 the following partitions are counted by Theorem 5.5:

exactly three parts: 5,13, “,2,1), (3%, (3,22

largest part 3: (341, (3,22, (3,2,1%), G, 1%

unequal parts: D, ®,1, (5,2, 4,3), 42,1
odd parts: D, 6,19, 32D, @G1%H, d)
parts differ by more than 1: 7, 6,1), 5,2)

parts of the form 41 + 5k 6.1, 1%, a"

parts > 2 differ by more than 1: (7), 5,2)

parts of the form £2 + 5k N, (3,2%)

Some of the statements in Theorem 5.5 permit nice combinatorial proofs utiliz-
ing Young diagrams (or Ferres diagrams). We refer the reader to the introductory
book [5]. The following exercise (inspired by [5]) can be solved with formal power
series.

Exercise 5.7 Prove the following statements for n, k € N:
(a) The number of partition of n into even parts is the number of partitions whose
parts have even multiplicity.
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(b) (LEGENDRE) If n is not of the form %(3k2 + k) with k € Z, then the number of
partitions of n into an even number of unequal parts is the number of partitions
into an odd number of unequal parts.

Hint: Where have we encountered %(31(2 + k) before?

(c) (SUBBARAO) The number of partitions of n where each part appears 2, 3 or 5
times equals the number of partitions into parts of the form £+2 + 12k, £3 + 12k
or 6 + 12k.

(d) (MACMAHON) The number of partitions of n where each part appears at least
twice equals the number of partitions in parts not of the form +1 + 6k.

The reader may have noticed that Euler’s pentagonal number theorem (4.10) is
just the inverse of the generating function of p(n) from Theorem 5.4, i.e.

o0

S pmxts 3 o =

n=0 k=—o00

and therefore

Z( D p ( 3k? +k>_0

k=—n

for n € N, where p(k) := 0 whenever k < 0. This leads to a recurrence formula

p0)=1,
pm)y=pn—1)+pn—-2)—pn—-5-pn—-7+--- (neN).

Example 5.8 We compute

pr()=p0O)=1, p@=pB)+p2)=3+2=5,
r@Q=pM)+p0) =2 pB)=p@A+pB)—-p0)=5+3-1=7,
pB)=p@Q+pH)=3, pO)=pB)+p@d-p(H)=7+5-1=11

(see https://oeis.org/A000041 for more terms).

The generating functions we have seen so far all have integer coefficients. If
o, B € Z[[X]] and d € N, we write « = 8 (mod d), if all coefficients of « — g are
divisible by d. This is compatible with the ring structure of Z[[X]], namely if o« = 8
(mod d) and y =6 (mod d),thena +y =8+ (mod d) and ey = 5 (mod d).
Now suppose « € 1 + (X). Then the proof of Lemma 2.5 shows e leZ[X]]. In
this case « = 8 (mod d) is equivalent to a'=g"1 (modd). Ifd=p happens to
be a prime, we have

P ... (p—k+1
(a+ﬂ>"=§)”(” )k!(” ) kPt =P 47 (mod p),

as in any commutative ring of characteristic p.
With this preparation, we come to a remarkable discovery by Ramanujan [34].
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Theorem 5.9 (RAMANUJAN) The following congruences hold for all n € Ny:

\p(5n+4)so (mod 5), p(Tn+5)=0 (mod7).\

Proof Let o := [[2,(1 — XX). By the remarks above, o = [[p2,(1 — X*)° =
12,1 —X%*) = a(X3) (mod 5) and o> = a(X>)~! (mod 5). For k € Z we com-
pute

! 0 ifk=0,—-1 (mod 5),
§(k2+k)z 1 ifk=1,-2 (mod5),
3 ifk=2 (mod?5).
This allows to write Jacobi’s identity (4.13) in the form
2. 2
d= YDk + DX T £ Y (DFek+ DX
k=0,—1 (mod 5) k=1,—-2 (mod 5)

2
+ 3 (=DFk+ pxE
S———
k=2(mod5) =0 (mod}5)

=og+o; (modSH),

where «; is formed by the monomials a; X k with k =i (mod 5). Now Theorem 5.4
implies

00 333 3
Y pmx =o' = 225;2 = (“Oi’(;’)]z) (mod 5). (5.2)
n=0

If we expand (o +a1)3, then only terms X* withk=0,1,2,3 (mod 5) occur, while
in a(X3)2 only terms X 5k oceur. Therefore the right hand side of (5.2) contains no
terms of the form X>¥**. So we must have p(5k +4) =0 (mod 5).

For the congruence modulo 7 we compute similarly %(k2 +k)=0,1,3,6
(mod 7), where the last case only occurs if k =3 (mod 7) and in this case 2k +1 =0
(mod 7). As before we may write o’ = oo + a1 + a3 (mod 7). Then

0 3\2 2
Y pmX" =o' = (o 7) = (“°+“}1{7+“3) (mod 7).
= o a(X7)
Again X7¥*5 does not appear on the right hand side. O

Ramanujan has also discovered the congruence p(11n +6) =0 (mod 11) for all
n € Ny (the reader finds the history of this and other results in [5, 17], for instance).
This was believed to be more difficult to prove, until elementary proofs were found
by Marivani [29], Hirschhorn [16] and others (see also [17, Sect. 3.5]). The details
are however extremely tedious to verify by hand.
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By the Chinese remainder theorem, two congruence of coprime moduli can be
combined as in

p(35n+19)=0 (mod 35).

Ahlgren [1] (building on Ono [33]) has shown that in fact for every integer k coprime
to 6 there is such a congruence modulo k. Unfortunately, they do not look as nice as
Theorem 5.9. For instance,

p(11° 130 +237)=0 (mod 13).

The next result explains the congruence modulo 5 and is known as Ramanujan’s
“most beautiful” formula (since Theorem 4.15 was first discovered by Rogers).

Theorem 5.10 (RAMANUJAN) We have

1 — X5Kk)5
Zp(Sn +4X" =5 ]_[ ( Xk))6

Proof The arguments are taken from [17, Chap. 5], leaving out some unessential
details. This time we start with Euler’s pentagonal number theorem. Since

0 ifk=0,—-2 (mod)>5),
={1 ifk=-1 (mod)5),
2 ifk=1,2 (mod5),

3k2 4+ k
2

we can write (4.10) in the form
o —H(l—Xk)— Z X" T =g+ o+,
k=—o00

where «; is formed by the terms a; X k with k =i (mod 5). In fact,

o]

a = Z (_1)5](—1 3(5k=1)“+5k—1 1) +5k—1 —_x Z ( 1)k X (XZS)
k=—00 k=—00
(5.3)
On the other hand we have
4 12

Z( DRk + DX T U 60 (gt + )’

k=0
When we expand the right hand side, the monomials of the form X2 all occur

in 3ag(agay + a%). Since we have already realized in the proof of Theorem 5.9 that
(k* +k)/2 %2 (mod 5), we conclude that

a% = —pa2. 5.4
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Let ¢ € C be a primitive 5-th root of unity. Using that

4

4 4
X —1=[lx-¢H=¢"" e "x-n=T]¢'x -1,

i=0 i=0 i=0

we compute

ik yky _ o x5S sk 2(XO)°
fh@X>IIHu X =aX*’[Ta -x% :

k=0i=0 5'“( a(XZS)
This leads to
i()xn—l (25)(X)(X)(X)(X)
PX" = = e § a0 ate!
_a(X®) 5 ) y \
_a—(XS)G(Oto-i-{al—i-C a2) (o + C2ar + ) (o + Can + Can)
x (oo + oy + o). (5.5)

We are only interested in the monomials X>"*#. Those arise from the products a%a%,

aoa%az and a‘l‘. To facilitate the expansion of the right hand side of (5.5), we notice
that the Galois automorphism y of the cyclotomic field Qs sending ¢ to ¢2 permutes
the four factors cyclically. Whenever we obtain a product involving some ¢!,

a0a2§3 the full orbit under (y) must occur, which is aoa%(g +24+ 3+ ;4) =

_a00‘2~ Now there are six choices to form otooz2 Four of them form a Galois orbit,
while the two remaining appear without ¢. The whole contribution is therefore (1 4
1— 1)a0a2 = a0a2 In a similar manner we compute,

Oé(X )
a(X3)°
54 (X 5)()(4(53) 4o (X%)3
- a(X3)6 = a(X5)0

Zp(Sn +4) X1t = (a0a2 30100110(2 + ozl)

The claim follows after dividing by X* and replacing X° by X. U

Partitions can be generalized to higher dimensions. A plane partition of n € N is
an n x n-matrix A = (};;) consisting of non-negative integers such that
e Aj1=Aip>...and Ay j > Ap ;> ... foralli, j,
n
° Zi,j:l )»,'j =n.
Ordinary partitions can be regarded as plane partitions with only one non-zero row.
The number pp(n) of plane partitions of »n has the fascinating generating function

o0 o0
1
X'=]——— =1+ X4+3X2 46X+ 13X*+24X°+...
n}_opp(n) kl_ll(l—xk)k + X+ + + + +
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discovered by MacMahon (see [37, Corollary 7.20.3]).

6 Stirling Numbers

We cannot resist to present a few more exciting combinatorial objects related to power
series. Since literally hundreds of such combinatorial identities are known, our selec-
tion is inevitably biased by personal taste.

Definition 6.1 A set partition of n € N is a disjoint union A U...UAr={1,...,n}
of non-empty sets A; in no particular order (we may require min A; < --- < min Ax
to fix an order). The number of set partitions of n is called the n-th Bell number b(n).
The number of set partitions of n with exactly k parts is the Stirling number of the
second kind {}}. In particular, {"} = {|} = n. We set {8} = b(0) = 1 describing the
empty partition of the empty set.

Example 6.2 The set partitions of n = 3 are
{1,2,3}={1}1U{2,3} ={1,3} U {2} ={1,2} U {3} = {1} U {2} U {3}.

Hence, b(3) =5 and {g} =3.

Unlike the binomial or Gaussian coefficients the Stirling numbers do not obey a
symmetry as in Pascal’s triangle. While the generating functions of »(n) and {Z} have
no particularly nice shape, there are close approximations which we are about to see.

n+1 —x n n n ©.1)
k| lk k—1] ‘
Proof Without loss of generality, let 1 <k <n. Let A U---U Ag_ a set partition

of n with k — 1 parts. Then A; U ---U Ap_1 U {n + 1} is a set partition of n + 1
with k parts. Now let A; U--- U Ay be a set partition of n. We can add the number

Lemma 6.3 Forn,k € Ny,

n + 1 to each of the k sets Ay, ..., Ag to obtain a set partition of n + 1 with k parts.
Conversely, every set partition of n + 1 arises in precisely one of the two described
ways. d

Lemma 6.4 Forn € Ny,
" n
b 1) = b(k).
(n+1) ];(,) (k)

Proof Every set partition A of n + 1 has a unique part A containing n + 1. If
k :=]A| — 1, there are (’;) choices for A. Moreover, A \ A is a uniquely determined
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partition of the set {1,...,n}\ A with n — k elements. Hence, there are b(n — k)
possibilities for this partition. Consequently,

n

b(n+1)=Z<Z>b(n—k)zz<2)b(k). O

k=0 k=0
Theorem 6.5 Forn € N we have

n n o0 k"
k _ _ k
> {k}x = exp( X)];O—k!x,

k=0
o
b(k
Z %X" = exp(exp(X) - 1).
k=0
Proof We prove both assertions by induction on n.

(i) Forn =1, we have

00 1 !
eXp(—X)Z i 1)'Xk =Xexp(—X)exp(X) =X = {I}X
k=1 ’

as claimed. Assuming the claim for n, we have

n+1 n+1 (61)n+1 n n+1 n
Xk kU xk xk
N R DN
k=0 k=0 k=0

X(Zn:{’;}x")ﬁxémx"

k=0

L k"
= X(exp(—X) 3 FX") + Xexp(—X) ) o x*
2 !

(i1) Since exp(X) — 1 € (X), we can substitute X by exp(X) — 1 in exp(X). Let

o0
a:=exp(exp(X) — 1) = %X".
n=0 "

Then ag = exp(exp(0) — 1) = exp(0) = 1 = b(0). The chain rule gives

e¢]

) a"fl X" = o = exp(X) exp(exp(X) — 1)
n:
n=0
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k=0 k=0

?T‘|._
~| 8

Therefore, ant1 =Y j_o (;)ax for n > 0 and the claim follows from Lem-
ma 6.4. O

Now we discuss permutations.

Definition 6.6 Let S, be the symmetric group consisting of all permutations on the
set {1,...,n}. The number of permutations in S, with exactly k (disjoint) cycles
including fixed points is denoted by the Stirling number of the first kind [Z] By

agreement, [8] = 1 (the identity on the empty set has zero cycles).

Example 6.7 There are [3] = 11 permutations in S4 with exactly two cycles:

(1,2,3)4), (1,3, 2)@), (1,2,4)3), (1,4,2)3), (1,3,4)(2), (1,4,3)(2),
(D(2,3,4), (1)(2,4,3), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3).

Since |S, | = n!, there is no need for a generating function of the number of per-
mutations.

Lemma 6.8 Fork,n € Ny,

[”ZlkaJM[Z] 6.2)

Proof Without loss of generality, let 1 <k <n. Let o € S, with exactly k — 1 cycles.
By appending the 1-cycle (n 4 1) to o we obtain a permutation counted by ["'H]
Now assume that o has k cycles. When we write ¢ as a sequence of n numbers and
2k parentheses, there are n meaningful positions where we can add the digit n + 1.
For example, there are three ways to add 4 in o = (1, 2)(3), namely

“4,1,2)(3), (1,4,2)(3), (1,2)4,3).

This yields n distinct permutations counted by ["+1] Conversely, every permutation

counted by [ M ] arises in precisely one of the described ways. 0

While the recurrences relations we have seen so far appear arbitrary, they can be
explained in a unified way (see [24]).
It is time to present the next dual pair of formulas resembling Theorem 4.6.
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Theorem 6.9 The following generating functions of the Stirling numbers hold for
neN:

ﬁ(1+kX)=2n:[ " }Xk,
k=0 k=0 n—k

" 1 > (n+k X
Hl—kX:Z{ n }X
k=1 k=0

Proof This is another induction on 7.

(i) The case n = 1 yields 1 on both sides of the equation. Assuming the claim for
n, we compute

" i n k_ n n k

lg)(l—i-kX)_(l—i—nX)Z[n_k]X _Z<[n—k]+”[n—k+1]>x
©62) ntl
Z:[n—l-l— i| '

(ii) Forn =1, we get the geometric series = X =Y X¥ on both sides. Assume the
claim for n — 1. Then

a _nX)Z{n—l—k}Xk:Z({n—i-k} _n{n+k— 1}>Xk
paar n n n
n—1 1

©.1) { 1+k}k_ '
Z n—1 gl—kX

For readers who still do not have enough, the next exercise might be of interest.

Exercise 6.10

(a) Prove Vandermonde’s identity Y"1 _o (4)(,”,) = (“}?) for all a, b € C by using
Newton’s binomial theorem.

(b) For every prime p and 1 < k < p, show that [fz] is divisible by p (a property
shared with (%)).

(c) Prove that

log(l — X)" & x*
(—D”L( ) =ZH
k=

for n € Ny.
(d) Determine all n € N such that the Catalan number ¢, is odd.
Hint: Consider the generating function modulo 2.
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(e) The Bernoulli numbers b, € Q are defined directly by their (exponential) gener-
ating function

>, by
exp(X)—l ijn_

Compute by, ..., b3 and show that by, 1 =0 for every n € N.
Hint: Replace X by —

The cycle type of a permutation o € S, is denoted by (11, ..., n%), meaning that
o has precisely ay cycles of length k.

Lemma 6.11 The number of permutations o € S,, with cycle type (14!, ..., n%) is

n!

19 .. .n%ay)...a,"

Proof Each cycle of o determines a subset of {1, ..., rn}. The number of possibilities
to choose such subsets is given by the multinomial coefficient

n!
(IHar .. (nl)an "

Since the a; subsets of size i can be permuted in a;! ways, each corresponding to
the same permutation (as disjoint cycles commute), the number of relevant choices is
only

n!
(IHar .. (nDYanay!...a,!

A given subset {A1, ..., A} € {1, ..., n} can be arranged in k! permutations, but only
(k—1)! different cycles, since (A1, ..., Ax) = (X2, ..., Ak, A1) = - - -. Hence, the num-
ber of permutations in question is

n! n!

(=D (= D)™ = . O

(e .. (nYHYay!...a,! 191 .. .n%ay!...a,!

The following is a sibling to Glaisher’s theorem. For a non-negative real number
r we denote the largest integer n <r by n = |r].

Theorem 6.12 (ERDOS-TURAN) Let n,d € N. The number of permutations in S,
whose cycle lengths are not divisible by d is

ln/d]

n'l_[ kd—l.
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Proof According to [30], the idea of the proof is credited to Pélya. We need to
count permutations with cycle type (191, ..., n%) where ax = 0 whenever d | k. By
Lemma 6.11, the total number divided by n! is the coefficient of X" in

P o

—exp(—log(l—X)+ log(1 — Xd)) =

d

=Xy

= X
d—1 00

SEAEC )
r=0 q=0

Therein, X" appears if and only if n = qd +r with 0 <r < d and g = |[n/d] (Eu-
clidean division). In this case the coefficient is

(_1)q<<1—d>/d)__ : %—k_ﬁkd_—l .
q a e Tk

Example 6.13 A permutation has odd order as an element of S, if and only all its
cycles have odd length. The number of such partitions is therefore

n!

W ok—1 [12.32. =12 ifniseven,
2k |12.32.....n—2)2%.n ifnisodd.

k=1

Exercise 6.14 Find and prove a similar formula for the number of permutations o €
S, whose cycle lengths are all divisible by d.

We insert a well-known application of Bernoulli numbers.

Theorem 6.15 (FAULHABER) For every d € N there exists a polynomial « € Q[X] of
degree d + 1 such that 19 +2¢ + ... + n¢ = a(n) for every n € N.

Proof We compute the generating function

n—1

= (kX> X" —1
Z(de) - ZZ —Zexp(kX)—Ze p(X)k = fwfﬁ

d=0 k=1 k=1d=0

o0 o0
_ exp(nX) —1 X 6.10(¢) Z nktl ok Z QX’
X exp(X) — 1 = k+1)! = I!

4 kg ed! N X4
- 22::((“ DI —k)!)ﬁ

d=0k=0
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_Zz<k+l< > kﬂ)fz_f

d=0k=

and define o := Zk -0 k+l( )bd K (X + D! e QI[X]. Since by = 1, « is a polyno-

mial of degree d + 1 with leading coefficient = + 7 g

Example 6.16 For d = 3 the formula in the proof evaluates with some effort (using
Exercise 6.10) to:

3 2 3,1 41 242
0l=b3(X+1)+§b2(X+1) +bi(X+1) +Zbo(X+1) ZZ(X+1) X

X+
= 5 )
This is known as Nicomachus’s identity:

P+ 4+ 4n’=0+2+-+n%

Even though Faulhaber’s formula 19429 ... 4 pd = o (n) has not much to do
with power series, there still is a dual formula, again featuring Bernoulli numbers:

— d+1( 7T) bZd
Z:: —1) —2ad (d e N).

Strangely, no such formula is known to hold for odd negative exponents (perhaps
because byg+1 = 0?). In fact, it is unknown if Apéry’s constant Y - | k% =1,202...
is transcendent.

We end this section with a power series proof of the famous four-square theorem.

Theorem 6.17 (LAGRANGE-JACOBI) Every positive integer is the sum of four squares.
More precisely,

gn):=|{(a,b,c,d) € Z*:a® + D>+ P +d*=n}|=8 ) " d
44d|n

forn e N.

Proof We follow [17, Sect. 2.4]. Obviously, it suffices to prove the second assertion

2
(by Jacobi). Since the summands (— l)k 2k+1DX - in Theorem 4.13 are invariant
under the transformation k — —k — 1, we can write

[Ja-x*’= % > (=Df@k+ 1)Xk27”‘
k=1

k=—00
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Taking the square on both sides yields

K2k 41

'—oo _xke L S _ykH
“-—kljl(l X>—4kl;m( D@k + D@+ DX 2

The pairs (k, [) with k =1 (mod 2) are transformed by (k, ) — (s,1) := %(k—H, k—
[), while the pairs k 1 (mod 2) are transformed by (s, ¢) := %(k —I—1,k+14+1).
Noticethatk =s +tandl/ =s —t orl =t — s — 1 respectively. Hence,

0 2 2
o= % 3 @s+2+ D@ -2 DX T
§,t=—00
1 & (402 sttt —s—1) 2 4i—s—1
-3 D @s+2r+ D@2t —2s— DX 2
$,t=—00
R 2 2 [ 2 2
=1 D (@s+ 17— @) xTH Z > (@0 = @s+ 1) xT
§,t=—00 §,t=—00
o
— % Z ((2S + 1)2 _ (2t)2)X52+s+t2
§,t=—00
1 & Py 2 - 2 ad 2
ZE Z x! Z (2S—|—1)2XS -‘rs_E Z XSS Z (2t)2X’ .
=—00 §=—00 §=—00 =—00

For B8 := ZX’Z and y == %ZXxZH we have y +4Xy' = %Z(Zs + 1)2X***S and
therefore

a=PBy +4Xy) —4XB'y =By +4X By — B'y).

Now we apply the infinite product rule to (4.7) and (4.9):

> 1) ann(, k= DX ok x2%k-l
ﬂ’=(k]j[l<1—X2k>(1+X2k ) =ﬁ;(2 e e .

= L a2k X e x]
r_ 1 — x26y(] 4 x2k 2) _ (2 _ )
y (ﬂ( (1 + X% y; T T

—_

We substitute:

o]

= (1832 - AT

Here,

k=1 k=1
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o0
_ 1—[(1 — X241 — xH2,
After we set this off against «, it remains

> 48y 4= xXHd
( Z (= Dka ) l_[ 1- X2k)4 ’3)/

k=—00

2kX%* 2k —1XH1 )

=1+8Z(1+X2k e

k=1

Finally we replace X by —X:

Sawn=( X x) =18y (i + )

k=—o00

2k — HX*-1  ppx%* 2k X2k 2k X%
_H'SZ( _ x2k—1 1_X2k_1_X2k+1+X2k)

4k X 4k kx*
—1+8Z( o) = S o

o0 o0
=1+8ZkZXkl=1+SZZdX”. O

4tk 1=l n=144d|n
Example 6.18 For n =28 we obtain

Y d=142+T7+14=24.
41d |28

Hence, there are 8 - 24 = 192 possibilities to express 28 as a sum of four squares.
However, they all arise as permutations and sign-choices of

28=524+ 124+ 124+ 12=42 422+ 22+ 22 =32 +32 432+ 12,

Theorem 6.17 is best possible in the sense that every integers n = 7 (mod 8) is
not the sum of three squares since a® + b> + ¢2 %7 mod 8.

If n,m € N are sums of four squares, so is nm by the following identity of Euler
(encoding the multiplicativity of the norm in Hamilton’s quaternion skew field):

(@} + a3 +a} +a) (b7 + b3 + b} + b3) = (a1b1 + azby + a3bs + asbs)?
+(a1by — asby + asba + asbs)? + (a1bs — azby + asby — azbs)?

+(arby — agby + azby — azby)?
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This reduces the proof of the first assertion (Lagrange’s) of Theorem 6.17 to the case
where n is a prime.

Waring’s problem ask for the smallest number g (k) such that every positive integer
is the sum of g(k) non-negative k-th powers. Hilbert proved that g(k) < oo for all
k € N. We have g(1) =1, g(2) =4 (Theorem 6.17), g(3) =9, g(4) = 19 and in

general it is conjectured that
3\ k
sw=|(3) ]+

(see [25]). Curiously, only the numbers 23 =2-23+7-13and 239 =2-43+4.3% +
3 - 13 require nine cubes. It is even conjectured that every sufficiently large integer is
a sum of only four non-negative cubes (see [11]).

7 Laurent Series

Every integral domain R can be embedded into its field of fractions consisting of the
formal fractions % where r, s € R and s # 0 (this is the smallest field containing R as
a subring). For our ring K[[X]] these fractions have a more convenient shape.

Definition 7.1 A (formal) Laurent series in the indeterminant X over the field K is a
sum of the form

o
o= Z aka
k=m

where m € Z and a; € K for k > m (i.e. we allow X to negative powers). We often
write o = Z,fifoo ap Xk assuming that inf(«) = inf{k € Z : ax # 0} exists. The set

of all Laurent series over K is denoted by K ((X)). Laurent series can be added and
multiplied like power series:

o0 oo o0

atp= Y @+box,  ap= Y (Y ab)x*

k=—00 k=—00 [=—00

(one should check that the inner sum is finite). Moreover, the norm || and the deriva-
tive o’ are defined as for power series.

If a Laurent series is a finite sum, it is naturally called a Laurent polynomial.
The ring of Laurent polynomials is denoted by K[X, X~!], but plays no role in the
following. In analysis one allows double infinite sums, but then the product is no

2
longer well defined as in (Zoo X ”) .

n=—0oo

Theorem 7.2 The field of fractions of K[[X]] is naturally isomorphic to K ((X)). In
particular, K ((X)) is a field.



44 B. Sambale

Proof Repeating the proof of Lemma 2.2 shows that K ((X)) is a commutative ring.
Let ¢ € K((X)) \ {0} and k := inf(«). By Lemma 2.5, X *a e K[[X]1*. Hence,
XK(X~*a)~! € K((X)) is the inverse of «. This shows that K ((X)) is a field. By
the universal property of the field of fractions Q (K[[X]]), the embedding K[[X]] €
K((X)) extends to a (unique) field monomorphism f: Q(K[[X]]) = K((X)). If

k =inf(x) < 0, then f(§f,:") = and f is surjective. 0

Of course, we will view K[[X]] as a subring of K((X)). In fact, K[[X]] is the
valuation ring of K ((X)), i.e. K[[X]] = {e € K((X)) : |a| < 1}. The field K ((X))
should not be confused with the field of rational functions K (X), which is the field
of fractions of K[X].

If « € K((X)) and B € K[[X]]°, the substitute a(B) is still well-defined and
Lemma 3.3 remains correct (o deviates from a power series by only finitely many
terms).

Definition 7.3 The (formal) residue of a = Y a;X* € K((X)) is defined by
res(a) :=a_q.

The residue is a K -linear map such that res(a’) = 0 for all « € K ((X)).
Lemma7.4 Fora,f € K((X)) we have

res(a’B) = —res(aB’)
res(a’ /o) = inf(a) (ax #0)
res(cr) inf(B) = res(a(B)B') (B € (X))

Proof

(1) This follows from the product rule
0 =res((@p)’) =res(a’B) +res(af’).
(ii) Let o = X¥y with k = inf(«r) and y € K[[X]]*. Then

’ ka_l Xk I
ll = # —kx! +y/y_l_
o Xry

Since y~! € K[[X]], it follows that res(a’ /&) = k = inf().
(ii1) Since res is a linear map, we may assume that « = X kK Itk # —1, then

k+1

res(a(B)B') =res(BXB) = res(( A )/) =0 =res(a) = res(a) inf(B).

k+1
If k= —1, then

res(@(B)p') = res(8'/B) L inf(8) = res(ar) inf(B). O
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Theorem 7.5 (LAGRANGE—-BURMANN's inversion formula) Let char K = 0. The reverse
ofx € K[[X]]° is

i res(o™ k)

k=1

Proof The proof is influenced by [12]. Let 8 € K[[X]]° be the reverse of «, i.e.
o(B) = X. From o € K[[X]]° we know that o # 0. In particular, « is invertible in
K((X)). By Lemma 3.3, we have a¥(B) = X~*. Now the coefficient of X* in B
turns out to be

1 1 1 1
p res(kX *18) = — res((X %)) = . res(X ¥p') = . res(a ¥ (8)B')
1 —k
= —res
L rest@™)
by Lemma 7.4. O
Since Theorem 7.5 is actually a statement about power series, it should be men-
tioned that res(a %) is just the coefficient of X*~! in the power series (X/a)X. This

interpretation will be used in our generalization to higher dimensions in Theorem 9.8.

Example 7.6 Recall from Example 5.1 that the generating function « of the Catalan
numbers ¢, is the reverse of X — X 2. Since

(Xj()ﬂ)n+ =a-07 i( ) (DX,

we compute

res(e 1) 1 Lf—n—1 1 (n+1...2n 1 (2n
Cnt1 = = (=D = = .
n—+1 n+1 n n+1 n! n+1\n

Our next objective is the construction of the algebraic closure of C((X)). We need
a well-known tool.

Lemma 7.7 (HENSEL) Let R := K[[X]]. For a polynomial @ = ZZ:O arY* € R[Y] let

&= Zak(O)Yk € K[Y].
k=0

Let a € R[Y] be monic such that & = ajo for some coprime monic polynomials
oy, a0 € K[Y]\ K. Then there exist monic B,y € R[Y] such that B = a1, y = ap
and o = By.
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Proof By hypothesis, n := deg(a) = deg(xr1) + deg(az) > 2. Observe that & is essen-
tially the reduction of « modulo the ideal (X). In particular, the map R[Y] — K[Y],
o — «a is a ring homomorphism. For o, 7 € R[Y] and k € N we write more gen-
erally o = 7 (mod (X¥)) if all coefficients of o — 7 lie in (X¥). First choose
any monic polynomials B, y1 € R[Y] with ,3_1 =« and y; = . Then deg(B1) =
deg(ay), deg(y1) = deg(ap) and @ = B1y1 (mod (X)). We construct inductively
monic B, yx € R[Y] for k > 2 such that

(@) Bk =Brt1 and yx = yi41 (mod (XX)),
(b) o =By (mod (XX)).

Suppose that S, yx are given. Choose § € R[Y] such that o = Bryx + Xk§ and
deg(8) < n. Since ay, oy are coprime in the Euclidean domain K[Y], there exist
0,7 € R[Y] such that 86 + %7 = a16 + a>T = 1 by Bézout’s lemma. Since S
is monic, we can perform Euclidean division by 8 without leaving R[Y]. This yields
0,V € R[Y] such that 6 = Brp + v and deg(v) < deg(Bx). Let d := deg(y;) and
write 08 + yp = 4+ n¥? with deg(u) < d. Then

Bt := B + X*v, Verl =y + X<

are monic and satisfy (a). Moreover,

8= (Bro + yt)8 = Br(a8 + yip) + viv = B + BnY? + yv (mod (X)).

Since the degrees of 8, By and yv are all smaller than n and deg(BinY?) > n, it
follows that 7 = 0. Therefore,

Besrviri = — X8+ (B + o xF =a (mod (X*H1),

i.e. (b) holds for k + 1. This completes the induqtion.

Let By = Z?:o by Y/ and y = Z‘;:O cxj Y’ with b;j, cij € R. By construction,
|bxj — br+1,;] < 27% and similarly for cy;. Consequently, b; := limg by; and c; :=
limg cg; converge in R. We can now define § := > GobjY/ and y = Z?:o cjYs.
Then 8 = B1 =« and y = y1 = ap. Since By = Bryr = o« (mod (Xk)) for every
k > 1, it follows that @ = By. O

One can proceed to show that B and y are uniquely determined in the situation of
Lemma 7.7, but we do not need this in the following. Indeed, since R is a principal
ideal domain, R[Y] is a factorial ring (also called unique factorization domain) by
Gauss’ lemma. This means that every monic polynomial in R[Y] has a unique fac-
torization into monic irreducible polynomials. For every irreducible factor w of o, @
either divides a1 or ap (but not both). This determines the prime factorization of S
and y uniquely.

Example7.8 LetneN,ae (X) CC[[X]]="Rand a =Y" — 1 —a € R[Y]. Then
a=Y" —1=ouj0, with coprime monic ¢; =Y — 1 andozzzli"*1 +---+Y+1.
By Hensel’s lemma there exist monic 8,y € R[Y] suchthat =Y — 1, y =
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and o = By. We may write 8 =Y — 1 — b for some b € (X). Then (1 + b)" =
1 + a and the remark after Definition 3.14 implies 1 + b = /1 + a. The constructive
procedure in the proof above must inevitably lead to Newton’s binomial theorem

1 k
1+b=322(""a
We have seen that invertible power series in C[[X]] have arbitrary roots. On the
other hand, X does not even have a square root in C((X)). This suggests to allow X
not only to negative powers, but also to fractional powers.
Definition 7.9 A Puiseux series over K is defined by

o
ECM
n

k=m

:I??

where m € Z, n € N and ax € K for k > m. The set of Puiseux series is denoted by

K{{X}}. For a, B € K{{X}} there exists n € N such that & := «(X") and 8 := B(X")
lie in K((X)). We carry over the field operations from K ((X)) via

atBi=@+phXn), o Bi=@pxn.

It is straight-forward to check that (K {{X}}, +, -) is a field. At this point we have
established the following inclusions:

K C K[X]C K[[X]] € K((X)) € K{{X}}.
Theorem 7.10 (PUISEUX) The algebraic closure of C((X)) is C{{X}}.

Proof We follow Nowak [32]. Set R := C[[X]], F := C((X)) and_ F= C{{X}}. We
show first that F is an algebraic field extension of F. Let o € F be arbitrary and
n € N such that 8 := a(X") € F. Let ¢ € C be a primitive n-th root of unity. Define

n

=[]y -BE'X)=Y"+ny""'+. +y, e FIY].
i=1

Replacing X by ¢ X permutes the factors ¥ — B(¢' X) and thus leaves I' invariant.
Consequently, y; (¢ X) = y; fori =1, ..., n. This means that there exist y; € F such
that y; = 7;(X"). Now let

C=Y"+pY" ' 4. 47, € F[Y].

Substituting X by X" in I'(«) gives I'(8) = 0. Thus, also I'(a) = 0. This shows that
« is algebraic over F and F is an algebraic extension of F.

Now we prove that F is algebraically closed. Let T = Y" + p Y"1 ... 4y, €
F [Y] be arbitrary with n > 2. We need to show that I" has a root in F. Without loss
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of generality, I # Y". After applying the Tschirnhaus transformation Y — Y — %yl ,
we may assume that y; = 0. Let

1
r::min{%inf(yk):k:l,...,n}e@

and m € N such that yx(X™) e F fork=1,...,nand r = % for some s € Z. Define
So:=1and & ==y (X)X X e Ffork=1,...,n.Since

inf(8x) = minf(yx) — ks = m(inf(yx) — kr) >0,

A:=Y"+8Y"24...48, € R[Y]. Consider A :=Y" +8(0)Y" 2 +...+5,(0) €
C[Y]. Since inf(8;) = 0 for at least one k > 1, we have A # Y" Since §; =0, also
A # (Y — ¢)" for all ¢ € C. Using that C[Y] is algebraically closed, we can decom-
pose A = AjA; with coprime monic polynomials Aj, Ay € C[Y] of degree < n.
By Hensel’s Lemma 7.7, there exists a corresponding factorization A = Aj Ay with
A1, As € R[Y]. Finally, replace X by X% in A; toobtain I'; € ﬁ[Y]. Then

n n
C=x" Z ka—kr (YX—r)n—k — XV Z Sk (X%)(YX—r)n—k
k=0 k=0

= X"T1(YX ")[2(Y X ™).

Induction on n shows that I" has a root and F is algebraically closed. U

8 Multivariate Power Series

In Remark 4.7 and even more in the last two results it became clear that power series
in more than one indeterminant make sense. We give proper definitions now.

Definition 8.1
(1) The ring of formal power series in n indeterminants X1, ..., X, over a field K
is defined inductively via

K[[X1,..., Xl '=K[[X1,..., Xp—1 ]I[[Xu]].
Its elements have the form

k k
o= Z Ay, g X, Xy
kiyeoisky=>0

where ay,, . i, € K. We (still) call ag, ... o the constant term of «. Let inf(a) :=
inf{ky + -+ ky :ag,

.....

|a| = 2— inf(a)'
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(ii) If all but finitely many coefficients of « are zero, we call o a (formal) polyno-
mial in Xy, ..., X,,. In this case,

deg(a) :=sup{k + -+ + ky : ak,... x, # 0}

is the degree of a, where deg(0) = sup & = —oo. Moreover, a polynomial « is
called homogeneous if all monomials occurring in  (with non-zero coefficient)
have the same degree. The set of polynomials is denoted by K[X7, ..., X,].

Once we have convinced ourselves that Lemma 2.2 remains true when K is re-
placed by an integral domain, it becomes evident that also K[[X1,..., X,]] is an
integral domain. Likewise the norm |«| still gives rise to a complete ultrametric (to
prove |¢f| = |«||B| one may assume that o and B are homogeneous polynomials)
and the crucial Lemma 2.10 holds in K[[ X1, ..., X,]] too. We stress that this metric
is finer than the one induced from K[[X1, ..., X,,—1]] as, for example, the sequence
(X '1‘ X»)x converges in the former, but not in the latter (with n = 2). Moreover, a power
series « is invertible in K[[X1, ..., X,]] if and only if its constant term is non-zero.
Indeed, after scaling, the constant term is 1 and

o]

—1 1 k
0O == (1—a)
1—-(1—a) kgo
converges.

Unlike K[X] or K[[X]], the multivariate rings are not principal ideal domains,
but one can show that they are still factorial (see [26, Theorem IV.9.3]). We do not
require this fact in the sequel.

The degree function equips K[X71, ..., X,] with a grading, i.e. we have

o
KIX1,.... X =P Pa
d=0

and P; P, € P;4, where P; denotes the set of homogeneous polynomials of degree
d. In the following we will restrict ourselves mostly to polynomials of a special type.
Note that if «, By, ..., B, € K[X1, ..., X,], we can substitute X; by §; in « to ob-
tain «(B1, ..., Bn) € K[X1, ..., X,]. It is important that these substitutions happen
simultaneously and not one after the other (more about this at the end of the section).

Definition 8.2 A polynomial @ € K[X1, ..., X,] is called symmetric if
aXnty, - Xem) =a(Xq,..., Xy)

for all permutations 7 € §,,.

It is easy to see that the symmetric polynomials form a subring of K[X1, ..., X,].
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Example 8.3
(1) The elementary symmetric polynomials are o := 1 and

o = Z Xi ... X;,  (k=1).

1<ij<--<ixy<n

Note that oy, = 0 for k > n (empty sum).
(i1) The complete symmetric polynomials are 1o := 1 and

o= Y. XXy, o (k=1

I<ij<-<ix=n
(iii)) The power sum polynomials are py := X’l‘ + -4 X,’; for k > 0.
Keep in mind that oy, 74 and p; depend on n. All three sets of polynomials are

homogeneous. The elementary and complete symmetric polynomials are special in-
stances of Schur polynomials, which we do not attempt to define here.

Theorem 8.4 (VIETA) The following identities hold in K[[X1, ..., Xy, Y]]

n n
[Ta+x) =) arh, @.1)
k=1 k=0
n 1 oo

— = Y-, 8.2
[[—x7=2= (8.2)
k=1 k=0

Proof The first equation is only a matter of expanding the product. The second equa-
tion follows from

n o

Hl—Xk =]_[ZXkY)’=Z( XX rE=Y
k=11=0 k=0

k=1 =l k=0 Ii+4-+l,=k

When we specialize X =--- = X,, = 1 in Vieta’s theorem (as we may), we re-
cover the generating functions of the binomial coefficients and the multiset counting
coefficients in Example 5.1. When we substitute Xy =k for k =1, ..., n, we obtain
a new formula for the Stirling numbers by virtue of Theorem 6.9.

It is easy to see that the grading by degree carries over to symmetric polynomials.
The following theorem shows that the elementary symmetric polynomials are the
building blocks of all symmetric polynomials.

Theorem 8.5 (Fundamental theorem on symmetric polynomials) For every symmet-
ric polynomial @ € K[X1, ..., X,] there exists aunique y € K[X1, ..., X,] such that
oa=y(01,...,0n).
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Proof We first prove the existence of y: Without loss of generality, let

We order the tuples (i1, ..., i,) lexicographically and argue by induction on

fle) :=max{(i1,....in) 1 ai,..i, #0}

(see Example 8.6 below for an illustration). If f(a) = (0,...,0), then y :=a =
ap,...0 € K. Now let f(a) = (di,...,dp) > (0,...,0). Since o = a(Xr(1), ---,
Xn@w) forall w € Sy, dy = - = dy. Let

._ di—d, _dr—d3 dp—1—dn _d
Bi=aq,,..d,0] 0, ..o o,

Then we have f (ot~ %*") = (dy — dis1) f(0%) = (dx — diy 1, - .. di — di31,0, ...,
0) and

FB=fE™ ) 4t feM) =, ..., dy).

Hence, the symmetric polynomial o — § satisfies f(a — B8) < (d1, ..., d,) and the
existence of y follows by induction.
Now we show the uniqueness of y: Lety,é € K[X1, ..., X;] such that y (o1, ...,

o,) =68(01,...,0y). For p:=y — § it follows that p(o1,...,0,) = 0. We have to
show that p = 0. By way of contradiction, suppose p # 0. Let d; > --- > d,, be the

. : : d\=dy ydy—d dn
lexicographically largest n-tuple such that the coefficient of X|'~“X5*"% ... X,

in p is non-zero. As above, f(old1 a2 ..a,il”) =(dy,...,dy). For every other sum-
mand X{'"...X;" of p we obtain f(o]'"*...0,") < (di,...,dy). This yields
f(p(o1,...,00)) =(d,....,dy) in contradiction to p(a7, ...,0,) = 0. O

Example 8.6 Consider o = XY3+ X3Y — X — Y € K[X, Y]. With the notation from
the proof above, f () = (3, 1) and

Bi=olor=(X+Y)’XY = XY +2X°yY> + XY°.
Thus, @ — B = —2X2y? — X — Y. In the next step we have f (¢ — B) =(2,2) and
B = —207 = —2X*Y.
It remains: « — 8 — o = —X — Y = —o7. Finally,
a=p+p—0o1=0{0y— 207 —01=y(01,02)
where y = X2Y —2Y2 — X.

From an algebraic point of view, Theorem 8.5 (applied to o = 0) states that the
elementary symmetric polynomials o1, ..., 0, are algebraically independent over K,
so they form a transcendence basis of K (X1, ..., X,) (recall that K (X1, ..., X;;) has
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transcendence degree n). The identities in the next theorem express the o; recursively
in terms of the 7; and in terms of the p;. So the latter sets of symmetric polyno-
mials form transcendence bases too. It is no coincidence that deg(oy) = deg(tx) =
deg(px) =k for k < n. A theorem from invariant theory (in characteristic 0) implies
that any algebraically independent, symmetric, homogeneous polynomials A1, ..., A,
have degrees 1, ..., n in some order (see [19, Proposition 3.7]).

Theorem 8.7 (GIRARD—NEWTON identities) The following identities hold in K[X,
..., Xyl foralln,k e N:

k
Z(_l)lUﬂk—i =0,
i=0

k
Z PiTk—i = kT,
i=1

k

> (=Doripi = —koy.

i=1

Proof Let 0 = Y j_o(—D¥oyY* = [[{_;(1 — Xx¥) and 7 := Y} _oul* =
[Tizs ﬁ as in Vieta’s theorem.

(i) The claim follows by comparing coefficients of Y* in

l=or = i(i(-l)"oﬂ,{_i)yk.

k=0 i=0

(i) We differentiate with respect to Y using the product rule while noticing that
1

(l—XkY) = (1—X];<Y)2:

n n

> knyt =y =12ﬁ =1 > (XxY)
k=1 k=1i=1

k=1
00 _ [ee) k
=T ZPiY' = Z(Zpifk—i>yk-
i=1 k=1 i=1

(iii) We differentiate again with respect to Y (this idea is often attributed to [6,
p- 212)):

n

'S} XY 00
—Z(—l)kkUkYk =—Yo' =0 Z X0 ZOZPkYk
k=0 k=1 k=1

= i(i(—l)’”ak_mf)ﬂ. O
i=1

k=1
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Now that we know that each of the o;, t; and p; can be expressed by the other
two sets of polynomials, it is natural to ask for explicit formulas. This is achieved
by Waring’s formula. Here P (n) stands for the set of partitions of n as introduced in
Definition 5.2.

Theorem 8.8 (WARING's formula) Let char K = 0. The following holds in K[X1, ...,
Xl foralln,k € N:

pk:(_l)kk Z ( 1)a1+ +ay (al+ +ak—1) O‘al O_ak

ol ok
(191, k%) e P (k)

_ _ al+...+ak(al+"'+ak_1)! aj ay
=—k Y (D T

(191, k%) e P (k)

Proof We introduce a new variable Y and compute in K[[X1, ..., X,, Y]]. The gen-
erating function of (—1)¥ £ is

Z(—l)k%Y" - —ZZ(—l)H@ - —Zlog(l +X;Y)
k=1

i=1 k=1 i=1
3.6 -
2 tog([Ta+x1)

i=1

n n

&) —log(l + Zin) = i - (ZG[Yi)I'

i=1 =1 i=1

Now we use the multinomial theorem to expand the inner sum:

1 !
N D M R Ll

ai!...a,!
=1 artotap=t 1 n

o0
=Y perra@t s +ak_1)01“1...ak“’<Yk.

ay!...ax!
k=1 (11,....k%)e P (k)

Note that oy = 0 for k > n. This implies the first equation. For the second we start
similarly:

E ks (XD | 7!
;?Y :;; p :Elog((l—xiy) ):log(gm)
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Since we are only interested in the coefficient of X k we can truncate the sum to

£ (1) I F2ay et
vi) — N ai ai yyay+2ax+-+kay
log<l+ZtlY)— 7 Z a1!...ak!T] T Y
i=1 =1 ay+---+aig=l
and argue as before. g

Example 8.9 Since we are dealing with polynomials, it is legitimate to evaluate the
indeterminants at actual numbers. Let x;, x2, x3 € C be the roots of

a=X>+2X>-3X+1eC[X]
(guaranteed to exist by the fundamental theorem of algebra). By Vieta’s theorem,
o1(x1,x2, x3) = =2, o2(x1, X2, x3) = =3, o3(x1,x2,x3) = —1.
The partitions of 3 are (13, 2°,39), (11, 2!, 3% and (19, 2°, 3!). We compute with the

first Waring formula

2!
5343 4] = o3, xa,x0) = —3(= 5 (227 + (<2)(=3) - (<)) = =29

without knowing what x1, x2, x3 are! Here is an alternative approach for the readers
who like matrices. The companion matrix

0 0
A=1[|1 0 3
01 =2

of o has characteristic polynomial «. Hence, the eigenvalues of A* are x’f , x§ and xé‘.

This shows px (x1, x2, x3) = tr(A¥).
We invite the reader to prove the other four transition formulas.

Exercise 8.10 Let char K = 0. Show that the following holds in K[Xy, ..., X,] for
alln, ke N:

gy @1+ a)!
o=(-D" ) (~Dftre
1hesoag!
(141,..., k% )e P (k)

(_1)a1+~'+ak

= (=1 — M. pk, 8.3
v (141 %)eP(k) 1a‘al!~--/€“k61k1p1 Pk 83)

7= (=DF Z (=1t ta art:+at +'. - +?k)!01a1 ok,
G er® ar!...a!
1
= > — "t (8.4)

1%1ay!. . k%ay!
191,....k%)e P (k) ! k
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Hint: For (8.3) and (8.4), mimic the proof of Theorem 6.12 (these are specializations
of Frobenius’ formula on Schur polynomials).

We leave polynomials to fully develop multivariate power series.

Definition 8.11 For @ € K[[X,...,X,]] and 1 <i < n let 9, be the i-th partial
derivative with respect to X;, i.e. we regard « as a power series in X; with coefficients
in K[[X1,..., Xi—1, Xi+1, ..., Xn]] and form the usual (formal) derivative. For k €
Np let Bik o be the k-th derivative with respect to X;.

Note that 9; is a linear operator, which commutes with 9; for j =1,...,n
(Schwarz’ theorem). Indeed, by linearity it suffices to check

0i0;(XF X)) =i (X X' = kX X! =0,k x T XG) = 0,0, (XD,
We need a fairly general form of the product rule.

Lemma 8.12 (LEIBNIZ rule) Let char K = 0. Let a,...,0; € K[[X1, ..., X,]] and
ki,...,k, € Ng. Then

kil . kn!
)= Y Y ﬁ]‘[a{lf...aytut.
J

li++is=ki Ini++lns=kn Ly t=1

Proof For n = 1 the claim is more or less equivalent to the familiar multinomial
theorem

k!

e k — . Zl IS

(ar+---+as) = E l]!...lv!al .o.ag,
I +-+lg=k :

where ay, ..., as lie in any commutative ring. With every new indeterminant we sim-
ply apply the case n = 1 to the formula for n — 1. In this way the multinomial coeffi-
cients are getting multiplied. g

Our next goal is the multivariate chain rule for (higher) derivatives. We equip
K[[X1,..., X,]]" with the direct product ring structure and use the shorthand nota-
tion @ := (xy,...,a,) and 0 := (0, ...,0). Write

aoBi=(a1(Bi,..sBn)s-s (Bl .., Bn))
provided this is well-defined. It is not difficult to show that
(@+B)oy=(xoy)+(Boy),
(@-B)oy=(axoy)-(Boy)

as in Lemma 3.3. It was remarked by M. Hardy [13] that Leibniz’ rule as well as the
chain rule become slightly more transparent when we give up on counting multiplic-
ities of derivatives as follows.

(8.5)
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Theorem 8.13 (FAA DI BRUNO's rule) Let «, By, ..., By, € K[[X1, ..., X,]] such that
o(B1, ..., Bn) is defined. Then for 1 <ky, ..., ks <n we have

8k1 ~--8ks (Ol(,Bl, »:Bn))
=3 Y Y @B OaBi) @i 0,00 Bl ),

t=11<iy,...,i;<n A UUA[
={1,...,s}

where A1U...UA; runs through the set partitions of s and 94, := ]_[aeA[ Ok, -

Proof By (8.5), we may assume that « = X{" ... X;". Then by the product rule,

n n
(@B ... B) = D @Baif . BT B =D @B i) (Br. ... ).
i=1 i=1

(8.6)
This settles the case s = 1. Now assume that the claim for some s is established.
When we apply some 0 ,, on the right hand side of the induction hypothesis, we
need the product rule again. There are two cases: either s + 1 is added to some of
the existing sets A; or dy, is applied to (9;, ... 0;,&)(B1, ..., By). In the latter case s
increases to s + 1, Ag+1 = {s 4+ 1} and i54 is introduced as in (8.6). O

Example 8.14 For n = 1 and char K = 0, Theorem 8.13 “simplifies” to

((x(ﬂ))(S) — i Z Ig(\AlI) B ~,3(‘A’|)oz(’)(‘3)

t=1 A,U...UA,

!
- X T (B0 (B (@(B) ),

Nnai 1as |
(11, e es) (IhHar .. (sh%aq!...a,
where (191, ..., s%) runs over the partitions of s and the coefficient is explained just
as in Lemma 6.11.

9 MacMahon’s Master Theorem

In this final section we enter a non-commutative world by making use of matrices.
The ultimate goal is the master theorem found and named by MacMahon [28, Chap-
ter II]. Since K[[X1, ..., X,]] can be embedded in its field of fractions, the familiar
rules of linear algebra (over fields) remain valid in the ring K[[ X1, ..., X,]]"*" of
n x n-matrices with coefficients in K[[X1, ..., X, ]]. In particular, the determinant of
A = (a;});,;j can be defined by Leibniz’ formula (not rule)

det(A) := Z Sgn(c)alg(]) - Opo(n)-

€S,
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It follows that det(A(O)) = det(A)(0) by (8.5). Recall that the adjoint of A is defined
by adj(A) := ((—1)"/ det(A;)), j Where Aj; is obtained from A by deleting the
Jj-th row and i-th column. Then

Aadj(A) = adj(A)A = det(A)1,,,

where 1,, denotes the identity n x n-matrix. This shows that A is invertible if and only
if det(A) is invertible in K[[ X1, ..., X,]], i.e. det(A) has a non-zero constant term.
Expanding the entries of A as a;; = Zakl ) K, X llq . X kn gives rise to a natural
bijection

Q: K[[X1,..., X, 11" = KXy, ..., Xull

(tj) kn
A Z a, X

.....

Clearly, €2 is a vector space isomorphism. To verify that it is even a ring isomorphism,
it is enough to consider matrices A, B with only one non-zero entry each. But then
AB =0 or AB is just the multiplication in K[[X1, ..., X,]]. So we can now freely
pass from one ring to the other, keeping in mind that we are dealing with power se-
ries with non-commuting coefficients! Allowing some flexibility, we can also expand
A= Zi A,~X,’; where k is fixed and A; € K[[X1, ..., Xi—1, Xg+1, ..., Xz ]]"". This
suggests to define

o
A = Zz’AiX};1 = ()i,
i=1
The sum and product differentiation rules remain correct, but the power rule 9 (A%) =
s (A)A*~! (and in turn Leibniz’ rule) does not hold in general, since A might not

commute with d; A.
The next two results are just warm-ups and are not needed later on.

Lemma 9.1 Let A € K[[X1,..., X, ]1"" and 1 < k < n. Then 0;det(A) =
tr(adj(A) A).

Proof Write A = («;;). By Leibniz’ formula and the product rule, it follows that

dor det(A) = ak(z Sgn((f)oclgm) .. .Olng(n))

oeSy,

n
= Z Z sgn(o) o (1) - - - % (@i (i) - - - Cno (n)

i=lceS,

n n
:ZZ Z sgn(o) g (1) - - - k(i) - - - o (n)-

i=1 j=1 oes,
o(j)=i
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The permutations o € S, with o (j) =i correspond naturally to
ti=G,i4+1,...,m) o, j+1,...,n) €S

with sgn(t) = (=D)itJ sgn(o). Hence, Leibniz’ formula applied to det(A ;) gives

DN sen(@)aioq) -k (@ji) - tngmy = P (1) det(Aji)d(e)i).

j=1 0€sSy, j=I1
o(j)=i

Since this is the entry of adj(A)di A at position (i, i), the claim follows. Il

If char K =0and A € K"*"[[ X1, ..., X,]] has zero constant term, then exp(A) =

k . . . .
Z,fio % converges in the topology induced by the norm. Since the constant term is
1,,, exp(A) is invertible.

Theorem 9.2 (JACOBI's determinant formula) Ler charK = 0 and A € K™*"[[ X},
..., X, 11 with zero constant term. Then

det(exp(A)) = exp(tr(A)).

Proof We introduce a new variable Y and consider B := exp(AY). Denoting the
derivative with respect to Y by ’, we have

0 Ak , 00 Ak B
B/=<Zﬁyk) zz(k—l)!Yk '=A4B.

k=0 k=1

Invoking Lemma 9.1 and using that B is invertible, we compute:
det(B)' = tr(adj(B)B’) = det(B) tr(B~'AB) = det(B) tr(A).
This is a differential equation, which can be solved as follows. Write det(B) =

Z,fio By Y* with By € K[[X1, ..., X,]]. Then By = det(B(0)) = det(exp(0)1,) =
det(l,) =1 and Br4+1 = kl? tr(A) By, for k > 0. This yields

tr(A)? _,
det(B) =1 +tr(A)Y + TY + .- =exp(tr(A)Y).

Since we already know that exp(A) converges, we are allowed to evaluate Y at 1 in
B, from which the claim follows. O

Definition 9.3 For o = (1, ..., a,) € K[[X1, ..., X,,]]" we call
J(@) = (0jai)i,j € K[[X1,..., X 0"

the Jacobi matrix of «.
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Example 9.4 The Jacobi matrix of the power sum polynomials p = (o1, ..., 0,) IS a
deformed Vandermonde matrix J(p) = (i lefl),-, ;j with determinant n! [, (X =
X;). The next theorem furnishes a new proof for the algebraic independence of
Pls -5 Pn-

Theorem 9.5 Let char K = 0. Polynomials oy, ...,o, € K[X1, ..., X,] form a tran-
scendence basis of K (X1, ..., Xy) if and only if det(J () # 0.

Proof The proof follows [19, Proposition 3.10]. Suppose first that o, ..., a,
are algebraically dependent. Then there exists 8 € K[Xq,..., X»] \ K such that
B(ay, ..., Br) =0 and we may assume that deg(B) is as small as possible. By (8.6),

D @) @iB) (i, . o) = R (Betr, .., Bu)) =0

i=1

for k =1,...,n. This is a homogeneous linear system over K (X1, ..., X;) with co-
efficient matrix J(«)' (the transpose of F(a)). Since 8 ¢ K and char K = 0, there
exists 1 <k < n such that 98 # 0. Now (dxB) (a1, ...,a,) # 0, because deg(B)
was chosen to be minimal. Hence, the linear system has a non-trivial solution and
det(J (o)) must be 0.

Assume conversely, that o1, ..., «, are algebraically independent over K. Since
K(Xy,...,X,) has transcendence degree n, the polynomials X;, «y, ..., «, are al-
gebraically dependent for each i = 1,...,n. Let §; € K[Xo, X1,..., Xy]\ K such
that 8; (X;, a1, ..., a,) =0 and deg(B;) as small as possible. Again by (8.6),

3ik(B0Bi) (Xi, e, ..., o) + Z(akaj)(ajﬁi)(xi,al, ...Qp)
Jj=1

=0(Bi(Xi,a1,...,8,))=0

fori =1,...,n. Since «y, ..., «, are algebraically independent, Xo must occur in
every B;. In particular, dpB; # 0 has smaller degree than §;. The choice of B; im-
plies (3pBi)(Xi, 1, ...0) #0 fori =1,...,n. This leads to the following matrix
equation in K[X1, ..., X,

((a]ﬂl)(xlv o1y .ney a}’l))i’j](a) = _(alj(aoﬁl)(xl»alv e 7(11‘1))1"]"

Since the determinant of the diagonal matrix on the right hand side does not vanish,
also det(J (a)) cannot vanish. O

Definition 9.6 Let C, € K[[X1,..., X,]] be the set of power series with constant
terma € K,ie. ¢ € C; < a(0) =a. Let

K[[X1,..., Xu]I° i= {o € Cl 1 det(J (@)) ¢ Co} € K[[X1, ..., Xa]T".

Forn=1wehavea € K[[X],...,X,]]° & a(0)=0#0d'(0) & a<c (X)\
(X?), so our notation is consistent with Theorem 3.4. The following is a multivariate
analog.
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Theorem 9.7 (Inverse function theorem) The set K[[X1, ..., X,]11° is a group with
respect to o and

K[[Xi,...,X,]1° = GL(n, K), at— J()(0)

is a group epimorphism.

Proof Leta, B € K[[X1, ..., X,]I°. Clearly, @ o 8 € Cjj. By (8.6),
dj(ai(B)) = Z(ajﬂk)(akai)(ﬂ)
k=1
and J(x o B) = J()(B) - J(B). It follows that
J(a o B)(0) = J(@)(0)J(B)(O0) #0 9.D

and @ o B € K[[X1, ..., X,]]°. By fully exploiting (8.5), the associativity (« o ) o
y =a o (B o y) can be reduced to the case where o = (0,...,0, X;,0,...,0).

In this case the statement is clear. The identity element of K[[Xq,..., X,]]° is
clearly (Xy,..., X,). For the construction of inverse elements, we first assume
that J(«)(0) = 1,,. Here we can adapt the proof of Theorem 8.5. We sort the n-
tuples of indices lexicographically and define B; 1 := X; € Cy. For a given g; ; let
fa,j):=(ki,...,k,) be the minimal tuple such that the coefficient ¢ of X]fl . X],i”
in B j(a1,...,a,) — X; is non-zero (if there is no such tuple we are done). Now let

. k k
‘B[’jﬁ_] = ﬂi,j — CXll ...Xnn € Cop.

Since (30 )(0) = &, Xi is the unique monomial of degree 1 in ax. Consequently,
X ]f‘ X ﬁ" is the unique lowest degree monomial in a’fl .. .oz,li”. Hence, going from
Bi,ja1, ..., o) to Bi jr1(at, ..., o) replaces Xllc1 ...X’,i” with terms of higher de-
gree. Consequently, f(i, j + 1) > f(i, j) and B; :=1lim;_, B j € Cp exists with
,Bi(()l],...,()ln) =Xi.

Now we consider the general case. As explained before, det(J(«)) ¢ Co implies
that J («) is invertible. Let S := (s;;) = J (o)~ 1(0) € K™*" and

n

o = Zs,-jotj e Cy
j=1
fori=1,...,n. Then

@) = 0,8, ) = (Y s @,000©) . =SI@(0) =1,.

k=1 J
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By the construction above, there exists ﬁ € Cg with @ o ,3 = (X1,...,X,). Define
X;:=Y_sijXj€Coand B :=B;j(X1,..., X,) € Co fori =1,...,n. Then

n n
Zsijai(ﬂl,...,ﬂn)=5li0,3=5liOBO(X1,-.-,Xn)=Xi =Zsi‘/Xj-
=1 =1

Since S is invertible, it follows that «; (81, ..., 8,) = X; fori =1,...,n. By (9.1),
J(B)(0) =S and B € K[[ X1, ..., X,]]I° is the inverse of « with respect to o. This
shows that K[[X1, ..., X,]]° is a group. The map o — J («)(0) is a homomorphism
by (9.1). For A = (a;;) € GL(n, K) let ; :=a;1 X1 + -+ + ain X,,. Then a € Cp and
J(@)(0) = A. So our map is surjective. Il

If charK =0 and «y,...,a, € K[X1,...,X,] are polynomials such that
det(J («)) € K*, the Jacobi conjecture (put forward by Keller [22] in 1939) claims
that there exist polynomials 81, ..., B, such that @ o 8 = (X1, ..., Xp). This is still
open even for n = 2 (see [42]).

An explicit formula for the reverse (i.e. the inverse with respect to o) is given
by the following multivariate version of Theorem 7.5. To simplify the proof (which
is still difficult) we restrict ourselves to those 8 € K[[X1, ..., X,;]] such that §; €
X;C1 C Cy. Note that J(8)(0) = 1, here.

Theorem 9.8 (LAGRANGE-GOOD's inversion formula) Let charK =0, a € K[[ X,
..., Xplland B; € X;Cy fori=1,...,n. Then

a= Y kBB 9.2)

where cy, ..k, € K is the coefficient of X]fl .. Xﬁ" in

a(%)ml " (%)k’lﬂ det(J(B)).

Proof The proof is taken from Hofbauer [18]. By the inverse function theorem, there
exists y € K[[ X1, ..., Xn]]° such that y o 8 = (X1, ..., Xp). Replacing X; by y;(8)
in « yields an expansion in the form (9.2) where we denote the coefficients by ¢y, ... k,
for the moment. Observe that 7; := X;/B; € C; and det(J(B)) € Cy. For Iy, ..., 1, >
0 we define

[
o =1t det(J (B)) € €.

,,,,,,,,,,

be the coefficient of X 11' ... Xf{’ in
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Itis easy to see that cp, . o = a(0) = co,... 0 as claimed. Hence, it suffices to show that

Xk’ X does not occur in pg, ..k, for (ki,...,k,) # (0, ...,0). By the product
mle

8]'1’,'
Ti0;Bi = 0;(Biti) — BidjTi =8ij — Xi

Ti

Since the (Jacobi) determinant is linear in every row, it follows that

ki ki—1 ki—1
Pky,....kn _det(sl] T; _XiTi ajft ngn(a)l_[ lO'(l)t T,' 8(7(1')7:1')~

g€eS,

By the (multivariate) Taylor series, we want to show that (8{{l .. 8,11{” Pk,
Leibniz’ rule applied to the inner product yields

..... k) (0) =0

ki!
Py = Z Z 11_[”1 ’ naln alm(a,m)r, —X,r, ag(t)fz)
=k,

I ++lhs=k; Lpi+ s 1=1

Therein, we find

(@ (Xt 0yt (0) = L (3. 9l (2 T 0y 1y 1)) (0).

In particular, the product is zero if o (¢) # ¢ and [;; = 0. We will disregard this case in
the following. This also means that tg(t)g(t) < k; whenever o (¢) £ t. We set u; 1= ‘L'iki

and observe that g(,)(u,) = ‘L’t 8(,(,)1',. Hence, the inner product of P, (0) takes
the form

n
1 i 1 I —1 lo@ny+1
H(sm(,)al“...a,’,w,—k—al“...al” AT o).

=1 !

Finally, we transform the indices via lj; > mj; :==1j; — 8, + 8 o) (the problematic
cases I;; =0 and l; (+)o (1) = ko (1) Were excluded above). Note that m, + - - - +my,, =
k; and

L1t loye +1 Mgy

Deleolo! b = DV ooy + DUl myg) e omy !

This turns P, (0) into
kn! mi; My Mo (1)t
P = Y B e o) (810 = =22).
mij l_[l o l] t=1 4
Since only the last term actually depends on o, we conclude

(8{" Ly I (\)
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Z 1_1 amlz L™ (14,)(0) Z sgn(o) 1_[(8“7(1) z(t)t).

m;
mjj i,j l] t=1 oEeS, t=1

The final sum is the determinant of (8;; — mj;/k;);j. This matrix is singular,
since each column sum is 1 — %Z’}:lm ji = 0. This completes the proof of

@) ... 08" pry. . ) (0) =0. 0

In an attempt to unify and generalize some dual pairs we have already found, we
study the following setting. Let A = (g;;) € K"*" and D = diag(X1,..., X,,). For
ICN:={l,...,n}let A; :=(a;j)i jes and X| = ]_[iel X;. Since the determinant is
linear in every row, we obtain

det(1, + DA)

1 0 0 ay - a
a2 Xo 1+anXs axm X2 a1 X2 am X2
= . . + . . 1
an1 Xy e T4 ap Xy an1 Xy o 14amX
al] .o e a‘ln
14+anX, --- arp Xo 0 1 0 0
= : : + [a31X3 an X3 | x,
anX, - l4auX : :
an Xy - oo lTHamX,
agi te aln
azl cee azn
4+ an X3 - anX3 | XXy =
am X, - 1+amX,

n
=14+ aiXi+ Y det(A; ;)X;X; + - +det(A)Xy.

i=1 i<j
Altogether,

det(1, + DA) = Z det(A)) X, 9.3)
ICN

where det(Agz) = 1 for convenience. The dual equation, discovered by Vere-
Jones [43], uses the permanent per(A) = ZGES,, Alo(l) - - - Ano(n) Of A:

1 o0 X,
det(l, — DA) > 2 per(AnT 9.4)

k=0 JeNk
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where I now runs through all tuples of elements in N (in contrast to the determinant,
per(Ay) does not necessarily vanish if A; has identical rows). We will derive (9.4)
in Corollary 9.10 from the following result, which seems more amenable to applica-
tions.

Theorem 9.9 (MACMAHON's Master Theorem) Let charK =0, A = (a;;) € K"*"
and D = diag(X1, ..., X,). Then

! k
DA Xk xtb 95
det(1,, — DA) Z Chiynnkn X " 9.5)

where ci, ...k, € K is the coefficient of X'If1 X,’i” in

.....

n
H(ailxl 4+ Fap Xk
i=1

Proof Let A; := aj1 X1 + -+ + ain X, and B := X;(1 + A;))~!' € X;Cy for i =
1,...,n. Let D(B) :=diag(B1, ..., Bn) and o :=det(1, — D(ﬂ)A)_l. Since 9;A; =
a;j, we obtain

8ij(1+ Ai) — Xiaij  bij — Piaij

9:B8; = —
iPi (1+A;)? 1+ A;

and

n

adet7(B) =[]

i=1

Hence, by Theorem 9.8, the coefficient of ,Bf‘ ...,3,],‘” in « is the coefficient of

X5 XK in

X1 \ki+1 X\t
(E> (ﬁ—”) 1—[1+A 1_[(1+a,1X1+ Fain Xk
n

Since the product on the right hand side has degree k| + - - - + k;,, the additional sum-
mand 1 plays no role and the desired coefficient really is cg, .. x,- By Theorem 9.7,
the X; can be substituted by some y; such that ﬂ/fl .. k" becomes X . Xn kr and o
becomes det(1, — DA) L. O

.....

A graph-theoretical proof of Theorem 9.9 was given by Foata and is presented in
[8, Sect. 9.4]. There is also a short analytic argument which reduces the claim to the
easy case where A is a triangular matrix.

Corollary 9.10 Equation (9.4) holds.
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Proof By the multinomial theorem we have

n

H(di1X1 + - Faip X))k
i=1

kil . k! k k
11 k12 k kii+-++kn kip+--+k,
= E E T ajpan -agt X X nn
kii+--t+kin=ki kn1+++-+knn=kn i.J i

To obtain cy, ...k, one needs to run only over those indices k;; with Dok j =k; for

,,,,,

j=1,...,n
On the other hand, we need to sum over those tuples I € N kitthn i (9.4) which
contain { with multiplicity k; for each i = 1,...,n. The number of those tuples
(kp4--4kp)!

is TRL AL The factor (k; + --- + kj,)! cancels with % in (9.4). Since the per-
manent is invariant under permutations of rows and columns, we may assume that
=1k, ..., nk’l). Then A; has the block form A; = (A;;);, j where

|
A,‘j =ajj [S Kkixk",

In the definition of per(A;), every permutation ¢ corresponds to a selection of n en-
tries in A such that one entry in each row and each column is selected. Suppose that
ki; entries in block A;; are selected. Then > ikij =kj and }_; kij = k;. To choose

the rows in each A;; there are kll-[ o - possibilities. We get the same number for the

selections of columns. Finally, once rows and columns are fixed, there are ]_[kij!

choices to permute the entries in each block A;;. Now the coefficient of X ,fl X ],i"
in (9.4) turns out to be

!
kn! k11 k12 knn _
Z 1_[ ol an 12...an71"_ck] kn O
k’_l i,j"J
X kij=k;
2 kij=ki

We illustrate with some examples why MacMahon called Theorem 9.9 the master
theorem (as he was a former major, I am tempted to called it the M*-theorem).

Example 9.11
(i) The expression det(1, — D A) is reminiscent to the definition of the character-
istic polynomial y4 = X" + sp1 X" o450 € K[X] of A. In fact, setting
X :=X|=---= X, allows us to regard det(1,, — X A) as a Laurent polynomial
in X. We can then introduce X ! to obtain

det(1,— XA) = X"det(X "1, —A) = X" ya(X D =14s,1 X+ +50X".
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Now (9.3) in combination with Vieta’s theorem yields

> det(Ap) = (=D syt =0k (A, ..., ),

ICN
|I1=k
where A1, ..., A, are the eigenvalues of A (in some splitting field). This extends
the familiar identities det(A) = Ay...A, and tr(A) = Ay + --- 4+ A,,. With the
help of Exercise 8.10, one can also express s in terms of pj(A, ..., ,) =
tr(AY).
(i) fA=1,and X| =---= X, = X, then (9.3) and (9.5) become
n n
1+x)' =) x= xk
Gy = Y x=3 (1)
ICN k=0
o0
+k—1
1—X)" = xhtoth = 30 (1 xk
a-xre ¥ > (" e
k1 ..... k,, >0 k=0
since the k-element multisets correspond to the tuples (ki, ..., k,) with ky +

-+- 4k, = k where k; encodes the multiplicity of i.
(iii) Taking A=1, and X} =X kin (9.5) recovers an equation from Theorem 5.4:

n o
1
1_[ —F — Z Xk1+2k2+"'+nkn — Zp” (k)Xk
k=1 kiy...,ky>0 k=0

Similarly, choosing Xy = kX or X; = XY leads more of less directly to
Theorem 6.9 and Theorem 8.4 respectively.
(iv) Take (X1, X2, X3) = (X, Y, Z) and

in (9.5). Then by Sarrus’ rule,

1 1
det(l3 — DA) 14+ XZ+YZ+X

o0
;= Z(—l)k(XY +YZ+ZX)F
k=0
o0 k'
_ _ 1k : a+cya+b 7b+c
_Z( 1) Z a—!b!dx ytbzb+e,
k=0 a+b+c=k

The coefficient of (XY Z)*" is easily seen to be (—1)" 87)); . On the other hand,

the same coefficient in
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_ Z <2n> (2}’1) <2n) (— 1)a+b+c Xc—b+2n Ya—c+2n Zb—a+2n
a b c

a,b,c>0

occurs for a = b = c. This yields Dixon’s identity:

LGS 2n\
1 o =YD (k> .

k=0

We end with a short outlook. Power series with an infinite set of indeterminants
{X; :i € I} can be defined by

K[[X;:iel]]l:= U K[[X;:jeJ].

JCI
|J|<oo

Moreover, power series in non-commuting indeterminants exists and form what
is sometimes called the Magnus ring K((X1,..., X)) (the polynomial version
is the free algebra K(Xi,...,X,)). The Lie bracket [a,b] := ab — ba turns
K{((X1,...,Xy)) into a Lie algebra and fulfills Jacobi’s identity

la, [b, c]] +[b, [c,all +[c, [a, b]] =0.

The functional equation for exp(X) is replaced by the Baker—Campbell-Hausdorff
formula in this context.

The reader might ask about formal Laurent series in multiple indeterminants.
Although the field of fractions K ((Xi,..., X,)) certainly exists, its elements do
not look like one might expect. For example, the inverse of X — Y could be
o2 Xkyk=tor — 3702, X%~y =k, The first series lies in K ((X))((Y)), but not
in K((Y))((X)). For the second series it is the other way around.
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