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Background

We observe that there are many numerical approaches for solving one-dimensional Vol-
terra integral equation, such as Runge—Kutta method (Brunner 1984; Yuan and Tang
1990), polynomial collocation method (Brunner 1986; Brunner et al. 2001; Brunner and
Tang 1989), multistep method (Mckee 1979; Houwen and Riele 1985), hp-discontinu-
ous Galerkin method (Brunner and Schétzau 2006) and Taylor series method (Goldfine
1977). The spectral collocation method is the most popular form of the spectral methods
among practitioners. It is convenient to implement for one-dimensional problems and
generally leads to satisfactory results an long as the problems possess sufficient smooth-
ness. In the literature (Tang et al. 2008), the authors proposed a Legendre spectral
collocation method for Volterra integral equation with a regular kernel in one-dimen-
sional space. Subsequently, Chen and Tang (2009, 2010), Chen et al. (2013), developed
the spectral collocation method for one-dimensional weakly singular Volterra integral
equation. The proofs of the convergence properties of spectral collocation method for
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Volterra integro-differential equation with a single spatial variable are given in Wei and
Chen (20124, b, 2013, 2014). Nevertheless, to the best of our knowledge, there have been
no works regarding the theoretical analysis of the spectral approximation for multidi-
mensional Volterra integral equation (Atdev and Ashirov 1977; Beesack 1985; Pachpatte
2011; Suryanarayana 1972), even for the case with smooth kernel.

We shall extend to several space dimensions the approximation results in Tang et al.
(2008) for a single spatial variable. The expansion of Jacobi will be considered. We will be
concerned with Sobolev-type norms that are most frequently applied to the convergence
analysis of spectral methods. We get the discrete scheme by using multidimensional
Gauss quadrature formula for the integral term. We will provide a rigorous verification
of the exponential decay of the errors for approximate solution.

We study the multidimensional nonlinear Volterra integral equation of the form

t i ty
y(tl,tz,...,lfd)-l-/ / / I((tl,sl,tz,SQ,...,Ifd,Sd,y(Sl,82,...,Sd))
0 0 0

dsg...dsydsy =g(t1,ta,...,ty), t€[0,T;], i=12,...,d, (D

by the Jacobi spectral collocation method. Here, g : [0, T7] x [0, T2] x --- x [0, T;] = R
and K:D xR —> R (where D :={(t1,81,t2,52,...,t4,87) :0<s; <t; <T;i=12,
..., d}) are given smooth functions. If the given functions are smooth on their respective
domains, the solution y is also the smooth function (see Brunner 2004). This fact will be
the standing point of this paper.

Discretization scheme

We consider now the domain = (—1,1) and we denote an element of R? by
X = (x1,%2,...,%4). Let —1l<a,fB < % - %, if w=0kX)= 1'[?:1(1 —x)(1 4+ x)P
denotes a d-dimensional Jacobi weight function on , we denote by L2 (Q) the space of
the measurable functions # : 2 — R such that fQ lu(x)|2w(x)dx < +oo. It is a Banach
space for the norm

”u”LZ)(Q) = (/Q |u(x)|2w(x)dx) .

The space L2 (2) is a Hilbert space for the inner product

(1, V) = / u(x)v(x)w (x)dx.

Q

L*°(Q2) is the Banach space of the measurable functions u« : 2 — R that are bounded
outside a set of measure zero, equipped with the norm

llulle @) = ess supxeqlu(x)|.
Given a multi-index & = (@1, a2, . . ., &y) of nonnegative integers, we set

el =1 +az+ - +aq

and
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N glely,
D= —— .
G R W
We define H(Q2)= {v € L(ZU(Q): for each nonnegative multi-index o with || < m, the
distributional derivative D*v belongs to Li(Q)}. This is a Hilbert space for the inner
product

Vo =Y /Q D*u(x)D*v(x)w(x)dXx,

loe| <m

which induces the norm

o=

Whap@ = | D 1DV} q

loe|<m

Let {5c,', 0 <j < N} denote the Jacobi Gauss points on the one-dimensional interval
(—1,1) (see Canuto et al. 2006; Shen and Tang 2006). We now consider multidimensional
Jacobi interpolation. Let Py (€2) be the space of all algebraic polynomials of degree up to
N in each variable x; fori = 1,2, ...,d. Let us introduce the Jacobi Gauss points in 2:

- ~ o~ ~ . . , d . ,
Xj = (X, Xjy, - -, %) forj = (1, ja, ..., ja) € N%,  jll = max ji <N,

and denote by Iy the interpolation operator at these points, i.e., for each continuous
function u, Iyu € Py satisfies

(UNuw) (X)) = u(X;) for allj € N9, il < N.
We can represent Iy u as follows:

Inu(x) = Y u®)Fx),

lill=N

where Fj(x) = Fj; (x1)Fj, (x2) . . . Fj, (%), {Fj}j]\i o is the Lagrange interpolation basis func-

tion associated with the Jacobi collocation points {fcj}j]\i o~ The multidimensional Jacobi

Gauss quadrature formula is

/Qf(x)dx% Zf(&?/l,ﬁzjz,...,%jd)wjlez...w]'d. @)

lil=N

We use the variable transformations ¢; = %(1 +x;), x; € [—1,1] and s; = %(1 + 1),

;€ [—1,%], i =1,2,...,dtorewrite (1) as follows
X1 X2 Xd .
M(XI,xz,...,Xd)—f-/ / / I((xlifl’x%TZ,"-)xd»‘[d)
-1 J-1 -1
u(rl, Ty e v ey ‘L’d))d‘l.'d .. .d‘L’zd‘L’l =f(x1,x2, . ,xd). (3)

Here,
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T T5 Ty
fx,%0,...,x9) =g 7(1 —|—x1),7(l +x2),..., 7(1 +x0) ),

T, Ty

A<( ’ ’ ’ yee s Xds ?M) 2 < ( )’2( )?2( )’
1 X1, T1, %2, T2 d Zd 2 2 1 2 1 X1 1 T1 1 X2

T Ty Ty
7(1 + t2);~ . 17(1 +xd)1 7(1 + Td)ﬁu )

and u(x1,%9,...,%4) = y(%(l + x1), %(1 +x2),..., Q(l + xd)) is the smooth solution
of problem (3).
Firstly, Eq. (3) holds at the collocation points X; = (Xj;, Xj,, . . ., %j,) on &, i.e,,

L 5 Xy (% Yy oo - ~
u(Xjy, Xjps - - -5 Xj,;) + K (x5 11, %5, T25 -+ 5 Xy T W(T15 T2, - - 25 Tg))
-1 J-1 -1

dty---dtdrn =f(J~Cj1,9~CjZ,...,9~de). 4@

In order to obtain high order accuracy for the problem (4), we transfer the integral
domain [—1,%;,] x [—~1,%},]- -+ x [~1,%;,] to a fixed interval &

1,1 1
u(Xjy, Xjyy - .- %jy) + / / .. / K, 11(x;,01), %)y, 12(Xjy, 02), - . .5 Xy,
—1J-1 -1
T4 (%), 0a), u(t1(Xj,, 01), 72(Xj, 02), - - -, Ta (%), 02)))AOg - - - dO2d01 = f (X}, Xjy, - - -, Xj)s
4)
by using the following transformation
1+ %, X, — 1
Ji ei + Ji

T = 5%, 6;) = 5 5

, i=1,2,...,d, (6)

where

14+%, 14+%; 14+%, A
J1 ]2_.. + ]d](
2 2 2

1((56]‘1, ‘L’1,9~Cj2, T2,... ’56/}1’ T, U) = (521‘1, 'El,?'ejz, ... ,JNde, T4, U).
Next, let uj,j,..;, be the approximation of the function value u(X;) and use Legendre
Gauss quadrature formula, (5) becomes

Ujijajg + Z I((&[ly T1 (5&]'1’ 6k1)¢ 5Cj2; f2(5cj2’ 0/(2)’ cee 1~;de¢ Td(&jdr de);
Ikll<N

I/l(l'l (5&}'11 9](1): 7:2(52]‘2: 9/(2)’ ey td(%jd: ekd)))a)/qwkz e Wiy :f(jejl;%jz; cee ’%jd)' (7)

Here, {6k, |k|l <N} denotes the Legendre Gauss points on the multidimen-
sional space € and {wy,|k|| <N} denotes the corresponding weights. Let
UN(X1,%2, ..., Xg) = leiHsN Uiiy...iqgFiy (1) Fiy (%2) . . . Fi; (x4). Now, we use uy to approx-
imate the solution u. Then, the Jacobi spectral collocation method is to seek un such that
Ui, iy-..i, satisfy the following collocation equation:
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Wijpja T K Gy, 11 Gy, 00 %0 12 R Ok, - -+ s Ta Fig Ok
Ikll=N
> ttigiy.igFiy (11 &y, 00 iy (12Ey, 00,)) - - Fiy (20 Ej 0, 0 0,y - - 0k,
lill=N
= Gjr Ty ). ®)
We can get the values of u;;,..;, by solving (8) and obtain the expressions of uy(x)
accordingly.

Let the error function of the solution be written as e, (x) := u(x) — un(x). Since
the exact solution of the problem (1) can be written as y(t) = u(x) (t; = %(1 + %),
t; € [0, T;], x; € [—1,1]), we can define its approximate solution yy(t) = un(x). Then
the corresponding error function satisfy

2 2 2
gy() == y() —yn() = e,(x) = ¢y <T1t1 -1, ?ztz -1,..., T—dtd — 1).

Remark In our work, we let the multidimensional Jacobi weight function
o) =1L, 1-x)*A+x)f, -1 <a,p<i-1 So ox=>0-1*0+x~,
—-l<opB< %for d = 1. In Tang et al. (2008), the authors choose ¢ = = 0.

Some lemmas
The following result can be found in Canuto et al. (2006).

Lemma 1 Assume that Gauss quadrature formula is used to integrate the product u¢,
where u € H"(Q2) for some m > % and ¢ € Py (S2). Then there exists a constant C inde-
pendent of N such that

[(et, @) — (u, P)N| < CN_m|”|HmzN(Q) ”¢”L2(Q)1 9

where (-, -) represents the continuous inner product in L* () space and

WdN =Y w0y 0,)06,,6),...,0,)00) ... @),
ljl =N

The seminorm is defined as

1
2 2

m d
[l pyen ) = > >

k=min(m,N+1) i=1

aky
axk

L2(Q)

Note that only pure derivatives in each spatial direction appear in this expression.

From Fedotov (2004), we have the following result on the Lebesgue constant for the

Lagrange interpolation polynomials associated with the Jacobi-Gauss points.

Lemma 2 Let||Iy|oo := max, g ZHkHSN | Fiy (1) Fy (%2) - - 'de (xg)|, we have
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O((log N)?), if —l<a,p=<-3
o(meh i), i L <ap<h-},

lINlloo = O((NaJr%)d)’ if —1<p<-1 -log<i_L (10)
O((N/H%)d), if —1<a§—%, —%<,3<%—%.

Lemma 3 Assume that u(x) € H(Q2) for m > % and denote (Ixu)(x) its interpolation
polynomial associated with the multidimensional Jacobi Gauss points {X;, |jll < N}. Then
the following estimates hold

e = Inaelz ) < ONT" utl o (11)

lloe — Inu|| Lo (@) < CNd+2_m|M|Har)n;N(Q). (12)

Proof The inequality (11) can be found in Canuto et al. (2006). We now prove (12).
From Canuto et al. (2006), we have

2[—
Ilee — INu”H‘{}(Q) <CN m|u|H£4;N(Q), 0<!<m.

We know that HZU(Q) is embedded in C(Q) for [ > %, namely,

e — Inullio) < Cllu — Inull gt ) < CN2 ™ |ul i

{ CNd+2_m|M|Hm;N(Q), when d is an even number,
w

CNd+1_m|u|Hm;N(Q), when d is an odd number.

@)

< CN 7 ul i -

O

The following Gronwall Lemma, whose proof can be found in Headley (1974), will be
essential for establishing our main results.

Lemma 4 Suppose M > 0, a nonnegative integrable function E(x) satisfies
X1 XD Xd
E(x1,%2,...,%4) §M/ / / E(t1,72,...,T0)dty . ..d1odT)
-1J-1 -1
+G(x11x21~~~)xd)! (xl,.?CZ,...,Xd) € Q;

where G(X) is also an integrable function, we have

IEN2 @) = ClGIIz2 () (13)

IElIzeo(2) < ClIGILe(g)- (14)

From Theorem 1 in Nevai (1984), we have the following mean convergence result of
Lagrange interpolation based at the multidimensional Jacobi-Gauss points.
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Lemma 5 For every bounded function v(X), there exists a constant C independent of v

such that
sup || > v&F®|| < Cmaxv()]. (15)
N : xeQ2
H’”SN L%(Q)

Forr > 0 and k € (0,1), C"*(Q) will denote the space of functions whose r-th derivatives

are Holder continuous with exponent k, endowed with the norm:

vl )
Vil crue(gy = Maxmax | —g————5
CE ™ 01<r xe ax(flaxgzuﬂxzd
vy gy
3x(111 ‘c)xgz -~8de 3x‘:1 3x§2 -~-8xsd

+ maX Sup ! " ’ " ’ " £l
|Ot|§rx/7+_x//€§2 ((xl _ xl)Z + (xZ _ x2)2 4+ (xd _ xd)Z) 2

We shall make use of a result of Ragozin (1970, (1971) in the following lemma.

Lemma 6 For nonnegative integer r and k € (0, 1), there exists a constant C,, > 0 such
that for any function v € C™ (Q), there exists a polynomial function Tyv € Py such that

v = Taviize@ < CreN ™[Vl ore ) (16)

Actually, Ty is a linear operator from C™ (Q) into Py.

Lemma 7 Assume there are constants Ly, L1, Lo, . .., L, such that
[K (%1, T1, %2, T25 - - 5 %y Ty V1) — K (X1, T1, %2, T2 .« 5%, Tg, V2) | < Lolvi — val,
|I<x, (xlx T1,X2, T2, -+« 5 X5 Tdf, Vl) - Kxi (xl; T1, X2, T2« -« 5 X5 T, VZ)' = Li|V1 - V2|1
i=12,...,d.

Let M,, ,, be defined by

X1 X2 Xd R
MV],Vz(x) = / / / [1((x1,11:x2,12:'”’xdr Td> Vl(flr 7-'2;‘--,77(,1))
-1 J-1 -1

- k(xl, T1)X2, T2+« s %4> Td» VZ(TL T2 eees Td))]dfd LR dTZdTI' (17)

Then, for any « € (0,1) and vi,vy € C(Q), there exists a positive constant
C~LyLi,Ly,...,.Ly such that

M / - M "
/ . | vl"’/2(x ),, vivy (X )|/ — < C max |v1(x) — 2 (x)|, (18)
((xl —x1)2+(x2 —x2)2+--~+(xd —xd)2)2 xeQ

for any x',x" € Qand x’ # x”. This implies that

Page 7 of 16
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My o gy < € max [vi (x) = va (o)l (19)

xe

Proof For ease of exposition, and without essential loss of generality, we will proof this
lemma for d = 2 and assume x| < &}, x] < x5,

|MV1,V2 (X/) - MV1,V2 (X//)|

X%y N
/ / [K (], 71, %5, T2, V1 (71, T2)) — K (%], T1, %5, T2, va (71, T2)) [dT2d 1
-1/

A
1 [*2 . ~
- / [K (], 71, %5, T2, v1 (71, T2)) — K (¥, T1, %5, T2, va (11, 72)) [d T2d Ty
1.4

<E, +E. (20)

Here,

X% .
El = ’/ / [I<(x/11 71 xlz, 72, V1 (Tl) .[2)) - I<(x/11 71 xlz, 72, VZ(TI) IZ))]dr2dT1
-1 J-1

/

/"
1 [*%2 . ~
—/ [K (), T1, %9, T2, V1 (11, T2)) — K (%], T1, %5, T2, Vo (T1, T2)) ldT2d )
—1J41

xy Xy R
S/ / IK (%], T1, %5, T2, v (T1, T2)) — K (%], T1, %5, T2, V2 (T1, 72)) |[dT2d 1
-1 Jxf

< CLo||v1 — vallLeo(e) (x5 — x5)
< CLollvi — vallzoe () (h — x5) 1 (ah — x) ™
< Cllvi — vallp@ (] — 2% + () — x5)172, 1)

X [Xy .
E; = ‘/ / [K (%], T1, %5, T2, V1 (11, T2)) — K (%], T1, %9, T2, V2 (T1, T2)) Jd T2d )
-1 J-1

—/ / (K (x7, T1, %9, T2, V1 (11, T2)) — K (], T1, %5, T2, va (71, T2) ld T02d 1
-1/

IA

)
/ (P1 4 P + P3)dty < Cmax(Py + Py + P3), (22)
1

xeQ

where

X R
P = ‘/ [K (%], T1, %5, T2, v1(T1, T2)) — K (%], T1, %, T2, V2 (71, T2)) 1dT1
-1

/
X1

—/ [K (], T1, %%, T2, vi(T1, T2)) — K (&}, T1, %5, T2, va (11, T2)) 1d 1
~1

X, R
/ [Kx, (x7, 71, €, T2, V1 (71, T2)) — K, (%], T1, &, T2, va (71, T2) (65 — x5)d 11
~1

< CLy|lvi — vallzoo(o) (6 — x5)
1 —
< Cllvy — vallzeo () (6 — x5) ™ (xh, — x5) ™

< Clvi = mallpe@l (] — 2?4+ (b — 22172, 3E € (¢, x)). (23)

Page 8 of 16
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similarly,
x} ] /" o /"
Py = [K (x7, T1, %5, T2, v1(T1, T2)) — K(x], T1, %5, T2, v2(71, T2)) ldT1
-1

)
- / [K (7, 1, %5, T2, v1 (71, T2)) — K(*], 11, %), T2, va (11, T2)) ldT1
J -1

/

X1 A N
/ [Ky, (0, T1, %, T2, V1 (T1, T2)) — K, (0, T1, %5, T2, va (71, T2) (%] — })d 71
-1

< CL1|lvi — vallzeo () (%] — #7)

< Cllvi — vallpo@ (6] — )% + (¢ — A 72, 3n e (@, 2)). (24)
x; oo I /" oo I /"

P3 = / (K (x7, 71, %5, T2, v1(71, T2)) — K (%], T1, %5, T2, v2 (11, T2)) 1d 71
—1
xf R
—/ (K (x7, 1, %5, T2, v1 (11, T2)) — K (], 71, %5, T2, v2 (71, 12)))dT1

—1

)
< Lolvi —waldm
x//

1

1 —
< Cllvi — vallzeo(y &) — &))" (x] — )™

< Clvy = wallze@ (] — #)? + () — )72, (25)
The estimate (18) for d = 2 is obtained by combining (20)—(24). O
Error estimates

Theorem 1 Let u(x) be the exact solution of the multidimensional nonlinear Vol-
terra integral equation (3), which is smooth. un(x) is the approximate solution, i.e.,
u(x) ~ un (x). Assume that

k 8k B

WK(xL@hxz, 02, ...+ %4,04,v1) — —K(x1,01,%2, 09, .. .,%4,04,v2)
f i

<Lglvi—wl, i=12,....d; k=12,...,m,

L= max L.

1<i<d,1<k<m

Then there is a constant C such that the errors satisfy form > d + 2,

llu — unl|ro@) < CN™"

(log N)TK* + N*2|u| i if —1<a,p<-41,

@’
d
1 .
(Nmax(aﬂHz) K* + N2 ul v if =3 <aB<g—3

IA
|

d

1

(N"“Fi) K* + N2l v if —1<p<-1 -lcac
1
2

Q- =
[NSTE ST

d
(NﬂJf%) K* 4+ N2 if —1<a (26)
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where

K* = max, K (5,5 00, &7y 02 - . » %0 0 (01,0, . . ., 00)) | men (25
)=

C~dLLyLi,Ly,..., Ly

Proof We subtract (8) from (5) to get the error equation

1 1 1
M(?’Ejl,ﬁzjz,...,%jd) — Ujijy..jy +/ / / [K(fcjl:fl(;cjl:@l)yfcjz,1’2(9};‘2,92),«~»,7~de,
-1J-1 -1

a(&jy, 00), u(11 Gy, 01), 12 (R, 0), 5 Ta (s 00))) — K Gy 71 (Rgy 5 00), &gy T2 Ry 02), - 0 Fys

T4 (Xjy> 0a), un (11 (%jy, 61), 12 (Xjy, 02), - - > Ta (K, 01O - - - dO2dO) = (%), %)y, - - -, X)),

where

1(5&]'11~;cjgx o ’&jd) = Z I((;Ch, rl(&jl)eklxkjgy 72(55]‘2:9/(2)’ s "”Ejd’
Ikl<N

Ta (X5 Ok,)s un (11 (X5, Oy )» T2 (K5 Oy, - - 5 Ta (K Okc))) Oy Oy - - O,

1,1 1
— /1 /1 - / ) 1((5&]‘1, Tl(&jl;el);&jz; Tz(.;éjz,ez), ... ,5de, ‘L’d(&jd,ed),
un (11(%),,01), 12(Fjy, 62), . . .5 T4(%j» 02))) A0y . . . dbrdb;.
Using the variable transformation (6), we have
u(&jl’&h’ e ’&jd) - ujljz---jd

X (% TN » » »
+ (K (X5 T15 Xy T25 -+ 09 Xy Ty U(T1, T25 -+ -5 Tg))
-1 J-1 -1

— I((;le, ‘51,56]'2, T2,... ,9~de, Td> uN(l'l, T2y ‘L'd))]d‘lfd N d‘[zd‘[l
21(9?}1,9?1‘2,...,9?]"1). (27)

Multiplying Fj, (x1)Fj, (x2) . . . Fj,(x4) on both sides of Eq. (27) and summing up |jj|| <N
yield

X1 X2 Xd
eu(xl,xg,...,xd)—i-/ / / [K (%1, T1, %0, T25 o o s Xy Ty U(T1, T2, + + +» T7))

-1J-1 -1

— f((xl, T1,%2, T2, -+ s Xy Ty UN(T1, T25 « ., Tg))]d Ty . . . dTodt = 1 (%1, %2, ..., %)
+ J2(x1, %2, . .., Xq) + T3 (X1, %2, . . ., %g). (28)

Consequently,

X1 X9 Xd
ley (%1, %2, ..., x4)| SLQ/ / / ley(t1, T2, ..., Tg)|dT, ... dTodT)
-1J-1 -1

+ 1(x1, %2, . oxg)| + a(x, x2, ..o xg) | + 3%, %2, . .- %g) ),

(29)

where
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N = Y 1@, &y, .. ., %,)F @) E, %) ... Fy(xa),
lil=N

Jo(X) = u(x1,%2, ..., %g) — UNU) (X1, %2, .. ., X4),
X1 XD Xd

]S(X) :/ / / [I<(x17 T1,%2, 'CQ,...,xd,Td,M(Tl, Tz,...,fd))
-1 J-1 -1

— K(xl, T1)X2, T2 .« 3 %45 T, I/lN(‘L'l, T2yevns Td))]d‘[d . d‘L’zd‘L’l

X1 X2 X4
_[N/ / / [K(x1, T1, %2, T2, + + -y X, Ty U(T1, T2, -+ - T4))
-1 .J-1 -1

— K(xl, T1,X2, T2, .. .y X4, T4, uN(‘El, T2y ey l'd))]d‘rd N d‘L’gdl’l.

It follows from the Gronwall inequality in Lemma 4 that
lewllro@ < CI o + 2llze@ + I3ll0@))- (30)
Using (9) and (10), we have

Wl < C||1N||oo<f,nax |1(5Cj1»5cjz»--'»5‘1’d)|>
llill<N

= C”IN”OONim'k(;C]l’ 01)5&]'2, 02’ o ’5&]‘:1" Gdy uN(el’ 02; e 0d))|Hm;N(Q)1
< ClInloaN " (K* + IR G, 01,1y, 02 . » Ty Oy iy (01, Oy ., 0)
— Ry, 00,555, 0, - Fiyr Oty (01,02, ., 02)) |yt 2))- 31)

A straightforward computation shows that

IK (3,61, %),, 02, - . ., %, 0, un (01,02, . . ., 04))

— I~<(9~c]‘1,(91,52j2,92, e "”Ejd’ ed, I/l(@l, 92, .. ,9d))|HmN(Q)

m d k
ot o - -
=< < E E ||WK(x,»l,91,sz,92,...,xjd,ed,uN(el,Qz,...,Qd))
k=1 i=1 i

ok . 3 ) :
_WI((xjp Gl;sz, 02, ... 1y Xjy adr l/l(el, 02,..., Qd))“LZ(Q)
i

m d 2
< (ZZL,-knuN - u||iz<m)

k=1 i=1
mxd
=L 2 lun — ullp2q) = Cleuwll=@)- o

Due to Lemma 3,
2l @) < CNdJ”Z_quIHO»j«;N(Q). (33)

By virtue of Lemmas 6 and 7,

Page 11 of 16
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I/3llzo(@) = 1 — IN)Muyuy ()
= | — IN) Muyuy — INMuyup) I ()
< (A + MUn o) IMuuy — INMuuy L)
< ClINllooN ™" M,y Il cox ()
< CllNllooN " llexll= ()
Cog )N~ [leyllr=(q), if —1<ap=<-3,
CN™X @A 3)IN N e, o), if — % <af <) -

1 _ .
CNT2)IN leulli= (), if —1<p<-3 —3<a<jy
CNPF2YINT Jleullr=(q), if —l<a<-3 —3<B<y
We now obtain the estimate for ||e, || .~ (q) by using (30)—(34),
leullzz@ < O (I looK™ + N2Jul v g ),
where in last step we have used the following assumption,
0<k<l, if —1<a,p<-1,
(max(a,ﬂ)+%)d</<<1, if—%<a,ﬂ<%—%,
((x+%)d<x<1, lf—1<,3<—*,—§<05<%—%,
(/3+%)d</c<1, zf—1<a<—§,—§<,8<$—%.

This completes the proof of the theorem.

1
27

Theorem 2  If the hypotheses given in Theorem 1 hold and « satisfies (35), then

[lze — MN”LZ)(Q) <CN™"
(L+ N7 (og N)DK* + (1 + N2 ] o
l:f - 1 < Ol)ﬂ 5 _l)

v} <ap=iob
1
A1+N* (Na-l-i)d)I(* +(1 +Nd+2_K)|u|Hm;N<Q);
if —1<p<-1, —%<a<%—%,
d
_ /3+l d+2—
(1 + N7 (NP )K* + (L N2 ] v

if—1<a§—%,—%<ﬁ<$—%.

d
(1 LN (Nmax(a,ﬂﬁ%) >I<* +a +Nd+27'()|”|H’”;N(Q)’

Proof By using (28) and Gronwall inequality in Lemma 4, we obtain that

||eu||Lg)(Q) < C(Hh”%(g) + ”]2||L§)(Q) + ||]3||Lg)(§z))~

Using Lemmas 1, 5 and (32) we have for

Villz@ < € max|/(] < CN~" (K" + lleullzz )
Xe

Due to Lemma 3,

D= N =

(34)

(35)

(36)

(37)

(38)

Page 12 of 16



Wei et al. SpringerPlus (2016) 5:1710 Page 13 of 16

W2llz2@) < CN~"ul v - (39)

By virtue of Lemmas 6 and 7,

||]3||L§)(Q) =|Id _IN)MM,MN”L(ZU(Q)
=1 = IN) Muuy — INMuun) 112 (@)
< [[Myuy — TNMu,uN”LgJ(Q) + N My — TNMu,uN)HLg)(Q)
< CliMuuy — INMuuy Iz @)
< CN™“lleyll ()

= N7 (I llooK™ + N2l v g )- (40)

The desired estimate (36) is obtained by combining (37)—(40) and using the same tech-
nique as in the proof of Theorem 1. |

Numerical results

We give two numerical examples to confirm our analysis. To examine the accuracy of
the results, L2 and L™ errors are employed to assess the efficiency of the method. All the
calculations are supported by the software Matlab.

Example 1 We consider the following two-dimensional Volterra integral equation

u(e,y) + / / cos(x + y)eF u(E, mdnde
-1/ @1

= e_% +cos(x+y)(x+ 1)(y+1).

The corresponding exact solution is given by u(x,y) = e"7. We select
o= —%, B = —%. Table 1 shows the errors ||u — “N”L?u(Q) and |lu — un ||~ (q) obtained
by using the spectral collocation method described above. Furthermore, the numerical
results are plotted for 2 < N < 12 in Fig. 1. It is observed that the desired exponential
rate of convergence is obtained.

Example 2 Consider the equation with

Table 1 Theerrors|u — uy ||,_5(mand lu — unllLo (@)

N 2 4 6

[*®-error 9.3273e—003 3.3409e—005 5.1698e—008
Li—error 1.8151e—003 1.4154e—006 1.0899e—009
N 8 10 12

L®®-error 4.5534e—011 6.5281e—014 6.7390e—014

Li—error 6.0859e—013 1.3022e—-013 1.3124e—013
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errors in log scale

Q, :
<k: N "O"t:error
N \\/ < e |
\'\ Q
\/ .
i o ]
N i
\,
\«
Y "
o| . \, i
\,\’ Q
N N
Ny “
I LR s : )
2 4 10 12

2<N<12

Fig. 1 The errorsu — up versus the number of collocation points in L* and Li norms

Xy
V(x,y)+/1/1cos(x+§)V(E,n)dnd§

1 1 1
=sin(x +y) — Esin(Bx +9y + Esin(x +y—-2)— E(x + 1)cos(x — y)

1 1 1
+ i(x + 1)cos(x + 1) + 1sin(3x —-1)— 1sin(x —3).

The corresponding exact solution is given by v(x,y) = sin(x +y). We select

(42)

o= —%, B = —% Table 2 shows the errors ||V—VN||L3)(Q) and |lv — vy llre(q) The

numerical results are plotted for 2 < N < 12 in Fig. 2.

Conclusions

In this paper, we proposed a spectral collocation method based on Jacobi orthogonal
polynomials to obtain approximate solution for multidimensional nonlinear Volterra

integral equation. The most important contribution of this work is that we are able to

Table 2 The errors|v — vy 2 (@) and|lv — vy~ (@)

N 2 4 6

L®®-error 1.0746e—001 1.2307e—003 7.3430e—006
Li—error 4.7972e—002 3.5805e—004 1.3925e—006
N 8 10 12

L®°-error 2.5031e—008 5.6992e—011 1.2992e—013
Li—error 3.6864e—009 6.7815e—012 7.9865e—014
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10*&:3, O Lerror| |
\':/\ -O-‘Lierror
-4 ~
107 F hEN . ]
~ .
% \’\o\,
% 107°} & |
g s/\ “
. ~
c ~ ‘
‘» 108 L ‘N, 0\ |
e ~
5 \Q/\ ‘N,
R
10 .
107°F NS i
“ Q‘
o
10724 RN
R
L L L L ~
2 4 6 8 10 12
2<N<12
Fig. 2 The errors v — vy versus the number of collocation points in L% and L2 norms

demonstrate rigorously that the errors of spectral approximations decay exponentially in
both L*°(2) norm and Lz)(Q) norm on d-dimensional space, which is a desired feature
for a spectral method.
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