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Abstract

Background: This paper presents a comprehensive theoretical investigation of the anomalous electromagnetic
wave propagation and resonances around the trapped modes embedded in graphene dielectric stacks.

Results: Expressions for the dispersion relation, the condition of the trapped mode, the transmission coefficient,
and the instantaneous field components through the graphene stack are derived. Evanescent mode coupling to
the graphene-dielectric stack arises at the discrete frequencies of the trapped modes. When the wavevector is
perturbed, resonances occur around the trapped modes which results in transmission anomalies and dramatic field
amplification in graphene stacks.

Conclusions: Anomalous electromagnetic wave propagation and resonances in graphene-dielectric stacks are
reconnoitered. The number of the conceivable discrete trapped modes and consequently the resonances in
graphene-dielectric stacks can be adjusted by the graphene chemical potential.

Keywords: Graphene stacks, Resonances, Trapped modes, Transmission anomalies, Field amplification
Background
Material technology is developing with great swiftness to-
wards constructing novel materials with tailored electromag-
netic (EM) and optical properties which do not exist in
nature. One of the frontiers at which major achievements are
being made is graphene conception. Graphene is a monolayer
of carbon atoms with massless linear carriers (electron/hole)
dispersion with the effective velocity of light [1]. The special
spectrum of the charge carriers leads to a number of interest-
ing transport properties, which have been intensively studied
in the literature [2]. Graphene has applications in electronics,
photonics, optoelectronics, and in the development of sensory
devices [3–5]. Graphene possesses a number of unique and
extraordinary properties such as high charge carrier mobility,
electronic energy spectrum without a gap between the con-
duction and valence bands, and frequency dependent absorp-
tion of electromagnetic radiation [6].
Recently, graphene attracted a great deal of attention of EM

analysis and characterization [7, 8]. Several studies were ac-
complished on the interaction of electromagnetic fields with
graphene. EM absorbing and reflectance properties of gra-
phene composites for different applications [9], EM wave ab-
sorption properties of graphene modified with carbon
nanotube composites, and electromagnetic interference
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shielding with flexible graphene/polymer composite films
have been presented recently in literature. Study presented in
[10] showed that approximately half of the incident EMpower
can be absorbed by a graphene-dielectric stack of overall
thickness of two nanometers. Other studies showed that both
transverse magnetic (TM) and transverse electric (TE) polar-
ized plasmons can be supported in graphene [11]. Hyperbolic
wavevector dispersion at mid- and far-infrared frequencies in
multilayer graphene dielectric stacks have been studied in
[12]. Waveguide modes based on multilayer graphene dielec-
tric structure and the effective medium theory of graphene
structures in infrared band have been presented in [12]. The
conditions of large wavevector propagating EMwaves in sub-
wavelength periodicmultilayer graphene structures have been
theoretically investigated in [13].
Further notable behavior of optical waves in graphene

structures have been noticed and reported by researchers.
Structures that defines visual transparency of graphene is
discussed in [7]. Perfect absorption in graphene multilayers
and the anomalous absorption in the magneto-optical re-
sponse of graphene is presented in [14]. The interaction of
both interband and intraband transitions in graphene per-
mits altering a graphene dielectric multilayer structure into
an electromagnetically transparent and/or opaque medium
in the THz or infrared frequency ranges [15]. In general, at
THz frequencies, the spatial dispersion introduced by the
periodicity of graphene can be neglected as suggested by
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[16]. Similar studies on optical and electromagnetic periodic
waveguiding structures described similar wave behavior [14,
17, 18]. In quantum mechanics, the wave interaction can be
debated in terms of particles quantum tunneling. This EM
behavior can be utilized in many applications in photonics
and optoelectronics; such as in polarization control and fil-
tering, in photonic devices, in surface plasmon resonance, in
tuning of light emitting diodes and lasers, and in total in-
ternal reflection fluorescence microscopy.
In this work, a graphene-dielectric stack in an aniso-

tropic ambient medium is considered to examine the
formation of evanescent wave coupling, discrete trapped
modes formation, resonances, and the associated trans-
mission and field anomalies in the elliptic dispersive gra-
phene stack. The transfer matrix method (TMM) is
developed to derive the transmission coefficients in both
the non-resonant and the resonant states. The instantan-
eous field components are presented to display the field
amplifications at the resonant frequencies. The effect of
the graphene chemical potential on the number of the
discrete trapped modes and consequently the resonances
is studied as well.
Formulation and analysis
Consider the physical model shown in Fig. 1(a), where
an anisotropic ambient medium is defected by a
(a)

(b)
Fig. 1 The model of the problem (a) Physical geometry, (b)
Graphene-dielectric stack
graphene-dielectric stack. The graphene-dielectric stack
is finite in the z-direction as shown in Fig. 1(b). To in-
vestigate the evanescent wave behavior around the gra-
phene stack, the ambient medium is designated as an
anisotropic medium that can support both propagating
and evanescent modes at the same parallel wavevector.
The anisotropic medium is represented by the following
constitutive relations

D ¼ ε E

B� ¼ μH�

ð1Þ

where ε is the 3 × 3 permittivity tensor and μ is the 3 ×
3 permeability tensor given by

ε ¼
εxx εxy εxz
εyx εyy εyz
εzx εzy εzz

2
4

3
5; and μ ¼

μxx μxy μxz
μyx μyy μyz
μzx μzy μzz

2
4

3
5

Consider a general obliquely incident plane wave with
time dependency e− iωt. The fields are defined as

E x; y; z; tð Þ ¼ E0e
i kxxþkyyþkzz−ωtð Þ

¼
Ex zð Þ
Ey zð Þ
Ez zð Þ

2
4

3
5ei kxxþkyy−ωtð Þ ð2:aÞ

H x; y; z; tð Þ ¼ H0e
i kxxþkyyþkzz−ωtð Þ

¼
Hx zð Þ
Hy zð Þ
Hz zð Þ

2
4

3
5ei kxxþkyy−ωtð Þ ð2:bÞ

where κ = (kx, ky) is the wavevector parallel to the gra-
phene stack and ω is the angular frequency of the inci-
dent plane wave. Using the Berreman 4 × 4 matrix
method [19], the Maxwell equations are reduced to four
ordinary differential equations in terms of tangential
electric and magnetic field components.

dφ zð Þ
dz

¼ i JAφ zð Þ ð3Þ

where A is an 4 × 4 matrix that depends on the proper-
ties of the medium (ε and μ ), the tangential wavevector
components, and the frequency of the incident wave. It
is given by

A ¼ a11 a12
a21 a22

� �
ð4Þ

The elements of the above matrix A are given by
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a11 ¼
ω

c
εxx−

c
ω

k2y
μzz

−
ω

c
εxzεzx
εzz

ω

c
εxy þ c

ω

kxky
μzz

−
ω

c
εxzεzy
εzz

ω

c
εyx þ c

ω

kxky
μzz

−
ω

c
εyzεzx
εzz

ω

c
εyy−

c
ω

k2x
μzz

−
ω

c
εyzεzy
εzz

2
6664

3
7775;

a12 ¼
ky

εxz
εzz

−
μzx
μzz

� �
−kx

εxz
εzz
−ky

μzy
μzz

kx
μzx
μzz

þ ky
εyz
εzz

kx
μzy
μzz

−
εyz
εzz

� �
2
664

3
775;

a21 ¼
ky

εzx
εzz

−
μxz
μzz

� �
kx

μxz
μzz

þ ky
εzy
εzz

−kx
εzx
εzz
−ky

μyz
μzz

kx
μyz
μzz

−
εzy
εzz

� �
2
664

3
775; and

a22 ¼
ω

c
μxx−

c
ω

k2y
εzz

−
ω

c
μxzμzx
μzz

ω

c
μxy þ

c
ω

kxky
εzz

−
ω

c

μxzμzy
μzz

ω

c
μyx þ

c
ω

kxky
εzz

−
ω

c

μyzμzx
μzz

ω

c
μyy−

c
ω

k2x
εzz

−
ω

c

μyzμzy
μzz

2
6664

3
7775

Additionally, φ(z) and J are given, respectively, by

φ zð Þ ¼
Ex zð Þ
Ey zð Þ
Hx zð Þ
Hy zð Þ

2
664

3
775; J ¼

0 0
0 0

0 1
−1 0

0 −1
1 0

0 0
0 0

2
64

3
75;

and c is the speed of light in vacuum.

Fields in the anisotropic ambient medium
The anisotropic ambient medium has the following
properties:

εa ¼
εxa 0 0
0 εya 0
0 0 εza

2
4

3
5; and μa ¼

μxa 0 0
0 μya 0
0 0 μza

2
4

3
5

These properties provide two real and two imaginary
z-directional wavenumbers corresponding to propagat-
ing and evanescent modes. These modes are the eigen-
values of the 4 × 4 matrix JA in the medium. At ky = 0,
the z-directional propagating and evanescent wavenum-
bers in the anisotropic ambient medium are given, re-
spectively, by

kapz ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

c2
εyaμxa−

μxa
μza

kx
2

s
ð5Þ

kaez ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

c2
εxaμya−

εxa
εza

kx
2

s
ð6Þ

where the superscripts ‘ap ’ and ‘ae ’ refer to propagating
and evanescent modes in the ambient medium, respect-
ively. The corresponding tangential field components
(eigenvectors) associated with these wavenumbers are
given by
vap� ¼
0ω

c
μxa

∓kapz
0

2
664

3
775 ð7Þ

vae� ¼
�kaez
0
0ω

c
εxa

2
664

3
775 ð8Þ

The propagating z-directional wavenumber kapz
� �

should be real, while the evanescent z-directional wave-
number kaez

� �
should be imaginary. Therefore, for the

anisotropic ambient medium, the elements of the per-
mittivity tensor εa and permeability tensor μa must sat-
isfy the following conditions:

εyaμza >
kx

2

ω
c

� �2 ; μyaεza < kx
2

ω
c

� �2 ð9Þ

which implies that εyaμza > μyaεza.

Fields in the graphene-dielectric stack
The electromagnetic properties of graphene are de-
scribed in terms of the surface conductivity σ. Kubo
model of conductivity is used for the graphene layer that
takes into account the interband and intraband transi-
tions and is given by [12]

σ ¼ σ inter þ σ intra ð10Þ

where the intraband and interband conductivity are
given, respectively, by

σ intra ¼ i4e2kBT
ℏ ωþ i=τð Þ

μc
kBT

þ 2 ln e−μc=kBT þ 1
� �	 


ð11Þ

σ inter ¼ i4e2kBT
ℏ

Z ∞

0

f d −Eð Þ−f d Eð Þ
ωþ i=τð Þ2−4 E=ℏð Þ2 dE

≈
ie2

ℏ2 ln
2 μcj j− ωþ i=τð Þℏ
2 μcj j þ ωþ i=τð Þℏ

	 

ð12Þ

where μc is the chemical potential, ω is the angular fre-
quency, kB is the Boltzmann’s constant, ℏ is the reduced
Planck constant, T is the temperature (in Kelvin), e is
the charge of the electron, τ is the relaxation time, E is
the Fermi energy, and fd(E) is the Fermi-Dirac distribu-
tion given by f d Eð Þ ¼ 1= e E−μcð Þ=kBT þ 1

� �
.

Since the graphene carriers are well localized within
one-atom thick layer (xz-plane), the relative anisotropic
permittivity of graphene can be characterized as [14]
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εg ¼
ε∥ 0 0
0 ε⊥ 0
0 0 ε∥

2
4

3
5 ð13Þ

where ε
∥ and ε⊥ denote the parallel and normal compo-

nents of the permittivity of the graphene layer, respect-
ively. The parallel permittivity can be determined from
the following expression [12]

ε∥ ¼ 1þ i
σ

ωε0tg
ð14Þ

where tg is the thickness of the graphene layer. Since
graphene is a 2D material, the normal fields cannot ex-
cite any current in the graphene layer. Then, the normal
permittivity ε⊥ = 1.
The equivalent effective permittivity tensor of the

graphene-dielectric stack shown in Fig. 1(b) can be de-
termined using the effective medium theory (EMT) [12]
as

εs ¼
εxs 0 0
0 εys 0
0 0 εzs

2
4

3
5 ð15Þ

εxs ¼ εzs ¼ f εjj þ 1−fð Þεd ð16Þ

εys ¼ ε⊥εd
f εd þ 1−fð Þε⊥ ð17Þ

where εd is the permittivity of the dielectric and f is the
fill fraction of the graphene defined as

f ¼ tg
tg þ td

ð18Þ

The z-directional propagating and evanescent wave-
numbers in the graphene-dielectric stack when ky = 0 are
given, respectively, by

kspz ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

c2
εxs−kx2

r
ð19Þ

ksez ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

c2
εys−kx2

r
ð20Þ

where the superscripts ‘ sp ’ and ‘ se ’ refer to the propa-
gating and evanescent modes in the graphene-dielectric
stack respectively. The corresponding field components
associated with these wavenumbers are given by the
eigenvectors

vsp� ¼
�kspz
0
0ω

c
εxs

2
664

3
775 ð21Þ
vse� ¼
0
−
ω

c� ksez
0

2
664

3
775 ð22Þ

The propagating z-directional wavenumber kspz
� �

should be real while the evanescent z-directional wave-
number ksez

� �
should be imaginary. Therefore, for the

graphene-dielectric stack, the elements of the permittiv-
ity tensor εs must satisfy the following conditions:

εxsj j > kx
2

ω
c

� �2 ; εys
�� �� < kx

2

ω
c

� �2 ð23Þ

which implies that |εxs| > |εys|.
The trapped modes in the slab are characterized by

ksp;ez ¼ 0 (no z-directional propagation) and their fre-
quencies belong to the continuous interval I bounded by
the dispersion curves of the propagating and evanescent
waves of the stack given by Eqs. (19) and (20) respect-

ively, i.e. kx=
ffiffiffiffiffiffiffijεxs

p j
� �

≤I≤kx=
ffiffiffiffiffiffiffiffi
εys
�� ��q� �

. Evanescent wave

coupling arises when the incident frequencies belong to
the continuous spectrum interval I and the tangential
field components of the anisotropic ambient evanescent
modes match those of the propagating modes in the
graphene-dielectric stack medium. If the normalized par-
allel wavevector is perturbed, the resonance around the
trapped modes will occur around the discrete trapped
modes. The construction of the trapped modes can be
determined by matching the evanescent fields in the am-
bient medium with the propagating fields in the
graphene-dielectric stack, so that

Ex

Ey

Hx

Hy

2
664

3
775 ¼ C1

kaez
0
0ω

c
εxa

2
664

3
775e−ikaez z z < 0ð Þ

¼ C2

kspz
0
0ω

c
εxs

2
664

3
775eikspz z þ C3

−kspz
0
0ω

c
εxs

2
664

3
775e−ikspz z 0 < z < Lð Þ

¼ C4

kaez
0
0ω

c
εxa

2
664

3
775eikaez z−Lð Þ z >; Lð Þ

ð24Þ

where C1, C2, C3, and C4 are constants that can be deter-
mined by applying the correct boundary conditions at
the interfaces. The continuity of the tangential field
components at the interfaces (z = 0, z = L) yields the
following:



(a)

(b)

Fig. 3 Permittivity ε∥ of graphene. a real part, b imaginary part

Fig. 2 Normalized Conductivity of Graphene (σ0 = e2/(4ℏ))
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−kaez −kspz kspz 0
εxa −εxs −εxs 0

0 kspz e
ikspz L −kspz e−ik

sp
z L −kaez

0 εxse
ikspz L εxse

−ikspz L −εxa

2
664

3
775

C1

C2
C3

C4

2
64

3
75 ¼ 0 ð25Þ

For the above matrix to have non-trivial solution, its
determinant must be equal to zero. Then, the condition
of trapped modes is given by

2cos kspz L
� �

−i
kaez
kspz

εxs
εxa

þ kspz
kaez

εxa
εxs

	 

sin kspz L

� � ¼ 0 ð26Þ

The incident fields hit the graphene-dielectric stack at
z = 0; hence, part of this field will be reflected whereas
(a)

(b)
Fig. 4 Effective permittivity εxs of the graphene-dielectric stack. a
real part, b imaginary part



(a)
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the other part will be transmitted to the other side.
Therefore, the resulting fields outside the graphene-
dielectric stack will be as follows:

ψ zð Þ ¼ vapþ eik
ap
z z þ rp− v

ap
− e−ik

ap
z z þ re− v

ae
− e−ik

ae
z z z < 0ð Þ

tpþ v
ap
þ eik

ap
z z−Lð Þ þ teþ v

ae
þ eik

ae
z z−Lð Þ z > Lð Þ

�

ð27Þ

where, vapþ eik
ap
z z is the incident field, vap;e� are the eigen-

vectors associated with the eigenvalues (z-directional
wavenumbers) �kap;ez in the anisotropic ambient
medium, and rp;e− and tp;eþ are the amplitudes of the
reflected and transmitted fields respectively.
The tangential field components at the interfaces of

the graphene-dielectric stack are continuous, so the field
inside the stack can be found using the transfer matrix
method (TMM) [19] as

ψ Lð Þ ¼ T 0; Lð Þψ 0ð Þ ð28Þ

tpþ v
ap
þ þ teþ v

ae
þ ¼ T 0; Lð Þ vapþ þ rp− v

ap
− þ re− v

ae
−

� � ð29Þ

where T 0; Lð Þ ¼ eiJAsL is the transfer matrix of the gra-
phene stack. The transmission and reflection coefficients
can be determined directly from Eq. (29).

Results and discussions
In this section, the previous derived analytical formula-
tions are used to determine the dispersion relations,
trapped mode condition, transmission coefficients in
both the non-resonance and the resonance states, and
the field anomalies and amplifications at the resonance
frequencies through the graphene stack.
(b)

(c)
Fig. 6 Trapped modes of the graphene-dielectric stack for (a) μc =
0.3 eV, (b) μc = 0.5 eV, and (c) μc = 0.7 eV

Fig. 5 Dispersion relation in the graphene stack. The blue and red
lines are for the ambient medium propagating and evanescent z-
directional wavenumber respectively. The green line is the evanescent
z-directional wavenumber of the graphene-dielectric stack. The black
lines represent the propagating z-directional wavenumber of the
graphene-dielectric stack for four different values of chemical potential.
The interval I is bounded by the z-directional wavenumbers of the
graphene-dielectric stack
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Consider an ambient medium with the following
properties

εa ¼
2:2 0 0
0 4 0
0 0 1

2
4

3
5; μa ¼

1 0 0
0 1 0
0 0 1

2
4

3
5

and a graphene-dielectric stack with the properties:
thickness of the graphene sheet is 0.335 nm and the di-
electric layer is 50 nm with a dielectric constant εd = 1.6.
The complex conductivity of the graphene sheet and

its equivalent permittivity against the normalized fre-
quency for different values of the chemical potential are
shown, respectively, in Fig. 2 and in Fig. 3 (ωn = ωa/2πc,
a = 10− 6 meter (scaling length factor), ω is the actual fre-
quency). The real and imaginary components of the per-
mittivity tensor elements of the graphene-dielectric
stack are shown in Fig. 4(a) and in Fig. 4(b) respectively.
In the elliptic wavevector dispersion model considered
here, the frequency interval is chosen to yield positive
components of the effective permittivity tensor.
The dispersion relation between the normalized angu-

lar frequency ωn and the real z-directional component of
(a)

(b)
Fig. 7 Transmission Coefficient for (a) μc = 0.3 eV, (b) μc = 0.5 eV
the wavevector when the parallel wavevector κ = (kx, ky)
= (2, 0) is shown in Fig. 5 for four different values of the
chemical potential μc = 0.3, 0.5, 0.7, and 0.8 eV. It is
clearly shown that the continuous band I where the
trapped modes are embedded expands with the growing
chemical potential. The number of the trapped modes
and their frequencies, shown in Fig. 6 for the same
stack thickness, adjusts with the growing chemical
potential. For example, when the chemical potential is
set to 0.3 eV, there is a single trapped mode at ωn =
1.505988 (451.7964 THz), but there are two trapped
modes when the chemical potential is increased to
0.5 eV, that are located at ωn = 1.355999 (406.7997
THz) and ωn = 1.539336 (461.8008 THz), for the same
thickness of the graphene dielectric stack with 5 units
in length (L = 5 μm). Nearby the trapped modes, the
evanescent fields in the ambient medium are fitted to
couple to the graphene-dielectric stack as propagating
waves.
Figure 7 illustrates the transmission coefficient

across the graphene-dielectric stack when its thick-
ness is equal to 5 units in length. When the parallel
wavevector is set to (2, 0), the graphene-dielectric
(a)

(b)
Fig. 8 Instantaneous field components for μc = 0.3 eV. a at trapped
mode (mode 0) ωn = 1.505988 and κ = (2, 0.00), b at resonance
ωn = 1.506545 and κ = (2, 0.05)
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stack admits a single trapped mode and two trapped
modes when μc = 0.300 eV and μc = 0.500 eV, respect-
ively. Moreover, when the parallel wavevector is per-
turbed to (2, 0.05), resonances around these trapped
modes occur. These resonances are characterized by
sharp transmission anomalies (total transmission and
total reflection), and dramatic field amplification.
Figure 8(a), depicts the instantaneous fields at the

trapped mode when the chemical potential is μc =
0.3 eV. The evanescent fields in the anisotropic ambi-
ent medium couple as propagating waves in the gra-
phene stack. At resonance, the field amplification
(associated with resonance) around the trapped mode
frequencies is shown in Fig. 8(b). When the chemical
potential is increased to μc = 0.5 eV, the instantaneous
fields at the two trapped modes supported by the
stack are shown in Figs. 9(a) and 10(a). Fields amplifi-
cations at resonances around these trapped modes are
shown in Figs. 9(b) and 10(b).

Conclusions
This paper develops a structured theoretical examin-
ation of the anomalous propagation and resonances
(b)
Fig 10 Instantaneous field components for μc = 0.5 eV. a at trapped
mode (mode 1) ωn = 1.541195 and κ = (2, 0.00), b at resonance ωn =
1.5391 and κ = (2, 0.05)

(a)

(b)
Fig. 9 Instantaneous field components for μc = 0.5 eV. a at trapped
mode (mode 0) ωn = 1.355999 and κ = (2, 0.00), b at resonance ωn =
1.356596 and κ = (2, 0.05)
of electromagnetic fields in graphene-dielectric stacks.
The dispersion relations, trapped mode condition, and
the propagating and evanescent modes in the gra-
phene stack have been derived and quantified numer-
ically. The graphene-dielectric stack can support
propagating and evanescent eigen-modes at the same
frequency and parallel wavevector. The evanescent
modes supported in the ambient medium feasibly
couple as propagating modes in the graphene-
dielectric stack medium at the discrete frequencies of
the embedded trapped modes in the dispersive gra-
phene. Field resonances with sharp transmission/re-
flection anomalies and with intense amplification in
the graphene stack can occur by perturbing the paral-
lel wavevector of the incident field around the
discrete trapped modes frequencies. The chemical po-
tential of the graphene has a noticeable effect on the
width of the continuous interval where the trapped
modes are embedded. The number of the trapped
modes and then the discrete resonance frequencies
can be controlled by changing the chemical potential
of the dispersive graphene and the thickness of the
stack.
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EM: Electromagnetic; TE: Transverse electric; TM: Transverse magnetic;
TMM: Transfer matrix method
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