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1 Introduction

Operator splitting algorithms are developed for structured optimization problems based
on the idea of performing the computation separately on individual operators. At each it-
eration, they require multiple steps which are known as either forward or backward steps.
The forward steps are almost always easy as they use the operator directly. The backward
steps, on the other hand, are often more complicated as they use the resolvents of the op-
erators. While there are many operators whose resolvents are readily computable, there
exist operators whose resolvents may not be computable in closed form, thus, it is neces-
sary to use the forward steps in certain situations. Notable examples of splitting algorithms
include the forward-backward algorithm [15], the Douglas—Rachford algorithm [14, 15],
and many others.

In this paper, we study an adaptive splitting algorithm for the inclusion problem

find x € X such that 0 € Ax + Bx + Cx, (1)
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where X is a real Hilbert space, A,B: X =% X are generalized monotone operators, and
C: X — X is a cocoercive operator. It is worth mentioning that the problem of finding a
zero of the sum of finitely many maximally monotone operators and a cocoercive operator
can be written as a special instance of (1), where A is a maximally monotone operator and
B is the normal cone of a closed subspace [16, 17]. This was in turn solved by the so-called
forward-Douglas—Rachford splitting algorithm [8, 16]. In [13], a three-operator splitting
algorithm was proposed to address (1) assuming A and B to be only maximally monotone.
In [11], an adaptive Douglas—Rachford splitting algorithm was introduced for the case
when A and B are strongly and weakly monotone operators, and C = 0. Therein, adaptive
parameters were used to accommodate the corresponding monotonicity properties. This
approach was later studied in [4] by means of conical averagedness.

Motivated by the two approaches in [11] and [13], this paper is devoted to develop an
adaptive splitting algorithm for solving (1) when A and B are strongly and weakly mono-
tone operators and C is a cocoercive operator. We utilize new parameters so that the gener-
ated sequence converges weakly to a fixed point, while the corresponding image sequence
via the resolvent (the shadow sequence) converges weakly to a solution of the original prob-
lem. If the strong monotonicity outweighs the weak monotonicity, the convergence of the
shadow sequence is strong. In addition, we recover some contemporary results for the
Douglas—Rachford algorithm, forward-backward algorithm, and also backward-forward
algorithm which has recently been studied in [1]. On the one hand, our new algorithm en-
hances the framework of [13] to allow for handling generalized monotone operators. On
the other hand, it extends the adaptive approach in [11] to incorporate the third operator
that is cocoercive and whose resolvent might not be explicitly computable. An application
to minimizing the sum of three functions is also included.

On another note, it is well known that the alternating direction method of multipliers
(ADMM) can be written as the Douglas—Rachford algorithm in dual settings. Recently,
this important relation has been extended in [3] for the adaptive framework, namely, a
new adaptive ADMM can be written as the adaptive Douglas—Rachford algorithm in dual
settings. We refer interested readers to [3] for a rather comprehensive discussion on the
ADMM.

The remainder of the paper is organized as follows. In Sect. 2, we present our adaptive
splitting algorithm and recall some preliminary materials. Section 3 provides an abstract
convergence result, which will be used to derive the main results in Sect. 4. In Sect. 5, we
revisit some convergence results for the case of two operators based on the newly devel-
oped framework. Finally, Sect. 6 presents an immediate application of the main results to

minimizing the sum of three functions.

2 The algorithm
Throughout, X is a real Hilbert space with inner product (-,-) and induced norm | - |.
The set of nonnegative integers is denoted by N and the set of real numbers is denoted
by R. We denote the set of nonnegative real numbers by R, := {x € R | x > 0} and the set
of the positive real numbers by R, , := {x € R | x > 0}. The notation A: X = X is to indicate
that A is a set-valued operator on X and the notation A: X — X is to indicate that A is a
single-valued operator on X.

Let A: X =3 X be an operator on X. Then its domain is dom A := {x € X | Ax # @}, its set
of zeros is zer A := {x € X | 0 € Ax}, and its set of fixed points is FixA := {x € X | x € Ax}.
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The graph of A is the set graA := {(x,u) € X x X | u € Ax} and the inverse of A, denoted
by A7L, is the operator with graph graA™! := {(u,x) € X x X | u € Ax}. The resolvent of A
is defined by

Ja=(1d + A)7 2)

where Id is the identity operator.
Now, letn,y,8 e R,, andset A:=1+ 3 In order to address problem (1), we employ the

operator
Tapc:=1d=nlya+n)ss((1 = MId + AJya — 8CJy4). (3)

We will also refer to y and § as the resolvent parameters as they are used to scale the
operators A, B in their respective resolvents. In fact, we adapt y and § to the generalized
monotonicity of A and B in order to guarantee the convergence of T4 g c. Intuitively, in the
case A and B are maximally monotone, one would expect the use of equal resolvent pa-
rameters y = §, and in other cases, y and § are no longer the same. This phenomenon was
initially observed in [11, 12]. Although the imbalance of monotonicity can be resolved by
shifting the identity between the operators as in [11, Remark 4.15], our plan is to conduct
the convergence analysis of the algorithm applied to the original operators.

To motivate the use of (3), the following result shows the relationship between the fixed

point set of T4 g ¢ and the solution set of (1).

Proposition 2.1 (fixed points of T4 g.c) Let Tapc be defined by (3). Then Fix Ty pc # @ if
and only if zet(A + B + C) # &. Moreover, if ], 4 is single-valued, then

Jya(Fix Ty pc) = zer(A + B + C). (4)
Proof Letx € dom T4 g . We have

Tapcx = {x - na+ 17](;\71)}/3((1 —AM)x+ra—(h— l)yCa) lae ]yAx}. (5)
Therefore,

x €FixTapc da€Jyax, acloyys((1-Mx+ra—(A-1)yCa) (6a)

<
< Jaecax, (1-Mx+ra-(A-1)yCa-aec(L-1)yBa

(6b)
< JdaecX, x-acyAa and a-xe€Ba+Ca (6¢)
< dae],axNzer(A+B+C), (6d)

which completes the proof. 0

In the rest of this section, we recall some preliminary concepts and results. Let T': X —

X be a single-valued operator on X. Then T is nonexpansive if it is Lipschitz continuous
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with constant 1 on its domain, i.e.,
Vx,yedomT, |Tx- Tyl <|lx-yl. (7)

The operator T is said to be conically averaged with constant 6 € R, , (see [4, 7]) if there
exists a nonexpansive operator N: X — X such that

T=(1-0)Id+6N. (8)

Given a conically #-averaged operator, it is 0-averaged when 6 € ]0,1[ and nonexpan-
sive when 6 = 1. Further properties are discussed in the following result from [4, Proposi-
tion 2.2].

Proposition2.2 Let T: X — X, 0 e R,,,and ) € R,,. Then the following are equivalent:
(i) T is conically 6-averaged.
(ii) (1 -A)Id+ AT is conically AO-averaged.
(iti) Forall x,y € domT,

1
17— T < e -1 - (5 - 1) [ad- 7% - (ad - Ty . ©)
Recall from [11] that an operator A: X =% X is a-monotone for some « € R if
Y(x,u),(y,v) € grad, (x—y,u—-v)>alx-y|> (10)

We say that A is monotone if o = 0, strongly monotone if o« > 0, and weakly monotone if
a < 0. The operator A is said to be maximally «-monotone if it is «-monotone and there
is no «-monotone operator B: X =% X such that gra B properly contains graA.

We say that A is o -cocoercive if 0 € R,, and

Y(x,u),(y,v) € grad, (x—y,u—v)>olu-v|> (11)

Clearly, if A is o -cocoercive, then A is single-valued and monotone. In fact, o -cocoercivity
was extended to o -comonotonicity to allow for negative parameter o, see [4, 7] for more
details. Next, we recall a result from [11, Lemma 3.3 and Proposition 3.4].

Proposition 2.3 (single-valued and full domain) Let A: X = X be o-monotone and let
y € R, such that 1 + ya > 0. Then the following hold:

(i) Jya is single-valued and (1 + ya)-cocoercive.

(ii) domJ, 4 =X ifand only if A is maximally a-monotone.

Finally, we recall the demiclosedness principle for cocoercive operators developed in
[2]. A fundamental result in the theory of nonexpansive mapping is Browder’s celebrated
demiclosedness principle [9]. It was extended for finitely many firmly nonexpansive map-
pings in [5] and was later generalized in [2] for a finite family of conically averaged map-
pings or for a finite family of cocoercive mappings. An instant application of the demi-
closedness principle is to provide a simple proof for the weak convergence of the shadow
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sequence of the Douglas—Rachford algorithm [5] and of the adaptive Douglas—Rachford

algorithm [2]. For our analysis, we recall only the result for two operators.

Proposition 2.4 (demiclosedness principle for balanced cocoercive operators) Let T :
X — X and Ty : X — X be respectively o1- and oy-cocoercive, let (x,),eny and (z,)uen be
sequences in X, and let p1, py € R, be such that

P101 + 0203
P1+ P2

> 1. (12)

Suppose that as n — +00,

X, — x7, Z, — z", (13a)
Tix, — y", Toz, — y", (13b)
01 (% — T1xn) + p2(2n — Tozn) = p1(x* = ¥%) + p2 (2" — %), (13c)
Tix, — Trz, — 0. (13d)

Then y* = Thx* = Thz*.
Proof Apply [2, Theorem 3.2] for two operators. d

3 An abstract convergence result

In order to study T4, it is reasonable to consider the general operator
T := Id—f]Tl +T]T2(—U1d+)\.Tl—8T3Tl), (14')

where T1,T5,T5: X — X and n,v,A,8 € R,,. In this section, we establish a convergence
result for the operator T' under the cocoercivity of 71, T,, T5. We begin with a useful

technical lemma.

Lemma 3.1 Let a, b, ¢, d be in X and let n, v, A, § be in R,,. Set e := —va + Ab — §c and
fi=a-nb+nd. Then, forall c € R,,,

A 8
I = ) - (— - 1) la=f1? = 5—lla~f - 2noc|?
nv  2nvo 2nvo
A AN 28
+ L) + L d|> - 2n(a,b) - 27 (e.d) - L ((e,5) ~ o [el). (15)

Proof By assumption, a — f = n(b — d) and Ab = va + §c + e, which imply that

A
= lla-f1?>=rlb-d|? (16a)
n
= AbI1* + A d|* - 22.(b,d) (16b)
= Al1b)% + Alld))? = 2{va + 8c + e, d) (16¢)

=A1B)1% + Alld)|? = 2v{a, d) — 28(c,d) — 2{e,d). (16d)
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Writingd = b — %(a —f), we have that

—2v(a,d) = -2v{a, b) + %(ﬂ,ﬂ —-f)=-2v{a,b) + %(Ilﬂll2 +la-£I” = If1%) (17)
and that
268
-28{(c,d) = -268(c,b) + ;(c,a -f) (18a)

=-28((c,b) - ollcl|*) — 280 [|c||* + %(aa -f) (18b)

8

=-28({c,b) — o lcll*) - 2n%o

lla—f —2nocl? + lla—f11%. (18¢)

2n2o

Substituting (17) and (18a)—(18c¢) into (16d) yields

v 9y v 9 A ) v 9 ) 9
— = — -_ _——— = — - — — — 2
; If1 ; lall (?72 Pyem n) lla-fI o la—f—2noc|
+ AIBI1* + Ald||* - 2v(a, b) — 2(e,d) — 28({c, b) — o ||c[|?), (19)
which implies the conclusion. d

The following proposition is inspired by [13, Proposition 2.1].

Proposition 3.2 Let Ty, Ty, and Ts be respectively o1-, 03-, and os-cocoercive. Let
n,v, A8 € Ry, and define

T := Id—T]Tl + T]Tz(—VId+)\,T1 —5T3T1). (20)
Then the following hold:
(i) Ifx =2voy =20, and
1 1)
n* = —<A— —) >0, (21)
v 203

then, for all x,y € dom T,

I Tx - Tyl|* < llx -yl - (% - 1) |(1d - T)x - (1d - Ty’

8
2nvos

|1d = T)x - (1d - Ty - 2no3(Ts Thx - TsTop) |, (22)
(i) Ifr<voy + 0y and

(23)

= 2(vo1 + 09— A) 203

v

. l((Zvcrl—)L)(2c72—)\)+)L i>>0

then, for all x,y € dom T,

1T = Tyl < llx = y11* - (% - 1) |ad - T)x - (1d - T)y|*

Page 6 of 19
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5
~ 5[4~ T)x — (1d = T)y ~ 2005(T5 T~ T5Tay) &
nvos

n
2v(voy + 0y —A)

2
)

X H (2voy — A)(T1x — T1y) + (200 — A)(TrSx — T, Sy)

(24)

where S .= —vId + AT — 6 T3 1.

In both cases, T is conically ni*—avemged.

Proof Letx,y € X be arbitrary and set S:= —vId + AT; —§T3T1. Then T =1d — nT1 + nT5S.

Define
a=x-y, b:=Tx- Ty, (25a)
C:= T3 Tlx — Tg le, d:= Tsz - TQS_)/, (25b)
e:=Sx—-3Sy, fi=Tx-Ty. (25c¢)

Then e=—-va + Ab—dcand f = a — nb + nd. By applying Lemma 3.1 (with o = o3),

A
IF11” = llall* - (— - - 1) la—-f1*- la-f - 2noc|?
nv  2nvos 2nvos
An AN n 28n
+ = lbI* + —=dll” = 2n(a,b) - 2 e, d) = —=((¢,b) ~ o3 lc]®)- (26)

On the other hand, the cocoercivity of T1, T,, and T3 yields
(@b)=o1|bI>,  (ed)=oldI’  (bec)=asllc|’. (27)

Combining this with (26), we obtain that

A 1)
1% < llall - <—— —1)|Iﬂ—f||2— la—f - 203¢|?
nv  2nvos 2nvos
n Ui
=~ @voy = Vb =~ (202 = W)lld]*, (28)
i): Since A = 2vo; = 209, reduces to
(i): Since A =2 204, (28) red
2 2 n* 2 4 2
- <llal®={ —-1lla=fI"- la—f—203¢|”, (29)
n 2nvos

which gives (22).
(ii): Set k := 2vo; — A and w := 205 — A. Then « + u = 2(voy + 03 — A) >0 and
(2voy = 1)[1B]1 + (205 — 1) |||

=k [1bl* + plid|? (30a)

1 K
= —|lkb+ pd|? + =
K+ W K+

16— d|* (30b)
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1
T 2(vor + 05— A)
(2vo; —A)(207 — A)
2n2(voy + 09 — M)

|| Qo1 = A)b + (209 — )L)d”2

la—f£1I%, (30c)

where the last equality is due to the fact that b—d = %(a —f). Substituting into (28), we get

2vo1 —A) (200 —-1) A
2 < 2 ( 1 2 N -1 _ 2
I < lal < Bt s orh o B )na Al
- 5 lla=f = 2nosc|”
nvos
n 2
-2 - b+ 20y - 2)d|, 31
21)(ler@_k)H( voy = A)b + (203 — A)d| (31)
which proves (24).
Finally, in both cases (i) and (ii), we have that
n 2
1T - Ty < llx = yI1? - (7 - 1) |(d = T)x—(d-T)y|", (32)
which implies that T is conically ni*—averaged due to Proposition 2.2(i) and (iii). O

In what follows, we say that (x,,),cn is a sequence generated by T if, foralln € N, x,,,; €
Tx,,.

Theorem 3.3 (abstract convergence) Let Ty, Ty, and T3 be respectively o1-, 05-, and o3-
cocoercive. Let n,v, A, 8 € R, and define

T:=1d - nT; + nTo(=vId + AT; — 8 T5T}). (33)

Suppose that Fix T # @ and that either

(a) )\,:2\)0'1 :262 ﬂndn<n* = %()\'_ 2

303 ) OF
(b) A< voy+09andn<n*:= %(—<2;Z’l}:+)ff;f/\_))‘) +A- 2‘%3).
Let (%4)nen C dom T be a sequence generated by T and set S := —vld + AT, — 8 T3T:. Then
the following hold:
(i) Tis ni*—avemged. Consequently, (x,)nen converges weakly to a point x* € Fix T and
the rate of asymptotic regularity of T is o(1/4/n), i.e., %, — Tx,|| = 0(1//7).
(i) (T3T1%4)uen converges strongly to TsTix™ and TsTy(Fix T) = {T3 T1x*}.
(iii) If (a) holds and v = % — 1, then (T1x,)yen and (ToSx,)nen converge weakly to
Tix* = ToSx*.
(iv) If (b) holds, then (T1x,)nen and (ToSxy)uen converge strongly to T1x* = ToSx™* and
Ty (Fix T) = ToS(Fix T) = { Tyx*}.

Lt 8
Proof Set w; := ; 1, wy = TS and

0 if A = 2vo; = 209,
w3 := (34)

n .
T if A <vor + 0.

Page 8 of 19
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Then wy >0, wy >0, and w3 > 0. We derive from Proposition 3.2 that, for all v,y € dom 7,

1T = Tyl)® < = y11* ~ o1 | (1d = T)x — (1d - Ty
—wy|(Id = T)x — (Id - T)y — 2no3(T3T1x — T3 T1y) ||2
- w3 || (2voy — A (T1x — T1y) + (200 — A)(TaSx — T, Sy) ||2 (35)
and T is conically n—l-averaged.
(i): Since n < n*, T is n%—averaged. By [4, Corollary 2.10], (x,).ecn converges weakly to a
point x* € Fix T and the rate of asymptotic regularity of T is o(1//7).
(ii): Let y € Fix T'. It follows from (35) that, for all n € N,
s =12 < I = 3117 = 1 | (1d = T |
- | (1d = T)x, — 2n03(T5 T1s — T5T1y) ||2

— w3]| @voy = A)(T1x, — Tiy) + (203 = A)(ToSx, — TS| . (36)

Telescoping this inequality yields
o0 o

w1 Y[ (ad = Ty |* + w2 D[ (1d = T)xy — 2005(T3 Taty — TsT1y) |
n=0 n=0

oo
r w3 ) ||@vor = M(Tix, — Try) + (205 = )(TaSxs — ToSy) |
n=0

< lxo = yII* < +o0. (37)

Since w;, w, > 0 and w3 > 0, we deduce that, as # — +00,

(Id-T)x, >0 and (Id- T)x, —2no3(T3T1x, — T3T1y) — 0, (38)
which imply that
T3 Tlx,, — Tg le (39)

As y is arbitrary in Fix T and the limit of T57}x, is unique, we must have that 757 is a
constant on Fix T It follows that T3 T} (Fix T') = {T5T1x*}.

(iii): We will apply the demiclosedness principle in Proposition 2.4 to prove that
(T1%x4)nen converges weakly to T1x*. First, recall from (i) that

x, ~x* €FixT. (40)

As a result, (x,),ecn is bounded, and so is (71%,),en. Let y* be a weak cluster point of
(Th%n)nen. Then there exists a subsequence (%, ),en such that

Tixp, — y*. (41)

Page 9 of 19
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Define z,, := Sx,, = (1 — A)x,, + AT1x, — 8 T3 T1x,,. Since T3T1x, — T5T1x* by (ii), it follows
that

zk, =~ (L= A)x* + Ay* = 8T5T1x" =: 2", (42)
Next, we have from (i) that
1
Tlx;(n - Tszn = (Tl - TQS)JC](” = —(Id - T)xkn e 0, (43)
n
which, due to (41), implies that
Tozi, = y*. (44)

Set py:=A—-1=v>0and p,:=1. Then

A A
0101+,0202:()\—1)5+1'§:1 (45)
o1+ P2 A
and it follows from (42) that
p1(x" =) + p2 (2 - y*) = =8 T3 Tyx™. (46)

Using the definition of z, and then (43), we obtain

p1(xx, — T1x,) + pa(zi, — Tazx,)
= (A= Dk, — Tixx,) + (1 — Mg, + AT1xx, — §TsTixi, — Tozk,
= Tlxkn - Tzzkn - 8T3 TIX/(”

— =8T3Thx* = p1(x* = y*) + pa (2" — Toz"). (47)

Now, in view of (40), (41), (42), (43), (44), (45), and (47), we apply Proposition 2.4 to derive
that

y* = Tix" = Toz", (48)

which is the unique weak cluster point of (T1x,),en. Thus, Tix, — T1x*. Since Tyx, —

TySx, = %(Id — T)x, — 0 and x* € Fix T, we derive that T,Sx, — T1x* = ToSx™*.
(iv): In this case, w3 > 0. So (37) implies that, as n — +00,

(21)(71 - )»)(Tlxn - le) + (20’2 - A)(Tszn - TzSy) — 0. (49)
On the other hand,

1 1 1
(Thxy — Thy) — (T2Sx, — ToSy) = —(Id - T)x, — —(Id - T)y= —-(Id - T)x, — 0, (50)
n n n
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which together with (49) yields
T1x, — T1y and T5Sx, — T2Sy. (51)

Since y is arbitrary in Fix T" and x* € Fix T, it also follows that T1y = T1x* and T,Sy =
TySx* = T1x*. Hence, T1(Fix T) = ToS(Fix T) = {T1x*}. The proof is complete. O

4 Zeros of the sum of three operators

In this section, we apply the result to the problem of finding a zero of the sum of three
operators. We assume that the operator A is maximally «-monotone, the operator B is
maximally S-monotone, and the operator C is o -cocoercive. We will consider two cases:
a+B=0and o+ >0.

Theorem 4.1 (convergence in the case o + 8 = 0) Suppose that A and B are respectively
maximally o- and B-monotone with a + B =0, and C is o-cocoercive. Let n € R, and let
y € Ry, be such that

1+2ya>0 and n*::2+2ya—%>0. (52)

Set § = ﬁ, A=1+ %, and let (x,,),en be a sequence generated by Ty c in (3). Then the
following hold:
() Tapc is single-valued and has full domain.

(i) Forallx,y€ X,

I Tapcx— Tapcyl?
n* 2
<llx-yl*- (; - 1) |(d = Tupc)x - (Id = Tanc)y|

- ana |(ld = T pc)x— (1d = Tapcy - 200 (Clyax - Clap)|>. (53)

In particular, Ty p,c is conically ni*-avemged.

(iii) Ifzer(A + B+ C) # @ and n < n*, then the rate of asymptotic regularity of Tap,c is
0(1//n) and (x,)nen converges weakly to a point x* € Fix T, while (J, 4%u)nen and
(sBS%xu)nen converge weakly to J, ax* = JspSx* € zer(A + B + C) where
S:=(1-MId + Mya — 8C], 4, (Cya%u)nen converges strongly to CJ, ax*, and
C(zer(A + B+ C)) = {CJ, ax™}.

Proof First, we can check that there always exists y € R, such that (52) holds (indeed,
by choosing y > 0 satisfying 1/y > max{—2«, -« + 1/(40)}). Next, we have that 1 + yo =
1/2+ (1 +2ya)/2 > 0. Since @ + 8 = 0, we also have

1
1+88=1-da=1--—Y% _~*re

= > 0. (54)
142y 142y«

By Proposition 2.3, J, 4, /s, and hence T, p ¢ are single-valued and have full domain. This
proves (i).
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Next, Proposition 2.3 also implies that /, 4 and Jsp are respectively (1 + y«)- and (1+88)-
cocoercive. Set o7 ;=1 +ya >0,03:=1+88>0,03:=0 >0,and v:=A —1>0. Then
2voy = 2(A — 1)(1 + ya) = 2(1 + ya)/(1 + 2y«) = A and, by (54), 202 = 2(1 + 88) = 2(1 +
ya)/(1+2ya) =A. Also,

1 1) 1 A—-1
(-2 = A_( v 1+ 2L _peso (55)
v 2073 A—-1 20 § 20

Applying Proposition 3.2(i), we get (ii).
Now, by Proposition 2.1, J, 4 (Fix T4,z c) = zer(A + B + C). We then apply Theorem 3.3(i)—
(iii) to complete the proof. d

Using Theorem 4.1, we recover the results in [13, Theorem 2.1(1)], which partly spurred

our interest in the topic.

Corollary 4.2 Suppose that A and B are respectively maximally monotone, that C is o -
cocoercive. Let y € 10,40, n €10,2 — % [, and define

Tapc:=1d-nJ,a+ 0,824 —1d -y CJ,4). (56)
Then the following hold:
2no

(i) Tapcis oy -averaged.

(i) Ifzer(A + B+ C) # @, then the rate of asymptotic regularity of Tapc is 0(1//n) and
(%n)nen converges weakly to a point x* € Fix T, while (J, a%y)nen and
U, 82 4 —1d — y CJy 4)%Xn)nen converge weakly to
Jyax* =],8(2)ya —1d -y CJ a)x* € zer(A + B + C), (CJ, a%y)nen converges strongly to
CJyax*, and C(zer(A + B + C)) = {C] ax*}.

Proof Apply Theorem 4.1 witha =8 =0,8=y,and n* =2 - . O

Remark 4.3 (range of parameter y) We note that while Corollary 4.2(i) is straightforward
from [13, Proposition 2.1], Corollary 4.2(ii) improves upon [13, Theorem 2.1(1)] by only
requiring the parameter y € ]0,40 [ instead of y € ]0,20¢[ with € € ]0, 1[.

Next, we consider the case @ + > 0. This case indeed allows for some flexibility in
choosing the resolvent parameters y, §. In particular, let us recall the case « + 8 =0 in
Theorem 4.1, the resolvent parameters y, § must be directly related by

__Y
1+2y«a

1 1
, or equivalently, 3= + 20 (57)
Y

In the case @ + B > 0, the above exact relation is no longer necessary; instead, for given y,
one can choose § within a range such that

1 1 1
max{O,—+2a—2«/K}<g<—+2a+2«/X (58)
Y Y

for some positive A that depends on «, 8, and y. In the next results, we will show that
such choices for (y,8) always exist and will guarantee convergence of the algorithm.
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Lemma 4.4 (existence of resolvent parameters) Let o, B € R be such that « + 8 > 0, let
o €R,,,andlety,s eR,,. Set

0 ifo> 4,
Voi= -+ & if -4 <a<4 (59)
1

4
26 -2 [+ p)p-5) ifa<—ih.

Then yy > max{0, -« + ﬁ} and the following statements are equivalent:

. 4y6(1+ya)(1+5ﬂ)—(y+6)2 v
M 2y 82 (a+pB) ~ 2%~ 0.

(if) % > o and max{0, % +20 —24/A) < % < % +2a + 24/A, where
A= (o:+,8)(% +a— 1)
Consequently, there always exist y,8 € R, that satisfy both (i) and (ii).

Proof If o > —ﬁ, then yy = max{0, -« + ﬁ} by definition. If « < —ﬁ <0, then 8 - ﬁ >
B+a>0and

1 1 2 1
Yo=2B-2 (a+ﬂ)(ﬁ—5):( ﬁ_—a—‘/a+ﬂ) -0+ — (60a)
> —a+ * :max{O,—a+ i} (60b)
4o

Next, we have that

4y8(1 + ya)(1 +88) — (y +8)? 2

0 61
2y8%(a + B) 20> (612)
282
— (7/+5)2<47/8(1+)/oz)(1+5,3)—M (61b)
o
2
— (1—4)/,3—4)/20(,3+M>82—2y(1+2ya)8+y2<0 61¢)
o
1 1 a+p 1 11
= — —48— —4af + -2 —+2a )=+ =<0 (61d)
y? Y o Y 5 &
1 1
— A:(a+,3)<—+oz——>>0 and
y 4o
1 1 1
—+2a—2«/X<g<—+2a+2\/K (61e)
14 Y
1 1 1 1 1
— —>-a+— and —+20-2VA<=><= +2a+2VA. (61f)
Y 4o Y 5 vy

Suppose (ii) holds, then % > Yo > max{0, -« + ﬁ}‘ So (61f) holds. It follows that (61a)
holds, which is (i).

Now, suppose that (i) holds. Then (61f) holds, and so % > max{0, -« + ﬁ} and % + 20 +
24/A > 0. To obtain (ii), it suffices to show that % > . lf o > —ﬁ, then y = max{0, -« +

4}}, and we readily have L > y;. Let us consider the case when o < —7~. Then 8 — - >
o Yy 40 40
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B +a>0and

1 1 1)* 1
—+20+2VA>0 va+B+ |—+ta-— | >B-— (62a)
y y 4o 4o
= ! ! B ! JVa+B (62b)
—ta—-—> -——Ja+
y 40 %

1 1 1 2
= ;+a—5>( ﬁ—E—\/OTﬁ) (62c)

= l>2,B—2/(oz+,3)<,3—i):7/0, (62d)
y %

To see the existence of y and §, we choose y > 0 such that % > 1o and then choose § >0

which finish our claim.

that satisfies the second condition in (ii). O
We are now ready to prove the convergence of the algorithm for the case o + g > 0.

Theorem 4.5 (convergence in the case « + 8 > 0) Suppose that A and B are respectively
maximally o- and B-monotone with o + > 0, that C is o -cocoercive, and that y,5 € R,,
satisfy

g oe YO ye)(L+86) ~ (y + 8 v

2782 + B) 2 ©3)

Set A =1+ % and let n € R,,. Let (x,),cn be a sequence generated by Ty pc in (3) and set
S:=(1-M)Id + A, 4 — 8CJ, 4. Then the following hold:

(i) Tap,c is single-valued and has full domain.

(i) Forallx,y€ X,

I Tap,cx — Tapcyll*

<lx-yl*- <% - 1) |(td - Tusc)x - (1d - Tancly|
B 277% |(d ~ T .00 — (1d = Tasc)y - 200 (Clyax — Clyay) |
__rn
282(a + B)
% [| (A =2+ 280)(Tyx — T1y) + (2~ & + 268) (TaSx — ToSy) | (64)

In particular, Ty p,c is conically ni*—uvemged.

(iii) Ifzer(A + B+ C) # @ and n < n*, then the rate of asymptotic regularity of Tap,c is
0(1//n) and (x,)nen converges weakly to a point x* € Fix T, while (J, 4%u)nen and
(sBS%u)nen converge strongly to J, ax* = JspSx™ € zer(A + B + C), (CJy a%Xn)nen
converges strongly to CJ, ax*, and zer(A + B + C) = {J, ax™}.

Proof First, Lemma 4.4 ensures the existence of y,§ € R, satisfying (63). In view of (63),
it also follows from Lemma 4.4 that 1/y > -« + ﬁ, and so 1 + ya > y/(40) > 0, which
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together with (63) implies that 1+ 88 > 0. In turn, Proposition 2.3 implies that J, 4, /s5, and
hence T4, are single-valued and have full domain, and we get (i).

We also derive from Proposition 2.3 that J, 4 and Jsp are (1 + y«)- and (1 +88)-cocoercive,
respectively. Now, set o1 :=1+ ya >0,02:=1+88>0,ando3:=0 >0,and v:=1 - 1> 0.
On the one hand, since ¢ + 8 > 0,

vor+0oy=A-1)(1+ypya)+(1+88)=A+8(a+pB)>A. (65)

On the other hand,

1 ((21}01 - 1) (209 —A) N 8 )

v 2(voy + 09— A) B 2_03
1/ 4vo,0y — A2 1)
- ;(2(VO'1+O'2—)\) _E> (66a)
Y (AsQ+ya)1+88) - (y +8)* &8 (66b)
N 3( 2y28(a + B) _%)
AySs(+ya)(1+88)-(r +8)° v,
= 25+ F) ~ 55 - n">0. (66¢)

Therefore, we obtain (ii) due to Proposition 3.2(ii).
Finally, applying Theorem 3.3(i), (ii), and (iv) and noting that J, 4 (Fix T4 5,c) = zer(A +
B + C) due to Proposition 2.1, we complete the proof. d

5 Zeros of the sum of two operators

The new results in Theorems 4.1 and 4.5 allow us to revisit the relaxed forward-backward,
relaxed backward-forward, and adaptive Douglas—Rachford algorithms for finding a zero
of the sum of two operators.

Theorem 5.1 (relaxed forward-backward) Suppose that B is maximally 8-monotone with
B € R, and that C is o-cocoercive. Let y € 10,40 [, n € 10,2 - [, and let (x,)nen be a
sequence generated by

Tep := (1 -n)ld + n/,p(Id - y C). (67)

Then the following hold:
(i) Forallx,y€ X,

o-Y
2no

4
| Tepx — Tepyll* < llx - ylI* - ( - 1) |(1d — Teg)x — (1d - Tig)y|?

_ ZULO |(1d — Tep)x — (1d - Teg)y — 270 (Cx - Cy)|°. (68)

. )
In particular, Tep is 4a”fy -averaged.

(ii) Ifzer(B + C) # &, then the rate of asymptotic regularity of Tgp is 0o(1/4/n) and
(%n)nen converges weakly to a point x* € zer(B + C), while (Cx,),en converges
strongly to Cx*, and C(zer(B + C)) = {Cx™*}. Moreover, if additionally B > 0, then
(%u)nen converges strongly to x* and zer(B + C) = {x*}.
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Proof Apply Theorems 4.1 and 4.5 withA=0,¢=0,A=2,and§ =y. O

Theorem 5.2 (relaxed backward-forward) Suppose that A is maximally a-monotone with
o € R, and that C is o-cocoercive. Let y € 10,40 [, n € 10,2 - 5[, and let (x,)nen be a
sequence generated by

T := (1 -n)ld +n(Id - yC)J, 4. (69)

Then the following hold:
(i) Forallx,y€ X,

4o —
| Toex — Taeyll* < llx -yl - (Toy - 1) |(1d - Tae)x - (1d - Tee)y|*
_ ZULG |(1d = Tge)x — (Id - Tee)y - 270 (Cx - Cy)|°. (70)

In particular, Tgg is ﬁ’—fy—avemged.

(ii) Ifzer(A + C) # @, then the rate of asymptotic regularity of Tgr is o(1/5/n) and
(%n)nen converges weakly to a point x* € Fix Tgg, while (J, a%n)nen converges weakly
to Jyax* € zer(A + C), (Cxy)nen converges strongly to Cx*, and
C(zer(A + C)) = {Cx*}. Moreover, if additionally a > 0, then (], a%n)nen converges

strongly to J,ax* € zer(A + C) and zer(A + C) = {J, 4x™}.
Proof Apply Theorems 4.1 and 4.5 withB=0,8=0,1=2,andé = y. d

Theorem 5.3 (adaptive DR) Suppose that A and B are respectively maximally a- and B-
monotone, that either

(a) oz+,3=0,1+2ya>0,8:ﬁ,n*:2;or

4y8(1 1+88)—(y+5)%
(b) a+B>0,n*:= V(J';%(z(;f;)(”) > 0.

Let =1+ 3, n €10,n*(, and let (x,),en be a sequence generated by

Tpr :=1Id = ), 4 + nJsp((1 = MId + A, 4). (71)

Set S:= (1 - 1)Id + AJ, 4. Then the following hold:
(i) Tpris ni*—avemged and has full domain.

(ii) Ifzer(A + B) # @, then the rate of asymptotic regularity of Tpr is o(1/s/n) and
(%n)nen converges weakly to a point x* € Fix T with J, ax* € zer(A + B). Moreover,
when (a) holds, (Jya%u)nen and (JspSxn)nen converge weakly to J, ax* = JspSx™; when
(b) holds, (Jy a%u)nen and (JspSxn)uen converge strongly to J, ax* = JspSx™ and
zer(A + B) = {J, ax*}.

Proof Apply Theorems 4.1 and 4.5 with C = 0 and note that the operator C is o -cocoercive
with any o > 0. 0

Remark 5.4 In terms of the range of parameter y, Theorems 5.1 and 5.2 only require
y € ]0,48], improving the classical convergence results for the forward-backward and
backward-forward algorithms which require y € ]0,28], see, e.g., [1, Corollaries 3.4 and
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3.6]. On the other hand, as Tpg in (71) is actually the adaptive DR operator (see [11,
Lemma 4.1(ii)]), Theorem 5.3 unifies [11, Theorem 4.5], [4, Theorem 5.7], and [2, The-
orem 4.1].

6 Minimizing the sum of three functions

In this section, we consider the problem of minimizing the sum of three functions. Let
f: X —]-o00,+00]. Then f is proper if domf := {x € X | f(x) < +00} # &, and lower semi-
continuous if Vx € X, f(x) < liminf,_, ,f(2). Given o € R, the function f is a-convex if
Vx,y € domf, Vk €]0,1],

A=)+ xy) + S =) =31 = (1 =KY () + K O). 72)

We simply say f is convex if @ = 0. We also say that f is strongly convex or weakly convex,
if o >0 or a <0, respectively.

Next, let f: X — ] — 00, +00] be proper. The Fréchet subdifferential of f at x is defined
by

(73)

gf(x) = {u eX ‘ li?li;'lff(Z) —fW) - (wz-x) > 0},

llz - Il

The proximity operator of f with parameter y € R,, is the mapping Prox,r: X = X de-
fined by

1
VxeX, Prox, (x):= argmin(f(z) +—|z —x||2>. (74)
zeX 2y

We refer to [10] for a list of proximity operators of common convex functions. For an
a-convex function, the relationship between its Fréchet subdifferential and its proximity
operator is described in the following lemma.

Lemma 6.1 (proximity operators of a-convex functions) Let f: X — ] —00,+00] be a
proper, lower semicontinuous and «-convex function. Let y € R, be such that 1 + ya > 0.
Then

(i) 3f is maximally a-monotone.

(ii) Proxys =], 3 is single-valued and has full domain.

Proof See [11, Lemma 5.2]. O

Now, we assume that f,g : X — ] — 00, +00] are proper lower semicontinuous, and re-
spectively «- and B-convex functions, and % : X — R is a differentiable convex function
with Lipschitz continuous gradient. We will solve the minimization problem

minf(x) + g(x) + h(x) (75)
xeX
by employing the operator

Ty gn :=1d — nProx, s + nProxsg((l —A)Id + AProx, s — SVhProxyf) (76)

with appropriately chosen parameters y,8,A, 1 € R,,.
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Theorem 6.2 (minimizing the sum of three functions) Letf,g: X — ] — 00, +o0] be proper
lower semicontinuous functions, and let h: X — R be a differentiable convex function
whose gradient is Lipschitz continuous with constant 1/o. Suppose that f and g are a-
convex and B-convex, respectively, and that either

(@ a+B=0,1+2ya>0,8=2—, n*:=2+2ya - L;or

1+2ya’
. Ays(aya)(1+88)-(y+8)2 ¥
(b) a+B>0,n*:= 2755 tf) -5 >0.

Seth=1+ % and S := (1-1)Id + AProx, s — 8 VhProx,s. Let (X,)nen be a sequence generated
by Tf e in (76). Then the following hold:
@) Trgn f corﬁcally ni*-avemged and has full domain.
(ii) Ifzer(df + dg + Vh) # @ and 1 < n*, then the rate of asymptotic regularity of Tf g is
0(1/4/n) and (x,)nen converges weakly to a point x* € Fix Ty,g ), with

Prox,rx* € zer(’gf +5g + Vh) C argmin(f + g + h), (77)

while (VhProx, rx,).en converges strongly to VhProx, rx* and

Vh(zer(/a\f +5g + Vh)) = {VhProx, rx*}. Moreover, when (a) holds, (Prox, rx,)en
and (ProXsgSx,)nen converge weakly to Prox, jx* = ProxseSx*; when (b) holds,
(Prox, rx,)nen and (ProxsgSx,)nen converge strongly to Prox, sx* = ProxsgSx™ and
zer(la\f +/3\g + Vh) = {Prox, sx*}.

Proof As in the proofs of Theorems 4.1 and 4.5, we have that 1 + ya >0 and 1 +§8 > 0.
By Lemma 6.1, 9f and dg are maximally «-monotone and S-monotone, respectively, and
Prox,s =J,3; and Prox,, =/, 3,. By [6, Theorem 18.15(1)&(v)], V/ is o -cocoercive. In ad-
dition, from Proposition 2.1 and [11, Lemma 5.3], we obtain the relationship between the

fixed points of Ty and the minimizers of (75)
Prox, s (Fix Tfgn) = zer(’a\f +5g + Vh) C argmin(f + g + h). (78)

The conclusion then follows by applying Theorems 4.1 and 4.5 to A = gf , B = 5g, and
C=Vh. O

Remark 6.3 (minimizing the sum of two functions) Analogous to Sect. 5, one can apply
Theorem 6.2 with f = 0, g = 0, or / = 0 to obtain corresponding algorithms for minimizing

the sum of two functions.
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