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1 Introduction

In 1942, Menger [1] initiated the study of probabilistic metric spaces. Since then, many
scholars have studied the existence of fixed points or solutions of nonlinear equations
under various types of conditions in Menger spaces (see [2—8]). Precisely, Sehgal and
Bharucha-Reid [9] introduced probabilistic g-contractions and proved corresponding
unique fixed point results by giving a generalization of the classical Banach fixed point
principle. Then, we point out an important theoretical development in the way of defin-
ing the concept of contractive mapping in Menger spaces. In 1984, Khan et al. [10] intro-
duced the concept of altering distance function. Choudhury and Das [11] defined a gen-
eralized contractive condition with the help of such functions and established an unique
fixed point result. In 2010, Jachymski [12] established a fixed point theorem for probabilis-
tic p-contractions. Dutta et al. [13] defined nonlinear generalized contractive type map-
pings in Menger PM-spaces and proved their theorems under the mapping in G-complete
Menger PM-spaces. Recently, [14—18] have studied some new fixed point theorems in
Menger PM-spaces and fuzzy metric spaces.

Coupled and tripled fixed point results were studied in [19-21]. In this paper, from the
idea of yr-contractive type mappings in [16], we introduce a new ¢-contractive mapping.
Following this, we obtain some multipled common fixed point theorems for a pair of map-
pings T: X x X X --- x X — X and A : X — X, which is a generalization of [16]. As an

m-times

illustration, we give an example to demonstrate the validity of the obtained results.
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2 Preliminaries

Let R denote the set of reals, R* the nonnegative reals and Z* be the set of all positive
integers. A mapping F : R — R* is called a distribution function if it is nondecreasing
and left-continuous with inf;eg F(t) = 0 and sup, g F(t) = 1. We will denote by Z the set
of all distribution functions, while H will always denote the specific distribution function
defined by

0, t<0,

H(t) =
® 1, t>0.

A mapping A : [0,1] x [0,1] — [0,1] is called a triangular norm (for short, a t-norm)
if the following conditions are satisfied: A(a,1) = a; A(a,b) = A(b,a); a > b, c>d =
Ala,c) > A(b,d); Ala, A(b,c)) = A(A(a, b),c).

Three examples of t-norm are A,,(a, b) = min{a, b}, A,(a,b) = ab and Ap = max{a + b -
1,0}, these £-norms are related in the following way: Ay <A, < A,,.

Definition 2.1 [22] A Menger PM-space is a triple (X, F, A) where X is a nonempty set,
A is a continuous ¢-norm and F is a mapping from X x X into Z* such that, if F, , denotes
the value of F at the pair (x, y), the following conditions hold:

(PM-1) F,,(t)=H(t) ifand only if x = y, £ > 0;

(PM-2) F,,=F,, forallx,y € X;

(PM-3) Fy)(t +5) > A(Fy(t), F,y(s)) forall x,y,z € X and s, £ > 0.

Definition 2.2 [23] Let (X, F, A) be a Menger PM-space. Then
(i) asequence {x,} is said to be convergent to x € X if for every € > 0 and A > 0, there

exists a positive integer Z* such that Fy, y(€) > 1 — A whenever n > Z*;

(i) a sequence {x,} in X is called a Cauchy sequence if for every € > 0 and A > 0, there
exists a positive integer Z* such that Fy, ,, (€) > 1 — A whenever n,m > Z*;

(ili) a Menger PM-space is said to be M-complete if every Cauchy sequence in X is
convergent to a point in X;

(iv) asequence {x,} is said to be a G-Cauchy sequence if lim,,_, o, Fy, x,.,,(£) = 1 for each
meZ*and t > 0;

(v) the space (X, F, A) is called G-complete if every G-Cauchy sequence in X is
convergent to a point in X.

According to [2], the (¢, 1)-topology in a Menger PM-space (X, F, A) is introduced by
the family of neighborhoods N, of a point x € X given by N, = {N,(¢,A) : € > 0,1 € (0,1)},
where Ny(e,A) = {y € X : F,(€) >1 - A}. Then (¢, A)-topology is a Hausdorft topology.

Definition 2.3 [11] A function ¢ : R* — R" is said to be a ¢-function if it satisfies the
following conditions:
(i) ¢(2) =0ifand onlyift=0;
(i) @(2) is strictly increasing and ¢(¢) — oo as t — 00;
(iii) ¢ is left-continuous in (0, 00);

(iv) ¢ is continuous at 0.

Definition 2.4 Let X be anonemptyset. Let T: X x X x --- x X - Xand A: X — X be
N——

m-times

two mappings. A is said to be commutative with T if AT (x,y,...,z) = T(Ax,Ay,...,Az) for
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all x,9,...,z € X. A point u € X is called a multipled common fixed point of T and A if
u=Au="T(u,u,...,u).

3 Main results
In this section, we denote by @ the class of all nondecreasing functions ¢ : R* — R* such
that ¢ is continuous at 0, ¢(0) = 0 and ¢"(a,,) — 0 whenever a,, — 0 as n — o0.

Theorem 3.1 Let (X, F,A) be a G-complete Menger space with A a continuous t-norm.
Let T: X XX x -+ XX — XandA:X— X be two mappings satisfying the following in-
[ ———

m-times

equality:

1
-1
FT(x,y,...,z),T(p,q ..... r)(¢(Ct))

D+

(3.1)

1 1
)4 (—L
<y { (FAx,pr(m ) (FAyAqw(t)r)n

1
g eo D }

for all x,y,...,2,p,q,...,r € X, c € (0,1), ¢ € O, ¢ is a ¢-function, t > 0, such that
Faxap(@(t)) > 0, Fayap(@(t)) > 0,..., Fazar(¢(t)) > 0, where T(X x X x --- x X) CA(X), A is
continuous and commutative with T. Then there exists a unique multipled common fixed
point of A and T, i.e., there exists a unique u € X such that u = Au=T(u,u,...,u).

Proof Let {x,}521, {¥u}iocys -+ -5 {2n}oo, be m-times sequences in X such that Ax,..1 = T'(%y, Y,
vooszy) and Ay = TWn s 2 %), Azt = T(24, %0y Yo . ..). From sup,p Faxyax (£) =
1,sup,cp Fayg,a (£) = 1,...,5Up,cp Fazy,az (£) = 1 and the definition of ¢, one can find £ > 0
such that Fayyax (#(£)) > 0, Fayoay, (#(%)) > 0,..., Fazgaz (9(£)) > 0. From (3.1), we have

1
1
FAxl,sz ((p(t))
~ 1
Fr(20,901020), T1 1 Zl)(¢(t))
1 1 !
—_1 + —_1 + -0+ 7—1
3 (p{ (FAxO,Axl (¢(é)) ) (FAyO,Ayl (¢(é)) ) (FAzo,Azl (‘f’(%)) ) } (32)
m
Similarly, we have
1
_ 1
FAyl,Ay2 (¢(t))
1 L !
- 1D+t (——mM -1+ (—m—+ -1
- { ( Fara oy @00 ) (FAZOM e Y (FAonm o Y } (33)
m
1
1
Fpz a2 (6(2))
1 1 !
oo Vte—Frcm D+t e—Fzm -D+-
< (p{ (FAzo,Aq (@(£) ) (FAxo,Axl(d’(%)) ) (FAyO""\yl@(%)) : } (3.4)
m
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oo (

1 1 1
LTI AL e c10) R A oy 10 R

( )
Suppose that Py(t) = p , from (3.2), (3.3) and
(3.4) we deduce that Fyx ax,(¢(£)) > 0,Fay, a,(@(t)) > O,...,Faz,4z (@) > 0, and so
Fanyany (9(£)) > 0, Fagy ay, (9(£)) > 0, Fazy a2, (#(£)) > 0, then we have

1
Froan @)
1

= -1
FT(xbylwzl).T(xz,yz,...,zz)(¢(t))

ol

=¢

3

71 — 71 — P —1 p—
{(FAxl,AQ(dz(g» D+~ oo VG oo 1)}

S

O(Po(5)) +9(Po(5) 4+ 9Po(ENY (. (¢
D D D) (1))

Similarly, we have

; —1<¢*{P, (i)
Fpypays (9(8) ¢

vey

;_1<¢2 P()(i> .
FAZ2A23 (¢(2)) - c?

Repeating the above procedure, we get

;—1< ”{P (i)} (3.5)
Famama@@) =21\ :

If we change Axo, Ao, ...,Azo with Ax,, Ay,, ..., Az, in (3.5), then for all n > r we get

P = 1))
-1<¢ — .
Fasy,Asn (9(C71)) e

Since ¢"(a,) — 0 whenever a, — 0 as n — 00, therefore the above inequality implies that

lim Fay, ax,,, (¢(c't)) = 1. (3.6)

n—00

Now, let € be given, using the properties of ¢-function, we can find » € Z* such that
¢(c"t) < €. Then we have

lim Fuy, ax,,,(€) = lim Fyy, ax,., (¢(c’t)) =1. (3.7)

By using a triangle inequality, we obtain

€ € €
FAxn,Axpr (6) > A <FAxn»Axn+1 <1_9)’ A <FAxn+l:Axn+2 (;)’ e FAx”*Pfl’Ax"’*p <1_9>)>.

p-times

Let n — oo and make use of (3.7), for any integer p, we get

lim Fay,Ax,,,(€) =1 foreverye > 0.
n— 00
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Hence {Ax,} is a G-Cauchy sequence. Similarly, we can obtain that {Ay,},...,{Az,} are G-
Cauchy sequences. Since (X, F, A) is G-complete, therefore lim,,_, oo A%, = 1, lim,,_, 0o Ay, =
v,...,lim,_, o Az, = w for some u,v,...,we X.

Now we show that Au = T(u,v,...,w).

By the continuity of A, we can obtain that lim,_, . AAx, = Au,lim,_, AAy, = Av,...,
lim,_, o0 AAz, = Aw. Then the commutativity of A with T implies that AAx,,,1 = T(Ax,,
Ay, ...,Az,). From (3.1), we obtain

1
-1
FAAxml,T(u,v,.,.,W) (d’(t))
B 1
FT(Axn,Ayn,‘..,Az,,),T(u,v,...,w) (¢(t))

1 1
D S 1
{ oo YV G 6@

m

71 —
IR R Yovmwrrisy 1)}

<
Letting n — o0, since ¢(0) = 0, we have lim,_, .o AAx,;1 = T(4,v,...,w), from the above
inequality, we get Au = T(u,v,...,w). Similarly, we have Av = T(v,...,w,u),...,Aw =
T(w,u,v,...).

Next we will show that Au = u. From (3.1), we have

1
— 1
Fpuyau(@(t)
1
= -1
FT(xO,yo ..... 20), T (u,v,...,w) (¢(t))
(— L Dt (L =Dt (— L 1)
—y { Faxgau@(2) Fayo.av(@(2)) Fazgaw@(2)) } (3.8)
m
1
— 1
FAyl,Av((i)(t))
(%_1)+...+( 1 E _1)_“%_1)
<y { Fayo,av(@(2) Fazgaw(@(£) Faxg.Au(@(2)) } (3.9)
m
1
— 1
Faz,an(@(2))
G—om Y+ G—am D+ gy — D+
Fazg aw(@(2) Fasgau(@( Fayoav(@(£)
S(ﬂ{ “Azg,4w(B( Axg,Au(@(2)) Ay, av(@()) } (3.10)
m
F— e V" E—gm -V G-V
Suppose that Qq(t) = —eA® T Fazg @07 combining (3.8), (3.9)
with (3.10), we obtain
1
— -1
Fiy,4u(9(2))
1 L e (o
- (p{ oo VG em D+ (G oo — Y }
- m
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{w(Qo(C%))w(Qo(C%)H~~<p(Qo(§2))+} 2{ <t>}
<¢ =91 Qo ,

m c?

oo t=e1o ()
Erpn@@) 2 1\2) [

vey

1= (o(2)
Fom@@) 2 1\e)f

Repeating the above procedure, we obtain

1 —lsgo”{Qo(i)}. (3.11)
Faau(@(2)) ¢

Since ¢"(a,) — 0 whenever a, — 0 as n — o0, we have lim,_, o, Ax, = Au, which im-
plies that Au = u = T(u,v,...,w). Similarly, we have Av =v =T(v,...,w,u),...,Aw =w =
T(w,u,v,...).

Finally, we show that u =v="---=w.

For a better expression, we denote u = e1,v = ey,..., W = e, then Ae; = e; = T'(ey, ey, €3,
v em1,em),Aer =y =T(ey,€3,...,€m 1,€m,€1),..., A€, =€y = T(em, e1,€2,€3,...,€4.1).

First, we prove that F ., (¢(s)) > O for all s > 0. By the definition of ¢, we have
¢(5) — o0 as n — 00. Since sup,cy Feie,(P(5)) = Lsup,cy Fepes(d(5)) = 1,...,
SUP,cz, Fepe (#(5r)) = 1, we deduce that there exists n € Z" such that F, ., (¢(5)) >
0, Fey e (#(5r)) > 0,..., Fe,e (#(55)) > 0. Using (3.1), we obtain

S S
Fope (1))

1
-1

c

1 1 1
{ ey V(G oy ~ D+ (g gy — 1) }
< (] ’
m

which implies that F,, ., (¢(55)) > 0. Similarly, we can obtain that F,, ., (qb(c,%l)) >0,...,

cn-1

Feppel (¢(C,+_l)) > 0. By repeating a similar reasoning n-times, we deduce that F,, ., (¢(s)) >
0,Feye5(9(s)) >0,...,F, ¢ (¢(s)) >0 forall s > 0.
Second, we show that F, ., (¢(s)) = 1. In fact, for every s > 0, we have F, ., (d)(%)) > 0 for

alll <i<mnandn e Z*. Then, by using (3.1), we get

_
Foper (9(5))
1

B T AR S U
<¢{(Fel,ez<¢<§>) D+ (g— 5wy ~ D+ (B em 1)}

- m
71 -1
Feye3(#(5))
1

F T(e2.63emoer), T(e.ea,me1,62) (B (S))
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Forn@®)

B 1

Fr(emer,emem1).T(eresemr.en) (@P(S))

41 — 71 — .« — —
- (p{ oo Ve D+ g — Gy~ }

1 1 1
) = (Fere@m M aem Ve oo !
- m

)
Suppose that E(s , then E(s) < ¢{E(3)}. By n-iter-

ations we get

;—1< {E(f)}< Z{E(i)}<...< "{E(i)} (3.12)
Fey e, (6(5)) =9 c =¢ 2 =9 e iE .

Thus, since ¢”"(a,) — 0 whenever a, — 0 as n — 0o, we get E, ., (¢(s)) = 1. It follows
that F,, ., (£) = H(¢) for all £ > 0. In fact, if ¢ is not in range of ¢, since ¢ is continuous
at 0, there exists s > 0 such that ¢(s) < . This implies that F, ., (£) > Fe, ¢, (¢(s)) = 1, then
e = ep. Similarly, we have ey = es,...,e, = e, i.e., u =v="---=w. Thus, u € X is the unique
multipled common fixed point of A and T'. d

Taking m =1 in Theorem 3.1, then T : X — X, A = I, (the identity mapping on X). It is
obvious that T(X) C A(X), A is continuous and commutative with 7', which also satisfies

the conditions in Theorem 3.1, then we have the following consequence.

Corollary 3.1 Let (X,F, A) be a G-complete Menger space with A a continuous t-norm.
Let T : X — X satisfying the following inequality:

1

Frn@) = ‘”{

L 1}
Foy($(0)

Jorall x,y € X, c€(0,1), ¢ € ®, ¢ is a ¢p-function, t > 0, such that F,(¢(t)) > 0. Then T
has a unique fixed point, i.e., there exists u € X such that u = Au = Tu.

Remark 3.1 Corollary 3.1 is Theorem 2.1 of [16].

Theorem 3.2 Let (X,F, A) be a G-complete Menger space with A a continuous t-norm
and A <A, Let T: X x X x -+ x X — X and A: X — X be two mappings satisfying the
[

m-times

following inequality:

1
-1
FT(x,y,...,z),T(p,q ..... r)(¢(Ct))

1 1 1
= “"{ \/ A(FAx,pr(t)) LA (FAy,Aq(qs(t)) B wr 1)) }
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for all x,y,...,z,p,q,...,r € X, ¢ € (0,1), ¢ € ®, ¢ is a ¢-function, t > 0, such that
Fpuap(@(t)) > 0, Fay,4p(()) > 0,..., Fazar(9(£) > 0, where T(X x X x --- x X) CA(X), A is
continuous and commutative with T. Then there exists a unique multipled common fixed

point of Aand T, i.e, u € X suchthat u=Au=Tu,u,...,u).
Proof Since A < A,, we get
1 1
FT(x,y,...,z),T(p,q ..... r)(¢(Ct))
U G G wo )]
=N 0@~ "\ Epag@@) 7 Faoar(9(0)
1 1 1
e R e
\/ FAx,Ap(d’(t)) FAyAq(¢(t)) FAz,Ar(¢(t))
1 1 1
-y (Fme@ Y+ (e D+ g em — D }
=< - .

Then we can complete the proof by Theorem 3.1.

4 Anillustration

Example 4.1 Let X = [0,1], d be the usual metricon X. Define T: X x X X --- x X - X
[N S —

X1 +Hx+e A,
as T(x1,%0,...,%,) = 2222

3m
—t— t>0,
F (t) — t+d(x,y)
w :0, t=0

m-times

yA: X — Xas Ax = 5 and

for all %, %5, ...,%,,%,y € X, where T(X x X X --- x X) C A(X). Then (X,F, A,,) is a com-

plete Menger PM-space, A,, is a continuous ¢-norm. Define ¢ € ® by ¢(t) =

9

¢(t) = £ forallt>0,c= .

We obtain

99t

100 and

1 L |T(x1,%0, -« s %m) = T, Y25+ > Ym)|
FT(Jq,xg ..... X))y T (V1,Y250)) m)(¢(Ct)) ¢(Ct)
C50[(x +wn X)) = (Y2t Y
27mt ’
1 1 1
vo U+ G mo DVt (G 6w

(,0{ (FAxl»Ah

m

|[Ax) — Ay1| + [Axy — Aya| + - - - + |A%y, — Ay

)‘1)}

|

}

mae(t)
~99(Ix1 =1l + o = yal + -+ X = Yl
40mt ’
It is obvious that
1
-1
FT(xsz :::: xm)»T(J’le’Zrme’m)(¢(Ct))
1 1 1
- (p{ (Fo@m ~ D+ (FA,QAyz g ~ D+ (g G D }
- m
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forall £ > 0. Thus all the conditions of Theorem 3.1 are satisfied. Therefore, 0 is the unique
multipled common fixed point of A and 7.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally. All authors read and approved the final manuscript.

Acknowledgements

The authors would like to thank the editor and the referees for their constructive comments and suggestions. The
research was supported by the National Natural Science Foundation of China (11361042, 11326099, 11461045, 11071108)
and the Provincial Natural Science Foundation of Jiangxi, China (20132BAB201001, 20142BAB211016, 2010GZS0147).

Received: 17 May 2015 Accepted: 23 July 2015 Published online: 07 August 2015

References
1. Menger, K: Statistical metrics. Proc. Natl. Acad. Sci. USA 28, 535-537 (1942)
2. Schweizer, B, Sklar, A: Statistical metric spaces. Pac. J. Math. 10, 313-334 (1960)
. Zhu, CX: Several nonlinear operator problems in the Menger PN space. Nonlinear Anal. 65(7), 1281-1284 (2006)
. Zhu, CX: Research on some problems for nonlinear operators. Nonlinear Anal. 71(10), 4568-4571 (2009)
. Ciri¢, L: Solving the Banach fixed point principle for nonlinear contractions in probabilistic metric spaces. Nonlinear
Anal. 72(3), 2009-2018 (2010)
. Chauhan, S, Pant, BD: Fixed point theorems for compatible and subsequentially continuous mappings in Menger
spaces. J. Nonlinear Sci. Appl. 7(2), 78-89 (2014)
7. Xiao, JZ, Zhu, XH, Liu, XY: An alternative characterization of probabilistic Menger spaces with H-type triangular norms.
Fuzzy Sets Syst. 227, 107-114 (2013)
8. Wu, ZQ, Zhu, CX, Li, J: Common fixed point theorems for two hybrid pairs of mappings satisfying the common
property (E.A) in Menger PM-spaces. Fixed Point Theory Appl. 2013(1), 25 (2013)
9. Sehgal, VM, Bharucha-Reid, AT: Fixed points of contraction mappings on probabilistic metric spaces. Theory Comput.
Syst. 6(1),97-102 (1972)
10. Khan, MS, Swaleh, M, Sessa, S: Fixed point theorems by altering distances between the points. Bull. Aust. Math. Soc.
30(1), 1-9 (1984)
11. Choudhury, BS, Das, K: A new contraction principle in Menger spaces. Acta Math. Sin. Engl. Ser. 24(8), 1379-1386
(2008)
12. Jachymski, J: On probabilistic ¢-contractions on Menger spaces. Nonlinear Anal. 73, 2199-2203 (2010)
13. Dutta, PN, Choudhury, BS, Das, K: Some fixed point results in Menger spaces using a control function. Surv. Math.
Appl. 4, 41-52 (2009)
14. Vetro, C, Vetro, P: Common fixed points for discontinuous mappings in fuzzy metric spaces. Rend. Circ. Mat. Palermo
57(2),295-303 (2008)
15. Gopal, D, Abbas, M, Vetro, C: Some new fixed point theorems in Menger PM-spaces with application to Volterra type
integral equation. Appl. Math. Comput. 232, 955-967 (2014)
16. Kutbi, MA, Gopal, D, Vetro, C, Sintunavarat, W: Further generalization of fixed point theorems in Menger PM-spaces.
Fixed Point Theory Appl. 2015(1), 32 (2015)
17. Dosenov¢, T, Kumam, P, Gopal, D, Patel, DK, Takaci, A: On fixed point theorems involving altering distances in Menger
probabilistic metric spaces. J. Inequal. Appl. 2013(1), 576 (2013)
18. Wairojjana, N, Dosenovi¢, T, Rakic, D, Gopal, D, Kumam, P: An altering distance function in fuzzy metric fixed point
theorems. Fixed Point Theory Appl. 2015(1), 69 (2015)
19. Xiao, JZ, Zhu, XH, Cao, YF: Common coupled fixed point results for probabilistic ¢-contractions in Menger spaces.
Nonlinear Anal. 74(13), 4589-4600 (2011)
20. Sedghi, S, Altun, I, Shobe, N: Coupled fixed point theorems for contractions in fuzzy metric spaces. Nonlinear Anal.
72(3),1298-1304 (2010)
21. Luo, T, Zhu, CX, Wu, ZQ: Tripled common fixed point theorems under probabilistic ¢-contractive conditions in
generalized Menger probabilistic metric spaces. Fixed Point Theory Appl. 2014(1), 158 (2014)
22. Hadzi¢, O, Pap, E: Fixed Point Theory in Probabilistic Metric Spaces. Kluwer Academic, Dordrecht (2001)
23. Schweizer, B, Sklar, A: Probabilistic Metric Spaces. North-Holland, Amsterdam (1983)

oA w

(o)}



	New multipled common ﬁxed point theorems in Menger PM-spaces
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	An illustration
	Competing interests
	Authors' contributions
	Acknowledgements
	References


