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Introduction
The mechanical behavior (strength and stiffness) of rock masses surrounding engi-
neering structures is always a concern in rock engineering studies. These structures 
are excavated in/on a complex material mostly composed of intact rock blocks tightly 
delineated by ubiquitous joints [42]. A proper characterization of rock mass behavior 
must consider the combined effects of both in-situ rock blocks and joints. While dis-
continuities can play a dominant role in defining their mechanical behavior, they can 
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also make it very difficult to precisely predict jointed rock masses’ strength and defor-
mation characteristics [21]. Whether the structures in/on rock masses are close to the 
surface or deep underground has certain effects on their mechanical behavior due to 
the induced stresses. Opening underground excavations in deep hard rock mines may 
lead to two types of failure: (1) structurally controlled gravity-driven failure and (2) 
stress-induced failure [23]. The former is predominant when both the radial and the 
tangential stresses are low,however, the latter is prevalent when tangential stresses 
are high. Structurally controlled failures are most frequently observed at shallow 
depths (50–200  m, while stress-driven failures are commonly found at great depths 
(> 1000  m. Consequently, it is always challenging for rock engineering to study the 
rock masses’ mechanical behavior, displaying a wide array from a simple brittle failure 
of an intact core sample to a complex mass-controlled failure of the overall pit slope 
(Fig. 1).

Heuze [18] performed a literature review to investigate the effect of test volume on 
the strength and stiffness capacities of rock masses. He concluded that laboratory 
tests on small samples were not adequate to represent the strength and deformability 
of rock masses on the field scale. Size-dependent behavior is believed to be caused by 
a larger rock mass volume tending to have more defects. When the size of rock struc-
tures increases, so does the number of discontinuities, micro-cracks, etc., within a 
problem under investigation. Due to the greater possibility of weak planes presenting 

Fig. 1  Typical examples of rock structures in civil and mining applications exhibiting scale-dependent 
behavior (when size or volume of interest increases, the control of strength behavior can range in a 
wide spectrum from a simple brittle failure of intact rock in a laboratory core specimen to a complex 
mass-controlled failure of heavily jointed rock in an open pit slope)
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with a large volume, they are also likely to have a lower strength and deformation 
modulus at an increasing scale [3].

Scaling effects also need to be considered in principle in underground structures. In 
underground structures, two major stability problems can be encountered related to 
scale-dependent behavior and impact underground structures’ design. First is the grav-
ity-induced, structurally controlled block movement in wedges or falls-of-ground at 
shallow depths, and second is stress-induced spalling or slabbing found in brittle, blocky, 
and massive rock masses at higher depths [30]. There are also specific conditions where 
scale dependency can be ignored. For instance, in the analysis of rocks’ brittle failure, the 
uniaxial compressive strength (UCS) of intact rock is used to predict and assess spalling 
depth. It is assumed that brittle failure occurs in competent rock masses, and a small 
sample can be a good representative of the entire mass.

Causes of scale‑dependent behavior

A jointed rock mass is defined by the presence of fracture defects between intact rock 
blocks. These can be large-scale geological structures, such as faults and dykes extending 
for tens to hundreds of meters or medium-scale fractures, e.g., joints, bedding planes, 
and foliations, which can be anywhere from a few centimeters to tens of meters. The 
presence of discontinuities generates stress concentration/relaxation areas, which can 
significantly impact the mechanical behavior of the rock mass because joint intersec-
tions are often areas of high stress and deformation counters, damage, and failure [31]. 
They can also cause a significant size effect on the mechanical and hydraulic response 
of a rock mass [47]. Indeed, in the design of large excavations (both surface and under-
ground) in jointed rocks, ignoring scale dependency can lead to misleading evalua-
tions and implications for the structure’s stability under investigation. A critical design 
parameter is the relative size of geological fractures to excavation size. For engineering 
purposes, the representative dimension of an engineering structure (e.g., the span of a 
tunnel, the height of a bench, the width of an underground cavern or shallow founda-
tion) is usually divided by the mean spacing of joint sets. If the calculated value is equal 
or greater than a threshold value, then the rock mass is often considered treatable as a 
continuous, homogenous material, and its mechanical properties can be assumed con-
stant in all directions (isotropic). Therefore, its mechanical behavior can be modeled 
numerically using the equivalent continuum approach. However, if the calculated value 
is less than the specified value, the rock mass’s behavior in which the structure exists 
should be modeled using more complex discrete numerical methods based on the con-
stitutive discontinuum approach.

For a particular problem, the need to use continuum or discontinuum methods 
depends on the size and scale of discontinuities to those of the problem under consid-
eration. There is no universally accepted unique quantitative parameter to determine 
when one method should be preferred [3]. When the ‘sample’ of a rock mass is consid-
ered such that only a few joints are contained in the volume of interest, its behavior is 
likely to be highly anisotropic, and it is considered discontinuous. If the sample size is 
many times greater than the size of the individual fragments, the effect of each particle 
(and hence the joints) is statistically leveled out, and the sample may be considered con-
tinuous [10]. Several authors have discussed this matter. Deere et al. [10] have tied the 
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’sample’ size to the size of a tunnel from its stability behavior. The stability of a tunnel 
opened in a discontinuous material depends primarily on the character and spacing of 
the discontinuities. In contrast, the stability in a continuous material can be related to 
the intrinsic strength and deformation properties of the intact material. In this regard, 
they found that the size of the ‘sample’ related to a tunnel should be considered discon-
tinuous “when the ratio of fracture spacing to a tunnel diameter is between the approxi-
mate limits of 1/5 and 1/100. For a range outside these limits, the rock may be considered 
continuous, though possibly anisotropic.” Hoek et al. [23] provided a well-known qualita-
tive guide, which schematically presented the process of shifting from intact to heavily 
jointed rock masses. In Fig. 2, intact and heavily jointed rock masses are shown as suita-
ble conditions for modeling with the continuum approach, while the remaining cases are 
more prone to being modeled using the discontinuum approach alone. Some research-
ers propose using representative elementary volume (REV) as a plausible alternative to 
quantitatively determine the relative size for engineering structures in which a rock mass 
essentially behaves as a continuous, homogenous, and isotropic material.

Das and Singh [7] conducted a parametric study to determine the influence of differ-
ent bolt lengths and bolt diameters on the maximum induced boundary displacements 
in a jointed rock mass, using a numerical method based on finite element code. The sim-
ulation results showed that an increase in the bolt length did not significantly reduce the 
boundary displacement, whereas an increase in the bolt diameter substantially reduced 
the tunnel boundary displacement. Das and Singh [8] studied the stability of an under-
ground tunnel excavated in a jointed rock mass using field investigation and numerical 
modeling. A series of finite element numerical simulations were conducted based on the 

Fig. 2  The scale-dependent in-situ transition of an intact rock mass to a heavily jointed rock mass in the 
cases of underground excavation (left) and open pit slope (right)  (modified after [23])
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field/laboratory data with different values of joint spacing. It was found that the joint 
spacing predominantly controlled the extent of deformation above the excavation. Liu 
et  al. [28] investigated the anisotropy and scale effects on the strength characteristics 
of the defected rock mass using a synthetic rock mass (SRM) method, which was cou-
pled with the discrete element method (DEM) and discrete fracture network (DFN). 
The test results showed that defects in the rock mass played a vital role in failure mode 
and strength behavior. The REV size of the considered defected rock mass was found as 
5 × 10 m, and the confinement level also influenced this size.

REV and its assessment procedures

Scale dependency is an important and well-known issue in rock engineering practice [5, 
18, 20, 44, 50]. Some methods are suggested in the literature to tackle the scale effects 
problem. An empirical relation was developed by Hoek and Brown [20]. Palmström 
[37] proposed the continuity factor (CF) concept, which can be expressed as CF = Dt/
Db, where Dt is the tunnel diameter, Db is the block diameter (Db = Vb

1/3, Vb is the block 
volume in m3). The ground conditions can be classified as discontinuous (blocky) or 
continuous. For a discontinuous (blocky) ground (3 < CF < 50), the behavior is controlled 
mainly by individual blocks and joints. For a continuous ground (CF ≤ 3 for massive 
rocks) or (CF ≥ 50 for highly jointed and/or tectonically disturbed rocks), the behavior is 
dominated by intact rock properties and imposed stress.

The concept of the relative scale was proposed by Schultz [44] and Hoek and Brown 
[21]. REV or representative volume element (RVE) was suggested by many researchers 
[24, 29, 33, 36, 38, 47–49, 51]. The REV concept for a rock mass is illustrated in Fig. 3.

The following definitions of REV or RVE can be found in the relevant geotechnical 
literature:

“The REV, when it does exist, can be used to define the minimum volume of a sam-
pling domain beyond which the permeability of the sampling domain remains essen-
tially constant” [29].
“The REV of a statistically homogeneous rock mass is defined as the minimum vol-
ume beyond which any sub-mass behaves essentially like the whole rock mass” [36].
“The scale beyond which strength becomes independent of the specimen size and/
or the density of defects is known as the REV and is considered to be the minimum 
volume of rock needed to evaluate scale effects and to achieve repeatability of tests 
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Fig. 3  The REV concept  (after [25])
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results” [6].
“REV is defined as the minimum size of a rock structure beyond which mechanical 
properties of the rock remain basically constant” [33].
“… an RVE of a jointed rock mass is one so large that another joint more or less does 
not significantly change the equivalent properties of the considered volume” [38].
“The REV size corresponds to the minimum sample size beyond which, the calcu-
lated values of the elastic properties of the specific rock mass stop fluctuating” [13].
“REV of jointed rock masses is a scale concept, which means that the mechanical 
properties of rock masses show random fluctuations with changes of space and vol-
ume. The mechanical properties of rock masses would stabilize when rock mass vol-
ume is larger than some threshold, so the threshold is defined as the REV of rock 
masses” [48].
“REV is the threshold volume beyond which property measurements will approach a 
constant value and represent the equivalent behavior of the whole mass” [49].
“When the sample size is relatively small, the rock mass parameters vary strongly 
with increasing size of the sample. The parameters no longer vary when the sample 
size has increased to a critical value, which is the size of the RVE” [51].
“When the rock mass size is larger than or equal to a certain value, the fluctuation 
of rock properties significantly decreases, and the equivalent continuum parameters 
can represent the properties of the rock masses. Accordingly, this critical cube size is 
defined as the REV” [47].

The above-quoted statements reveal nuances in the researcher’s definitions of the REV. 
This parameter can also be classified according to the application area into mechani-
cal, hydrological, and geometrical types [13, 24, 51]. Depending on the REV application 
type, the value calculated for one property cannot be applied to another property. Subse-
quently, different researchers proposed different calculation methods to assess the REV.

Bear [2] first proposed the concept of REV to study fluid flow in a porous medium. The 
first formal definition of REV for rocks was used by Hill [19]. According to his definition, 
REV should be structurally representative of the whole mass, and the sample should 
contain a sufficient number of discontinuities, which can be used to represent the mean 
and variance of all discontinuities. John [26] suggests that a sample of about ten times 
the average (linear) size of the single units may be considered a uniform continuum. It 
is clear that this will depend greatly on the uniformity of the unit sizes in the material 
or the uniformity of the spacing of the discontinuities. For a unit of 1 m3, the size of the 
sample would be 103 = 1000 m3.

Based on in  situ plate-bearing tests on rock mass surfaces, Rocha and Da Silva [40] 
suggested that REV should be several times greater than the mean joint spacing. Lama 
and Vutukuri [27] argued that the REV size should be ten times larger than the average 
fracture length. Oda [36] offered a method for the determination of REV based on the 
crack tensor concept. He found that the REV size must be at least three times larger 
than a typical length of joint traces. Another approximate indication for REV is based 
on the experience from large sample testing at the University of Karlsruhe, Germany, 
where a volume containing at least 5 × 5 × 5 = 125 blocks is considered continuous [34]. 
A relative scale was defined by Schultz [44] as the ratio of the scale of excavation to the 
scale of fracturing. He recommended a relative scale of five to 10 times the engineering 
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structure. Hoek and Brown [21] simply stated that to apply their empirical strength cri-
terion, “the slope or underground excavation should be large and the block size small in 
comparison, resulting in the appearance of a heavily jointed rock mass”. However, they 
did not refer to a specific number for the REV size.

In a case study, Pariseau et al. [38] used REV techniques to facilitate model execution 
while running an FE model for a pit slope. They selected the REV size as a cube with an 
edge ten times the maximum joint set spacing. Ning et al. [35] found that REV size was 
about three to four times the typical joint size in a columnar jointed rock mass. Esmaieli 
et al. [13] selected the REV size as a cube with an edge ten times the maximum joint set 
spacing in massive sulfide ore. Wu and Kulatilake [49] reported the REV size to be eight 
to 10 times the mean discontinuity size of a rock mass in a diversion tunnel. Zhang et al. 
[51] determined REV using the volumetric fracture density (P32) calculation method at a 
dam site. They calculated the REV size as a cube with a 12 m side length in DEM model 
simulations. Song et al. [47] determined the REV size as 15 m based on the 3D fracture 
persistence in a dam site.

Hoek and Brown [22] proposed that the volume of interest for the REV size when 
deciding whether Geological Strength Index (GSI) should be used in their empirical cri-
terion could be obtained by counting the number of rock blocks exposed on the tun-
nel or slope face. They suggested a REV size of five to 20 times for tunnels and five to 
33 times for slopes using average joint spacing. As Cai et al. [4] defined, the concept of 
equivalent spacing can be used to estimate the average volume of equivalent rock blocks. 
Sari [43] illustrated the REV size on a cut slope where three orthogonal joint sets inter-
sected the rock mass. The number of exposed blocks on the slope face was counted in 
this study, as Hoek and Brown [22]. In this slope, the mean equivalent block size, Vb, was 
found to 0.025 m3, and the REV size was calculated as 84.25 m3 using a value ten times 
higher than the mean joint length. The overall slope volume was equal to 1,625 m3. Since 
the slope’s volume was much greater than the REV size of individual blocks forming the 
rock mass (see Fig. 4), the rock mass’s behavior in the cut slope was modeled using the 
equivalent continuum approach in FE analysis. In a recent study, Huang et al. [24] pro-
posed a new indicator to estimate the fractured rock mass REV size based on the  GSI 

Fig. 4  Schematic illustration of the relative sizes of an in situ rock block, REV, and slope face along with a road 
cut (not to scale)  (modified after [43])
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classification introduced by Hoek and Brown [21]. It was found that the GSI-based REV 
size (7–14 m) of a block in the PFC-based synthetic rock mass (SRM) model was rela-
tively larger compared with the traditional UCS and E-based REVs (5–10 m) (Table 1).

Numerical methods in rock mass modeling

Most of the failure criteria for heavily jointed rock masses are based on the very few 
actual experimental tests of these masses, and hence most are empirical. In recent 
years, there has been a trend toward simulating the behavior of heavily jointed rock 
masses using numerical methods. Numerical modeling is a great tool for providing a 
solid understanding of the rock mass behavior both before and during excavation. For 
any analysis dealt with jointed rock mass, the safest option might be to employ distinct 
element methods (DEM). In this process, first, the orientation of rock fractures, rock 
quality, and hydrogeology should be determined to develop an appropriate numerical 

Table 1  A summary of REV sizes and determination methods presented in the literature

Reference REV Determination method Application

Deere et al. [10] Between 1/5 and 1/100 The ratio of fracture spac-
ing to a tunnel diameter

Design of tunnel liners and 
support systems

John [26] Ten times The average (linear) size Civil engineering

Rocha and Da Silva [40] Several times Mean joint spacing In-situ plate-bearing tests

Lama and Vutukuri [27] Minimum ten times Average fracture length General-purpose

Oda [36] At least three times Typical joint trace length Hydraulic property of 
jointed rock masses

Mutschler and Natau [34] Five times Counting the number of 
blocks in a volume

Experience from large 
sample testing

Palmström [37] Three to 50 times The ratio of the tunnel 
diameter to the block 
diameter

Rock mass characterization

Schultz [44] Five to ten times Mean joint spacing or 
block size

Basaltic rocks at an outcrop

Hoek and Brown [21] Not mentioned Slope or underground 
excavation should be 
large, and the block size 
should be smaller

Surface and underground 
excavations

Pariseau et al. [38] Ten times or more Maximum joint set spac-
ing

Open-pit mine

Ning et al. [35] Three to four times Typical joint size Columnar jointed rock mass

Esmaieli et al. [13] Ten times Maximum joint set spac-
ing

Underground metallic mine

Zhang et al. [51] A cube with a 12 m edge 
length

Volumetric fracture inten-
sity (P32)

Dam site

Wu and Kulatilake [49] Eight to ten times Mean discontinuity size Diversion tunnel on a dam 
site

Song et al. [47] A cube with a 15 m edge 
length

Fracture persistence Dam site

Hoek and Brown [22] At least five to ten times 
for tunnels, five to 33 
times for slopes

Counting the number of 
rock blocks exposed on 
the tunnel or slope face

Surface and underground 
excavations

Sari [43] Ten times Mean joint length Cut slopes

Huang et al. [24] (7–14) m Coefficient of variance 
(CoV) based equivalent 
GSI

SRM model of a mine

Liu et al. [28] (5–10) m Based on CoV with 10% SRM model of a tunnel
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model. Then, the intact rock’s geomechanical properties can be used as the required 
input parameters to represent intact blocks in the DEM simulation. By including dis-
continuities in the analysis explicitly and properly defining their spatial distribution and 
mechanical parameters, it is ensured that the model essentially replicates the behavior 
of a jointed rock mass. For a more comprehensive discussion on DEM in rock engineer-
ing applications, the readers can refer to the works of Min and Jing [33], Bobet et al. [3], 
Esmaieli et al. [13], Wu and Kulatilake [49], and Zhang et al. [51].

Although DEM is a state-of-the-art technique for determining the behavior of 
jointed rock masses under in-situ loading conditions, the developments in numerical 
modeling, such as shear strength reduction, automatic means for generating fracture 
networks, numerical formulations for joint behavior, and widespread availability of 
computing power have also allowed performing a practical analysis of discontinu-
ous media with the FE analysis [17]. The FE analysis uses the equivalent continuum 
approach, which assumes that the macroscopic behavior of fractured rock masses can 
be described by the principles of continuum mechanics, as long as its constitutive 
relations and associated properties/parameters can be properly established according 
to the basic laws of continuum mechanics (Ming and Jing 2003). The FE method can 
be combined with the shear strength reduction (SSR) technique to evaluate the safety 
factor of engineering structures [9, 15, 16, 41, 45]. In this method, the FE analysis pro-
gram systematically searches for a strength reduction factor, i.e., the factor of safety 
(FoS), which brings a slope or an underground structure to the very limits of failure 
(FoS ≤ 1.0).

The SSR technique described in the literature employs the Mohr–Coulomb strength 
criterion for rock materials. For Mohr–Coulomb material, the factored or reduced 
shear strength can be determined using the following equations:

where c* = c’/FoS and φ* = arctan(tanφ’/FoS) are the reduced Mohr–Coulomb shear 
strength parameters.

REV size is a quantitative measure of the volume of interest in which a rock mass 
essentially behaves as a continuous, homogenous, and isotropic material. For a par-
ticular problem, the need to use continuum or discontinuum methods depends on 
the REV size calculation. The focus should be on the right choice of the numerical 
modeling of rock mass behavior. Once the REV size is determined, if the problem 
under consideration satisfies the minimum REV size criterion, using the equivalent 
continuum approach in numerical modeling is advantageous. In this regard, FE analy-
sis can help to achieve accurate forecasts of rock mass behavior.

This study aims to assess the cut-off REV size using FE numerical models adopt-
ing the equivalent continuum approach. A ratio between the size of the engineering 
structure and pre-existing joint spacing, which are the two most important contribut-
ing parameters in the REV size assessment, is numerically searched. Depending on 

(1)
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FoS
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the engineering structure’s characteristic size to the joint spacing ratio, a threshold 
value of REV size is proposed based on numerical analysis. In an attempt to provide a 
correct approach, different descriptors were defined for this property.

Illustrative numerical examples
To provide a more systematic approach to the determination of REV size, a numerical 
study was undertaken. For this purpose, four different hypothetical engineering cases 
were executed using RS2 v. 9.0 [39], a two-dimensional FE program for modeling geo-
technical excavations:

•	 The first case demonstrated the effects of different slope heights on the REV size 
for a surface mine slope with 5 m joint spacing.

•	 The second case investigated the effects of various joints spacing values on the 
REV size for a single bench with a 25 m height.

•	 The third case explored the effects of various joint spacing values on the REV size 
for an underground circular opening with a 5 m diameter.

•	 The last case examined the effects of different joint spacing values on the REV size 
for an underground powerhouse cavern with a width of 30 m and a height of 75 m.

In all cases, it was assumed that a systematic change in joint spacing values to the 
relevant dimension of the engineering structure would have a definite impact on 
the response of these structures caused by REV size. In this context, three different 
approaches were utilized by incorporating the effects of weak planes (joints) into the 
FE simulations:

•	 In the first approach, the problem domain (i.e., rock mass) was assumed to be free 
of any plane of weakness (i.e., no joints).

•	 In the second, the planes of weakness were explicitly represented by adding a joint 
network to the problem domain. RS2 has the capability of automatically gener-
ating discontinuity networks and joint sets in the FE analysis. This program can 
directly incorporate the same explicit definition of a joint network into a DFN-
based analysis. Several types of joint networks, e.g., parallel, Voronoi, Veneziano, 
Baecher, and cross-jointed, can be defined in the program.

•	 In the third approach, the planes of weakness were implicitly represented by 
embedded joints in the constitutive model of rock material. A constitutive model 
developed for the commercial FE package, RS2, considers the Mohr–Coulomb cri-
terion for the matrix and includes three sets of weak planes for the material. It was 
assumed that the weak planes were uniformly distributed in the medium. Here, 
the strength reduction factor was applied to the Mohr–Coulomb criterion for the 
material and the Coulomb criterion for the weak planes or joints by reducing the 
shear strength with the SSR factor. The spacing between these weak planes in the 
control volume of the material was small enough to ensure that the matrix and 
weak planes’ combination could be smeared to an equivalent anisotropic material 
[1].
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In numerical model studies, the following simplifications and assumptions were 
applied:

•	 The same material and joint properties listed in Table 2 were used in all FE models.
•	 The discontinuities and the intact rock behavior were modeled using the Mohr–

Coulomb slip criterion with peak and residual strengths.
•	 Two orthogonal joint sets oriented at 45° and − 45° from the horizontal plane 

were defined.
•	 For the two-dimensional plane strain case, each set had infinite uniform parallel 

joints.
•	 Six-noded uniform triangular meshes with an increased mesh element density at 

the bench face were used for surface benches, and the graded types were utilized 
for underground structures.

•	 A constant in-situ stress field of 10 MPa (~ 400 m depth) in horizontal and verti-
cal directions with a ratio of k = 1 was assumed for underground structures and 
an actual field stress for surface benches.

•	 Initial joint deformation was allowed, and the joint ends were open at boundary 
and excavation contact points.

•	 The external boundary of structures at the right, left, and bottom edges were 
fixed in the X and Y directions, while the surface boundary was free to move in 
the X and Y directions.

•	 For surface structures, the distance of the external boundary from the toe and 
crest was set as the bench height.

•	 A box with dimensions three times greater than the structure’s diameter or width 
was applied for far-field boundaries for underground structures.

Table 2  Material and joint properties used in the numerical study

Material Input properties Peak Residual Unit

Intact rock Unit weight 0.027 MN/m3

Young’s modulus 20.0 GPa

Poisson’s ratio 0.3

Tensile strength 1.0 0.5 MPa

Cohesion 1.0 0.5 MPa

Friction angle 35 30 degrees

Dilation angle 0 5 degrees

Joints Dip (Set 1) 45 degrees

Dip (Set 2) − 45 degrees

Normal stiffness 10.0 GPa/m

Shear stiffness 1.0 GPa/m

Tensile strength 0 0 MPa

Cohesion 0.5 0 MPa

Friction angle 25 20 degrees
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•	 The exposure of rock mass to groundwater or dynamic effects (earthquake and 
blasting vibrations) was not considered.

It is important to determine which descriptors can correctly assess (reflect) the 
scale effect. In the previous studies, changing mechanical, physical, and geometri-
cal properties were considered for REV size determination. This study assumes that 
the numerical models of engineering structures can provide significant variations in 
total displacement and safety factor measures in response to changing joint spacing 
values under in-situ loading conditions. Therefore, both total displacement meas-
urements and safety factors in FE models are chosen as plausible descriptors in the 
following sub-sections.

The case of an open pit slope

In this example, a hypothetical open pit mine slope with a constant joint spacing of 5 m 
was simulated for various slope heights ranging from 5 to 500 m. Table 3 presents the 
results of safety factor and total displacement calculations obtained from the numerical 
analysis. As the height of the slope increased, the safety factor was reduced. The results 
also showed that the presence of the joints in the rock mass considerably reduced the 
safety factor of the slopes. Similar findings were also reported by Hammah et  al. [17] 
and Sari [43]. A ratio calculated by dividing the slope height by the joint spacing value is 
given in the same table to emphasize the size effect. Figure 5 reveals that the distribution 
of total displacement counters shifted from a regular circular pattern to a thin-layered 
pattern parallel to the bench face as the density of joints increased in the rock mass. 
This implies that as the intensity of joints in the rock mass increases, the failure surface 
moves from a circular to a tabular form. On the other hand, it is known that the larger 
(referring to the ratio of slope height to joint spacing or length) a slope, the closer the 
failure mechanism to the rotational-type slip failures, as in soil. The reason for observing 
such a layered displacement pattern in highly jointed rock masses needs further explana-
tion, which is beyond the scope of this research.

Table 3  The safety factor and total displacement measurements of an open-pit mine at varying 
slope heights (H) and constant joint spacing of the rock mass (S = 5 m)

Slope 
height, H 
(m)

Slope 
height/joint 
spacing, H/S

Safety factor Total displacement (m)

No joints Joint 
network

Embedded 
joints

No joints Joint 
network

Embedded 
joints

5 1.0 28.49 20.70 15.41 0.001 0.002 0.001

10 2.0 14.67 11.78 8.65 0.003 0.037 0.003

25 5.0 6.81 5.32 4.16 0.015 0.031 0.014

50 10.0 3.83 3.29 2.62 0.022 0.478 0.042

100 20.0 2.55 1.78 1.69 0.543 0.614 0.103

250 50.0 1.55 0.92 1.09 0.272 0.183 0.295

500 100.0 1.18 0.67 0.86 3.317 0.423 2.696
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The case of a single bench

In this example, a hypothetical single bench slope with a constant height of 25 m was 
examined for different joint spacing applications ranging from 20 m to 0.5 m. In the pre-
vious example, the joint spacing was kept constant at a certain value to observe the REV 
size’s possible effect on the slope height changes. In contrast, the bench height was kept 

Fig. 5  Total displacement counters of a rock mass in an open-pit mine at an increasing slope height 
(H = 5 m, 10 m, 25 m, 50 m, 100 m, 250 m, and 500 m), a Constant joint spacing (S = 5 m), b No joints
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constant, and different joint spacing values were realized to explore the REV size’s possi-
ble effect. Table 4 presents the results of safety factor and total displacement calculations 

Fig. 5  continued

Table 4  The safety factor and total displacement measurements of a rock mass in a single bench at 
a constant height (H = 25 m) and varying joint spacing (S) values

Joint spacing, S (m) Bench height/joint spacing, 
H/S

Safety factor Total 
displacement 
(m)

No joints – 6.86 0.021

Embedded joints – 4.17 0.014

20.0 1.25 4.51 0.007

10.0 2.5 5.17 0.153

5.0 5.0 5.37 0.040

2.5 10.0 4.67 0.099

1.0 25.0 4.07 0.007

0.5 50.0 4.01 0.024
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obtained from the numerical analysis. As the joint density was increased in the rock 
mass, no consistent pattern was observed in these values. Figure 6 shows that the distri-
bution of total displacement counters shifted from circular to a thin-layered shape along 
the slope face as the density of joints was increased in the rock mass, similar to the pre-
vious case. This implies that as the intensity of joints in the rock mass increases, the fail-
ure surface shifts from a circular to a layered form. Again, this was not consistent with 
the commonly reported pattern in previous geotechnical studies.

Fig. 6  Total displacement counters of a rock mass in a bench at a constant height (H = 25 m) and decreasing 
joint spacing values (S = 20 m, 10 m, 5 m, 2.5 m, 1.0 m, and 0.5 m)
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The case of a circular opening

In this case study, a hypothetical underground circular opening with a diameter of 
5 m and joint spacing values ranging from 10 to 0.25 m were analyzed. Table 5 pre-
sents the result of the safety factor and total displacement calculations obtained from 

Table 5  The safety factor and total displacement measurements of a rock mass in a circular opening 
with a constant diameter (D = 5 m) at varying joint spacing (S) values

Joint spacing, S (m) Opening diameter/Joint 
spacing, D/S

Safety factor Total 
displacement 
(m)

No joints – 35.18 0.020

Embedded joints – 0.99 0.004

10.0 0.5 30.66 0.029

5.0 1.0 30.15 0.027

2.5 2.0 1.38 0.006

1.0 5.0 2.13 0.010

0.5 10.0 5.52 0.008

0.25 20.0 11.93 0.011

Fig. 7  Total displacement counters of a rock mass in a circular opening with a constant diameter (D = 5) at 
decreasing joint spacing values (S = 10 m, 5 m, 2.5 m, 1.0 m, 0.5 m, and 0.25 m)
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Table 6  The safety factor and total displacement measurements of a rock mass in an underground 
cavern with a 30 m width and 75 m height at varying joint spacing (S) values

Joint spacing, S (m) Cavern width/Joint spacing, 
W/S

Safety factor Total 
displacement 
(m)

No joints – 38.18 0.286

Embedded joints – 0.80 0.081

50.0 0.6 36.32 0.286

20.0 1.5 1.27 0.027

10.0 3.0 1.41 0.044

5.0 6.0 1.10 0.015

2.5 12.0 0.99 0.196

1.0 30.0 0.76 0.216

Fig. 8  Total displacement counters of a rock mass in an underground cavern with a dimension of 30 m width 
and 75 m height at decreasing joint spacing values (S = 50 m, 20 m, 10 m, 5 m, 2.5 m, and 1 m)
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the numerical analysis. As the intensity of joints was increased in the rock mass, no 
consistent pattern was observed in the results, but the distribution of total displace-
ment counters shifted from a regular circular pattern to an x-shaped pattern, which 
was in agreement with the joint set orientations obtained from the numerical models 
(Fig. 7). A similar pattern was also noted for the embedded joints.

The case of an underground cavern

For this part of the study, a hypothetical underground powerhouse cavern with the 
dimensions of 30 m width and 75 m height was examined at joint spacing values from 
50 to 1 m. Since this structure was significantly larger than the previous circular opening 
case, it was expected to respond differently to the changing joint spacing values. Table 6 
presents the results of the safety factor and total displacement calculations obtained 
from the numerical analysis. It was determined that as the intensity of joints increased 
in the rock mass, the safety factor values regularly decreased in contrast to the circular 
opening case. This can be attributed to the significantly larger size of the cavern com-
pared to the circular opening. Figure 8 reveals that the distribution of total displacement 
counters shifted from a regular circular pattern to an x-shaped form as the density of 
joints increased in the rock mass, which is compatible with the joint sets’ orientations in 
the numerical model. A similar displacement pattern was also noted for the embedded 
joints.

General evaluation and discussions
This section aims to provide a general evaluation of the results found separately in the 
previous section for four different cases. Figures 5, 6,7, 8 demonstrate that discontinui-
ties and their density significantly altered the shape of total displacement distributions 
around the rock mass. The shape of the expected failure surface shifted from a circular 
pattern to a layered pattern for surface structures because of the increased density of 
joints in the rock mass. The shape of the total displacement distribution shifted from a 
circular to an x-shaped pattern for underground structures, reflecting the joint set ori-
entations defined in the rock mass. However, it is worth noting in all figures that the 

Fig. 9  REV size for an open-pit mine with various height/joint spacing ratios, a Safety factor, b Total 
displacement
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largest scale effects considering total displacement counters were seen in the wider joint 
set spacings. Concerning the safety factor values given in Tables 3, 4, 5, 6, when a regular 

Fig. 10  REV size for a single bench with various height/joint spacing ratios, a Safety factor, b Total 
displacement

Fig. 11  REV size for a circular opening with various diameter/joint spacing ratios, a Safety factor, b Total 
displacement

Fig. 12  REV size for an underground cavern with various width/joint spacing ratios, a Safety factor, b Total 
displacement
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decreasing trend was observed as the density of joints increased in the rock mass in 
cases of an open pit slope and underground cavern, there was no regular trend in the 
remaining cases (circular opening and single bench). This may be due to the scale effect, 
considering that the first two cases were significantly larger in the excavation dimen-
sion than the last two. During the numerical model simulations, it was observed that 
as the density of joints increased in the rock mass, the computing time also increased 
exponentially. Although it was initially planned to run additional simulations for more 
closely spaced joint sets, this was impossible due to the excessive demand for computer 
memory and speed.

Figures  9, 10, 11, 12 present the safety factor and total displacement measurements 
obtained from three different approaches employed during FE simulations to repre-
sent the rock mass’s joint sets. When these figures were examined, the first impression 
was that depending on the type of engineering structure investigated and the measure-
ment method, it was very hard to determine a cut-off value for the REV size explicitly. 
However, a careful look at these figures reveals a specific point on the joint network line 
where the ratio of engineering structure size to joint spacing value was converging to 
the corresponding ratio calculated for the embedded joints. This specific point can be 
assumed as the cut-off size of REV for both the factor of safety and total displacement 
parameters. As indicated with a red arrow on the graphs, the REV sizes of the safety fac-
tor and total displacement were around 30 and 48, respectively for the open-pit slope, 23 
and 24, respectively for the single bench, and 15 and 8, respectively for the underground 
cavern. In the case of a circular opening, both values were 2.

Inherent difficulties in obtaining REV and diverse range of its application areas 
resulted in reporting a wide array of values for this property, as seen in Fig. 13. Besides, 
the structures opened close to the surface or deep underground has certain effects on 
the REV size estimation. Due to changing levels of the induced stresses, the mechanical 
behavior of rock structures shows significant variations under diverse geoenvironmen-
tal conditions. Low stresses effective on the surface structures led the discontinuities to 
play more control on the failure and deformation behavior of rock masses. Therefore, the 
range of REV values found in this study (23.5–39) for surface structures is significantly 
larger than the commonly reported range of values (5–10) in the relevant geotechnical 
literature. Hoek and Brown [22] reported a similar range of values considering the REV 
size of 5–33 suggested for the slopes.

However, for underground structures, the failure and deformation of rock masses were 
mainly driven by strain-induced stresses. Due to confined space, discontinuities do not 
have enough room to play a significant role in controlling rock mass behavior. Similarly, 
the range of REV size values (2–11.5) found in this study was compatible with most 
reports in the relevant geotechnical literature (Fig. 13). Hoek and Brown [22] suggested 
a range of values (5–20) for the tunnels. As a final remark, the calculated global average 
of 19.0 (Table 7) can be recommended as a unique threshold REV size for surface and 
underground structures exhibiting scale-dependent behavior.
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Table 7  Calculated REV sizes for different structures according to the results of numerical model 
studies

Type of excavation Method of REV measurement Average of 
two methods

Safety factor Total displacement

Open pit slope 30 48 39.0

Single bench 23 24 23.5

Circular opening 2 2 2.0

Underground cavern 15 8 11.5

Global average 19.0

Deere et al. (1969)

John (1969)

Lama and Vutukuri (1978)

Oda (1988)

Mutschler and Natau (1991)

Palmström (1995)

Schultz (1996)

Pariseau et al. (2008) 

Ning et al. (2008) 

Esmaieli et al. (2010) 

Wu and Kulatilake (2012)

Zhang et al. (2012)

Song et al. (2017) 

Hoek and Brown (2019) (S)

Hoek and Brown (2019) (U)

Sari (2019) 

Huang et al. (2020) 

This study (S)

This study (U)

1 10 100

Max Min

U: Underground
S: Surface

Fig. 13  Comparison of REV size ranges proposed by different researchers
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Conclusions and future work
This study was one of the first attempts to define threshold values for the REV size using 
the equivalent continuum approach. Surface and underground structures with various 
sizes were investigated numerically regarding their possible responses to the chang-
ing joint spacing values in the surrounding rock mass. The following conclusions were 
obtained from the study.

•	 It was found that depending on the type of engineering structure and descriptor 
used, the structures responded differently due to the scale effect.

•	 The commonly reported REV size range (5–10) in the relevant geotechnical litera-
ture in Table 1 is significantly smaller than the values found in this study. For general 
purposes, a range of values (15–20) as the threshold value for REV size can be more 
rational for rock structures exhibiting scale-dependent behavior.

•	 In any engineering excavations in/on rock masses satisfying this ratio (i.e., size of the 
structure divided by the mean joint spacing) or above, the surrounding rock mass 
can be assumed to be continuous, homogenous, and isotropic material (i.e., heavily 
jointed rock mass in Fig. 2) and its failure behavior can be sufficiently modeled by an 
FE analysis using the equivalent continuum approach.

•	 However, if the calculated ratio is less than REV as mentioned above value, it is 
better to model the behavior of the rock mass using more complex discontinuum 
approaches. Key block theory [14], discrete fracture network [11], synthetic rock 
mass [32], discontinuous deformation analysis [46], and ELFEN [12] are some of the 
possible alternatives.

•	 From this, it is clear that it is important to determine whether a material should be 
considered continuous or discontinuous in a particular case. Accordingly, the type of 
behavior of the material may be predicted, from which suitable failure criteria and 
design methods may be employed in numerical models. In this regard, it may also be 
mentioned that the current approach to modeling engineering projects in a jointed 
rock mass is to treat the rock as a discontinuum (controlled by individual joints) in 
the near field of an opening and as a continuum in the far-field (when the volumes 
are significantly larger).

The following improvements can be recommended to the research undertaken in the 
future.

•	 For surface slopes, since this study only considered the bench slope angle of 45°, 
different slope angles should be investigated to determine the effect of REV size on 
slope stability.

•	 Besides a circular shape for underground openings, other opening shapes can also be 
analyzed in a more detailed study.

•	 In all numerical models evaluated in this study, the rock masses’ structural defects 
were represented by two orthogonal joint sets oriented at 45° and − 45° to the hori-
zontal plane. Various fracture networks’ arrangements should also be investigated in 
further research to obtain more solid background knowledge.
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•	 Rather than only having Mohr–Coulomb material type in FE models, other types 
of material models, especially non-linear Hoek–Brown, should also be examined to 
determine the optimal REV size in rock masses exhibiting scale-dependent behavior.
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