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Abstract

In this paper, we obtain a fixed point theorem for mappings satisfying cyclic
@-contractive conditions in complete metric spaces, which gives a positive answer to
the question raised by Radenovic¢ (Fixed Point Theory Appl. 2015:189, 2015). We also
find that this result and the fixed point result satisfying cyclic weak ¢-contractions
given by Karapinar (Appl. Math. Lett. 24:822-825, 2011) are independent of each other.
Furthermore, when the number of cyclic sets is odd, we obtain fixed point theorems
satisfying cyclic weak ¢-contractions and cyclic ¢-contractions in the setting of
generalized metric spaces.
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1 Introduction and preliminaries

The main purpose of this paper is to answer an open question raised by Radenovi¢ in
[1]. In order to go further, we attempt to extend our result and the result established by
Karapinar [2, 3] to the setting of generalized metric spaces. We show these results are valid
in generalized metric spaces when the number of cyclic sets is odd.

Let us recall the definition of a comparison function.
Definition 1.1 [4] A function ¢ : [0,00) — [0,00) is called a comparison function if it
satisfies:

(i)y ¢ isincreasing;

(i), (@"(£))nen converges to 0 as n — oo, for all £ € (0, 00).
If the condition (ii), is replaced by
(iii), Y 720 @*(t) < 00, for all £ € (0,00),
then ¢ is called a strong comparison function.
It is clear that a strong comparison function is a comparison function, but the converse
is not true.
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Example 1.2 Let ¢ : [0,00) — [0,00) be defined by ¢(¢) = ﬁ Then ¢ is a comparison

function, but it is not a strong comparison function. In fact,

t

n
t) = ,
') 1+ nt

for all £ > 0. Consequently, for every ¢ > 0, (¢"(f)) converges to 0 as n — oo, but
> 5o @k (t) = 0.

Many authors considered fixed point results about cyclic ¢-contractions in setting of
different type of spaces; see, for example, [1-11]. Particularly, in [1], Radenovi¢ obtained
a fixed point theorem for non-cyclic ¢-contraction, where ¢ is comparison function, and

raised the following question.

Question 1.3 Prove or disprove the following.

Let {A;}V be nonempty closed subsets of a complete metric space, and suppose f :
U2 A — U2, A; satisfies the following conditions (where A1 = A;):

(i) f(A;) CAjqforl <i<p;

(ii) there exists a comparison function ¢ : [0, 00) — [0, o0) such that

d(fx.fy) < p(d(x.)),

foranyxe A,y Ain, 1 <i<p.
Then f has a unique fixed point x* € [}/, A; and a Picard iteration {x,},> given by x, =
fxn_1 converging to x* for any starting point xo € |}, A;.

In Section 2, we give an answer to Question 1.3. In Section 3, we obtain a fixed point
theorem for a mapping satisfying cyclic weak ¢-contractions and cyclic ¢-contractions in

complete generalized metric spaces, where the number of cyclic sets is odd.

2 Answer of Question 1.3

We start this section by presenting the notion of cyclic ¢-contraction.

Definition 2.1 Let (X, d) be a metric space, p € N, Ay,...,A, nonempty subsets of X, and
Y:=J | A;. An operator f : Y — Y is called a cyclic ¢-contraction if:
(i) UleAi is a cyclic representation of Y with respect to f;

(ii) there exists a comparison function ¢ : [0,00) — [0, o0) such that

d(fx.fy) < p(d(x.)), @.1)
forany x € A;, y € Ai1, where A, = Ay

Theorem 2.2 Let (X,d) be a complete metric space, p € N, Ay,...,A, nonempty closed
subsets of X, and Y := | J_| A;. Assume that f : Y — Y is a cyclic p-contraction. Then f
has a unique fixed point x* € ﬂleAi and a Picard iteration {x,},>1 given by x, = fx,1
converging to x* for any starting point xo € |_f}_| A;.
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Proof Let xy be an arbitrary point in Y. Define the sequence {x,} in Y by x, = fx, 1, n =

1,2,.... If there exists ny such that x,,,,1 = x,, then fx,, = %,,.1 = %,, and the existence of

the fixed point is proved. Consequently, we always assume that x,, # x,,; for all € N.
Step 1. We will prove that

lim d(x,,%,41) =0, lim d(x,,%,42) =0, e lim d(X,%4.p) =0.  (2.2)
n—00 n—00 n—0o0

Using (2.1), we have

d(xnrxwrl) = d(fxn—lrfxn) =< w(d(xn—lrxn))1 (23)

for all # € N. From this, we deduce that

d(xm xn+1) < Qﬂ(d(xn_l, xn)) < ¢2 (d(xn—Z) xn—l)) <---=< §0n (d(xO; xl))'
Using the definition of ¢, we get

lim d(x,,%,.1) =0, (2.4)

n—00
using the triangle inequality, we have

A%y Xnak) < AWKy K1) + AKpa1s Xni2) + - + AXpek—1, Xk

for k=2,3,...,p. Combining this and (2.4), we conclude that (2.2) holds.
Step 2. We will prove the following claim.

Claim Forevery ¢ > 0, there exists N € N such that if n > m > N with n —m = 1modp then
Ad(X, %) < €.

In fact, if the claim is not true, then there exists gy > 0 such that for any N € N we can

find n > m > N with n — m = 1 mod p satisfying d(x,,x,,) > €. By (2.2), corresponding to
this &g, there exists 7 such that if # > ny then

d(xnrxwrl) < &0, d(xn,xn+2) <é&o, e d(xnrxwrp) < &p. (25)
Taking N = ny, we can find that n; > m; > ny with n; — m; = 1modp such that
d(xn/l,xml) > g9. Due to (2.5), we can choose a m; € {my +p + Lmy +2p +1,...,1}} in
such a way that it is smallest integer satisfying d(x,,,%,;) > €0. Then we obtain
AXpys Xmy) = €0, A%y —psXmy) <& and  m —my =1modp.
Taking N = m;, we can find that »n), > my > m; with #n), — my = Imodp such that
d(xn/z,x,,,z) > g¢. Similar to the choice of n;, we cangetan, € {my+p+1,my+2p+1,..., 15}

such that

dXny» Xmy) = €0, A(Xpy—psXmy) <0 and  my —my =1modp.
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Continuing the above process, by induction, we obtain two subsequences {x,,, } and {x,, }
of {x,} such that

AKXy r X)) = €0, AXpy—psXm,) < €0 and  mg — myg =1modp. (2.6)
Now, using (2.6) and the triangle inequality, we have

& = d(xnk7xmk) = d(‘xnk’xnk—p) + d(xnk—p!xmk)

< d(xnk)xnkfp) + &o.
Letting k — oo in the above inequality, using (2.2), we obtain
AKyy s Xmy) = €0 as k — o0, (2.7)
Using the triangle inequality, we get
d(xnk—pﬂrxmkﬂ) = d(xnk—p+1; xnk) + d(xnk; xmk) + d(xmk:xmkﬂ)
and
d(xnk—pﬂyxmkﬂ) = d(xnk,xmk) - d(xnernk—pH) - d(xmkﬂ; xmk)'
Letting k — oo in the above two inequalities, using (2.2) and (2.7), we get
AKp—p1, X +1) = €0 as k — o0, (2.8)
Now, using (2.1) and (2.6), we have
d(xnk—p+1:xmk+l) = d(fxnk—p:fxmk) =< (p(d(xnk—p;xmk)) = <,0(50)- (29)
Taking the limit in (2.9) as k — oo, from (2.8), we see
g0 < @(eo),
which is a contradiction with ¢(g) < &9. Therefore our claim is proved.
Step 3. We will prove {x,} is a Cauchy sequence in X.
Let ¢ > 0 be given. Using the claim, we find that N; € N such that if n > m > N with
n—m=1modp then
Ad(x,, %) < i.
p
On the other hand, using (2.4), we also find N, € N such that, for any n > N,

d(xnrxnﬂ) < i
p
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Let n,m > N = max{Nj, N>} with n > m. Then we can find as € {0,1,2,...,p — 1} such that
n — (m +s) = 1 mod p. Using the triangle inequality, we obtain

d(xmrxn) =< d(xmrxmﬂ) + d(xm+l,xm+2) L d(xm+srxn)

e & e

<=t =t —

rp p p

=(S+1)-E§8.
p

This proves that {x,} is a Cauchy sequence.

Step 4. We will prove f has a unique fixed point x* € (", A;.

As X is a complete metric space, there exists x € X such that lim,_,» x, = x. Using
the cyclic character of f, there exists a subsequence of {x,} for which belongs to A; for
i€{1,2,...,p}. Hence, from A; is closed, we see that x € ﬂleAi. Now, we consider the
restrictionf|mzly:1Ai of f on [} A;. Since () A; is also complete, by Theorem 2.3 in [1],
we see that f has a unique fixed point x* in ()_, A;.

Step 5. We prove that the Picard iteration converges to x* for any initial point xy €

f:1Ai'

Using (2.1), we have

d(xn,x*) = d(fxn,l,fx*) < go(d(xn,l,x*)).
From this, we see that
d(xn,6*) < @(d(x0-1,%")) < 9*(d(®n-2,%")) < -+ < ¢"(d(x0,x7)).

Using the definition of ¢, we conclude that x,, — x* as n — oo.
This completes the proof. O

Remark 2.3 From Theorem 2.2, we see that the open question raised by Radenovi¢ (that
is, Question 1.3) has been answered.

Remark 2.4 Following the idea of Radenovi¢ in [1], we see that Theorem 2.3 in [1] and
Theorem 2.2 are equivalent.

3 Cyclic weak ¢-contractions and cyclic ¢-contractions in generalized metric
spaces
In 2000, Branciari [12] introduced the notion of generalized metric space and proved the
Banach fixed point theorem in such spaces. For more information, the reader can refer
to [13-17]. For some notions and facts about generalized metric spaces, one may wish to
see [12].
In [3], Karapinar gave a fixed point results satisfying cyclic weak ¢-contractions. For
convenience, we rewrite his theorem (i.e., [3], Theorem 2) as the following equivalent

statement.

Theorem 3.1 Let (X,d) be a complete metric space, p € N, Ay,...,A, closed nonempty
subsets of X, Y :=\ J\_, A; and f : Y — Y an operator. Assume that:
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() UL, As is a cyclic representation of Y with respect to f;
(ii) there exists a function ¢ : [0,00) — [0,00) with ¢(t) < t and t — ¢(t) is nondecreasing
fort € (0,00) and ¢(0) = 0 such that

d(fx.fy) < ¢(d(x,9)),

Joranyx € A;, y € Ai, where Ay = Ay
Then f has a unique fixed point x* € (., A;.

Based on the concept of cyclic weak ¢-contraction, we can introduce the following no-

tion.

Definition 3.2 A function ¢ : [0,00) — [0,00) is called a (w)-comparison function if it

satisfies:

D)y  #(0)=0;

(ii)p @(t) <t forall t € (0,00);

(iii)p the function ¥ (¢) := t — ¢(t) is increasing, i.e., t; < t, implies ¥ (£;) < ¥ (t2), for £, €
[0, 00).

Lemma 3.3 If ¢ :[0,00) — [0,00) is a (w)-comparison function, then the following hold:
(1) ¢(t) <t, foranyt € [0,00);
(2) for k=1, $*(t) < t, for any t € (0, 00);
(3) (@"(£))uen converges to 0 as n — oo, for all t € (0,00).

Proof From the definition of ¢, it is easy to verify that (1), (2), and (3) hold. Now, we only
prove that (3) holds. Let ¢ € (0, 00). Then we have

¢"(t) = p(¢" () <¢"'(t), forallmeN.

This means that (¢"(£)),en is a decreasing sequence of non-negative real numbers. There-
fore, there exists r > 0 such that lim,_, o ¢"(£) = r. Suppose that r > 0. Then ¢(r) < r and
r—¢(r) > 0. Since r = inf{¢"(¢) : n € N}, 0 < r < ¢"(t), for all n € N. By the definition of ¢,

we get

r—o(r) < ¢"(6) - ¢(¢" (1)),

for all m € N. Letting n — oo in the above inequality, we obtain r — ¢(r) < r —r = 0 and this
contradicts » — ¢(r) > 0. a

The next are two basic examples of the comparison function and the (w)-comparison

function.

Example 3.4 Let ¢ : [0,00) — [0, 00) be defined by

i
o) = 2t
t
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Then ¢ is a comparison function. But ¢ is not a (w)-comparison function because ¢ — ¢(t)

is not increasing.

Example 3.5 Let ¢ : [0,00) — [0, 00) be defined by

3, 0<t<l,
pt)=31-1s 1<t<2,
it £>2.

Then ¢ is a (w)-comparison function. But ¢ is not a comparison function because ¢(¢) is
not increasing.

Remark 3.6 From Example 3.4 and Example 3.5, we see that the comparison function
and the (w)-comparison function do not imply each other. Consequently, Theorem 2 in
[3] and Theorem 2.2 are independent of each other.

Now we carry over the concept of cyclic weak ¢-contraction to generalized metric space.

Definition 3.7 Let (X, d) be a generalized metric space, p € N, Ay,..., A, nonempty sub-
sets of X and Y := [ J/| A;. An operator f : Y — Y is called a cyclic weak ¢-contraction
if:

(i) U, A;is a cyclic representation of Y with respect to f;

(ii) there exists a (w)-comparison function ¢ : [0,00) — [0, 00) such that

d(fx, fy) < ¢(d(x,)), (3.1)
forany x € A;, y € Aj1, where A1 = Ay.

Theorem 3.8 Let (X,d) be a complete generalized metric space, p an odd number,
As,..., A, nonempty closed subsets of X and Y := | J_| A;. Assume thatf : Y — Y is a cyclic
weak ¢-contraction. Then f has a unique fixed point x* € (\;_, A; and a Picard iteration
(%} n=1 given by x, = fx,_1 converging to x* for any starting point xo € | J7 A;.

Proof Let xp € Y, and x,, = fx,_1, n = 1,2,.... If there exists ny such that x,,.1 = x,,, then
SXug = Xug+1 = Xy, and the existence of the fixed point is proved. Consequently, we will
assume that x,, # x,,,1 for all » € N.

Step 1. We will prove that x,, # x,, for all n # m.

Suppose that x,, = x,, for some n # m. Without loss of generality, we may assume that
n>m+ 1. Due to the property of ¢, we see that

d(xmrme) = d(xm:fxm) = d(xn:fxn)
= d(fxn—l’fxn)
= ¢(d(~xn—1’xn))

< ¢n—m (d(xm: xm+1)) .

By Lemma 3.3(2), we get ¢" " (d(%m, Xm41)) < A% %m41), which is a contradiction.
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Step 2. We will prove that
lim d(x,,%,41) =0, lim d(x,,%,42) =0, . lim d(x,,%,.p) =0.  (3.2)
n— o0 n—oQ n—0oQ
Using (3.1), we get
d(xnr xn+1) = d(fxn—lrfxn) = ¢(d(xn—1’xn));
for all n € N. Using the definition of ¢, we see that
d(xmx;ﬁl) < d(xn—lrxn)' (33)
This implies the sequence {d(x,,x,,1)} is decreasing and bounded below. Consequently,
d(x,,%x,,1) — r for some r > 0. Suppose that r > 0. Then ¢(r) < r. Using the definition of ¢
and d(x,,x,41) > r, we get
r— d)(r) =< d(xnxxrwl) - ({b(d(xmxnﬂ)):
for all 7 € N. From d(x,,41,%,42) < ¢(d(x,,%,-1)), we see that
r— ¢(r) = d(xn,xnﬂ) - d(xn+1rxn+2)x

for all n € N. Letting n — oo in the above inequality, we get r — ¢(r) < 0, which is a con-
tradiction with ¢(r) < r. Thus, we conclude that

lim d(x,,%,.1) = 0. (3.4)
Hn—0Q
Using the rectangular inequality, we get
d(xnr xn+3) = d(xnr xn+1) + d(xn+1,xn+2) + d(xn+27 xn+3)-
From (3.4), we see that d(x,, x,.3) — 0 as n — 00. By induction, we deduce that
lim d(x,,x,.x) =0, forallke{l,3,5,...,p}. (3.5)
Now, we prove
lim d(x,, %y.p-1) = 0. (3.6)

n—00

Since x, and &, lie in different adjacently labeled sets A; and A;,; for certain i €
{1,2,...,p}, from (3.1) we get

d(xnr xn+p—1) = d(fxn—lexn+p—2) = ¢(d(xn—1’xn+p—2))'

Similar to the proof of the conclusion (3.4), we can deduce that {d(x,, x.,-1)} is decreasing
and converges to 0. This means that (3.6) holds.
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For k =2,4,...,p — 3, using the rectangular inequality, we have

d(xm xn+k) = d(xnr xn+p—1) + d(xn+p—1: xn+p) + d(xl’l+p? xn+k)' (37)

Since p — k is odd, from (3.5) we get
lim d(x;ﬂp’ xn+k) = lim d(xrup—k) xn) =0. (38)
n—00 n—00

Therefore, from (3.5), (3.6), (3.7), and (3.8) we conclude that
lim d(x,,x,.x) =0, forallke({2,4,...,p—-1}. (3.9)
n—00

Combining (3.4) and (3.9), we see (3.2) is proved.
Step 3. We will prove the following claim.

Claim Forevery e > 0, there exists N € N such that if n > m > N with n—m = 1modp then

Ad(X,, %) < €.

In fact, if this is not true, then there exists gy > 0 such that for any N € N we can find
n>m >N with n — m =1 modp satisfying d(x,,x,,) > €o. By the definition of ¢, we get

g0 — (0) < A Xm) — (A, X)) (3.10)
Using (3.1), we get

A1, X)) < G(d@s X)) (3.11)
By (3.10), (3.11), and the rectangular inequality, we obtain

g0 — ¢(e0) < A%, %) — AKX i1 Xma1)
< A %) + AKXt Xima1) + AXmi1, Xn) — A(Xpi1, K1)

= d(Xn, Xpa1) + A(Xpa1, Xm)-
From (3.3), it follows that

g0 — ¢ (&0) 50
— >0

g0 — ¢(e0) < 2dXpms1, %) and  dXpi1, %) >
Therefore, {d(x,.1,%)} does not converge to 0 as m — oo, which contradicts (3.4).
Step 4. We will prove {x,} is a Cauchy sequence in X.
Let ¢ > 0 be given. Using the claim, we find that N; € N such that if n > m > N; with
n—m=1modp then
e
A(x,, %) < 3"

On the other hand, using (3.2), we also find N, € N such that, for any n > Ny,

€ 3 €
AXy, Xpe1) < 3 d(x,,%42) < 3 e A%y Xyap) < 3
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Let n,m > N = max{Ny, N>} + 1 with n > m. Then we can find s € {0,1,2,...,p—1} such that
n—(m+s)=1modp.
In the case where s = 0, we have
e
AKX, %) < 3 <e.

In the other case where s > 1, using the rectangular inequality we have

d(xm’ xn) = d(xmr xm—l) + d(xm—l: xm+s) + d(xmﬂ: xn)

& & €
<—+-+=
3 3 3
=¢.

This proves that {x,} is a Cauchy sequence.

Step 5. We will prove f has a unique fixed point x* € [, A; and the Picard iteration {x,}
converges to x*.

Since X is a complete generalized metric space, there exists x* € X such thatlim,,_, - %, =
x*. Using the cyclic character of f, there exists a subsequence of {x,} for which belongs to
A;forie{l,2,...,p}. Hence, from A; is closed for i € {1,2,...,p}, we see that x* € ﬂf;lAi.
Now, we will prove d(x,, fx*) — 0 as n — oo. In fact, using (3.1), we have

A(xn, fx*) = d(foxn-1,fx") < P(d(%0-1,%%)) <d(x5-1,4*) > 0 asn— oo,

which implies d(x,,fx*) — 0 as n — oo. Using Proposition 3 of [18], we deduce that fx* =
x*, ie., x* is a fixed point of f.

In order to prove that the uniqueness of the fixed point, we take y,z € Y such that y and
z are fixed points of f. The cyclic character of f implies that y,z € [}, A;. Using (3.1),

d()/, Z) = d(fy,fZ) = ¢(d()/,2)) = d()’» Z)'

This means ¢(d(y,z)) = d(y,z). Since ¢(£) > 0 for ¢ > 0, we get d(y,z) = 0 and y = z. This
finishes the proof. g

Theorem 3.9 Let (X,d) be a complete generalized metric space, p an odd number,
As,..., A, nonempty closed subsets of X and Y := | J_| A;. Assume that f :Y — Y isa
cyclic p-contraction. Then f has a unique fixed point x* € (., A; and a Picard iteration
{%}n>1 given by x, = fx,_1 converging to x* for any starting point xo € | J7_ A;.

Proof Letxo € Y,and x, =fx, 1, n=12,....
Similar to the Step 1 and Step 2 in the proof of Theorem 3.8, we can prove

Xy # %y, forallm+#m
and
lim d(x,,%,.1) =0, lim d(x,,%,.2) =0, e lim d(x,,%4.p) =0. (3.12)

Now, we will prove the following claim.
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Claim Forevery ¢ > 0, there exists N € N such that if n > m > N with n—m = 1mod p then
d(x,, %m) < €.

In fact, in the opposite case, similar to the Step 2 in the proof of Theorem 2.2, we can
find that g9 > 0 and two subsequences {x,,, } and {x,, } of {x,} such that

AWKy r Xmy) > €0, AXpy—psXm;) <€0 and  mg —my =1modp. (3.13)

Next, we only prove d(x,,, %) — €o as k — oo because the other proof is the same as
in the Step 2 of Theorem 2.2. In fact, using (3.13) and the rectangular inequality, we have

& = d(xnk:xmk) = d(xnkfxnk—pﬂ) + d(xnk—p+1;xnk—p) + d(xnk—pyxmk)

< AW Xng—pi1) + A Xy —ps1, Xy —p) + €0-
Letting kK — oo in the above inequality, using (3.12), we obtain
AKXy Xmy) = €0 as k — oo,
Similar to Step 4 and Step 5 in the proof of Theorem 3.8, we can finish the proof. [

Example 3.10 Let X ={1,2,3,4,5}. Defined : X x X — co by

0, x=y,

PO B e TR
4, x=3,y=4orx=4,y=3,
2, otherwise.

Then (X, d) is a generalized metric space. But d is not a metric on X because
d3,4)=4>3=4d(3,2) +d(2,4).
Now, consider A; = {1,2,3}, Ay = {3}, A3 = {3,4,5}, and T': X — X to be defined by
T1=T2=T3=3 and T4=T5=2.

It is easy to prove that T satisfies all the conditions of Theorem 3.8 and Theorem 3.9 with
o) =o(t) = %t. Using Theorem 3.8 or Theorem 3.9, we see that 7" has a unique fixed point.
In fact, 3 is the unique fixed point of f. But we do not apply Theorem 2.2 or Theorem 2 in
[3] because d is not a metric on X.

Finally, a natural question arises.

Question 3.11 If the number of cyclic sets is even, then we may ask whether Theorem 3.8
or Theorem 3.9 is valid or not.
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