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Abstract 

The joint utilization of the Fifth Generation Communications Technology (5G) and the Global Navigation Satellite 
System (GNSS) serves as a promising solution to address the challenges associated with insufficient visible satellites 
and lower observation quality in urban environments. 5G allows for the angle and distance measurements, augment-
ing the performance of Real-Time Kinematic (RTK) positioning. To quantify the improvement of 5G observations 
on RTK positioning, this paper proposes a float solution gain factor and the Ambiguity Dilution of Precision (ADOP) 
gain factor. Based on these gain factors, the theoretical analysis and simulation are performed. This study designs 
an extended Kalman filter for 5G-assisted BeiDou Navigation Satellite System (BDS) RTK positioning, employing 
both the Full Ambiguity Resolution (FAR) and Partial Ambiguity Resolution (PAR) modes. Our experiment verified 
the effectiveness of 5G-assisted BDS RTK positioning in mitigating outlier occurrences and improving the ambiguity 
fixing rate as well as the positioning accuracy. In the FAR and PAR modes, the Three-Dimensional (3D) spatial accu-
racy increased by 48% and 18.8%, respectively, and the results are consistent with theoretical analysis based on gain 
factors. The fixing rate of RTK increased from 11.11% to 13.93%, while it increased from 32.58% to 44.43% for the PAR 
mode. The assistance of 5G observations reduced the median error for the FAR mode from over 1.3m to 0.9 m, 
and the third quartile from 2.1m to 1.05 m. For the PAR mode, the median error decreased from 0.5m to 0.12 m, 
and the third and fourth quartiles decreased from 0.65m to 0.38 m.

Keywords  BeiDou Navigation Satellite System (BDS), Fifth Generation Communications Technology (5G), Real-time 
kinematic (RTK), Hybrid positioning

Introduction
High-accuracy positioning in complicated urban envi-
ronments is becoming increasingly important, which 
plays a crucial role in people’s daily life, public ser-
vices, and emerging unmanned systems, especially in 
the booming development of the Internet of Things 
(IoT) industry (Moradbeikie et al., 2021; Takikawa et al., 
2021; Yu et al., 2014; Zangenehnejad and Gao, 2021). To 
achieve high-precision positioning, Real-Time Kinematic 

(RTK) positioning is extensively utilized, wherein Global 
Navigation Satellite System (GNSS) observations are 
simultaneously collected by a stationary base station 
and a rover. However, the performance of RTK in dense 
urban environments fails to satisfy the stringent preci-
sion demands of numerous dynamic systems. The fre-
quent signal obstruction in dynamic scenarios results in a 
reduction in the number of observable satellites (Medina 
et  al., 2021), and the observation quality is degraded by 
multipath errors induced by trees and tall structures 
(Bai et al., 2020), consequently leading to a sharp decline 
in the ambiguity fixing rate and positioning accuracy 
(Medina et al., 2021).

There is increasing attention to integrating GNSS 
with diverse wireless systems, including Wi-Fi, Blue-
tooth, Ultra-Wideband (UWB), and cellular signals. The 
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combined use of wireless systems can alleviate the GNSS 
degradation arising from the obstructions and interfer-
ence of satellite signals. Among the above systems, the 
Fifth Generation Communications Technology (5G) cel-
lular signal has attracted a widespread attention due to 
its superior speed, higher bandwidth, and deployment 
density.

The 5G mobile networks have offered alternative 
positioning resources in urban environments. Cellular 
systems are widely recognized for their communica-
tion advantages, and 5G cellular systems, in particular, 
harness key enabling technologies such as smaller cells, 
higher carrier frequencies, and Multiple-Input Multiple-
Output (MIMO) (Keating et al., 2019), have the capability 
for meter-level positioning accuracy. Currently, 5G cel-
lular positioning technology can be categorized into four 
main classifications: identity recognition, signal finger-
printing, angle measurement, and ranging. 

1.	 Location determination based on Cell Identity (CID) 
involves monitoring whether the target device is 
within the coverage area of the base stations (Li et al., 
2022). The precision of CID method is constrained 
by the density of base station deployment, exhibiting 
significantly lower precision compared to other tech-
nologies.

2.	 Fingerprint-based positioning methods collect the 
features such as signal strength and delay to estab-
lish a fingerprint database and compare the features 
of the received signals with the database to achieve 
positioning (Wang et al., 2023).

3.	 Positioning utilizing angles involves the use of the 
Angle of Arival (AoA), Angle of Departure (AoD), or 
a combination of both for localization. The 5G net-
work incorporates MIMO techniques, and the base 
stations equipped with hundreds or even thousands 
of antenna elements can form a large antenna array, 
enabling efficient beamforming (Shahmansoori et al., 
2018). Beamforming not only provides AoD informa-
tion regarding the UE position based on the beam ID 
accessed by the UE but also enhances the Signal-to-
Noise Ratio (SNR) due to beamforming gain. There-
fore, the AoD and AoA can provide precise angle 
information in 5G system.

4.	 Time of Arrival (TOA) (Deng et al., 2020), Time Dif-
ference of Arrival (TDOA) (Pan et  al., 2022), and 
Round Trip Time (RTT) (Del Peral-Rosado et  al., 
2020) have become prevalent distance measurement 
techniques in mobile networks. However, precision 
TOA ranging requires strict time synchronization 
between the user and the base station, and TDOA 
depends on the time difference in signal transmis-
sion among multiple base stations. To improve the 

ranging ability of cellular system, the list of supported 
ranging methods has expanded to include RTT in 
5G. This relative time measurement enables RTT 
ranging to better overcome the impact of time syn-
chronization errors, thereby enhancing the precision 
and reliability of positioning.

Currently, 5G base stations have been extensively 
deployed, particularly in urban environments, and the 
positioning accuracy based on RTT and AoA can achieve 
sub-meter level. Therefore, in urban environments, the 
combination of GNSS and 5G can enhance the precision 
of RTK positioning and improve the fixing rate in ambi-
guity resolution.

The positioning using both GNSS and 5G has attracted 
increasing attention. Some scholars analyzed the per-
formance gains due to an integration of GNSS and 5G 
(Destino et al., 2018; Abu-Shaban et al., 2020). Their work 
focuses on analyzing the performance boundaries of 
GNSS and 5G fusion. Del Peral-Rosado et al. (2018) fur-
ther proposed a model of GNSS+5G and conducted low-
complexity simulations which only used 5G DL-TDoA 
measurements to achieve single epoch positioning. Wang 
et  al. (2022) adopted a tightly coupled Kalman feder-
ated filter and demonstrated through simulations and 
experiments that the addition of 5G ranging significantly 
improved the accuracy of the INS/GNSS integrated 
positioning. Li et  al. (2022) simulated different satellite 
obstruction environments to analyze the influences of 
the number of base stations, geometric configuration, 
etc., on the performance of fusion positioning with 5G 
ranging and BDS.

However, based on our limited knowledge, the focus 
of 5G-assisted GNSS positioning lies in the integration 
of 5G observations and pseudorange (Bai et  al., 2022; 
Destino et  al., 2018; Abu-Shaban et  al., 2020). While 
some studies also involve the fusion of 5G observations 
and RTK positioning (Li et al., 2023; Zheng et al., 2023), 
there is still a lack of theoretical analysis and real-world 
experimental validation for the performance gains of 
5G-assisted RTK. In this study, we propose two gain fac-
tors to quantitatively analyze the improvement brought 
by 5G observations on RTK positioning. In experi-
mental validation, we propose a 5G-assisted BDS RTK 
positioning approach, which integrates the Extended 
Kalman Filter (EKF) and ambiguity resolution based 
on Least-squares Ambiguity Decorrelation Adjustment 
(LAMBDA).

The core contributions are as follows: 

1.	 Based on double difference observations and 5G 
observation models, we derive the Cramer–Rao 
Lower Bound (CRLB) of user position and double 
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difference ambiguities, proving the enhancement of 
5G RTT and AoA observations on estimation accu-
racy of float solution and Ambiguity Dilution of 
Precision (ADOP). Furthermore, we propose gain 
factors to quantify the improvement brought by 5G 
observations.

2.	 We statistically analysis 5G angle measurement accu-
racy in a dynamic environment based on the data 
recorded at actual 5G base stations and by Customer 
Premises Equipment (CPE).

3.	 We implemented real-world experiments to com-
pare RTK positioning results in BDS only case and 
BDS/5G case, demonstrating the advantages of pro-
posed method in practice.

The subsequent sections of this paper are structured as 
follows. In Sect.  Measurements and positioning algo-
rithm, an overview of the observation modelling for 
both BDS and 5G systems is presented. Section  Per-
formance analysis of BDS/5G RTK solution introduces 
a 5G-assisted BDS RTK positioning method based on 
EKF and LAMBDA. The theoretical gains of single-
station 5G-assisted BDS RTK are analyzed and quanti-
fied in Sect. Simulation. Section Experiment and results 
analysis presents the gain factors and validates the 
advantages of proposed method by numerical simula-
tions. In Sect.  Experiment and results analysis, real-
world positioning experiments verify the performance 
improvements of the proposed method.

Measurements and positioning algorithm
We consider a 5G-assisted BDS RTK positioning pre-
sented in Fig. 1. The scenario encompasses a single 5G 
base station and M visible satellites. The user’s position 
is denoted as pr =

(

xr yr zr
)T , and the positions of the 

i-th satellite as pis =
(

x
(i)
s y

(i)
s z

(i)
s

)T
 . The location of the 

5G base station is denoted as pBS =
(

xBS yBS zBS
)T.

BDS measurements
RTK positioning is an widely used technique and can 
achieve centimeter-level positioning accuracy. RTK 
corrects the errors in GNSS measurements by Double 
Difference (DD) operations. It involves differencing the 
measurements betweem two receivers to remove com-
mon errors such as satellite clock errors and atmos-
pheric delays. BDS DD measurement vector is written 
as:

where P and L denote DD pseudorange and DD carrier 
phase vector, respectively. Equation (2) gives the DD 
pseudorange and DD carrier phase measurement models 
in a short baseline condition.

Here, ∇�(·) operator refers to the DD operation on raw 
pseudorange or raw carrier phase. Raw observations can 
be formulated as:

where, ρ(i)
r = ||pr − p

(i)
s || denotes the distance from the 

rover to satellite i, c represents the speed of light, �f  
denotes the wavelength at the f-th frequency, δtr and δti 
denote the clock bias of rover and satellite i, respectively, 
I
(i)
r,f  represent ionospheric delay, T (i)

r,f  denotes tropospheric 
delay, N (i)

r,f  represents the ambiguity, εiP ∼ N (0, σ 2
iP) and 

εiL ∼ N (0, σ 2
iL) denote measurement errors for pseudor-

ange and carrier phase observations, respectively.
In this paper, we adopt the elevation-based noise 

model, which is widely used in GNSS software (Takasu, 
2013; King, 1995; Chen et al., 2021):

where a and b are base term and elevation factor, respec-
tively, with both assigned a value of 0.003, θi is the i-th 
satellite elevation, and F is the code/carrier-phase error 
ratio which is set to 100. The parameter settings are 
based on the default noise parameter settings in software 
configuration (Takasu, 2013; Chen et al., 2021).

Equation (5) is the auto-covariance matrix of DD 
noise vector:

(1)yBDS =
(

PT LT
)T

(2)
∇�P

(ki)
rb,f = ∇�ρ

(ki)
rb + ε

(ki)
P,rb

∇�L
(ki)
rb,f = ∇�ρ

(ki)
rb − �f ∇�N

(ki)
rb,f + ε

(ki)
L,rb

(3)

P
(i)
r,f = ρ(i)

r + c(δtr − δti)+ I
(i)
r,f + T (i)

r + εiP

L
(i)
r,f = ρ(i)

r + c(δtr − δti)− I
(i)
r,f + T (i)

r + �f N
(i)
r,f + εiL

(4)
σ 2
iP = F2(a2 + b2 sin2 θi)

σ 2
iL = (a2 + b2 sin2 θi)

Fig. 1  Concept of the 5G-assisted BDS RTK positioning system
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In equation (5), RL,DD and RP,DD stand for auto-covari-
ance matrix of DD carrier phase noise and DD pseudor-
ange noise, which can be calculated by raw measurement 
noise in equation (4). The propagation of noise from raw 
measurement to DD measurement is the fundamental 
operation in RTK, whose comprehensive descriptions are 
provided in the pertinent literature (Liu et al., 2016).

5G measurement
In our method, in addition to BDS measurements, 5G 
provides the ranging and angle measurements between 
base station and users, which is illustrated in Fig. 2. The 
measurement vector of 5G system is expressed as:

where d denotes RTT ranging, α and β present azimuth 
AoA and zenith AoA respectively.

The representation of RTT distance measurement is 
as follows:

where tup-link and tdown-link denote the up-link delay and 
the down-link delay, εd ∼ N (0, σ 2

d ) denotes ranging error 
mainly from propagation delay and clock drift.

In Fig.  2, a substantial number of antennas on the 
receiver in the uplink can accomplish precise AoA 
measurements. These measurements allow for the 
determination of both the azimuth AoA and the zenith 
AoA of the user signal on the antenna array. The 
detailed mathematical derivation for calculating the 
AoA based on the electromagnetic signals received by 
the antennas can be found in (Xhafa et al., 2021).

Angular measurement can be formulated as:

(5)RBDS =

(

RL,DD

RP,DD

)

(6)y5G = (d α β)T

(7)

d =

(

tup-link + tdown-link

2

)

· c = ||pr − pBS|| + εd

where εα ∼ N (0, σ 2
α ),εβ ∼ N (0, σ 2

β ) represent AoA 
measurement error and ZoA measurement.

Therefore, for the observation vector in equation (6), 
the expression for the auto-covariance of noise vector is 
denoted as:

BDS/5G RTK positioning algorithm
The approach proposed in this paper utilizes 5G AoA 
measurements and RTT ranging to assist BDS RTK posi-
tioning. We employ EKF to achieve a float solution and 
then conducts ambiguity resolution and validation based 
on the float solution and its covariance. Baseline will be 
updated ultimately according to integer ambiguity to 
achieve high precision positioning. The flowchart of pro-
posed algorithm is illustrated in Fig. 3.

State update
The state transition equation of the EKF employed in this 
work is presented as follows:

where xk ∈ R
n is the underlying state vector, F k is one-

step transition matrix, and ωk represents the process 
noise.

We use Constant Position (CP) model for the receivers 
with low-dynamic motion. The method proposed can be 
easily extended to other motion models. In the CP model, 
the state vector can be expressed as follows:

(8)
α = arctan

(

yr − yBS

xr − xBS

)

+ εα

β = arccos

(

zr − zBS

||pr − pBS||

)

+ εβ

(9)R5G = diag(σ 2
d , σ

2
α , σ

2
β )

(10)xk = F kxk−1 + ωk

Fig. 2  Illustration of 5G measurements Fig. 3  Flowchart of proposed method
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where pr,k =
(

xr,k yr,k zr,k
)T denotes the position vector 

of the rover in the k-th epoch, and 
ak =

(

�N
(1)
rb,1 · · · �N

(M)

rb,1 �N
(1)
rb,2 · · · �N

(M)

rb,2

)

 signifies 
single difference ambiguity vector in the k-th epoch.

One-step state transition matrix F k is formulated as:

System noise matrix Qk is formulated as:

To reduce reliance on the receiver’s dynamic situation, 
the above position-related items are set as infinity sym-
bol, while ambiguity terms are set to zero due to their 
time invariance.

The initial values of position is given by Single Point 
Positioning (SPP), while those ambiguities are estimated 
by rounding code-minus-carrier (Xie, 2009).

One-step state transition matrix and its covariance 
matrix in the EKF are presented as follows:

Measurement update
Both BDS and 5G measurements are modeled as nonlin-
ear functions. Their measurement equations can be for-
mulated as a nonlinear function as follow:

The non-linear function h(·) as given in equation (15) 
represents the relationship between the measurements yk 
and the states xk , which is given by (3)(7)(8), and vk is the 
measurement noise.

The measurement update in EKF can be formulated as:

The prior covariance matrix Pk+1|k is applied to calcu-
late filtering gains K k+1 and then update the covariance 
matrix Pk+1 . The Jacobian matrix Hk+1 is shown as:

(11)xk =
(

pTr,k aTk

)

(12)F k =

(

I3×3 03×2M

02M×3 I2M×2M

)

(13)Qk =

(

∞3×3 03×2M

02M×3 02M×2M

)

(14)
{

xk+1|k = F k+1xk
Pk+1|k = F k+1PkF

T
k+1 +Qk

(15)yk = h(xk)+ vk

(16)yk =
(

yBDS
T y5G

T
)T

(17)











K k+1 = Pk+1|kHT
k+1(Hk+1Pk+1|kHT

k+1 + Rk+1)
−1

xk+1 = xk+1|k + K k+1(yk+1 − h(xk+1|k ))
Pk+1 = (I − K k+1Hk+1)Pk+1|k

where G is the geometry matrix of the rover, �1, �2 rep-
resent the wavelengths corresponding to two respective 
frequencies, D is single difference to double difference 
transformation matrix, its formulation can be found in 
reference (Zhao et  al., 2023), and H5G is the Jacobian 
marix of 5G observation.

where r =
√

(xr − xBS)2 + (yr − yBS)2 , ρ = ||pr − pBS||.
The measurement noise matrix of the fusion system 

composed BDS measurement noise matrix (5) and 5G 
measurement noise matrix(9).

The state vector of proposed EKF (11) contain the Single 
Difference (SD) ambiguity of the i-th satellite, �Ni

rb,1 , and 
�Ni

rb,2 . As an example, considering the first frequency, 
the double difference ambiguity is obtained by differenc-
ing the SD ambiguities between satellite i and the refer-
ence satellite k.

The vector N̂  is constituted by all of the float DD ambigu-
ity, and the DD ambiguity vector can be expressed as a 
linear transformation of SD ambiguity vector:

To express the covariance matrix of N̂  , the covariance 
matrix Pk+1 in (17) can be expanded as:

The covariance matrix of DD ambiguities and SD ambi-
guities adheres to the principle of error propagation:

(18)Hk+1 =
∂yk+1

∂xk+1
=











G �1D 0

G 0 �2D
G 0 0

G 0 0

H5G 0 0











(19)

H5G =






xr−xBS
ρ

yr−yBS
ρ

zr−zBS
ρ

yBS−yr
r2

xr−xBS
r2

0
−(xr−xBS)(zr−zBS)

ρ2r

−(yr−yBS)(zr−zBS)

ρ2r
(zr−zBS)

2+ρ2

ρ2r







(20)Rk =

(

RBDS

R5G

)

(21)∇�Nki
rb,1 = �Nk

rb,1 −�Ni
rb,1

(22)N̂ = diag(�1D, �2D)a

(23)Pk+1 =

(

Qp̂p̂ Qp̂â

Qâp̂ Qââ

)

(24)Q
N̂
= diag(�1D, �2D)T ·Qââ · diag(�1D, �2D)
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Ambiguity resolution
To obtain high accuracy positioning, after the float 
solution in EKF, the LAMBDA is used for ambiguity 
resolution, which essentially deals with the following 
mathematical problem:

where N̂ ,Q
N̂

 represent the float solution vector of DD 
ambiguity and its covariance matrix.

The LAMBDA method consists of two steps: imple-
menting Z transformation to decorrelate the ambigui-
ties, and searching the integer vector in the solution 
space.

The specific methods for decorrelation have been 
extensively studied (Teunissen, 1993). Full Ambiguities 
Resolution (FAR) and Partial Ambiguities Resolution 
(PAR) are two commonly used search strategies.

In FAR, all components in N̂  will be included in search-
ing to resolve each ambiguity. The search space can be 
expressed as an ellipse:

where χ represents the radius of the elliptical region. To 
ensure the reliability of result in FAR, a simple but effi-
cient method is to employ the ratio test for validation:

The variable N 1 denotes the optimal outcome obtained 
from the integer search, while N 2 signifies a sub-optimal 
result from the same search. The parameter Rthres defines 
the threshold for the Ratio Test, conventionally a value of 
3 is used.

The satellites with low elevation may experience signifi-
cant atmospheric delays and multipath effects, especially 
in urban environment, making it difficult to fix all ambi-
guities. PAR demonstrates the effectiveness in resolving 
ambiguity subset and would be a viable choice in prac-
tical scenarios (Teunissen et  al., 1999; Li et  al., 2014). 
In PAR, the vector representing the ambiguities of float 
solution is expressed as:

where N̂ (j) shows the subset of ambiguities, which are 
easy to be fixed, and N̂ (M−1−j) is the rest part which 
seems more difficult to be fixed. The subset N̂ (j) is 
selected with different heuristic criteria, such as signal-
to-noise ratio (Parkins, 2011), ambiguity resolution 
factor (Teunissen and Odijk, 1997), or minimum devia-
tion (Henkel and Günther, 2010). After the selection of 

(25)min ||N − N̂ ||2Q
N̂
= (N − N̂ )TQ−1

N̂
(N − N̂ )

(26)(N̂ − NT)Q−1

N̂
(N̂ − N ) ≤ χ2

(27)R =
(N 2 − N̂ )TQ−1

N̂
(N 2 − N̂ )

(N 1 − N̂ )TQ−1

N̂
(N 1 − N̂ )

> Rthres

(28)N̂ = (N̂ (j) N̂ (M−j−1))

the subset N is completed N̂ (j) , the search space will be 
reduced to:

Q−1

N̂ (j)
 represents the covariance matrix of the correspond-

ing subset. The PAR method effectively reduces the 
search space for ambiguity, and the results from refer-
ence (Castro-Arvizu et  al., 2021) indicate that the PAR 
mode receiver demonstrates better performance than the 
FAR mode in the some conditions.

Whether the integer set N  is obtained through FAR or 
PAR, the position of float solution p̂r can be updated using 
the following method:

Performance analysis of BDS/5G RTK solution
This section theoretically analyzes the performance gains 
of BDS/5G RTK positioning. To simplify the mathemati-
cal derivation, we rewrite the expression of BDS measure-
ments in a single frequency form. The LAMBDA method 
implements the resolves of DD ambiguities based on its 
covariance matrix. In the theoretical analysis, the vector to 
be estimated include rover position and DD ambiguities:

In the following, we derive CRLB for the vector in equa-
tion (31) to analyze the positioning performance. We 
compare the CRLB in BDS only and BDS/5G methods, 
and demonstrate the gains got with the 5G observations 
in hybrid positioning.

Gains in float solution
In equation (31), the CRLB of i-th parameter can be formu-
lated as:

where F(x̂) is Fisher Information Matrix (FIM).
The measurement vector in BDS only case is given by 

(1), while that in BDS/5G case is given by (16). The FIM for 
the vector of unknown parameters are denoted as FBDS for 
BDS case and Faid for the BDS/5G case.

RBDS,R represent measurement noise matrix which can 
be found in (5) and (20). H ′

BDS and H ′ denote the matrix 

(29)(N̂ (j) − N (j))
TQ−1

N̂ (j)
(N̂ (j) − N (j)) ≤ χ2

(j)

(30)p̌r = p̂r −Qp̂âQ
−1
â

(N̂ − Ň )

(31)
x =

(

xr yr zr ∇�N
(k1)
rb · · · ∇�N

(kM)

rb

)T
=

(

pTr NT
)T

(32)σ 2
x̂i
=

[

F(x̂)
]−1

i,i

(33)
FBDS = H ′

BDSR
−1
BDSH

′
BDS

T
Faid = H ′R−1H ′T
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of partial derivatives, and the gradient of the measure-
ment vector with respect to estimated vector.

The wavelength constant matrix is shown as 
� = diag(�, · · · , �).

Substitute the equation into (33) and obtain the 
covariance of estimated vector by taking the inverse of 
their FIM.

Lemma 1 elucidates the inequality relationship among 
the diagonal elements of Qp̂p̂BDS and Qp̂p̂.

Lemma 1  For the variance matrix Qp̂p̂BDS and Qp̂p̂ , the 
diagonal elements of the former are always less than or 
equal to those of the latter.

To characterize the overall position estimation accuracy 
of BDS/5G RTK positioning in three-dimensional space, a 
float solution gain factor γ is defined as:

Compared to BDS only case, BDS/5G RTK positioning 
exhibits smaller variance in positioning. Additionally, 
the float solution gain factor is always greater than or 
equal to 1. This implies that the float solution accuracy 
of BDS/5G is consistently higher than or equal to that of 
BDS only case.

Proof  The proof of Lemma 1 is in Appendix 1. 	�  �
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The calculation of γ requires both the geometric 
matrix and the auto-covariance matrix of the noise vec-
tor. This demonstrates the difference between γ and 
Position Dilution of Precision (PDOP) can affect γ.

Gains in ADOP
ADOP is a computationally efficient and commonly 
used metric to evaluate the model strength of ambigu-
ity resolution. The definition of ADOP is as follows:

In equation (39), N is the dimension of DD ambiguity, | · | 
symbol denotes the operation of determinant, and Q

N̂ N̂
 

is the variance of float solution. Teunissen (1998) illus-
trates the relationship between ADOP and the probabil-
ity of fixing ambiguities successfully:

where �(·) denotes the cumulative distribution function 
(CDF) of the standard normal distribution.

In equation (35) and (36), the covariance matrix of 
DD ambiguities can be expanded as:

Lemma 2 elucidates the inequality for BDS only and 
BDS/5G methods.

Lemma 2  The covariance matrix of the DD ambiguities 
exhibits the following inequality relationship under BDS 
only case and BDS/5G case:

To characterize the improvement in the success rate of 
ambiguity resolution for BDS/5G solution, the ADOP gain 
factor η is defined as:

The ADOP for BDS/5G solution is always less than or 
equal to that of BDS only case. Namely, the ADOP gain 
factor is always greater than or equal to 1, indicating the 
BDS/5G RTK solution consistently achieves a higher fixing 
rate.
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Proof
The proof of Lemma 2 is in Appendix 2.	�  �

Simulation
In this section, we will compare the proposed method 
with BDS only method and investigate the influence fac-
tors of the proposed method using through numerical 
simulations of the gain factors in different conditions 
including 5G measurement accuracy and the number of 
visible satellites.

Simulation setting
We collected satellite observations to conduct simulation 
experiments. Figure 4 shows a student dormitory in Tsin-
ghua university. It can be seen that four-wheeled robot is 
equipped with a GNSS receiver and parked in front of the 
building, collecting satellite signals.

The skyplot of the rover is shown in Fig.  4. It can be 
seen that the satellites in the north and northwest are 
obscured by buildings.

A 5G base station, it is assumed that a 5G base station 
is located 60 ms to the east at a height of 10 ms higher 
than the rover. In the simulation, the 5G base station 
communicated with the rover measuring AoA and RTT.

We will discuss the impact of the number of visible 
satellites subsequently. To control variables, we have set 
the standard deviation of the 5G azimuth and zenith 
AoA measurement noise to 3 ◦ , the standard deviation of 
RTT measurement to 4 ns, and the standard deviation of 
equivalent RTT ranging noise to 1.2 m. As is illustrated 
in equation (9), they are independent.

Number of visible satellites
The number of visible satellites will fluctuate with motion 
trajectory, and therefore the improvement of 5G will also 

change accordingly. We explore the positioning perfor-
mance in the scenes with varying obstruction based on 
the gain factor defined in the previous section.

In practical environments, the satellites with lower ele-
vation are more susceptible to obstruction of buildings 
and other objects. Therefore, we use the following prin-
ciple to simulate the change in visible satellites: for the 
satellites shown in Fig. 5, we sort them from low to high 
elevation, and iteratively, the satellite with the lowest ele-
vation will be removed in each step. Then, we calculate 
the float solution gain factor and ADOP gain factor, as 
shown in Fig. 6.

Figure 6 shows the curves of float solution factor γ and 
ADOP gain factor η as the number of satellites changes. 
The blue dashed line with circle markers represents the 
curve between γ and the number of visible satellites. And 
the orange dotted one with triangle markers represents 
the curve between η and the number of visible satel-
lites. We can see from the Fig. 6 that BDS/5G solution is 
more pronounced when the number of visible satellites 
decreases.

When the number of visible satellites is 13, both γ and 
η approximately reach at 1 and the performance of BDS 
is already excellent. BDS contributed mainly to position-
ing result, which is consistent with the weighting method 
shown in Eq. (9).

When the number of visible satellites gradually 
decreases to 5, γ increases to 5.6 and η increases to 3.5, 
which means that the norm of position variance vector 
is reduced to 1/5.6, and the ADOP is reduced to 1/3.5 
compared to BDS only case. This trend means that in 
urban areas where satellites are severely hindered, using 

Fig. 4  Illustration of measurement environment

Fig. 5  Skyplot of rover shown in Fig. 4
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BDS/5G for positioning can achieve a more significant 
performance gain in positioning.

Equation (39) shows the relationship between the 
ADOP and theoretical ambiguity fixing rate. Figure  7 
illustrates the correlation between the fixing rate and the 
number of visible satellites in both the scenarios of BDS 
only and BDS/5G positioning.

The dashed line marked with a blue circle is for the 
BDS only case, and the dotted line marked with an 
orange triangle is for BDS/5G case. When the number of 
visible satellites is 5, the fixing rate in the BDS only case 
is 50.3%, while the fixing rate in BDS/5G case is 68.8%. As 
the number of visible satellites increases, the fixing rate 
in both cases increases. When the number of visible sat-
ellites is greater than 10, the fixing rate is close to 100% 
in both cases. 5G does not lead to significant improve-
ments due to the excellent performance of BDS only 
positioning.

Measurement accuracy
In the skyplot shown in Fig. 5, despite some satellites are 
obstructed by buildings, the visible satellite count still 
reaches 13. As discussed in Sect. 5.2, the gains from 5G 
observations are not significant at this point. And this 
section focuses on the gain obtained by 5G observation 
in the different accuracy, when the satellite count is set 
to 6. To simplify the experimental setup, we assume that 
the observation noise magnitude is consistent for 5G azi-
muth and zenith AoA observations in this experiment.

Figure 8 illustrates the variation of γ with different 5G 
measurement accuracies. The horizontal axis represents 
the angle measurement standard deviation, while the 
different line styles in the legend indicate RTT ranging 
standard deviations. A dashed line parallel to the x-axis is 

presented in the figure, which means the line γ = 1 . Spe-
cifically, when the angle measurement standard deviation 
is 2◦ and the ranging standard deviation is 1 m, γ reaches 
4, indicating a fourfold performance improvement in the 
context of float solution accuracy. As the ranging and 
angle measurement noise increase, the curves gradually 
approach the dashed line γ = 1 , implying a reduction in 
the gains introduced by 5G.

The simulation results in Fig. 9 present the correlation 
between measurement noise and η . With the increas-
ing measurement noise, the curves tend to approach 
the dashed line η = 1 . When the measurement noise 
becomes large enough, the curves closely align with the 
dashed line η = 1.

Experiment and results analysis
In this section, we used a Huawei 5G CPE to collect AoA 
measurements in a dynamic environment, operating on 
a 100 MHz bandwidth centered at 4.9 GHz. During the 
recording process, we also used a high-precision position 
reference system to output the position of CPE. Based on 
the ground truth of CPE and the location of 5G base sta-
tion, we implement the analysis on the typical error levels 
of 5G AoA measurements in a dynamic environment.

The robot shown in Fig.  10 is equipped with serval 
sensors including GNSS receiver, LiDAR and IMU. The 
combination of multi-constellation RTK positioning, 
INS, and LiDAR is used to obtain the ground truth of the 
rover.

We selected a reasonable location within the rover’s 
movement area to simulate a 5G base station. Based on 
the ground truth of the rover and the typical error level 
of AoA measurement in the dynamic environment, we 
simulated AoA observations. For RTT, we refer to the 
current measurement accuracy to set the ranging noise.

We set the data rate of 5G observations at 1 Hz and 
assume that GNSS and 5G data are synchronized, 
which can be easily configured in a low dynamic envi-
ronment. In GNSS and 5G antennas collocation, we 
assume that GNSS and 5G are in the same phase center 
after lever adjustment.

Subsequently, we conducted a hybrid positioning 
experiment by using the BDS measurements collected 
by the rover and the simulated 5G AoA and RTT meas-
urements. And the hybrid positioning results will be 
analyzed to evaluate the performance of BDS/5G RTK 
positioning.

Experiment and results analysis
In this section, we used a Huawei 5G CPE to collect 
AoA measurements in a dynamic environment, oper-
ating on a 100 MHz bandwidth centered at 4.9 GHz. 

Fig. 6  Relationship between satellite count and gain factors. The 
blue dashed line with circle markers represents the curve between γ 
and the number of satellites. And the orange dotted one with triangle 
markers represents the curve between η and the number of satellites
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During the recording process, we also used a high-pre-
cision position reference system to output the position 
of CPE. Base on the ground truth of CPE and the loca-
tion of 5G base station, we implement the analysis on 
the typical error levels of 5G AoA measurements in a 
dynamic environment.

The robot shown in Fig.  10 is equipped with sensors 
including GNSS receiver, LiDAR and IMU. The combi-
nation of multi-constellation RTK positioning, INS and 
LiDAR is used to obtain the ground truth of rover.

We selected a reasonable location within the rover’s 
movement area to simulate a 5G base station. Based on 
the ground truth of rover and the typical error level of 
AoA measurement in the dynamic environment, we gen-
erated AoA observations through simulation. For RTT, 
we refer to the current measurement accuracy to set the 
ranging noise.

We set the data rate of 5G observation to 1 Hz and 
assume that GNSS and 5G data are synchronized, which 
can be easily configured in low dynamic environment. 
In GNSS and 5G antennas collocation, we assume that 
GNSS and 5G are in the same phase center after lever 
adjustment.

Subsequently, we conducted a hybrid positioning 
experiment by using BDS measurements collected by the 
rover and the 5G AoA and RTT measurements generated 
by simulation. And the hybrid positioning results will be 
analyzed to evaluate the performance of BDS/5G RTK 
positioning.

BDS measurement collection
On October 20, 2023, data were collected at a sampling 
frequency of 10 Hz, commencing at 02:22:12, yielding a 

total of 3014 epochs. The experiment took place in a tree-
shaded environment located between Xinmin Road and 
the Comprehensive Gymnasium of Tsinghua University, 
and the rover recorded data in this setting.

Furthermore, a RTK base station was established at the 
top of Weiqing Building at Tsinghua University to cap-
ture BDS observations contemporaneously. The trajec-
tory of the rover is delineated by the arrow in the Fig. 11, 
while the pentagram denotes the position of the RTK 
base station.

Both the rover and base station receiver employ a 
dual-frequency configuration operating in the B1 and 
B2 frequency bands. In the positioning experiments, we 
configured the receiver to receive the B1I and B2I signals 
for BDS2 and the B1I and B2A signals for BDS2 (Fig. 12).

The skyplot of the rover in Fig. 11 is shown in Fig. 12:
Figure 13 shows the change in satellite visibility as the 

rover moved. We can see variations in the consistency of 
observations among different satellites. Notably, satellites 
C08, C13, C14, C28, and C33 consistently provided sta-
ble observation. On the other hand, the rest of the satel-
lites exhibited varying degrees of signal flickering, mainly 
due to the obstructions from tree canopies and buildings. 
Specifically, satellites C01 and C03 experienced extended 
interruptions in signal continuity.

During the satellite signal collection process, the 
receiver sets a satellite cut-off elevation to ensure signal 
quality. In this experiment, the cut-off elevation is set as 
15 degrees.

Fig. 7  Curves between the number of visible satellites and ambiguity 
fixing rate. The blue dashed line with circle markers represents BDS 
only, while the orange dotted line with triangle markers represents 
BDS/5G case

Fig. 8  Effect of 5G measurement noise for float sloution gain 
factor. Different line types are used to differentiate RTT ranging 
standard deviations. A dashed line parallel to the x-axis is presented 
in the figure, which means the line γ = 1
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5G AoA measurement analysis
To evaluate the noise in 5G angle measurements, we 
collected the data in Taicang, Jiangsu, using a CPE 

Fig. 9  Effect of 5G measurement noise for ADOP gain factor. 
Different line types are used to differentiate RTT ranging standard 
deviations. A dashed line parallel to the x-axis is presented 
in the figure, which means the line η = 1

Fig. 10  Entity architecture of experimental equipment

Fig. 11  The illustration of rover and base station generated 
with Google Earth

Fig. 12  Skyplot of rover shown in Fig. 11

Fig. 13  Visualization of observable satellites in rover shown in Fig. 11

Fig. 14  The illustration of 5G data collection area generated by Baidu 
Maps
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maintained a low dynamic movement. The experiment 
was conducted in a campus environment with a signifi-
cant presence of buildings and trees. 5G data collection 
environment is shown in Fig. 14. The signal received by 
the CPE is a Line of Sight (LOS) 5G signal with multipath 
reflections.

Similar building construction and multipath reflec-
tions are present in both the 5G and GNSS data collec-
tion environments. Therefore, it is reasonable to generate 
corresponding 5G AoA observations in the GNSS data 
collection environment based on the Root Mean Square 
Error (RMSE) of actual 5G AoA measurements.

The comparison curve between 5G measured AoA and 
true AoA is depicted in the Fig. 15.

From Fig.  15, most of AoA observations are within 
the normal range. However, outliers might occur in 5G 
measurements in more challenging environments. The 

design of 5G outlier detection and rejection algorithm is 
also important. But this is beyond the scope of this paper.

The RMSE for azimuth and zenith AoA are 0.85◦ and 
1.37◦ respectively. Based on this statistical result, simu-
lations of 5G observations for the rover in Section BDS 
measurement collection were conducted. The standard 
deviations of observational noise for azimuth and zenith 
AoA were set as σα = 0.85◦ and σβ = 1.37◦ , respectively, 
while the standard deviation for RTT measurements was 
set as 4 ns, corresponding to a distance measurement 
standard deviation of σd = 1.2 m.

At the geometric center of the rover’s motion trajec-
tory, a 5G base station was displaced 60  m eastward, 
60  m northward, and 15  m vertically. This setup aimed 
to simulate AoA and RTT measurements between the 
rover and the base station to execute a hybrid positioning 
experiment.

Fig. 15  Comparisons between 5G angle of arrival and ground 
truth, subfigure (a) depicts comparisons curve of azimuth of angle, 
and subfigure (b) depicts comparisons curve of zenith of angle

Fig. 16  Trajectories comparison in east-north plane with ground 
truth, taking the geometric center of the ground truth as the origin, 
and results of FAR and PAR are shown in subfigure (a) and (b) 
respectively
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Result analysis
To assess the improved performance of BDS/5G RTK 
positioning, we performed experiments with the dataset.

The robot shown in Fig. 10 is outfitted with an Xsens 
IMU and a RoboSense 16-beam LiDAR in addition to 
GNSS. While recording satellite signal, we gathered 
LiDAR and IMU data concurrently. Then we got the 
high-precision ground truth with multi-sensor fusion.

We compared the trajectories of the positioning results 
to the reference trajectory on the East-North plane. The 
comparative plots can be seen in Fig. 16.

Positioning results
In subfigure (a), achieving a fixed solution with FAR in 
complicated environment is challenging, and the posi-
tioning of the BDS-FAR exhibits a notable deviation at 
the initial phase of positioning. However, the trajectory 
of BDS/5G method aligns more closely with the ground 
truth. Moving to subfigure (b), the deviation of the posi-
tioning scatter points from the ground truth in the mag-
nified area exhibits discontinuity, where the scatter points 
consistently deviate from the ground truth starting from 

a specific point, and then experienece another abrupt 
jump after a period of time. This discrete jump is a result 
of the integer nature of the error in ambiguity subset res-
olution. In this context, the utilization of the PAR method 
is observed to mitigate the positioning error inherent in 
RTK positioning. In this scenario, the trajectories of BDS 
only and BDS/5G converge more closely to the ground 
truth. However, it is notable that certain scattered points 
in the trajectory of BDS only positioning significantly 
deviate from the ground truth, whereas the trajectory of 
BDS/5G positioning demonstrates greater stability and 
accuracy.

Figure 17 illustrates the positional errors in the east-
ward, northward, upward axes directions, along with 
the three-dimensional spatial positioning errors.

From Fig.  17, the error curve in the FAR mode 
abruptly decreases around an observation time of 150 s, 
indicating a transition from float solution to fixed solu-
tion. After the successful ambiguity resolution, the 
error decreases sharply, and the points with position-
ing errors exceeding the centimeter level are classified 
from float solutions. The figure demonstrates the sig-
nificant accuracy gain of BDS/5G RTK positioning for 
float solutions. In each subfigure, BDS/5G-FAR is con-
sistently positioned below BDS-FAR, indicating higher 
accuracy throughout. The error reduction is most sig-
nificant in the upward orientation in subfigure (c).

In the PAR mode, noticeable reductions in errors are 
observed across each axis and in three-dimensional 
space when compared to the FAR mode. In the BDS-PAR 
mode, there are pulse-like increases in errors occurring 
approximately at 50 s and 100 s, attributable to the errors 
in ambiguity resolution. Conversely, the error curve for 
the BDS/5G-PAR configuration maintains a consistently 
stable trajectory without such notable fluctuations.

Error statistics
Table  1 depicts the fixing rate and the positioning 
RMSE within the dataset with the employing BDS only, 
5G and BDS/5G methods. In the this scenario, BDS 
positioning demonstrates better performance than 

Fig. 17  Positioning error in the eastward, northward, and upward 
orientations, as well as the overall three-dimensional positioning 
error, shown in figure (a–d) respectively

Table 1  Table of positioning results statistics

Method Fixing rate RMSE (m)

(%) East North Up 3D

FAR BDS 11.11 1.04 0.74 1.54 2.00

BDS/5G 13.93 0.86 0.43 0.40 1.04

PAR BDS 32.58 0.12 0.27 0.63 0.69

BDS/5G 44.43 0.12 0.22 0.51 0.56

5G – 1.70 2.44 2.68 4.00
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5G positioning. In the BDS-FAR mode, the 3D RMSE 
is 2 m for BDS compared to 4 m for 5G. Furthermore, 
upon further observation, the fusion of BDS and 5G 
systems has led to an improvement in the RTK posi-
tioning performance. In the case of fixed epoch sta-
tistics, the epochs with a positioning error exceeding 
10 cm are excluded. We consider only the epochs that 
have achieved centimeter-level accuracy and successful 
ambiguity resolution as fixed epochs. In the FAR mode, 
the fixing rate for BDS only method is 11.11%, and 
13.93% when augmented with 5G measurements. Con-
currently, the spatial positioning RMSE is reduced from 
2 m to 1.04 m, indicating 48% reduction in error. In the 
PAR mode, the fixing rate rises from 32.58% to 44.43% 
with the incorporation of 5G measurement, but spatial 
positioning RMSE is reduced from 0.69 m to 0.56 m, an 
18.84% reduction.

In Fig. 17, it is apparent that the filter undergoes pro-
nounced error with oscillations during the initial period. 
Within the initial 10 s, the filter converges resulting in a 
significant reduction in error. To conduct a more detailed 
comparative analysis of the distribution of positioning 
errors across different modes, a 3D spatial positioning 
error box plot was generated after convergence of the fil-
ter in the Fig. 18.

In the FAR mode, the median of the positioning error 
for BDS only method exceeds 1 m, and the third quartile 
surpasses 2 m. Additionally, a substantial number of out-
liers are present in this dataset, with positioning errors 
potentially exceeding 5 m. In terms of BDS/5G method, 
the median positioning error is less than 1  m, with a 
decline in the third quartile to 1.05 m. In this mode, the 
boxplot exhibits a flattened shape, indicating a concen-
tration of errors around 1 m. There is a notable improve-
ment in outliers, and fixed epochs are represented as 

scattered points below the box, considered as deviations 
from the data center.

In the PAR mode, there is a noticeable improvement in 
positioning errors compared to FAR. For the BDS only 
method, the median error is 0.5m, and the third quar-
tile error is 0.65 m. However, a few outliers persist, with 
errors ranging between 1  m and 2  m. In the BDS/5G 
method, the median error is 0.12 m, and the third quar-
tile error is 0.38 m, without occurrence of outliers, which 
highlights the enhancement to 5G-assisted BDS RTK 
positioning.

Fig.  19 presents the CDF curves of 3D position-
ing errors for various positioning methods. For 5G 
positioning, its CDF curve shows a gradual increase 
due to the assumption of Gaussian white noise in the 
measurement noise. In the FAR mode, a significant 
discontinuity in the CDF curve can be observed. This 
discontinuity represents the transition between float 
solutions and fixed solutions. When the FAR mode 
can achieve the correct fixed solution, centimeter-level 
positioning accuracy is often obtained. Comparing the 
BDS-FAR and BDS/5G-FAR curves, we can see that 
in the FAR mode, the gain of 5G in RTK positioning 
mainly manifests in the improvement of float solution. 
The PAR mode exhibits a smoother change in the curve 
compared to the FAR mode. PAR mode is more toler-
ant towards ambiguity resolution compared to the FAR. 
PAR mode only requires a subset of the ambiguities to 
be resolved, although this may increase the probability 
of ambiguity fixing errors, the processing of partial sub-
sets can still yield overall positioning accuracy gains, 
especially in complicated environment. In Fig.  19, the 
curves of BDS-PAR and BDS/5G-PAR show that 5G 

Fig. 18  Boxplot of positioning errors

Fig. 19  Cumulative distribution curve of the positioning results. 
Different colors and markers on the curve are used to differentiate 
between different positioning modes
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assistance can reduce errors in fixing ambiguity subset 
under the PAR mode.

Conclusions
This paper proposes a method for 5G-assisted BDS RTK 
positioning, which utilizes AoA and RTT observations in 
5G system to assist BDS RTK positioning, to obtain more 
accurate float solution and a higher ambiguity fixing rate.

We derive the CRLB for the BDS/5G method and 
prove the inequality between the CRLB of BDS only and 
BDS/5G methods. This mathematically proves the per-
formance improvement with 5G observations in RTK 
positioning. Based on this, we further propose the float 
solution gain factor and ADOP gain factor to charac-
terize the performance gain of 5G observations in RTK 
positioning. The float solution gain factor intuitively 
reflects the improvement of the variance of rover posi-
tion, and ADOP gain factor indicates how 5G observa-
tions improve the estimation accuracy of ambiguities. 
Furthermore, we indicate the variation of the float solu-
tion gain factor and ADOP gain factor under different 
5G measurement accuracy and visible satellite numbers 
using simulation. The gain factors in simulation results 
indicate a significant improvement in the RTK float solu-
tion estimation and ambiguity fixing rate in urban envi-
ronment with the current 5G measurement accuracy.

In the experiment, we analyze the noise of observations 
based on 5G field test data and combine it with actual 
BDS measurements for positioning experiments. The 
results verify the improvement of the proposed method 
in positioning performance in complex environments. 
The experimental results show that 5G-assisted BDS RTK 
has a certain improvement effect on the overall position-
ing error in both FAR and PAR modes. Additionally, it 
can reduce the occurrence of outliers, achieving more 
accurate and robust positioning.

In future, we plan to seek potential support from 
network operators to explore the performance ben-
efits of BDS/5G in diverse real-world scenarios. Fur-
thermore, we will further explore outlier detection and 
integrity enhancement in positioning using BDS/5G 
measurements.

Appendix 1 Derivation of Lemma 1
The expression for the covariance matrix pertaining to the 
estimation of the receiver position in a float solution can be 
derived using the matrix inversion formula as presented in 
equation (35) and (36).

Let F = GTR−1
P,DDG . Employing the Woodbury matrix 

inversion formula, we expand this expression as follows:

The disparity between two covariance matrices is 
expressed as:

F
−1
1  is a positive semi-definite matrix, therefore matrix 

H5GF
−1
1 HT

5G is also positive semi-definite. And a matrix 
decomposition will be conducted on H5GF

−1
1 HT

5G:

Substituting (A.5) into (A.3), the following equation 
holds:

In order to facilitate the simplification of the preceding 
expression, introduce the notation T = F

−1
1 HT

5GQ
T
2  , 

�3 = (R5G +�2)
−1 is a positive semi-definite matrix. 

Consequently, the expression can be decomposed as:

From the structure of �3 , it is evident that it is a diagonal 
positive definite matrix. Due to the relationship between 
X and �3 , the matrix X can be expressed in the following 
form:

Here, �x,j is the j-th element of the diagonal matrix �3, tx,j 
is the j-th row vector of T  , and N is the dimension of the 
matrix X . tTx,jtx,j is a positive semi-definite matrix, and 
�x,j ≥ 0 . Therefore, we can conclude:

This leads to the following inequality:

(A.1)

Qp̂p̂BDS
=
[

GT(R−1
L,DD + R−1

P,DD)G − GTR−1
L,DDG

]−1

=(GTR−1
P,DDG)−1

Qp̂p̂ =(GTR−1
P,DDG +HT

5GR
−1
5GH5G)

−1

(A.2)

Qp̂p̂BDS
= F−1

Qp̂p̂ = F
−1
1 − F

−1
1 HT

5G(R5G +H5GF
−1
1 HT

5G)
−1H5GF

−1
1

(A.3)X = Qp̂p̂ −Qp̂p̂BDS

(A.4)= F
−1
1 HT

5G(R5G +H5GF
−1
1 HT

5G)
−1H5GF

−1
1

(A.5)H5GF
−1
1 HT

5G = QT
2�2Q2

(A.6)X = F
−1
1 HT

5GQ
T
2 (R5G +�2)

−1Q2H5GF
−1
1

(A.7)X = TT
�3T

(A.8)X =

N
∑

j=1

�x,jt
T
x,jtx,j

(A.9)[X ]i,i ≥ 0
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Appendix 2 Derivation of Lemma 2
Regarding the ambiguity covariance matrices Q

N̂ N̂BDS
 and 

Q
N̂ N̂

 , their respective expressions, as outlined in equa-
tion (41), primarily diverge in the middle term within the 
brackets. To deliberate upon the inequality relationship 
of determinants, M1 and M2 are denoted as:

Substituting the specific expressions (A.2) and (A.3) for 
p̂p̂BDS and Qp̂p̂BDS , we obtain:

Let M3 = GTXG , then M2 = M1 −M3 . Regarding the 
matrix M1 , �k(M1) signifies the k-th eigenvalue of M1 , 
arranged in ascending order ( k = 1, · · · ,M − 1 ). Both 
M1 and −M3 represent instances of Hermitian matrices 
within the realm of real symmetric matrices. In accord-
ance with the Weyl inequality, for any k,

X is a positive semi-definite matrix, and we can reach 
that �n(−M3) ≤ 0 , thus:

This substantiates the augmentation in the ADOP coef-
ficient, demonstrated by the validity of the following 
inequality:
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(A.10)
[

Qp̂p̂

]

i,i
≤

[

Qp̂p̂BDS

]

i,i

(B.11)
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L,DD + GTQp̂p̂BDS
G)
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