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Abstract

In this paper, we introduce a new class of fuzzy sets, namely, fuzzy ¢*-closed sets for
fuzzy topological spaces, and some of their properties have been proved. Further, we
introduce fuzzy ¢*-continuous, fuzzy y*-irresolute functions, and fuzzy *-closed

(open) functions, as applications of these fuzzy sets, fuzzy T, s-spaces, fuzzy Tf;‘S

-spaces, and fuzzy ¥'T, s-spaces.
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Introduction

Zadeh [1] introduced the fundamental concept of fuzzy sets and fuzzy set operations
in 1965. Fuzzy topology was introduced by Chang [2] in 1965. Subsequently, many re-
searchers have worked on various basic concepts from general topology using fuzzy
sets and developed the theory of fuzzy topological spaces [3—-7]. Muthukumaraswamy
and Devi [8] introduced fuzzy generalized a—closed and fuzzy a—generalized closed
(briefly fga-closed and fag-closed) sets in fuzzy topological space in 2004. Abd Allah
and Nawar [9] introduced and studied y*-closed sets in topological space in 2014. In
this paper, we introduced another new notion of fuzzy generalized closed set called
fuzzy y*-closed sets, which is properly placed in between the class of fuzzy a-closed
sets and the class of fuzzy generalized a-closed sets. The structure of the rest of this
paper is as follows. The “Preliminaries” section introduces the necessary definitions of
fuzzy a-closed sets and fuzzy generalized a-closed sets. In the “Fuzzy y*-closed sets in
fts” section, we introduce the definition of fuzzy y*-closed sets in fuzzy topological
spaces and proved some of their properties. In the “Fuzzy y*-continuous and fuzzy y*-
irresolute functions in fts” section, we identify the concept of fuzzy y*-continuous and
fuzzy y*-irresolute functions and fuzzy y*-closed (open) functions and introducing
some of their properties. Further, new classes of spaces, namely, fuzzy T},-spaces,
fuzzy T‘ffs-spaces, and fuzzy ¥ Tys-spaces, are introduced in the “Applications of Fy*-
closed sets” section.
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Preliminaries

Throughout this paper, (G, 1) and (H, o) (or simply, G and H) always mean fuzzy topo-
logical spaces. The members of 7 are called fuzzy open sets, and their complements are
fuzzy closed sets. And ¢ : (G, 1) — (H, o) (or simply, ¢: G — H) denotes a mapping ¢
from fts G to fts H.

For a fuzzy set D of (G, 1), fuzzy closure and fuzzy interior of D denoted by cl(D) and
int(D), respectively and are defined by cl(D) = A{E : E is fuzzy closed set of G, E > D, 1
- E e 1} and int(D) = V{S : S is fuzzy open set of G, S < D, S €1} [10].

Definition 2.1 A fuzzy set D of a fts G is called fuzzy a-open (briefly, Fa-open) if D
< int(cl(int(D))) and a fuzzy a-closed (briefly, Fa-closed) if D > cl(int(cl(D))) [4]; the
intersection of all fuzzy a-closed sets of (G, 7) containing D is called fuzzy «-closure of
a fuzzy subset D of G and is denoted by acl(D).

Definition 2.2 A fuzzy set D of a fts G is called fuzzy generalized a-closed (briefly,
Fga-closed) [8] if acl(D) < U whenever D < U and U is fuzzy a-open in (G, 7). The com-
plement of Fga-closed set is called Fga-open set.

Definition 2.3 Let (G, 1) and (H, o) be two fuzzy topological spaces. A function ¢:
(G, 1) > (H, 0) is called as follows:

(i) Fa-continuous [10] if ¢ (V) is Fa-closed in G, for each V € FC (H);
(ii) Fga-continuous [8] if o (V) is Fga-closed in G, for each V € FC (H);
(iii) F-irresolute [11] if ¢*(V) is F-closed in G, for each V € FC (H).

Definition 2.4 A function ¢: (G, r) — (H, 0) is said to be fuzzy-open (fuzzy-closed)
[2] if the image of every fuzzy open (fuzzy-closed) set in G is fuzzy-open (fuzzy-closed)
set in H.

Fuzzy p*-closed sets in fts
In this section, we introduce fuzzy y*-closed sets in fuzzy topological space and discuss
some of its characterizations and relationships with other notions.

Definition 3.1 A fuzzy set D in (G, 1) is called fuzzy y*closed (Fy*-closed) if acl(D)
< U whenever D < U and U is Fga-open in (G, 7). The complement of Fy*-closed set is
called Fy*-open set.

The class of fuzzy y*-closed sets of fts (G, 1) is denoted by Fy*C(G).

Proposition 3.1 Every fuzzy a-closed set is fuzzy y*-closed.

Proof Let D be a Fa-closed set in (G, 1), and since every Fa-closed set is Fga-closed.
Then, acl(D) < U whenever D < U and U is Fa-open in (G, 1), and since every Fa-open
set is Fga-open. So, acl(D) < U whenever D < U and U is Fga-open in (G, 1). Thus, D
is Fy*-closed.

The converse of Proposition 3.1 needs not be true as seen from the following
example.

Example 3.1 Let G = {a, b, ¢} with fuzzy topology 7 = {0, 1, {aos, o2, €o.7}> {407, Pos
€03} 105 boos €03}y @07 boss Co7}}- The fuzzy subset D = {ag4, bos, co7} is Fy*-closed
set in (G, 1) but not Fa-closed set since cl(int(cl(D))) = {ao5, bo.g o7}

Proposition 3.2 Every fuzzy y*-closed set is fuzzy ga-closed set.

Proof Follows from the fact that every Fa-open set is Fga-open.



Allah and Nawar Journal of the Egyptian Mathematical Society (2020) 28:38 Page 3 of 8

The converse of Proposition 3,2 needs not be true as seen from the following
example.

Example 3.2 In Example 3.1, the fuzzy subset D = {ags, bo3, co7} is Fga-closed set in
(G, 1) but not Fy*-closed set.

Proposition 3.3 If D and E are Fy*-closed sets in (G, 1), then Du E is also Fy*-closed
set in (G, 7).

Proof If DVE < U and U are Fga-open, then D< and E < U. Since D and E are Fy*-
closed, acl(D) < U and acl(E) < U, and hence acl(DVE) = ad(D)V ad(E) < U. Thus, DV E
is Fy*-closed set in (G, 1).

Proposition 3.4 If D is Fga-open set and fuzzy y*-closed set in (G, 1), then D is fuzzy
a-closed set in (G, 7).

Proof Since D < D and D is Fga-open set and Fy*-closed, then acl(D) < D. Since D <
acl(D), then D = acl(D), and thus D is Fa-closed set in (G, 7).

Proposition 3.5 Every fuzzy y*-open set is fuzzy ga-open.

Proof Let D € Fy*O(G). Then, 1 — D € Fy*C(G) and hence Fga-closed set in (G, ) by
Proposition 3.2. This implies that D is Fga-open set in (G, 1). Hence, every Fy*open
set in G is Fga-open set in G.

Proposition 3.6 If D is Fy*-closed set in (G, r) and D < E<acl(A), then E is Fy*
closed set of (G, 1).

Proof Let U be a Fga-open subset of (G, 1) such that E<U. Then, D < U and since
D € Fy*C(G), then acl(D) < U. Now, acl(E) < acl(D) < U. Then, E € Fy*C(G).

Corollary 3.1 If D is Fy*open set in (G, 1) and aint(D) < E< D, then E is Fy*-open
set.

Proof Let D e Fy*O(G), and aint(D) <E<D. Then, 1 -De Fy*C(G), and 1-D<1-
E < acl(1 - D). By Proposition 3.6, 1 — B € Fy*C(G). Hence, E € Fy*O(G).

Definition 3.2 For any fuzzy set D in a fts G, we have the fuzzy y*interior of D
(briefly y*int(D)) is the union of all fuzzy y*-open sets of G contained in D. That is,
y*— int(D)= V{E:E<D, Eis Fy*—openin G }.

Definition 3.3 Let (G, 1) be a fuzzy topological space. Then, for a fuzzy subset D of
G, the fuzzy y*-closure of D (briefly y*-cl(D)) is the intersection of all fuzzy y*-closed
sets of G containing D. That is, y*— cl(D) = A{E:E>D, Eis fuzzy y*- closed in G }.

Proposition 3.7 For any fuzzy sets D and B in a fts G, we have as follows:

(i) y*~ int(D)<D.
(ii) D is Fy*~openey’*— int(D) = D.

(iii) y*~ int(y*— int (D)) = v* - int(D).
(iv)If D<B,then y*- int(D)<y"— int(B).

Proof (i) Follows from Definition 3.3.

(ii) Let D e Fy*O(G). Then, D<y*- int (D). By using (i), we get D =y*— int(D).
Conversely, assume that D = y*— int (D). By using Definition 3.3, D € Fy*O(G).

(iii) By using (ii), we get y*— int (y*— int (D)) = w* - int (D).

(iv) Since D < E by using (i), y*- int (D) <D <E. That is, y* - int (D) < E. By (iii), y*
— int (y*- int (D)) < w*— int (E). Thus, y*— int (D) < y* - int (E).

Proposition 3.8 For any fuzzy sets D and E in a fts G, we have as follows:
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(i)y*~ int(D AE) = y*— int(D)Ay"— int(E).
(ii) '~ int(DVE)2y*~ int(D)Vy*— int(E).

Proof (i) Since D A E< D and D A E < E, by using Proposition 3.7 (iv), we get y*— int (
D AE)<y*— int (D) and y* - int (D AE) < y*— int (E). Thus,

v~ int(D A E) sy~ int(D)ay*— int(E). (1)

By using Proposition 3.7 (i), we have y*— int (D) <D and y*- int(E) < E. This im-
plies that y*— int (D) A y*— int (E) <D A E. Now applying Proposition 3.7 (iv), we get
y*— int (y*— int (D) Ay*— int (E)) <y*— int (D AE). By (1), y*— int (y*— int (D) Ay* -
int (y*— int (E)) < y*— int (D A E). By using Proposition 3.7 (iii),

'~ int(D)Ay" — int(E) <y’ int(D A E). 2)

Forms (1) and (2), y* - int (D AE) = ¢*— int (D) A y* — int (E).

(ii) Since D<DVE and E < DV E, by using Proposition 3.7 (iv), we have y* - int (D) <
y*— int (DVE) and y*- int (E) <y*— int (DVE). Thus, y*— int (D) Vy*— int(E) < y*
— int (DVE).

The equality in Proposition 3.8 (ii) need not be hold as seen from the following
example.

Example 3.3 In Example 3.1, consider D = {ag4, bo g, co7}, and E = {age, bos, co5)- Then,
y*— int (D) =0, and y*- int (E) = {age Doo Co3}. That implies y*— int (D)V y* - int(
E) ={aoe boos co3}- Now, DVE={aye, bosg, co7}; it follows that y*— int (DVE)={agse,
bo, o7} Then, w*— int (DVE) = y*— int (D) V y*— int (E).

Proposition 3.9 For any fuzzy set D in a fts G, we have as follows:

(i) (y*- int(D))" = y"-cl(D")
(ii) (y"-cl(D))" =y~ int(D")
Proof (i) By using Definition 3.3, y*- int (D)= V{ E:E<D, EeFy*O(G)}. Taking
complement on both sides, we get as follows:

(y* int(D)) = (sup { E: B< D, E is Fy*-open in G })©
= inf {E°: E°> D, E°is Fy*-closed in G }.

Replacing E°by C, we get

(p*int(D))°= A{C:C= D, C is Fy*-closed in G }. By Definition 3.4, (y*-
int(D))€ = y* - cl(D°).

(ii) By using (i), (y* - int(D))" = y* - cl(D)“ = y* - cl(D). Taking complement on both
sides, we get y* - int(D°) = (y* - cl(D))".

Proposition 3.10 Let D be a fuzzy set in a fts G. Then, D € Fy*C(G) if and only if D¢
is Fy*-open.

Proposition 3.11 For any fuzzy sets D and E in a fts G, we have as follows:
(i) D<y*~cl(D)
(ii) D is Fy*—closedey*—cl(D) = D
(if) y*~cl(y'~cl(D)) = y*~cl(D)

Page 4 of 8
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(iv)If D<E,then y*—cl(D)<y*—cl(E)

Proof (i) Follows from Definition 3.4.

(ii) Let D € Fy*C(G). By using Proposition 3.10, D € Fy*O(G). By using Proposition
3.9 (ii), y* - int(D) = D & (y* - cl(D))* = D & y* - cl(D) = D.

(iii) By using (ii), we get y* - cl(y* - cl(D)) = y* - cl(D).

(iv) If DAE<D and D A E < E By using Proposition 3.7 (iv), * - int(E°) < y* - int(D").
Taking complement on both sides, we get (y* - int(E9))° > (y* - int(D)) . By using Prop-
osition 3.9 (ii), y* — cl(E) = w* - cl(D).

Proposition 3.12 Let D be a fuzzy set in a fts G. Then, int(D) <a - int (D) < y* - int(
D)<sD<y*-cl(D)<a-cl(D)<clD).

Proof It follows from the definition of corresponding operators.

Proposition 3.13 For any fuzzy sets D and E in a fts G, we have as follows:

(i) y*~cl(DVE) = y*~d(D)vy* —cl(E)
(ii) " —cl(DA E)<y”—-d(D)Ay"—cl(E)

Proof (i) Since y* -cl(DVE)=y* -cl((D Vv E))S, by using Proposition 3.9 (i), we have
-cl(DVE)=(y* -int(DVE)) = ((// - int(D° A E9))°. By using Proposition 3.8 (i), w
have v* -cl(DVE)=(yp* -int(D) A y* - int(E%)) = (p* - int(D))° v (v = - int(E°))".

By using Proposition 3.9 (i), we have y* -cl(D Vv E) = y* - cl(D)° v y* - cl(EY) = y* -
c(D) v y* - cl(E).

(ii) Since DA E<D and D A E < E, by using Proposition 3.11 (iv), we have y*— cl(D A
E)<y*—cl(D) and y*-cl(DAE)<y*-cl(E). This implies that y*-cl(DAE)<y*-
cl(D) A w* - cl(E).

Proposition 3.14 For any fuzzy sets D and E in a fts G, we have as follows:

i)y c1( )2DV y"=cl(y* - int(D))

ii) "~ int(D)<DV y* = int(y*—cl(D))
iti) int(y*~cl(D))< int(cl(D))

iv) int(y (D)) int(y*~cl(y’ - int(D)))

Proof (i) By Proposition 3.11 (i), D < y* - cl(A) . Again, using Proposition 3.7 (i), y*
— int (D) < D. Then, y* - cl(y* - int (D)) < y*-cl(D) .

Then, we have DV y* - cl(y* - int (D)) < y* - cl(D).

(i) By Proposition 3.7 (i), y*— int (D) < D. Again, using Proposition 3.11(i), D < y* -
cl(D). Then, y* - int (D) < y* - int (y* - cl(D)). Then, we have y*— int(D)<DVy*-
int (y* - cl(D)).

(iii) By Proposition 3.12, y*— cl(D) < cl(D). We get int(y* - cl(D)) < int (cl(D)).

(iv) By (i), y*—cl(D) 2 DV y* - cl(y* - int (D)). Then, we have int(y* - cl(D)) = int (D

’“—cl((//*— int (D))). Since int(DVE)> int (D)V int (E), int(y*-cl(D))> int(D)V
int (W* - cl(y* - int (D))) = int (y* - cl(y* - int (D))).

(
(
(
(

Fuzzy y*-continuous and fuzzy *-irresolute functions in FTS
As application of fuzzy y*-closed set, we identify some types of fuzzy functions and

introducing some of their properties.

Page 5 of 8
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Definition 4.1 A function ¢: (G, 1) — (H, 0) is said to be fuzzy y*-continuous (Fy*-
continuous) if ¢ (V) is Fy*-closed in G, for each fuzzy closed set Vin H.

Proposition 4.1 Every Fa-continuous function is Fy*-continuous.

Proof Let Ve FC (H). Since ¢ is Fa-continuous, then ¢ (V) is Fa-closed in G. Since
every Fa-closed set is Fy*-closed set, then ¢ '(V) € Fy*C(G). Thus, ¢ is Fy*
continuous.

The converse of Proposition 4.1 need not be true as seen from the following
example.

Example 4.1 Suppose that G = {a, b, ¢} with fuzzy topology 7=1{0, 1, {ags, bo.2, o7},
{207, bo.g, €3} {205 o2 €03}y {207, bosy Co7} and H = {x, y, 2} with fuzzy topology o = {0,
1, {%0.8 Yo.2» 203}}- Let ¢ : (G, 1) — (H, o) be defined by ¢ (a) = x, ¢ (b) =y, and ¢ (c) =
z. ¢ is Fy*continuous function, but it is not a Fa-continuous function, since V = {x(,
Yo.8 Z07} € FC(H) but ¢'(V) ¢ FaC(G).

Proposition 4.2 Every Fy*-continuous function is Fga-continuous.

Proof Let Ve FC (H). Since ¢ is Fy*-continuous, then ¢ (V) € Fy*C(G). By Propos-
ition 3.1, every Fy*-closed set is Fga-closed set; then, ¢ (V) is Fga-closed. Thus, ¢ is
Fga-continuous.

The converse of Proposition 4.2 need not be true as seen from the following
example.

Example 4.2 Suppose that G = {a, b, ¢} with fuzzy topology 7=1{0, 1, {ags, bo.2, Co7},
{207, bo.ss 0.3}, 120.5, bo.2s Co3}s {207, bogs Co7} and H = {x, y, 2} with fuzzy topology o = {0,
1, {05 Yo.6» Z03}}- Let ¢ : (G, 1) — (H, 0) be defined by ¢ (a) = x, ¢ (b) =y, and ¢ (¢) = z.
¢ is Fga-continuous function, but it is not a Fy*-continuous function, since V = {xgs,
Yoar 207} € FC(Y) but ¢'(V) & F y* C(X).

Definition 4.2 A function ¢: (G, 1) — (H, 0) is said to be Fy*irresolute (Fy*-irreso-
lute) if ¢ (V) € Fy*C(G), for each Fy*-closed set V in H.

Proposition 4.3 Every Fy*-irresolute function is Fy*-continuous.

Proof 1t follows from the definitions.

The converse of Proposition 4.3 need not be true as seen from the following
example.

Example 4.3 In the Example 4.1, Let ¢ : (G, ) — (H, 0) be defined by ¢ (a) = x, ¢ (b)
=y, and ¢ (c) = z. ¢ is Fy*-continuous function, but it is not a Fy*-irresolute function,
since V= {%02, Y07, Z0.4} € Fy* C(H) but ¢ (V) & F y*C(G).

Proposition 4.4 Let ¢ : G — H and y: H— W be any two functions. Then, as follows:

(i) y o ¢ is Fy*-continuous if g is fuzzy continuous, and ¢ is Fy*-continuous.

(i) y o ¢ is Fy*-irresolute if both ¢ and g are Fy*-irresolute.

(ili) y o ¢ is Fy*-continuous if g is Fy*-continuous, and ¢ is Fy*-irresolute.

Proof Let V € FC(W). Since y is fuzzy continuous, then y (V) e FC(H). Since ¢ is
Fy*-continuous, then we have ¢ '(y (V) € Fy*C(G). Consequently, y o ¢ is Fy*
continuous.

(ii) - (iii) By similarity.

Applications of Fp*-closed sets
As applications of Fy*-closed sets, three fuzzy spaces, namely, fuzzy T)s-spaces, fuzzy

Tf;s-spaces, and fuzzy ¥"T} 5-spaces are introduced.
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We introduce the following definitions.

Definition 5.1 A fuzzy topological space (G, 7) is called as follows:

(i) Fuzzy T1,5-space if every Fga-closed set in G is a Fa-closed set in G.

(ii) Fuzzy Tf/*s—space if every Fy*-closed set in G is a Fa-closed set in G.

(iii) Fuzzy ¥"T} 5-space if every Fga-closed set in G is a Fy*-closed set in G.

Proposition 5.1 If ¢ : G — H is Fy*-continuous and G is fuzzy Tf;; -space; then ¢ is
Fa-continuous.

Proof Let V € FC (H); since fis Fy*continuous, then ¢ (V) € Fy*C(G). Since G is F

lefs—space, then ¢ (V) is Fa-closed set in G. Thus, ¢ is Fa-continuous.

Proposition 5.2 If ¢ : G— H is Fy*irresolute and G is fuzzy le/*s -space, then ¢ is
Fa-continuous.

Proof By Theorem 5.1.

Proposition 5.3 If ¢ : G — H is Fga-continuous and G is fuzzy ¥"Ty,5-space, then ¢ is
Fy*-continuous.

Proof Let Ve FC (H); since ¢ is Fga-continuous, then o (V) is Fga-closed set in G.
Since G is F¥"Ty5-space, then ¢ (V) € Fy*C(G). Thus, ¢ is Fy*-continuous.

Proposition 5.4 Let ¢: G— H be onto Fy*irresolute and Fo-closed. If G is fuzzy

(4 Yk
Ty /5 1/5

Proof Let Ve Fy*C(H); since f is Fy*irresolute, then ¢ (V) € Fy*C(G). Since G is F

Tlf/*s -space, then ¢ (V) is Fa-closed set in G. Since ¢ is Fa-closed and onto, then we

-space, then H is also a fuzzy T, -space.

have V'is Fa-closed. Therefore, H is also a FTIW/*S

Proposition 5.5 Let G, H, and W be ftss, and ¢:G—H,y:H— Wandyo ¢:G—
W be functions, then if ¢ is Fa-irresolute function and y is Fy*-continuous function,

-space.

such that H is fuzzy le/*5—space. Then, y o ¢ is Fa-continuous function.

Proof Let U € FC (W); since y is Fy*-continuous, then y (1) is € Fy*C(H). Since H
is fuzzy Tll"/*5 -space, then y'(U) is Fa-closed set in H. But ¢ is Fa-irresolute function,
then ¢ '(y '(1)) is Fa-closed set in H. But ¢ '(y (1)) = (y o ¢) ' (U). Therefore, y o ¢
is Fa-continuous function.

Definition 5.2 A map ¢:(G, 1) — (H, 0) is said to be Fy*open (Fy*-closed) if the
image of every open (closed) fuzzy set in G is Fy*-open (closed) set in H.

Proposition 5.6 Every fuzzy-open map is fuzzy y*-open map.

Proof The proof follows from the Definition 5.2.

The converse of Proposition 5.6 need not be true as seen from the following
example.

Example 5.1 Suppose that G = {a, b, ¢} with fuzzy topology 7= {0, 1, {ag.s, bo.2, Co.3}},
and H = {x, y, z} with fuzzy topology o=1{0, 1, {Xo5, Yo.2, Zo.7}, {X0.7» Yo.&» Zo3}, {Xo:5 Yo,
203} 1X0.7, Yo Zo7}- Let ¢ : (G, 1) — (H, 0) be defined by ¢ (a) = x, ¢ (b) =y, and ¢ (c) =
z. ¢ is Fy*-open map, but it is not a F-open map, since G = {agg, bo, Co3} € FO(G) but
#(G) & FO(H).

Proposition 5.7 Every fuzzy-closed map is Fy*-closed map.

Proof The proof follows from the Definition 5.2.

The converse of Proposition 5.7 need not be true as seen from the following

example.



Allah and Nawar Journal of the Egyptian Mathematical Society (2020) 28:38 Page 8 of 8

Example 5.2 In the Example 5.1, let ¢ : (G, 1) — (H, 0) be defined by ¢ (a) = x, ¢ (D)
=y, and ¢ (c) = z. ¢ is Fy*closed map, but it is not an F-closed map, since V= {ag,,
bo.s, Co.7} € FC(G) but (V)¢ F C(H).

Proposition 5.8 If ¢ : G— H is F-closed map and y: H — W is Fy*-closed map, then
yo ¢:G— Wis Fy*-closed map.

Conclusion

In this paper, we have defined a new class of fuzzy sets, namely, fuzzy y*-closed sets
for fuzzy topological spaces, which is properly placed in between the class of fuzzy a-
closed sets and the class of fuzzy generalized a-closed sets. We have also investigated
some properties of these fuzzy sets. Fuzzy y*-continuous, fuzzy y*-irresolute functions,
and fuzzy y*-closed (open) functions have been introduced. We have proved that every
Fy*-continuous function is Fga-continuous, but the converse need not be true, and the
composition of two Fy*-irresolute functions is Fy*irresolute. Fuzzy T,,s-spaces, fuzzy

T‘f/*5 -spaces, and fuzzy ¥ Ty5-spaces have been established as applications of fuzzy y*

closed set. In the future, we will generalize this class of fuzzy sets in fuzzy bitopological
spaces, and some applied examples should be given.
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