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1 Introduction

Let (Y,0) be a geodesic space and 4 : Y — (—00,00] be a proper convex function. By
arg min,cy /(r), we denote the set of minimizers of a convex function. To solve s € Y such
that

h(s) = I}gl}l,l h(r),

in optimization theory a powerful tool is the well-known PPA which was introduced by
Martinet [1].

Rockafellar [2] studied, the convergence to a solution of the convex minimization prob-
lem in the framework of a Hilbert space by the PPA. He also proved that the sequence {s,,}
converges weakly to a minimizer of a convex function % such that Y .-, 7,, = 00.

Bacak [3] introduced the PPA in a CAT(0) space (Y, 6) as follows:

S1€Y,

Sims1 = argmin,ey [A(r) + ﬁ@z(r,sm)], VmeN,

where 7, > 0,Vm € N, and he showed that, if /# has a minimizer and ) ., 7, = 0o, then

the sequence {s,,} A-converges to its minimizer [4].
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Cholamyjiak [5] modified the PPA in CAT(0) spaces (Y, 8) by using the Halpern method
as follows:

'y = arg minreY[h(r) + %92(’":5”1)],

Smal = At © (1 — ap)ry, YmeN,

where r > 0, lim,,—, oo @, = 0, and Zf::l a,, = 0. He proved that the sequence {s,,} con-
verges to its minimizer.
Cholamyjiak et al. [6] modified the following PPA in CAT(0) spaces as follows:

G = argmin,ey () + 5-0%(r,5,,)],
Fm=(1—=by)s, ® bmﬂ‘f]mr
Sm+1 = (1 - amﬂsm ® ﬂm7-2rm: VmeN

and established some strong convergence theorems of the proposed algorithm to common
fixed points of nonexpansive mappings and to minimizers of a convex function. Chang
et al. [7] established some strong convergence theorems of the PPA to a common fixed
point of asymptotically nonexpansive mappings and to minimizers of a convex function
in CAT(0) spaces.

Kitkuan and Padcharoen [8] studied the iteration process in CAT(0) spaces as follows:

P =1=au)s ® @ T" s,
I'm = (1 - bm)pm @ meum:

Sme1= 1 =)l ® ¢ T "1y, VmeN,

where {a,,}, {bm}, and {c,,} are real sequences in (0, 1). They also proved some strong con-
vergence theorems for generalized asymptotically quasi-nonexpansive mappings under
certain conditions.

Markin [9] and Nadler [10] introduced the study of fixed points for multivalued con-
tractions and nonexpansive mappings using the Hausdorff metric. Shimizu and Takahashi
[11] proved the existence of fixed points for multivalued nonexpansive mappings in con-
vex metric spaces, that is, every multivalued mapping 7 : ¥ — C(Y) has a fixed point in a
bounded, complete, and uniformly convex metric space (y,6), where C(Y) is the family of
all compact subsets of Y.

Motivated and inspired by the above results, we propose the modified proximal point
algorithm with the process for three asymptotically nonexpansive mappings and multival-
ued mappings in CAT(0) spaces. Under suitable conditions, we prove some convergence
theorems of the proposed method. Further, we provide a numerical example to illustrate

and show the efficiency of the proposed algorithm for supporting our main results.

2 Preliminaries
A metric space (Y,0) is called a CAT space if it is geodesically connected and every

geodesic triangle in Y is at least as “thin” as its comparison triangle in the Euclidean plane.
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A subset W of a CAT(0) space Y is said to be convex if, for any s,r € W, we have [s,r] C
W, where

[s,r] := {ts@(l—t)r:Oftf 1}

is the unique geodesic joining s and r.
In this paper, we can write (1 — £)s @ ¢r for the unique point g in the geodesic segment

joining from s to r such that
0(s,q) = t0(s,1),0(r,q) = (1 - £)0(s, 1),
where £ € [0,1].

Lemma 2.1 Let Y be a geodesic space in a CAT(0) space. For all s,r,q € Y and t € [0,1],
we have

D) 0*(1-t)s@tr,q) < (1-0)6°(s,9) + t0%(r,q) — t(1 = )6(s,7),

(i) 6((L-t)sDtr,q) <(1-1)0(s,q) +tO(r,q).

Definition 2.1 Let 7 : W — W be a mapping.
(i) Anelements e W is said to be a fixed point of 7 if s = T's. Denote by G(T) the set
of fixed points of T;
(ii) semi-compact if every bounded sequence {s,,} C W, satistying 6(s,;, Ts,») — 0 as
m — 00, has a convergent subsequence;
(iii) nonexpansive if 6(7s,Tr) <0(s,r) for any s,r € W;
(iv) asymptotically nonexpansive if there exists a sequence {e,,} C [0, +00) and

lim,,,_, o €, = 0 such that
G(T’”s, T’”r) < +e,)d(s,r), Vs,reW,m=>1;

(v) ({vi}, {em}, p)-total asymptotically nonexpansive, if there exist nonnegative
sequences {Vy, }, {4} With w,, — 0,v,, — 0 and a strictly increasing continuous
function p : [0, +00) — [0, +o0) with p(0) = 0 such that

Q(Tms, T’”r) <0(s,r)+ vm,o(é(s, r)) + Uy, Vs, reW,m>1;
(vi) uniformly L-Lipschitzian if there exists a constant L > 0 such that
Q(Tms, Tmr) <LO(s,r), Vs,re W,m>1.

Definition 2.2 Let {s,,} be a bounded sequence in a CAT(0) space (Y,6). For any s € Y,

we put
7(s,{sm}) = lim sup(s,sy).
m— 00

Then,
1. The asymptotic radius 7({s}) of {s,} is given by

f"({sm}) = inf{?(s, {sm}) 1S € Y].
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2. The asymptotic center A({s,,}) of {s;,} is the set

A({sm}) = {s DE ?’(s, {sm}) = ?({SW,})}.
In a complete CAT(0) space, A({s;}) consists of exactly one point [6].

Definition 2.3 A sequence {s,,} in a CAT(0) space Y is said to be A-convergent to a point
s € Y if s is the unique asymptotic center of {u,,} for every subsequence {u,,} of {s,,}. In
this case, we write Alim,,_, S, = s of {s,,,} and denote Wi (s,,,) := [ J{A({u,,,})}, where the

union is sum over all subsequences {u,,} of {s,,}.

Lemma 2.2 ([6]) If{s,,} is a bounded sequence in a complete CAT(0) space with A({s,,}) =
{s}, {ttm} is a subsequence of {s;,} with A({u,,}) = {u}, and the sequence {0(s,,, u)} converges,

then s = u.

Lemma 2.3 ([10]) Assume that a subset of a complete CAT(0) space (Y, 0) is closed, convex
and T : W — W is a total asymptotically nonexpansive mapping. Let {s,,} be a bounded
sequence in W such that Alim,,_, o S, = t and 1im,,_, o0 0(S,,, T$y) =0. Then Tt = ¢.

Let CB(W) be a collection of all nonempty and closed bounded subsets and P(W) be a
collection of all nonempty proximal bounded and closed subsets of W, respectively. Let
‘H(-,-) be the Hausdorff distance on CB(W) defined by

H(A,B) := max{sup dist(s, B), sup dist(r, A)}, VA, B e CB(W).
se A reB

A subset W C Y # 0 is said to be proximal if, for each s € Y, there exists an element
r € W such that

0(s,r) = dist(s, W) := inf{@(s, q):q€ W}
It is well known that each weakly compact convex subset of a Banach space is proximal as
well as each closed convex subset of a uniformly convex Banach space is also proximal.
Let 7 : Y — 2¥ be a multivalued mapping. An element s € Y is said to be a fixed point

of TifseTs.

Definition 2.4 A multivalued mapping 7 : Y — CB(Y) is called nonexpansive if
H(Ts, Tr)<0(Ts,Tr), sreY.
Recall that a function /: W — (—00, 00] is said to be convex if, for any geodesic [s, 7] :=
{csr(@):0<a<1}:={as®(1-a)r:0<a < 1}joinings,r € W, the function hocis convex,

ie.,

h(cs,,(a)) = h(as ®(1- a)r) <ah(s) + (1 —a)h(r).
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For all & > 0, define the Moreau—Yosida resolvent of /1 in a complete CAT(0) space Y as
follows:

T (s) = argmin[h(r) + i92(r,s):|, VseY.
2

reY

Let i : Y — (—00,00] be a proper, convex, and lower semi-continuous function. The
set F(J,) of fixed points of the resolvent .7, associated with 4 coincides with the set
arg,., min/(r) of minimizers of 4. Also, for any 7 > 0, the resolvent J, of /& is nonex-
pansive [4, 12].

Lemma 2.4 ([13]) Let (Y,0) be a complete CAT(0) space and h: Y — (—00, 0] be proper,
convex, and lower semi-continuous function. Then, for all s,r € Y and & > 0, we have

L G2 Trs,r) = —=02(5,1) + —=02(5, To5) + W(Trs) < h(r).
27 27T 27

Lemma 2.5 ([1]) Let (Y, 60) be a complete CAT(0) space and h: W — (—o00, 0] be a proper
convex and lower semi-continuous function. Then the following identity holds:

.7T_

jnSzJM(—Mjns@ ﬁs), VseY
T bd

and > u > 0.

Lemma 2.6 ([11]) Let {a,,}, (b}, and {r,,} be sequences of nonnegative real numbers such
that

am <1 +by)a, +r,, VmeN.
IfY > (bu<ooand o | 1y < 00, then limy,_, « a,, exists.

3 Convergence results
Now we construct and prove the main result of this paper.

Theorem 3.1 Let (Y,0) be a complete CAT(0) space and W be a nonempty closed con-
vex subset. Let T : W — P(W) be a multivalued mapping and Pr be a nonexpansive
mapping. Let h: Y — (—00,00] be a proper convex and lower semi-continuous function,
A,B,C: W — W be three total asymptotically nonexpansive mappings with {i,,} and {v,,}
being nonnegative real sequences such thaty . | jLy, <00 and Y o | vy, < 00. There exists
a constant My > 0 such that £ (0) < M,16,0 > 0 with G(A) N G(B) N G(C) # @ and

E=GANGBNGC)NG(T)N argrrelivrylh(r) Z0.
Let {s,,} be defined by

DPm = argmin,cy [A(r) + ﬁQZ(i’, Sm)l,
qm = (1 - Cm)pm @ A"z,
T'm = (1 - bm)q;ﬂ &® mem_ynfn

Sma1 = (1 = @)t ® @ C" %,



Husain and Singh Fixed Point Theory and Applications (2019) 2019:8

where z,, € Pr®m), Ym € P1(qm), and x,, € Pr(ry,) for each m € N. Let {a,,}, {b}, and

{cm} be sequences in [0,1] for all m € N and {r,,} be a sequence with w,, > 0 for all m € N.

Then
lim 6(s,,,t) existsforallte E.

m—> 00

Proof Lette &.Then t = At = Bt = Ct and h(t) < h(r) for any r € W. So, we have

1 1
h(t) + —0%(t,t) < h(r) + —60°(r,t)
27Tm 27Tm

for each r € W, and so we have ¢t = 7y, t for each m € N. Since p,,, = J,,5m and T, is

nonexpansive, we have
Q(Pm, t) = 9(jﬂmsm; jfrmt) = Q(Sm, t)'
Now, using (3.1), (3.2), and Lemma 2.1(ii), we have

0(gmt) = 0((1 = cn)pm ® cmA" 2, t)
< (L= cm)0mt) + cmb (A" 2y, 1)
< (1= )0 D) + [0 £) + V1 (B2 ) + fim]
< (L= )0 t) + cm[0(zm ) + ViuM10 (20, E) + o]
= (1= c)OPum> £) + (1 + v, M1)0(2p1, ) + Confhsg
< (1= ¢ dist(pym, PT(®)) + cu(L + v, My) dist(zo, P7(8)) + Confhom
< (L= c)H(P7@m), P(®) + cm(1 + vuM ) H(P7(pm), Pr (1))
+ Cmbom
< (1 -cm)0@m>t) + Cu(1 + vy M1)O(Prss £) + Culhim
<1+ v, M)ODis £) + Crnlbm

< (1 + 1)mj\41)9(sm; t) + U
and using (3.1), (3.3), and Lemma 2.1(ii), we have

0(rmt) = 0((1 ~ by)qm ® byuB" . t)
< (1= bw)0(@m:t) + b6 (B" Y, t)
< (1= bw)0( @ ) + Bin[0 G ) + Vs (0 Ds 1)) + 1]
< (L= bw)0(@m> t) + byu[0 G ) + VuM10 Ypis E) + ]
= (1= b)0(Gor ) + b1 + v, MO Y, ) + byt
< (1= by) dist(qm, Pr () + bn(1 + v,uMy) dist(ym, PT(2)) + byuttm
< (1= bw)H(P7(gm), Pr)) + bn(1 + v H(P1(qm), PT(2))

+bufim

(3.2)

Page 6 of 19
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<(1-bu)0(qm t) + b1 + v, M1)0(qs t) + Dt
< (14 vuM)O(Gms £) + binfom

< (L4 vM)[(A + a0 (S5 8) + | + byntlm
< (14 v, M)*0(5 t) + (1 + VM) oy + byt

< (L4 0uM1)20(s ) + (2 + VM) . (3.4)
Similarly using (3.1), (3.4), and Lemma 2.1(ii), we have

0(sys1,t) = 9((1 — )l ® 4, C" %1, t)
<(1-a,)0(r,,t)+ amG(mem, t)
<A =-am)0(rmt) +an [Q(xm, t) + vy, (G(xm,t)) + um]
< (L= am)0(rm: t) + A [0@ms ) + ViuM16 (Xpis E) + ]
=(1=am)0(rm t) + am(1 + viuM1)0 (X1, ) + Aol
<(1- am)dist(rm,PT(t)) + a,(1+v,M;) dist(xm,PT(t)) + Ay
< (L= ) H(PT (), Pr(©)) + a1 + vuM)H (P (), Pr(0))
+ A o
<1 -au)0Tmt) + a1 +v,M1)0(r, t) + A fim
< (1 + v M1)O(Fpr £) + Ao
<1+ val)[(l + U M1)?0 (s t) + (2 + Vli)Mm] + A
< (1 4+, M1)30 (S 2) + (1 4+ 1, M) (2 + VM) [y + Aol
< (14 VM) (S £) + 3(1 + v, M1)
= (1 + Sn)0(Sp> t) + W, (3.5)
where S, = 3M1v,, + 3M3v2, + M3v3 and W, = 3(1 + v,,M) . Since it is given that

> L Hm <00 and Y o0 v, < 00, we get Y >0 S, <00 and Y oo W, < co. From
Lemma 2.6, (3.5) we have lim,,,_, o 0(s,,,, ) exists, and we assume that

lim 6(s,,,t) =k > 0. (3.6)
From (3.6), {s,,} is bounded and so the sequences {p,,}, {gm}, {rm} {A"sm}, {B"s,,}, and
{C™s,,} are bounded. O

Theorem 3.2 Let (Y,0) be a complete CAT(0) space and W be a nonempty closed con-
vex subset. Let T : W — P(W) be a multivalued mapping and Pr be a nonexpansive
mapping. Let h: Y — (—00,00] be a proper convex and lower semi-continuous function
and A,B,C: W — W be three total asymptotically nonexpansive mappings with {i,,} and
{vin} being nonnegative real sequences such that ) . | iy < 00 and y . | v, < 00. There
exists a constant My > 0 such that £(0) < M10,0 > 0, with G(A) N G(B) N G(C) # @ and

Z:=GA)NGBNGC)NG(T)N argmivrylh(r) Z0.
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Let {s,,} be defined by

P = argmin,ey [1(r) + ﬁ@%r, sm)l,
qm = (1- Cm)pm D A"z,
I'm = (1 - hm)qm > mem_ym,

Sm+l = (1 - am)rm ©® ﬂmcmxm;
where z,, € Pr®m), Ym € P1(qm), and x,, € Pr(ry,) for each m € N. Let {a,,}, {b,,}, and

{cim} be sequences in [0,1] for all m € N and {r,,} be a sequence with w,, > 0 for all m € N.
Then
(i) limy,— oo 9(Sm»l9m) =0;

(11) lim,,_, oo g(sm;ASm) =1lim,,_, o H(Sm; Bsm) =1lim,,_, o Q(Sm; Csm) =0.

Proof (i) By Lemma 2.4, we have

1

7 {02 @ 1) = 0% (50, £) + 6 (50, i) } < H(E) = (p1).

Since h(t) < h(p,,) for each m € N, we have

0% (S Do) < 0% (51 £) = 0% (s ). (3.7)
From (3.5), we have

O(sms1,t) < (1 + vy M1)O(Fpis £) + Ay
and

W}LmOO inf@(r,,, t) > «. (3.8)
From (3.4), we have

W}l—r};o sup O (ry,, t) <«. (3.9)
So, from (3.8) and (3.9), we have

W}i_r)réoe(rm,t) =K. (3.10)
Similarly, from (3.4), we have

O(rm, £) < (1 + viuM1)0(qm> t) + b fhm
and

lim inf6(q,,t) > «. (3.11)

m— 00
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From (3.3), we have

W}EI;O supO(gm,t) <«. (3.12)
From (3.11) and (3.12), we have

W}i_r)r;oe(qm,t) =K. (3.13)
From (3.3), we have

O(qm>t) < (1 + vy, M1)0 Dy ) + Crbm
and

r}gllm inf@(p,,, t) > k. (3.14)
Also from (3.3), we have

lim sup&(p,,t) <«k. (3.15)

m—00

From (3.14) and (3.15), we have

lim 0(pt) = k. (3.16)

m— 00

So from (3.7), we have

lim 6(s;,, pm) = 0. (3.17)
m— 00

~

(ii) Suppose that & is nonempty, and let £ € Z. From (3.6), lim,;,_, oo 0 (s, ) exists and
{s,»} is bounded. From (3.1) and Lemma 2.1(i), we have
02(gm>t) = 0% ((1 = co)pm ® A"z, t)

<(1=cn)0*(Pmrt) + cmez(Amzm, t) —cm(l - cm)Gz(pm,A’”zm)

< (1= )OO ) + [0 (@ms ) + V(0 1)) + 1]
—cm(l - cm)Gz(pm,Amzm)

< [0 ) + VuM10(Zps ) + ]’ + (1 = €)% (P ?)
— (1 = )0 (A" Zim» i)

=Cp [(1 + v, M1)0 (2, t) + ,um]z + (1= )0% (P> t)
= cm(1 = )0 (A" Zos Pim)

< (1 + VM) 02 Zms t) + (1 + v,,M1)*(1 = €,0)02 (Por )
+ Con[ 21+ VM) o8 @ £) + 1] = (1 = €)0* (A" 201 i)

< (1 + v, M)%cp dist(z,,,,”PT(L‘))2 + (1 +v,,M)*(1 - cm)dist(‘zo,,q,777-(t))2
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+ | 21 + vuMy) o dist(z, Pr(0)) + 11, ] = (1 = €0)0% (P A2
< (1 +vuM) e H(Pr(p), Pr(®)’
+ (14 vuMy)*(1 = e H (P (o), Pr(0))
+ e[ 21 + VM) e H(PT(0m), Pr(®)) + 142,] = (L = )0 (P A" 2m)
< (1 + VM) 0@ £) + (1 + VM) (1 = €0)0* (Prns £)
+ | 21 + VM) 0 Poir ) + 1] = (1 = )0 (Dir A" Zy)
= (1 + vuM1)*0> B £) + Cn[2(1 + VM) 8 Brr 8) + 12|
— (1 = )0 (s A" i)
< (14 vM1)*0 (S ) + [ 2(1 + VM1 s (S ) + 1]
= cm(1 =)0 (Pimr A" Z1m)

< 0% (Syns b) + PV + Gl — (1 — cm)92(pm,Amzm) (3.18)
for some p, g > 0, which implies that

92(%:» t) < 92(Sm,t) +PVm + qlhm,
and from (3.1) and Lemma 2.1(i), we have

02 (1, t) = 0> ((1 = by)gm D byuB"Yyr t)
< (1= b)0*(Gmt) + bin0* (B Ymr t) = (1 = )0 (Gn» B Ym)
< (1= b)0*(@s £) + o [0Gns £) + Vi (0 Gis 1)) + ]
= b (1 = b)0* (G B y1m)
< (1= 50 Gonr ) + bin[0 s 1) + VMO (s ) + 1]
-b,,(1- bm)Qz(Bmym, qm)
= (1= 5,)0%(Gons £) + b [ (1 + VMO G 8) + 1]
= b (1 = b,)0* (B Y Gim)
< (1= b)) +v,,M)?0* (G £) + (1 + V,,M1)2b 0% Yyr )
+b,, [2(1 + VM) 0 Yy, £) + an] -b,,(1- bm)ez(Bmym,qm)
< (1= b)) (1 + v, M) dist(g, PT(2))” + (1 + v, M1)?by dist(y,, PT())
+ by [ 2(1 + VM) o dist(ym, P (0)) + 11, ] = bn(L = 50> (B Yy Gim)
< (1= by)(1+ vy *H(P7(q), PT ()
+ (14 V)b H(Pr(qm), PT0))
+ b [ 2(1 + VM) o H (P (@), PT(0) + 112, ] = (1 = 51)0* (B Y1, G
< (1= b)) +v,,M)?0* (G t) + (1 + VM), 0 (Gpm» £)

+ bm [2(1 + VmM1)le9(4m7 t) + :u“fn] - bm(l - bm)ez(Bmym¢qm)
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=(1+ Vli)ZGZ(qm’ £)+ bm[2(1 + VinM1) 8 (G £) + an]
- bm(l - bm)QZ(Bmymr qm)
< 0%(@mrt) + "V + St — byu(1 = 5,)0* (B Yy @) (3.19)

for some 7,s > 0, which implies that
ez(rmr t) = 92(Qm: t) + 7V + Ship-
Similarly, from (3.1) and Lemma 2.1(i), we have

0% (Sms1,8) = 0% (1 = @)l B A C" %ps £)

< (1= am)0*(tm t) + am0>(C" % t) = Am(1 = a)0> (ryus C" %)

< (1= a)02(ry,t) + [Q(xm, £) + vy (G(xm, t)) + um]z
—a,,(1 - am)92(rm, C"‘xm)

< (1= @)0% (s 0) + B[ (s ) + VM1 0 (s ) + ]
— (1 = a)0>(C" %s 1)

= (1= @02 (s ) + [ (1 + VMO oy £) + ]
—a,,(1- am)GZ(C”‘xm, rm)

< (1 =a,)d+ v, M)*0*(r t) + (1 + v, M1) a0 (X, t)
+ay [2(1 + VM) (0 (K £) + ,ufﬂ] —a,(1- am)OZ(mem,rm)

< (1= @) (1 + v, M) dist(r, P7(0))” + (1 + v,y ey, dist(x,, P (2))*
+ A 2(1 + M) o dist(x, P7(8)) + 1] = am(1 = @m)0* (C" %y Ty )

< (1= @)1 + VM) H(Pr(r), Pr(©) + (1 +v,M1)a,,
X H(Pr (), PH(®)” + am[20 + vuM) o H (P (), PT(®)) + 142]
—a,,(1- am)GZ(C”‘xm, rm)

< (1= am) A + v, M) 0% (1, ) + (1 + v, M) 22, 0% (7, £)
+ [ 2(1 + VM) O (s ) + 4, | = (1 = @n)0> (C™ Xy Ty )

= (1 + vuM1)*0> (1, ) + Q[ 2(1 + VM) 0 (Fos £) + 112, ]

—a,(1 - am)QZ(C”’xm, rm)

< OX Py b) + LV + Wik — A (1 — a,,)0> (C’”xm,rm) (3.20)
for some ¢, w > 0, which implies that
02 (Sps1,t) < O2(Fss £) + LV + Wik
From (3.18), we have

Cm(l - Cm)ez(AmZmrpm) f 92(5;71) t) - 92(qmr t) +p‘)m + qu~
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Since Y o |V <00, Y oo | iy < 00, we have
(1 - cm)OZ(A”’zm,pm) < 00.

From liminf,,_, » ¢,,(1 — ¢,,) > 0, we have
mli_r)IéOH(Amzm,pm) =0.

From (3.19), we have
by(1- bm)92(Bmym,qm) < OXGmrt) = 02 (s t) + PV + Sily.
Since Y 00 1 v, <00, Y oo | Wy < 00, we have
b,,(1 - bm)92(Bmym,qm) < 00.
From liminf,,_, » b,,(1 - b,,) >0, we have
lim 6(B"ym,qm) = 0.

m— 00

From (3.20), we have

a,(1— am)OZ(C”‘xm, rm) <O (Fpy ) — 02 (Sypsts £) + LV + Wik

Since Y o 1 Vy <00, oo | i < 00, we have
a,(1— am)Gz(mem, rm) < 00.
From liminf,,_, o a,,(1 — a,,) > 0, we have

lim 6(C" %, 1) = 0.

m— 00

Now using (3.17) and (3.21), we have

0(Gm>Sm) = 0((1 = co)Pm B A" Zpis Sm)
< (1= )P Sm) + €O (A" 21, 51m)
< (1= )0 s Sm) + [0 (A" 2w i) + 0 Brns 51)]
< X =)0 B Sm) + O (A" 2, D) + €0 ot Sm)
= 0BmsSm) + w8 (A" Zos Prm)

—0 asm— o0,
and using (3.22) and (3.24), we have

Oy Sm) = 9((1 = bi)qm ® byuB" Y, sm)

(3.21)

(3.22)

(3.23)

(3.24)

Page 12 of 19
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< (1= b)0(qm>Sm) + bme(Bmym,sm)

< (1= b)0(Gms Sm) + bu[ O (B"Yims @om) + 0 (Gins S|
< (1= b)0(Goms $m) + b (B"Yms @) + b1 (G )
= O0(qm>Sm) + bme(B’”ym, qm)

— 0 asm— oo,
and again using (3.23) and (3.25), we have

O0(Sms1rSm) = 0((1 = @)1 ® A C"™ Xy S )
< (1= a)0 () + A0 (C"™ Xy S )
< (1= a)0 (s Sm) + [0 (C™ % ) + O (Fois Sy |
< (1= @m0 Sm) + @m0 (C" % Tn) + A6 (T Sim)
= 0(yir Sm) + A0 (C™" %, )

— 0 asm— 0.
Using the triangle inequality (3.17) and (3.21), we have

O(A" S, 5m) < O(A"S,0, A" Zr) + O (A" 2y Pin) + O Do Sm)
< LO(SmZm) + O (A" Zn, i) + O (Dyir Si)
= LH(P7(sm), PT(0m)) + O (A" 2 ) + O @rns Sm)
< LOSm» p) + O (A" Zyss ) + O(Dyir S)
< (L +1)0(Sy>pm) + 0 (A" 2 i)

—0 asm— oo.
Again using the triangle inequality (3.22) and (3.24), we have

0 (B" s 5m) < 0(B" 511, B"Y) + 0 (B" Vs o) + 6 (s S1)
< LO(SmYm) + O (B" Vs Gin) + 0 (qons Si)
= LH(P1(sm), P7(qm)) + 0 (B" Y @) + O (dom> Sm)
< LO(SimGm) + 0 (B"Yim» Gm) + 0 (G Sm)
< (L +1)0(m gm) + 0 (B" Vs dm)

— 0 asm— oo.
Similarly, again using the triangle inequality (3.23) and (3.25), we have

G(C”’sm,sm) < G(C”’sm, mem) + O(mem,rm) + 0Ty Sim)

(3.25)

(3.26)

(3.27)

(3.28)

Page 13 of 19
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= LH(PT(Sm)x PT(rm)) + O(mem» rm) + 0V Sim)
S LO(Ss i) + G(mem’ rm) + 0V Sm)
< (L +1)0(Sy>Tm) + 0(C" %y i)

— 0 asm— oo. (3.29)
Now, using (3.26) and (3.27), we have

O (S AS) < (S Sims1) + 6 (3m+l;Am+13m+l) + Q(Am+15m+1;Am+lsm)
+ 9(A’"+1sm,Asm)
= G(Srm Sm+1) +0 (5m+1’Am+15m+1) + L8(5m+1:5m) + L6 (Amsmrsm)

— 0 asm— oo. (3.30)
Similarly, we have

lim 0(s,, Bs,,) = lim 6(s,,, Cs,,) = 0. a

m— 00 m—> 00

Theorem 3.3 Let W be a nonempty closed convex subset of a complete CAT(0) space. Let
T : W — P(W) be a multivalued mapping and Pt be a nonexpansive mapping. Let h :
Y — (—00,00] be a proper convex and lower semi-continuous function and A,B,C: W —
W be three total asymptotically nonexpansive mappings. Then {s,,} given by (3.1) is A-
convergent to a common fixed point of E.

Proof From Lemma 2.5 and (3.17), we have

(TS Sm) < O(TSim> D) + 0 (Orm> Sm)
= e(jnsm: jnmsm) + e(pmrsm)

=6 (jnsm; Tz (nm 7 jrrmsm ©® lSm)) + 9(pm;sm)
T T

m m

O(Sm, (1 - l)Jﬂ,nsm @ lSm) + 0 (P> Sm)
TT, TT.

m m

IA

m

T

< (1 - 1)9<sm, Ts) + 0500 5m) + 0o $m)

)9(Sm’pm) + e(pmrsm)

m

— 0 asm — o0.
From Theorem 3.1, we have lim,,,_, o, 0(s,,,, t) exists for all £ € & and

lim 6(s,,, As,,) = lim 0(s,,,Bs,,) = lim 6(s,,, Cs,,) = 0.
m— 00 m—> 00 m—> 00

Next, we have to show that

Walsw)= | A(un)) c &

{um}C{sm}
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Let u € Wa(s,u). Then there exists a subsequence {u,,} of {s,,} such that A({u,,}) = {u}.
From Definition 2.3, there exists a subsequence {v,,} of {u,,} such that A-lim,,_, oo v,, = v
for some v € W.By Lemma 2.3, v € 5. By Lemma 2.2, u = v. This shows that W(s,,) C &.

Finally, we have to prove that the sequence {s,,} A-converges to a point in =, which will
prove that W (s,,) consists of exactly one point. Let {u,,} be a subsequence of {s,,} with
A({u}) = {u}, and let A({s,,}) = {s}. Since u € Wa(s,,) C & and {6(sm, u)} converges by
Lemma 2.2, we have s = u. Thus, Wa(s,,) = {s}. d

Corollary 3.1 Let W be a nonempty closed convex subset of a real Hilbert space H.
Let T : W — P(W) be a multivalued mapping, let h : Y — (00,00] be a proper con-
vex and lower semi-continuous function, and A,B,C, z,, € Pr(0m),ym € Pr(q@m),%m €
Pr(rm) {am}s {bm}, {cm), and {7,,} satisfy all the conditions given in Theorem 3.1. Let {s,,}
be the sequence given by

Pm = argmin,cy [A(r) + ﬁllr—SmHZ],
Gm = (1 = cn)pm ® cmA" Zm,
'm = (1 - bm)qm 2] memym:

Sm+1 = (1 - am)rm @ amcmxm
for each m € N, then the sequence {s,,} converges weakly to a common point in 5.
Now we construct and prove strong convergence theorems.
Let W be a nonempty closed convex subset of a CAT(0) space (Y, 60). A family {A4,B,C, T}

of mappings is said to satisfy Condition (Z') if there exists a nondecreasing function /% :
[0, 00) — [0, 00) with /4(0) = 0 and &(w) > 0 for all w € (0, 00) such that

0(s,As) > h(6(s,G)),

or
0(s,Bs) = h(6(s,9)),
or
6(s,Cs) = h(6(s, G)),
or

6(s,Ts) > h(6(s,G)),
forall s € Y, where G = G(A) N G(B) N G(C) N G(T).

Theorem 3.4 Suppose that the conditions in Theorem 3.1 are given and {A, B, C, 7} sat-

isfy Condition (). Then the sequence {s,,} strongly converges to a common element of .
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Proof From Theorem 3.1 we have lim,,,_, o (s, t) exists for all t € &. Also it follows that

limy,,—, o0 0(Sm, &) exists. On the other hand, by Condition &, we have

lim 6(9(5,,,, E)) > lim 6(s,;,As,) =0,

m— 00 m— 00

or
lim 6(6(sy, Z)) = 1lim 6(s,, Bs) =0,
m— 00 m— 00

or
lim 6(6(sy, &)) = 1lim 6(s,, Csy) =0,
m—00 m— 00

or
lim 6(0(sy, &)) = lim 0(syn, TxSm) = 0.

Thus, we have lim,,_, o #(0(s;;, Z)) = 0. By using the property of /1, we have

lim 6(s,,, &) =0.
m— 00
Thus, {s,,} is a Cauchy sequence in Y, and so {s,,} converges to a point ¢ € Y and hence

0(t, Z) = 0. Since Z is closed, so we have t € Z. O

Remark 3.1 Our results extend the results of Cho et al. [14] in the framework of
CAT(0) spaces. They established convergence theorems for three asymptotically quasi-
nonexpansive mappings involving the convex and lower semi-continuous function for

solving the convex minimization problem and the common fixed point problem.

4 Numerical results
In this section, we give a numerical example to illustrate the convergence of the iterative
algorithm given by (3.1) for supporting our main results.

Example 4.1 Let Y = R be a Euclidean metric space and W = [1,12]. Let T : W — P(W)
be the mapping defined by

T(s)={2s—1}, VseW.

Suppose that A, B, C : R — R are the mappings defined by

55+1
A(s) = sg ; B(s)=+2s2-2s+1 and C(s)= s> +s—1.

Forallse W,let h:Y — (—00,00] defined by

1
h(s) = lIsll1 + E||s||§ —2s+1.
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Table 1 Numerical values of s, and |1Sm = Sm-11l2

No. of iterations Sm h(sm) IISm = Sm-11l2
m=1 10 51 -

m=2 2.887912 2267415 5.143740
m=3 1513123 06300537 4117401
m=4 1.230808 0528876 1801738
m=5 1.153017 0511232 0.583212
m=6 1.119232 0507252 0.120032
m=7 1.098545 0504013 0.000651
m=28 1.083867 0503242 2.680507 xe™2
m=9 1063823 0502737 3.324120xe™
m=10 1.056611 0502344 9.929354xe”/
m=11 1.041421 0.500856 2.906031xe™?
m=12 1.028531 0500547 1.170353xe7!"
m=13 1.017221 0.500236 2224861 xe™ 14
m=14 1016117 0500228 5773151 xe”?
m=15 1.009912 0500179 0.00000
m=16 1.009234 0500132 0.00000
m=17 1.008221 0.500101 0.00000
m=18 1.007608 0500097 0.00000
m=19 1.006803 0500082 0.00000

m =20 1.004818 0.500060 0.00000
m=21 1.003001 0.500012 0.00000
m=22 1.000387 0.500001 0.00000
m=23 1.000201 0.500000 0.00000

m =24 1.000000 0.500000 0.00000
m=25 1.000000 0500000 0.00000

m
@

T

1

Yalues of s

D 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90
Number of iterations

Figure 1 The values of h(sy,) given in Table 1

It is easy to check that A, B, C are uniformly continuous and total asymptotically nonex-
pansive mappings with G(A) N G(B) N G(C) N G(T) = {1} and % is a proper convex and

lower semi-continuous function.

Leta,, = %, b, = %, and ¢, = ng‘j, and s; = 10 is the initial value. Then we obtain
numerical results with the error values in Table 1.

From Table 1 and Fig. 1, we see that the sequence {s,,} converges to 1 which isa common
fixed point of three asymptotically nonexpansive mappings, multivalued mapping, and a

solution of a minimizer of a function 4.
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Errors
w
T
|

10 15 20 25
Number of iterations

Figure 2 The values of errors given in Table 1

5 Conclusion

In the above section, we prove the A-convergence of a modified proximal point algorithm
for common fixed points in a CAT(0) space for generalized nonexpansive mappings which
includes a total asymptotically nonexpansive mapping, a multivalued mapping, and a min-
imizer of a convex function. Moreover, we have illustrated our result by a numerical ex-
ample which supports the A-convergence of our proposed algorithm.
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