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1 Introduction and preliminaries

It is well known that the Banach contraction principle (see [1]) plays an important role
in various fields of applied mathematical analysis and scientific applications, and it has
been generalized and improved in many different directions. Some of such generalizations
are obtained via rational metric spaces, such as ordered Banach spaces, partially ordered
metric spaces, 2-metric spaces, fuzzy metric spaces, probabilistic metric spaces, G-metric
spaces, cone metric spaces, cone Banach spaces, b-metric spaces or metric type spaces,
etc. (see [2-27]). One of the most influential spaces is b-metric space, also called metric
type space by some authors, introduced by Bakhtin (see [16]) in 1989. Since then, a large
number of papers on fixed point results in the setting of b-metric spaces have appeared
(see [17-27]).

The following definitions and results will be needed in what follows.

Definition 1.1 ([28]) Let X be a (nonempty) set and s > 1 be a given real number. A func-
tiond: X x X — [0,00) is called a b-metric on X if, for all x,y,z € X, the following condi-
tions hold:

(bl) d(x,y) =0 if and only if x = y;

(b2) d(x,y) = d(y,x);

(b3) d(x,z) <sld(x,y) +d(y,2)].
In this case, the pair (X, d) is called a b-metric space. If (X, <) is still a partially ordered
set, then (X, <, d) is called a partially ordered b-metric space.
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Otherwise, for more concepts such as b-convergence, b-completeness, b-Cauchy se-
quence and b-closed set in b-metric spaces, we refer the reader to [20-29] and the refer-
ences mentioned therein.

Definition 1.2 ([28,29]) Let (X, <) be a partially ordered set and f, g, & be three self-maps
on X such that f(X) Ug(X) C h(X). Then

(1) elements x,y € X are called comparable if x < y or y < x holds;

(2) f is called monotone g-nondecreasing w.r.t. < if gx < gy implies fx < fy. In
particular, f is called nondecreasing w.r.t. < if x < y implies fx < fy;

(3) the pair (f, g) is said to be weakly increasing if fx < gfx and gx < fgx for all x € X;

(4) the pair (f,g) is said to be partially weakly increasing if fx < gfx for all x € X;

(5) f is said to be g-weakly isotone increasing if fx < gfx < fgfx for all x € X;

(6) the pair (f,g) is said to be weakly increasing with respect to % if and only if for all
x € X, fx < gyforall y € h™'(fx), and gx < fy for all y € h™%(gx);

(7) the ordered pair (f,g) is said to be partially weakly increasing with respect to % if
fx < gy forall y € h(fx);

(8) a partially ordered b-metric space (X, X, d) is said to be regular if the following
conditions hold:

(i) if a nondecreasing sequence x,, — x, then x,, < «x for all i,
(ii) if a nonincreasing sequence y, — y, then y, > y for all ;

(9) the pair (f,g) is said to be compatible if and only if lim,,_, oo d(fgx,,, gfx,) = 0,
whenever {x,} is a sequence in X such that lim,_, o fx,, = lim,_, o gx,, = t for some
teX;

(10) the pair (f, g) is said to be weakly compatible if f and g commute at their

coincidence points (i.e., fgx = gfx, whenever fx = gx).

Fixed point results in partially ordered metric spaces were firstly obtained by Ran and
Reurings (see [30]) and then by Nieto and Lépez (see [31, 32]). Subsequently, many au-
thors presented numerous interesting and significant results in ordered metric and or-
dered b-metric spaces (see [3, 28, 29, 33-38]).

Throughout this paper, we introduce the denotations ¥, T, ®, ® as follows.

Let W be the family of all functions ¥ : [0,00) — [0, 00) satisfying the following condi-
tions:

(al) ¥ is continuous,

(a2) v is nondecreasing,

(@3) ¥(0) =0 <y (t) for every t > 0.

In this case, v is said to be an altering distance function.

Let T be the family of all functions ¢ : [0,00) — [0, 00) satisfying the following condi-
tions:

(bl) ¢ is right continuous,

(b2) ¢ is nondecreasing,

(b3) (t) <t for every t > 0.

Let @ be the family of all functions ¢ : [0, 00) — [0, 00) satisfying the following condi-
tions:

(c1) ¢ is lower semi-continuous,

(c2) ¢(t) =0 ifand onlyifz=0.
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Let ® be the family of all continuous functions 6 : [0, 00) — [0, 00) with 6(£) = 0 if and
onlyif £ =0.

In [29] authors introduced and proved two theorems as follows.

Let (X, <, d) be an ordered b-metric space with s > 1, and let f,g,R,S : X — X be four
mappings. For all x,y € X, set

My(x,) = max{d(Sx, Ry), d(Sw, fx), d(Ry, gy), L5:8) + ARy, f) }

. (1.1)

Theorem 1.3 ([29]) Let (X, <,d) be a partially ordered complete b-metric space with s > 1.
Let f,g,R,S : X — X be four mappings such that f(X) C R(X) and g(X) C S(X). Suppose
that for every two comparable elements Sx, Ry € X, we have

¥ (s2d(fx, g)) < ¥ (Mi(x,9)) - 0(Mi(x,)), 1.2)

where ¥, ¢ : [0,00) — [0,00) are altering distance functions. Let f, g, R and S be contin-
uous, the pairs (f,S) and (g,R) be compatible and the pairs (f,g) and (g,f) be partially
weakly increasing with respect to R and S, respectively. Then the pairs (f,S) and (g, R) have
a coincidence point z in X. Moreover, if Rz and Sz are comparable, then z is a coincidence
point of f, g, Rand S.

Theorem 1.4 ([29]) Let (X, <,d) be a regular partially ordered complete b-metric space
withs>1, f,g,R,S : X — X be four mappings such that f(X) C R(X) and g(X) € S(X) and
R(X) and S(X) are b-closed subsets of X. Suppose that for every two comparable elements
Sx,Ry € X, we have

¥ (s2d(fe.2y) < ¥ (Ms(x,)) — 0(Mi(x,)), (1.3)

where y, ¢ : [0,00) — [0, 00) are altering distance functions. Then the pairs (f, S) and (g, R)
have a coincidence point z in X provided that the pairs (f,S) and (g, R) are weakly compat-
ible and the pairs (f,g) and (g,f) are partially weakly increasing with respect to R and S,
respectively. Moreover, if Rz and Sz are comparable, then z is a coincidence point of f, g, R
and S.

Similarly, in [35] authors introduced and proved the following results.
Let (X, <,d) be a partially ordered b-metric space withs>land T: X - X and g: X —
X be two mappings. For all x,y € X, put

(1.4)

M(x,y) = max { d(gx,gy), d(gx, Tx), d(gy, Ty), d(gx, Ty) + d(gy, Tx) }

2s

and
N(x,y) = min{d(gx, Tx),d(gy, Ty), d(gx, Ty), d(gy, Tx)}. (1.5)

The mapping T is called an almost generalized (y/, ¢, L)-contractive mapping with respect
to g forsome ¥ € ¥, 9 € Y, and L > 0 if

¥ ($d(Tx, Ty)) < (¥ (M(x,9))) + L (N(x,)) (1.6)

for all v,y € X with gx < gy.



Huang et al. Fixed Point Theory and Applications (2015) 2015:63 Page 4 of 18

Theorem 1.5 ([35]) Suppose that (X, <,d) is a partially ordered complete b-metric space
with s> 1. Let T : X — X be an almost generalized (\/, ¢, L)-contractive mapping with re-
specttog:X — X, and T and g be continuous such that T is a monotone g-nondecreasing
mapping, commutative with g and T (X) C g(X). If there exists xo € X such that gxy < Txy,
then T and g have a coincidence point in X.

Theorem 1.6 ([35]) Suppose that (X, X,d) is a partially ordered complete b-metric space
with s> 1. Let T : X — X be an almost generalized (\/, ¢, L)-contractive mapping with re-
spect to g : X — X, T be a monotone g-nondecreasing mapping and T(X) C g(X). Also
suppose that if {gx,} C X is a nondecreasing sequence with gx, — gz in gX, then gx, < gz,
gz < g(gz) for all n hold. Also suppose that gX is b-closed. If there exists xy € X such that
gxo < Txo, then T and g have a coincidence point. Further, if T and g commute at their
coincidence points, then T and g have a common fixed point.

In [34] authors repeated some well-known notions and proved the following new results.

Let (X, <) be a partially ordered set and F : X x X — X and g : X — X be two mappings.
Then

(1) an element (x,y) € X x X is called a coupled coincidence point of F and g if

F(x,y) = gx, F(y,x) = gy.

(2) Fand g are commutative if for all x,y € X,

F(gx,gy) = g(F(x,9)).

(3) F is said to have the mixed g-monotone property if F is nondecreasing g-monotone
in its first argument and is nonincreasing g-monotone in its second argument, that

is, for any x,y € X,
x,% €X, g1 Xgxs = Flx,y) < Flx,Y)
and

Yy €X, gn=<gy = F@n)=Fxy).

In particular, if g is an identity mapping, then F is said to have the mixed monotone

property.
Let (X, <,d) be a partially ordered b-metric space with s >1,and let T: X x X — X and
g: X — X be two mappings. Set

M 1%y, u,v)
= max { d(gx, gu), d(gy,gv), d(gx, T(x,)),

1 1
Zd(gu, T (u, V)), d(gy, T(y, x)), gd(gv, T(v,u)),

d(gxe, T(u,v)) +d(gu, T(x,y)) d(gy, T(v,u)) + d(gv, T(y,x)) }

1.7
2s 2s a7
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and

Ny g(%,y,u,v)
= min{d(gx, T(x,y)), d(gu, T(u,v)), d(gu, T(x,)), d(gx, T(u,v)) }. (1.8)

Let € ¥, ¢ € ® and 6 € ©. The mapping 7 is called an almost generalized (v, ¢,0)-
contractive mapping with respect to g if there exists L > 0 such that

¥ (Sd(T(x9), Tw,)))
< U (Murgn3, 1,7) = 6 (Mo 3,16) + LO(Nrglo,3,1,1) 19

for all x,y,u,v € X with gx < gu and gy > gv.

Theorem 1.7 ([34]) Suppose that (X, X,d) is a partially ordered complete b-metric space
with s >1. Let T : X x X — X be an almost generalized (Y, $,0)-contractive mapping
with respect to g : X — X, and T and g be continuous such that T has the mixed g-
monotone property and commutes with g. Also, suppose that T(X x X) C g(X). If there
exists (xo,Y0) € X x X such that gxy < T(x0,y0) and gyo = T (yo,%o), then T and g have a
coupled coincidence point in X.

It needs emphasizing that the following crucial lemma is utilized again and again in
proving of all main results from [29, 34] and [35].

Lemma 1.8 ([33]) Let (X,d) be a b-metric space with s > 1 and suppose that {x,} and {y,}
are b-convergent to x and y, respectively. Then

1 .. .
S—zd(x,y) < liminfd(x, y,) < hirigp A yn) < sd(x,).
In particular, if x = y, then limy,_, o d(x,, y) = 0.
Moreover, for each z € X, we have

1
-d(x,z) < liminfd(x,, z) <limsupd(x,,z) < sd(x,z).
S n—oo n—00

2 Main results
In this section, we improve and generalize coincidence and coupled coincidence point
results of Theorems 1.3-1.7 in several directions without utilizing Lemma 1.8 in the proofs.

Theorem 2.1 Let (X, <X,d) be a partially ordered complete b-metric space with s > 1. Let

£, R,S: X — X be four mappings such that f(X) C R(X) and g(X) C S(X). Suppose that
for every two comparable elements Sx, Ry € X, we have

s°d(fx, gy) < M(x,y), (21)

where € > 1 is a constant and M;(x,y) is given by (1.1). Let f, g, R and S be continuous,
the pairs (f,S) and (g, R) be compatible and the pairs (f,g) and (g,f) be partially weakly
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increasing with respect to R and S, respectively. Then the pairs (f,S) and (g, R) have a coin-
cidence point z in X. Moreover, if Rz and Sz are comparable, then z is a coincidence point
off,g RandS.

Proof Let x( be an arbitrary point of X. Similar to [29], we construct a sequence {z,} in X
such that zo,.1 = fX2, = Rx,41 and zou.2 = X441 = Sxou40 for all m > 0. Since the pairs (f, g)
and (g,f) are partially weakly increasing with respect to R and S, respectively, it follows
that z,, < z,,,1 for all n > 1. We complete the proof only in two steps.

Step 1. We prove that

d(zn+1’zn+2) = )\d(zn: Zn+1) (22)

for all n > 1, where A € [0, %).
We first assume that z,, # z,,,1 for all # > 1. Since Sx;, = z5,, and Rx,,_; = 25,1 are com-

parable, then (2.1) means that
Sgd(ZZmZZrHl) = Sgd(ngM—lyfon)
= s°d(fxon, g%2n-1)

< max { A(Sx2, Rx2-1), A(Sxon, fXon), A(RX2y-1,8%20-1),

A(Sx2, @x2n-1) + A(Rxy_1, fX2) }
2s

= max {d(ZZVn Zon-1)s A(Zons Zon+1), AZan-1, Z2n)»

(20> 2on) + A(220-1, Z2n+1)
2s

IA

d(zon-1,22n) + A(Z20; Z2n41) }
2

max { d(ZZVI—lr Z2n)¢ d(z2m 22n+1)y

IA

max{d(zan-1, 22n), d(22ns Z2n11) }- (2.3)
If d(z2,-1,221) < d(z211, Z2141), then (2.3) becomes

s°d(zan, Zans1) < d(zon 22041),
which gives a contradiction (because s° > 1). Thus

s°d(zan, Zans1) < d(zon-1,22n)- (2.4)
Again, since Sxy, = 2, and Rxy,,1 = 22,41 are comparable, then (2.1) implies that

Sad(z2n+17 Z2n+2) = Sgd(fonvgx2n+l)

< max { A(Sx2p, RX211), A(SXop, fXon), A(RX21141, 852041)5

d(Sx2mgx2n+l) + d(RxZVH—l;fon) }
2s
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= max { d(ZZny 22n+1)1 d(ZZn, 22n+1): d(2271+1! Z2n+2)1

A(zons Zon+2) + A(Zop415 Z2ns1) }
2s

IA

d(ZZm 22n+1) + d(ZZnJrl: Z2n+2) }
2

max { A(zons 2on41), A(Zons1, Z2ne2)s

IA

max{d(zon, Zon+1), A(Z2ne1, Z2n42) |- (2.5)

If d(ZZMr Z2r1+1) = d(22n+lr Z2n+2)v then (25) becomes

s°d(zons1s Z2nv2) < A(Zon1, Zans2),
which gives a contradiction (because s° > 1). So
Ssd(Zan, 22n+2) = d(ZZm 22n+1)~ (26)

Now, combining (2.4) and (2.6), we get that (2.2), where A = S% € [0, %).

Assume now that z,, = z,,.1 for some ng. If ny = 2k — 1, then z4_; = z gives that zy, =
Zok+1- Indeed, since Sxox = 2o, and Rxox_1 = zox-1 are comparable, then by (2.3) we have that

s°d(zok zax1) < max{d(zak-1, 221), d(Zaks 22k41) }
= max{0, d(zo, z2k1) } = d(22k, 22441,

which establishes that d(zyk, zok41) = 0, that is, zox = zoks1. If g = 2k, then zox = zox41 gives
that zory1 = Zoks2. Actually, since Sxox = zox and Rxox, = zk41 are comparable, then by (2.5)
we have that

s°d(zoks1, Z2k42) < max{d(ZZk;22k+1)rd(22k+1xz2k+2)}

= max{0, d(zak41, Z2k42) | = d(22k41, Z2k42)
which implies that d(za1, zok+2) = 0, that is, zpk41 = Zox42. Consequently, the sequence {z,,}
in both cases becomes constant for #n > ny and hence (2.2) holds.
Step I1. We show that f, g, R and S have a coincidence point.

Making the most of (2.2) and Lemma 3.1 of [18], we obtain that {z,} is a b-Cauchy se-
quence. Since (X, d) is b-complete, then there exists z € X such that z, b-converges to z.

Accordingly,
lim Sx,, = lim zy, = z, lim fx,, = lim 25,41 = z.
n—00 n— o0 n— 00 n—00

Note that (f,S) is compatible, that is, lim,—, o d(Sfx2,,fSx2,,) = 0. Otherwise, by the con-
tinuity of f and S, it is valid that Sfx,, — Sz and fSx,, — fz, as n — co. Now, we have
that

(52, f2) = (S5, $frn) + d(S D)
<d(Sz, Sfxa,) + S[d(Sfon,fozn) + d(foZn,fz)]‘ (2.7)

Taking the limit as # — oo in (2.7), we get %d(Sz,fz) <0,ie,fz=S5z
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Following an argument similar to that mentioned above, we obtain gz = Rz. Now that Sz
and Rz are comparable, hence by (2.1) it is obvious that

s°d(fz,gz) < Ms(z,z) = d(Sz,Rz) = d(fz, gz),
which establishes that fz = gz (because s° > 1). Therefore, fz = gz = Sz = Rz. g

Theorem 2.2 Let (X, <,d) be a regular partially ordered complete b-metric space with
s>1, f,g,R,S : X — X be four mappings such that f(X) € R(X) and g(X) € S(X) and
R(X) and S(X) are b-closed subsets of X. Suppose that for every two comparable elements
Sx,Ry € X, we have

s°d(fx, gy) < M(x, ), (2.8)

where ¢ > 1 is a constant and M(x,y) is given by (1.1). Then the pairs (f,S) and (g, R) have a
coincidence point z in X provided that the pairs (f,S) and (g, R) are weakly compatible and
the pairs (f,g) and (g,f) are partially weakly increasing with respect to R and S, respectively.
Moreover, if Rz and Sz are comparable, then z is a coincidence point of f, g, R and S.

Proof Similar to the proof of Theorem 2.1, we can construct the sequence {z,} and obtain
that there exists z € X such that z, — z as # — 00. Since R(X) and S(X) are b-closed,
{zons1} C R(X) and {z3,42} C S(X), then there exist u,v € X such that z = Ru and z = Sv.
That is,

lim Rxy,,1 = lim 29,1 =2=3Sv,
n— 00 n—0o0

lim gy, = lim 2,40 =2 = Sv.
Hn— 00 n— 00
We now prove that z is a coincidence point of f and S.
By using Rxy,,,1 — Sv (n — 00) and the regularity of (X, <, d), it follows that Rxy,,1 < Sv.
As a consequence, by (2.8) we have that
Ssd(fv;gxmﬂ) < M(v, %2441, (2.9)

where

M(v, %041) = max{d(Sv, Rx3,141), A(Sv, fv), d(RX2p41, 8X2m+1),

A(Sv, gxoni1) + A(RX2p.41, V) }
2s

=< max { d(SV, Rx2n+1)1 d(vafV): d(Rx2n+1:gx2n+1)’

d(SV’ngnﬂ) : d(Rx2n+lx SV) + d(SVer) }
2s 2

da(Sv,fv)

— max{O,d(SV,fv),O, } =d(Sv,fv) (n— 00). (2.10)

Page 8 of 18
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By virtue of the triangle inequality and (2.9), it may be verified that

1
;d(SV,fV) = d(SVrng;Hl) + d(gx2n+1rfv)
1
=< d(SV¢gx2n+l) + _Ms(Vr x2n+1)- (211)
s

Taking the limit as # — oo in (2.11) together with (2.10), we arrive at

%d(Sv,fv) < Sisd(Sv,fv).

As a result, Sv = fv (because s° > s > 1). Hence, z = Sv = fv. Next by the compatibility of f

and S, we claim that fz = fSv = Sfv = Sz. That is to say, z is a coincidence point of f and S.
Similarly, it can be shown that z is a coincidence point of g and R. The remainder is the

same as the proof of Theorem 2.1 and therefore we omit it. d

Corollary 2.3 Let (X, X,d) be a partially ordered complete b-metric space with s > 1. Let
f,g:X — X be two mappings. Suppose that for every comparable elements x,y € X,

s°d(fx,gy) < Ms(x,),

where

M(x,y) = max{d(x, ) d, ), dy, gy), L) + A0 ) }

2s

Then the pair (f,g) has a common fixed point z in X provided that the pair (f,g) is weakly
increasing and either,

(a) f and g are continuous, or

(b) (X,d, =) is regular.

Proof Taking R = S = Ix (an identity mapping on X) in Theorems 2.1 and 2.2, the desired
result holds. O

Remark 2.4 Compared with Theorem 2.1, Theorem 2.2 omits the assumption of conti-
nuity of f, g, R and S, and replaces the compatibility of the pairs (f,S) and (g, R) by the
weak compatibility of the pairs.

Remark 2.5 Theorem 2.1 and Theorem 2.2 greatly generalize Theorem 1.3 and Theo-
rem 1.4, respectively. In fact, condition (2.1) or (2.8) is much wider than condition (1.2) or
(1.3). On the one hand, we delete the functions ¥ and ¢. On the other hand, our condition
is much more general because ¢ > 1 is arbitrary. In addition, the proofs of Theorem 2.1 and
Theorem 2.2 are shorter than those of Theorem 1.3 and Theorem 1.4 because we never
use Lemma 1.8, but Theorem 1.3 and Theorem 1.4 are strongly dependent on this lemma.

Definition 2.6 Let (X, <,d) be a partially ordered b-metric space with s > 1. The mapping
T :X — X is called an almost generalized (y, L)-contractive mapping with respect to g:
X — X forsomeyy € ¥,e>1and L >0 if

Y (s°d(Tx, Ty)) < ¥ (M(x,p)) + Ly (N(x,9)) (2.12)
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for all x,y € X with gx < gy, where M(x,y) and N(x,y) are given by (1.4) and (1.5), respec-
tively.

Theorem 2.7 Suppose that (X, <,d) is a partially ordered complete b-metric space with
s>1.Let T : X — X be an almost generalized (r, L)-contractive mapping with respect to
g: X — X,and T and g be continuous such that T is a monotone g-nondecreasing mapping,
compatible with g and T(X) C g(X). If there exists xo € X such that gxo < Txo, then T and

g have a coincidence point in X.

Proof Similar to [35], we construct sequences {x,} and {y,} in X such that

Vn = Txy = gxpn  (n>0) (2.13)
for which
X0 2gX1 X S gXy X X1 20 (2.14)

The same as in [35] we can assume that y,, # y,4; for all # > 0. For this case we shall show
that

AW Ynr1) < Ad V-1, Yn) (2.15)

for all # > 1, where X € [0, %).
Indeed, by (2.12)-(2.14), we have that

w(ssd(yn’ynﬂ)) = I/f(Sed(Txm Txn+1))
< Y (M, Xni1)) + L (N (s X)) (2.16)

where

d n-1Jn )
M(x,,,x,,+1) = max{d()/nlxyn)’d(ynl:yn): d(yn;ynﬂ)x %}

d()/n—l;yn) + d(yn’ynﬂ) }
2

< maX{d(yn_x,yn),d(yn,yml),

= maX{d()/n—h)’n): d(yn:yn+l)} (217)

and

Ny, %041) = min{d@n—lxyn): AW Yns1)s Y1, Yns1)s d(yn;yn)}
=0. (2.18)

Hence, by (2.16)-(2.18), we arrive at

w (Sgd(ymynﬂ)) = Kﬁ (max{d(yn—lvyn); d(yn:ynﬂ)})' (2.19)
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I d(u, Yur1) = d¥u-1,yn) > 0 for some n € N, then by (2.19) we get that

w(sgd(ymynﬂ)) = W(d()/nryml));

or equivalently,

Sad(ymynﬂ) < d(yn:yrﬁl)'

This is a contradiction. Thus from (2.19) it follows that

Ssd(Yn:ynJrl) < d(yn—l;yn);

that is, (2.15) holds, where A = + € [0, }).

Now combining (2.15) and Lemma 3.1 of [18], we claim that {y,} = {Tx,} = {gxs.1} is a
b-Cauchy sequence. Since (X, d) is b-complete, then there exists x € X such that

lim Tx, = lim gx,.1 = x.
n— 00

n—00

Thus by the compatibility of T and g, we get that
lim d(Tgx,,gTx,) = 0. (2.20)
n—00

By the continuity of T and g, it may be verified that

lim Tgx, = Tx, lim gTx, = gx. (2.21)
n—0o0

n—00

Hence by the triangle inequality together with (2.20) and (2.21), it ensures us that

%d(Tx,gx) <d(Tx, Tgx,) + d(Tgx,, gx)
<d(Tx, Tgx,) + s[d(Tgx,,,ngn) + d(ngn,gx)] -0 (n— 00).
Therefore, we obtain that Tx = gx, that is, x is a coincidence point of T and g. O
In the following theorem we omit the assumption of continuity of 7' and g.

Theorem 2.8 Suppose that (X, <X,d) is a partially ordered complete b-metric space with
s>1. Let T : X — X be an almost generalized (\, L)-contractive mapping with respect to
g:X — X, T be a monotone g-nondecreasing mapping and T(X) C g(X). Also suppose that
if {gx,} C X is a nondecreasing sequence with gx,, — gz in gX, then gx, < gz, gz < g(gz) for
all n hold. Also suppose that gX is b-closed. If there exists xo € X such that gxy < Tx, then
T and g have a coincidence point. Further, if T and g commute at their coincidence points,
then T and g have a common fixed point.

Proof By the proof of Theorem 2.7, we can show that {y,} = {Tx,} = {gx,.1} is a b-Cauchy
sequence. Since gX is b-closed, then there exists x € X such that

lim Tx, = lim gx,.; = gx.

n—00
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We shall show that x is a coincidence point of 7 and g. As a matter of fact, owing to gx,, < gx
for all #, by (2.12) it should be noticed that

Y (s°d(Txy, Tx)) < o (M(%, %)) + LYy (N (%, %)), (2.22)

where

M(x,,,%) = max{d(gxn, %), d(@nn, T, d(gx, Tx), (e, T) + d(gr, Txy) }

2s
n » T ’ T n
< max{d(gx,,,gx),d(gxn, Tx,), d(gx, Tx), g gx); d(gx, Tx) + d(gxz ) }
s
— max{(), 0,d(gx, Tx), d(g?; ) }
=d(gx, Tx) (n— 00), (2.23)

and
N(x,,x) = min{d(gxn, Tx,), d(gx, Tx), d(gx,, Tx), d(gx, Tx,,)} -0 (n—o00). (2.24)
Taking the limit as # — oo from (2.22) together with (2.23) and (2.24), we deduce that
w(SE lim d(Tx,, Tx)) <y (dlgx, Tv)),

or equivalently,

1
lim d(Tx,, Tx) < —d(gx, Tx). (2.25)
SS

n—oQ
However, note that
1
-d(gx, Tx) < d(gx, gxpn) + d(Tx,, Tx), (2.26)
s
then (2.25) and (2.26) lead to a contradiction if gx # Tx. In other words, gx = Tx.

Set y = gx = Tx. Now that T and g commute at x, it follows that Ty = T'(gx) = g(Tx) = gy.
Since gx < g(gx) = gy, then by (2.12) and gx = Tx and gy = Ty, we demonstrate that

v (s°d(Tx, Ty)) < ¥ (M(x,p)) + Ly (N (x,9))
=y (d(Tx, Ty)) + 0 = ¥ (d(Tx, Ty)),

or equivalently,
s°d(Tx, Ty) < d(Tx, Ty).

This is a contradiction if Tx # Ty. Hence, we claim that Tx = Ty = y. Therefore, Ty = gy = y.
That is to say, y is a common fixed point of T and g. O
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Corollary 2.9 Let (X, <,d) be a partially ordered complete b-metric space with s > 1 and
T : X — X be a nondecreasing mapping. Suppose that there exist € ¥ and L > 0 such
that

¥ (s°d(Tx, Ty)) < ¥ (M(x,p)) + Ly (N (,9)),
where

M(x,y) = max{d(x, ), d(x, Tx), d(y, Ty), d(x,#f(ij) }

and
N(x,y) = min{d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}

forall x,y € X with x <y. Also suppose that either
() (X,d, =) is regular, or
(b) T is continuous.
If there exists xo € X such that xy < Txy, then T has a fixed point in X.

Remark 2.10 Theorems 2.7 and 2.8 improve and generalize Theorems 1.5 and 1.6 in many
ways. First, Theorems 2.7 and 2.8 delete the function ¢ in (1.6), since due to the proofs of
Theorem 1.5 and Theorem 1.6, it is superfluous based on the fact that ¢(¢) < ¢ for each t €
[0, 00). Second, condition (2.12) is wider than (1.6) because the constant ¢ > 1 is optional.
Third, the compatible condition of Theorem 2.7 is weaker than the commutative condition
of Theorem 1.5. This is because if T and g are commutative, then Tgx, = gTx,. This is
natural thatlim,,_, o d(7gx,, gTx,) = 0. That is to say, the pair (T, g) is compatible. However,
the converse is not true. Otherwise, the proofs of Theorems 2.7 and 2.8 are shorter than
the ones of Theorems 1.5 and 1.6 since they do not utilize Lemma 1.8, but Theorems 1.5

and 1.6 rely on this lemma entirely.

Definition 2.11 Let (X, <, d) be a partially ordered b-metric space with s >1, ¥ € ¥ and
0 € ©. The mapping T : X x X — X is called an almost generalized (¥, 6)-contractive
mapping with respect to g : X — X if there exists L > 0 such that

Y (s°d(T(x,9), T(w,v))) < ¥ (Ms1g(%,5,u,v)) + LO(NT,g(x, 7, 14, V)) (2.27)

for all x,y,u,v € X with gx < gu and gy > gv, where M r4(x,y,u,v) and Nr,(x,y,u,v) are
given by (1.7) and (1.8), respectively.

Theorem 2.12 Suppose that (X, <,d) is a partially ordered complete b-metric space with
s>1.Let T : X x X — X be an almost generalized (\/,0)-contractive mapping with respect
tog: X — X, and T and g be continuous such that T has the mixed g-monotone property
and commutes with g. Also, suppose that T(X x X) C g(X). If there exists (x9,y0) € X X X
such that gxy < T(x0,y0) and gyo > T (yo,%0), then T and g have a coupled coincidence
pointin X.
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Proof By the given assumption and the proof of [34], Theorem 2.2 (also see Theorem 1.7),
we construct the sequences {x,} and {y,} in X such that

Xyl = T(xn;yn); Vn+1 = T(ynr xn) (}’1 > O)

for which {gx,}°, is nondecreasing and {gy,}$° is nonincreasing. Putting x = x,,, ¥ = y,
U = %xy41 and v = y,,,; in (2.27), we obtain that

1/f (Ssd(gxn+1;gxn+2)) =< w (Ms,T,g(xn; yn; xn+1:yn+l))

+Lo (NT,g(xmymxn+l:yn+l))~ (2.28)

According to the proof of [34], Theorem 2.2, we get that

Ms,T,g(xn:ynyxnﬂrynH) S max{d(gxmgxnﬂ): d(gerl:ngHZ);

A€y 8Yni1) A1, &nr2) | (2.29)

and
NT,g(xmyn;an:ynH) =0. (2.30)
Since ¥ is nondecreasing, then by (2.28)-(2.30) it is not hard to verify that

Sgd(gxnﬂrgxnﬂ) =< maX{d(gxn;gan); d(gxn+1;gxn+2),

AV, gYn+1)» d(gynu,gymz)}. (2.31)

Similarly, putting x = y,.1, ¥ = %441, 4 = ¥, and v = x,, in (2.27), we acquire that

5°d(gYn+1,&Ynr2) < max {d@xn:gxn+1)y A(gXn+1,8%n+2),

A(gYn» &Yns1)s d(g’ynﬂ;gynﬂ)}' (2.32)

Further, denote
3y = max{d(gxml»gxnﬂ); A(gYni1,8Vn+2) }» (2.33)
§n = maX{d(g’xn,gxn+1), A(GXn41,8%n+2)s AV §Vn41)» AV 1) EYnv2) } (2.34)

It follows immediately from (2.31)-(2.34) that

$°8, < &,. (2.35)
Now, we shall prove that

8y < Ay (2.36)
L 1

for all n > 1, where A = F € [0, E)'
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Indeed, if &, = §,, then (2.35) means s°5,, < §,. This leads to §, = 0 (because s°* > 1) and
(2.36) holds trivially. If &, = max{d(gx,, gx,+1), 4@V, V1)), i-€., &, = 8,21, then (2.35) fol-
lows (2.36).

Now by (2.36) we get §, < A"8y. Therefore,

d(gxmngmz) = )»"50; d(gyn+lrgyn+2) =< )\n(SO-

Finally, according to [18], Lemma 3.1, the sequences {gx,} and {gy,} are b-Cauchy se-
quences. The rest of the proof is the same as in [34], Theorem 2.2. d

Remark 2.13 Theorem 2.8 is more superior in several aspects as compared to Theo-
rem 1.7. Indeed, (2.27) dismisses the condition —¢ (M 14 (x, y, 1, v)) of (1.9). This indicates
that (2.27) is much broader than (1.9). Further, the constant ¢ > 1 is much more general in
(2.27) because it is not only restricted to ¢ = 3 in (1.9). In addition, the proof of Theorem 2.8
is simpler than the one of Theorem 1.7 because it ignores Lemma 1.8, but Theorem 1.7 de-
pends on this lemma utterly.

The following examples show the superiority of the obtained results.

Example 2.14 Let X = [0,00) and d on X be given by d(x, y) = |x—y|? for all x, y € X. Then
d is a b-metric on X, with s = 2. Define an ordering ‘<’ on X as follows:

x=<y & x=<y VWxyeX
Define self-maps f, g, S and R on X by
Se=In(vVax2+1+x) = sinh~'x, Rx = sinh 3x,
% .
gx = sinh 3 ) Sx = sinh 6x.
Take 1 < € < 2. Note that

s d(fx,gy) = 2°|fx — gy|*

2
sinh ! x — sinh™! (%)

:2‘g

6 =3y
36

28

< =~ |sinh 6x — sinh 3y|?
36

< |Sx - Ry|?

= d(Sx,Ry)

< Mi(x,y).
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Make full use of [29], Example 2.6, it is easy to see that all conditions of Theorem 2.1
are satisfied and hence the corresponding conclusions hold. However, if 1 < ¢ < 2, then
condition (1.2) does not hold but our condition (2.1) holds. As a consequence, this example
shows that our theorem is a genuine generalization of Theorem 1.3.

Example 2.15 Let X be the set of Lebesgue measurable functions on [0,1] such that
o x(t)dt < 1. Define d : X x X — [0, 00) by

1
dxy) = | |x) -y de.
0

Then d is a b-metric on X, with s = 2. Also, this space can also be equipped with a partial
order given by

xyeX, x=xy < «x()<y(), Vtelo,1].
The operator T : X — X is defined by

V2

Tx(t) = Tzln(l + [%(8)])-
Take 1 < ¢ < 3, then

1
s°d(Tx, Ty) = 2° / | Tx(e) - Ty(0)| de
0

. V2 V2
:2/0 T1n(1+|x(;r)\)—Tln(1+\y(t)|)
1
_ ne-3
=2 /Oln

(1+|x(t)|)

1+ |yl
S (! Ix(t)l—ly(t)l)

_ ne-3

=2 /oh‘(“ L+ )]
S ! |x(2) — y(2)|
&-3

=2 /0 1“(“ 1+ )] )

1
< 28‘3/0 |x(2) - y(2)|* e

2
dt

2

2

2
dt

1 2
< [ a0 -y0[ de = ds.y
0
< M(x,y).

Letxo = 0, L = 0 and g = Ix (an identity mapping on X). Simple circulations show that all
conditions of Theorem 2.7 are satisfied for any € ¥ and hence T and g have a coinci-
dence point in X. However, 1 < ¢ < 3 never includes ¢ = 3. That is to say, this example is
not applicable for Theorem 1.5. Consequently, our theorem is more convenient in appli-
cations.
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