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Abstract

In this paper, we consider an iterative algorithm for finding the common element of
the set of solutions for the generalized mixed equilibrium problems, the common
fixed points set of two generalized nonexpansive type mappings, and the set of
solutions of the variational inequality for an inverse-strongly skew-monotone
operator in Banach spaces. Under mild conditions, the weak convergence theorem is
established by using the sunny generalized nonexpansive retraction in Banach
spaces. Our results refine, supplement, and extend the corresponding results in
(Saewan etal. in Optim. Lett. 8:501-518, 2014), and other results announced by many
other authors.
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1 Introduction

Let E be a real Banach space with dual space E*, whose inner product and norm are de-

noted by (-,-) and || - ||, respectively. Let C be a nonempty, closed, and convex set in E and

J be the duality mapping from E to E* such that JC is a closed and convex subset of E*.
Let A : C — E* be a monotone operator. The variational inequality problem is to find a

point x € C such that

(Ax,y—x) >0, VyeC. (1.1)

The set of solutions of the variational inequality problem (1.1) is denoted by VI(C, A).
Such a problem is connected with the convex minimization problem, the complemen-
tarity problem. A well-known method for solving the variational inequality (1.1) is the
projection method. Many researchers have studied this algorithm in a Hilbert space and
in a Banach space, for instance, [1, 2].

Recall that a mapping A : C* C E* — E is said to be skew-monotone, if for each x*,y* €
cr,

(Ax* - Ay*, x* —y*) > 0.
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Recall that a mapping A : C* C E* — E is said to be a-inverse-strongly skew-monotone,

if there exists a positive number & such that
(Ax" - 4y 5" =) = o Ax" - Ay

for all x*,y* € C*. In this case, A is Lipschitz continuous, that is,
JAx* ~ay°] < o+ - 5|

for all x*, y* € D(A).
Recently, Plubtieng and Sriprad [3] considered the variational inequality problem to find
u € C such that

(AJu,Jv—Ju) >0, VveC. (1.2)

The set of solutions of the variational inequality problem (1.2) is denoted by VI(JC, A). By
using the projection algorithm method with a sunny generalized nonexpansive retraction
which was introduced by Ibaraki and Takahashi [4], Plubtieng and Sriprad [3] introduced
the following iterative scheme: x; =x € C and

Xne1 = Re(x, — AyAJx,) (1.3)

foreveryn=1,2,...,where Rc is the sunny generalized nonexpansive retraction of E onto
C, A :D(A) C E* — E is an a-inverse-strongly skew-monotone operator, and A satisfies
the condition: ||AJy|| < ||[AJy — AJu|| for all y € C and u € VI(JC,A). They proved that the
sequence {x,} generated by (1.3) converges weakly to some element of VI(JC, A).

The equilibrium problem represents an important area of mathematical sciences such as
game theory, financial mathematics, optimization, and so on. Let C be a nonempty, closed,
and convex subset of a smooth, strictly convex, and reflexive Banach space E such that JC
is closed and convex. In order to solve the equilibrium problem, we define a bifunction
F:JC x JC — TR satisfying the following conditions:

(A1) F(x*,x*)=0,Vx* €JC;

(A2) Fis monotone, i.e., F(x*,y*) + F(y*,x*) <0, Vx*,y* € J(C);

(A3) limy o F(tz* + (1 - t)x*,y*) < F(x*,5%), Vx*,y*, 2" € J(C);

(A4) for each x* € J(C), y* — F(x*,y*) is convex and lower semicontinuous.

The generalized mixed equilibrium problem is to find p € C such that

F(p,Jy) + (AJp,Jy = Jp) + ¥ (Jy) - ¥ (Jp) =0, VyeC, (1.4)

where F is a bifunction satisfying suitable conditions, A : JC — E is a skew-monotone
operator, ¥ is a real-valued function. The set of solutions of (1.4) is denoted by GMEP(F,

Ar I/f)r i.e.,

GMEP(F,A,¥) = {p € C: F(lp,}y) + (Alp,Jy - Jp)
+ ¥ () - ¥ (p) = 0,Vy € C}.



Chen and Fan Fixed Point Theory and Applications (2015) 2015:13 Page 3 0of 19

If A = 0, the problem (1.4) reduces to the mixed equilibrium problem, which is to find
p € C such that

F(Up,Jy) + ¥ (y)-¥(p) =0, VyeC. (1.5)

The set of solutions of (1.5) is denoted by MEP(F, v), i.e.,

MEP(F, ) = {p € C: FUp,Jy) + ¥ (}y) - ¥ Jp) = 0,¥y € C}.

If A =0, ¢ =0, the problem (1.4) reduces to the equilibrium problem which is to find
p € C such that

F(lp,Jy) >0, VyeC. (1.6)

The set of solutions of (1.6) is denoted by EP(F). The above formulation (1.6) was consid-
ered by Takahashi and Zembayashi [5] and they proved a strong convergence theorem for
finding a solution of the equilibrium problem (1.6) in Banach spaces.

There are many authors who studied the problem of finding a common element of the
fixed point of nonlinear mappings and the set of solutions of the equilibrium problem in a
Hilbert space or in a Banach space, for instance, [6—24]. In [13], Saewan et al. introduced
a new iterative scheme for finding a common element of the set of solutions of the mixed
equilibrium problem and the set of fixed points for a closed ¢-nonexpansive mapping by
using the sunny generalized nonexpansive retraction in Banach spaces. In [18], using the
hybrid method, Takahashi and Yao proved a strong convergence theorem for generalized
nonexpansive type mappings with equilibrium problems in Banach spaces.

Motivated by [3, 18], and [13], in this paper, using the projection algorithm method with
the sunny generalized nonexpansive retraction R¢, we introduce an iterative scheme to
find a common element of the set of solutions for the generalized mixed equilibrium prob-
lem, the common fixed points for two generalized nonexpansive type mappings and the
set of solutions of the variational inequality in Banach spaces. Our results refine, supple-
ment, and extend the corresponding results in [13], and other results announced by many
others.

2 Preliminaries

Let E be a real Banach space with dual space E*, C be a nonempty, closed, and convex
subset of E, (-, -) denotes the generalized duality pairing. The normalized duality mapping
J from E into 2F" is given by J(x) = {f € E*: (x,f) = |lx||> = [f|*}, x € E. Let U = {x € E :
[lx]l = 1}. The norm of E is said to be Géteaux differentiable if, for each x,y € U, the limit

[+ eyl =l
0 t

lim,_, exists. The modulus of convexity of E is the function Jr : (0,2] — [0,1]

defined by

. -+ 1
5e(e) = mf{l - Ty el <Lyl <1 e -yl <e

for every € with 0 < € < 2. E is said to be strictly convex if || % || <1 for all x #y € E with
Izl = llyll = 1. It is said to be uniformly convex if §g(€) > O for every € € (0,2]. It is well
known that E is reflexive if and only if / is surjective; E is smooth if and only if ] is single
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valued; E is strictly convex if and only if  is one-to-one. When E is a reflexive, strictly
convex, and smooth space, /! is also single valued, one-to-one, surjective, and it is also
the duality mapping from E* to E.

In this paper, we denote the strong convergence, weak convergence, and weak* conver-
gence of a sequence {x,} by x, — x, x, — x, and x, —* x, respectively.

The duality mapping J is said to be weakly sequentially continuous if the weak conver-
gence of a sequence {x,} to x implies the weak* convergence of {Jx,} to Jx in E*.

The function ¢ : E x E — (—00, +00) is defined by

P(x,) = %l = 2(x, Jy) + Ilyl?

for all x,y € E; refer to [25]. From (|lx]|? — [|ly[%)? < ¢(x,y), for all x,y € E, it is easy to see
that ¢(x,y) > 0. From the definition of ¢, we obtain

d(x,y) = ox,2) + d(z,9) + 2{x - z,Jz - Jy).

If C is a nonempty, closed, and convex subset of E, then for all x € E there exists a unique
z € C such that

¢(z,x) = minp(y, x).
yeC

We denote z by Icx, the mapping I¢ is called a generalized projection from E to C;
see [25].

Definition 2.1 Let C be a nonempty closed subset of a real Banach space E,
(1) T:C — Eissaid to be ¢-nonexpansive [16] if F(T) # ¥ and ¢(Tx, Ty) < ¢(x,y) for all
x,y€C;
(2) T:C — E is said to be generalized nonexpansive if F(T) # # and ¢(Tx,y) < p(x,7)
forallx € C,y € F(T).

Definition 2.2 Let C be a nonempty closed subset of a real Banach space E. A mapping
T :C — Cissaid to be
(1) non-spreading (18], if ¢(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty,x) for all x,y € E;
(2) quasi-non-spreading or hemi-relatively nonexpansive [18, 26] if F(T) # ) and
oy, Tx) < ¢p(y,x) forallx e E, y € F(T).

Definition 2.3 Let C be a nonempty closed subset of a real Banach space E. A mapping
T : C — Cis said to be generalized nonexpansive type it

?(Tx, Ty) + ¢(Ty, Tx) < ¢(x, Ty) + ¢ (y, Tx)
forall x,y € E.
The asymptotic behavior of non-spreading mappings and generalized nonexpansive

type mappings was studied in [18].
We need the following lemmas and theorems for the proofs of our main results.
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Lemma 2.1 [27] Let E be a 2-uniformly smooth Banach space. Then for all x,y € E there
exists a constant ¢ > 0 such that

Wx=Jyll < clix =y,
where ] is the duality mapping of E.

Lemma 2.2 28] Let E be a uniformly convex and smooth Banach space, and let {x,}, {y,}
be sequences in E. If {x,} or {y,} is bounded and lim,_, - ¢(x,, y,) = 0, then lim,,_, o ||x, —
yall = 0.

We make use of the following mapping V:
V(x,x*) = [lxll> = 2(x, %) + |
for all x € E and x* € E*. It is obvious that V(x,x*) = ¢(x,J'x*) and V(x, Jy) = ¢(x, ).

Lemma 2.3 Let E be a strictly convex, smooth, and reflexive Banach space. Then
V(x,x*) + 2(]’1x* —x,y*) < V(x,x* +y*)
forall x € E and x*,y* € E*.

A mapping R : E — C is called sunny if
R(Rx + t(x — Rx)) =Rx, VxeENt>0.

A mapping R : E — Cis said to be a retraction if R*x = Rx, Vx € E.If E is smooth and strictly
convex, then a sunny generalized nonexpansive retraction of E to C is uniquely determined
if it exists; refer to [4]. We also know that if E is reflexive, smooth and strictly convex,
C is a nonempty closed subset of E, then there exists a sunny generalized nonexpansive
retraction R¢ from E onto C if and only if J(C) is closed and convex. In this case, R¢ is
given by Rc = J 71 T1;(c)J; refer to [29].

The following theorems are in Ibaraki and Takahashi [4].

Theorem 2.4 [4] Let C be a nonempty closed and a sunny generalized nonexpansive re-
traction of a smooth, strictly convex Banach space E, and let R be a retraction from E to C.
Then the following are equivalent:

(1) R is sunny generalized nonexpansive;

(2) (x=Rx,Jy—JRx) <0 forallx e Eand y e C.

Theorem 2.5 [4] Let C be a nonempty closed subset and a sunny generalized nonexpansive
retraction of a smooth and strictly convex Banach space E. Then the sunny generalized

nonexpansive retraction from E onto C is uniquely determined.

Theorem 2.6 [4] Let C be a nonempty closed subset of a smooth and strictly convex Banach
space E such that there exists a sunny generalized nonexpansive retraction R from E onto
C.Letx € E and z € C. Then the following hold:
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(1) z=Rxifand only if (x —z,]Jy - Jz) <0 for all y € C;
(2) ¢(x, Rx) + ¢p(Rx,2) < P(x,2).

Plubtieng and Sriprad [3] proved the following theorems.

Theorem 2.7 [3] Let E be a Banach space with the dual space E*. Let C* be a nonempty,
compact, and convex subset of E* and let A be a skew-monotone and hemicontinuous op-
erator of C* into E. Then there exists x}, € C* such that

(Axp,x* —x3) >0, Va*eC*

Theorem 2.8 [3] Let C be a nonempty, compact, and convex subset of a smooth, strictly
convex, and reflexive Banach space E such that JC is a closed and convex set. Let A be a
skew-monotone operator of JC into E. Then

ueVIJC,A) & u=Rc(u-rAu), VYA>0,
where R is the generalized nonexpansive retraction of E onto C.

Let E be a Banach space with the dual space £* and let C be a nonempty, compact, and
convex subset such that JC is a closed and convex set. Let ijc be indicator of JC. Since
ijc : E* — (—00, +00) is proper, lower semicontinuous, and convex, the subdifferential 3i;c
of ijc defined by

dijc = {x € Eijc(v*) = ije(x*) + (%" —x*),Vy* € E*}, Va* € E*,

is a maximal skew-monotone operator [30]. We denote by Njc(x*) the skew normal cone
of JC at a point x* € JC, that is,

Nic(x*) = {x € E: (x,x* —y*) = 0,¥y* € JC}.
From [3, 30], we know that

, N]C(x*), x* E]C,
al]C =
d, x* ¢ JC.
An operator A : D(A) C E* — E is said to be hemicontinuous if for all x*,y* € D(A), the
mapping f of [0,1] into E defined by f(¢) = A(¢x* + (1 — £)y*) is continuous.

Theorem 2.9 [3] Let C be a nonempty, compact, and convex subset of a smooth, strictly
convex, and reflexive Banach space E such that JC is closed and convex and let A be a skew-
monotone and hemicontinuous operator of JC into E. Let B C E* x E be an operator defined
as follows:

_ Av* + Nic(x*), v*eJC,
o, v* ¢ JC.

Bv*

Then B is maximal skew-monotone and (BJ)~10 = VI(JC,A).
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Let E be a smooth Banach space and let C be a nonempty subset of E. Let T: C — Cbe a
mapping. Then p € C is called a generalized asymptotically fixed point of T if there exists
{x,} C C such that Jx, — Jp and lim,_,  ||/x,, —JTx,| = 0. We denote the set of generalized
asymptotically fixed points of T by F(T).

Lemma 2.10 [18] Let E be a reflexive smooth Banach space and E* has a uniformly
Gateaux differentiable norm. Let C be a nonempty closed subset of E such that JC is closed
and convex. Let T be a generalized nonexpansive type mapping of C into itself, i.e.,

&(Tx, Ty) + ¢(Ty, Tx) < ¢ (x, Ty) + ¢ (y, Tx)

forall x,y € C. Then the following hold:
1) F(T)=F(T);
(2) JE(T) is closed and convex;
(3) F(T) is closed.

Lemma 2.11 [28] Let E be a smooth and uniformly convex Banach space and r > 0. Then
there exists a strictly increasing, continuous and convex function g : [0,2r] — R such that
2(0)=0and g(|lx—y|) < @(x,9) for all x,y € B,(0), where B,(0) ={z € E: ||z|| <r}.

Lemma 2.12 [31] Let E be a uniformly convex Banach space and r > 0. Then there exists a
strictly increasing, continuous and convex function h : [0,00) — [0, 00) such that h(0) = 0
and

A%+ wy + yzl* < Mxll® + wlyll + v llzl* = 2ph(llx - yl)
forall x,y,z € B,(0), where B,(0) ={z€ E: |z| <r},and A+ p +y =1.

Lemma 2.13 [32] Let {a,} and {b,} be two sequences of nonnegative real numbers satisfy-
ing the inequality

Aps1 = ap t bn, Vn = 1
If Y% s by < 00, then lim,,_,  a, exists.

3 Weak convergence theorems

In this section, we prove a weak convergence theorem for an inverse-strongly skew-
monotone operator and two generalized nonexpansive type mappings applying the sunny
generalized nonexpansive retraction in Banach spaces.

Lemma 3.1 Let E be a reflexive, strictly convex, and uniformly smooth Banach space with
dual space E*, and let C be a nonempty, compact, and convex subset of E such that JC
is closed and convex, C* be a nonempty, closed, and convex subset of E*. F : JC x JC —
(—00, +00) that satisfies the conditions (Al)-(A4). Let A : C* — E* be a B-inverse-strongly
skew-monotone operator and ¥ : JC — (—00, +00) be a convex and lower semicontinuous,
r > 0 be a given real number, and x € E be any point. Then there exists z € C such that

F(z,Jy) + (AJz, Jy = Jz) + v (Jy) — ¥ (Jz) + %(z -xJy-Jz) >0, VyeC,

where ] is the duality mapping from E to E*.
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Lemma 3.2 Let C be a nonempty, closed, and convex subset of a uniformly smooth and
strictly convex real Banach space E such that JC is closed and convex, let C* be a nonempty,
closed, and convex subset of E*. F : JC x JC — (—00,+00) that satisfies the conditions
(A1)-(A4). Let A : C* — E* be a B-inverse-strongly skew-monotone operator and  : JC —
(—00, +00) be a convex and lower semicontinuous function, r > 0 be a given real number,
and x € E be any point. Define a mapping K, : E — C as follows:

K (x) = {z € C:F(z,Jy) + (AJz, ]y — Jz)

1
FU) YU + ~ (= xJy -T2 2 0,y € c}.
Then the following hold:

(1) K, is single valued,;

(2) K, is firmly generalized nonexpansive, i.e.,

(Krx — Kyy, JKix = JKyy) < (x -y, JKix = JKyy), Vx,y € E;

(3) F(K,)=GMEP(F,A,v);

(4) J(GMEP(F, A, 1)) is convex and closed;

(5) ¢(x,Kix) + p(Kix, p) < ¢(x,p), Vx € E, p € F(K}),
where ] is the duality mapping from E to E*.

Remark 3.1 The proof of Lemmas 3.1 and 3.2 is similar to the proof of Lemma 24 and
Theorem 25 in [33]; for details please refer to [33].

Theorem 3.3 Let E be a uniformly convex and 2-uniformly smooth Banach space whose
duality mapping ] is weakly sequentially continuous, and let C be a closed convex sub-
set of E such that JC is closed and convex. Let F : JC x JC — (—00,+00) be a bifunc-
tion satisfying (A1)-(A4), A : JC — E be a B-inverse-strongly skew-monotone operator. Let
B: JC — E be an a-inverse-strongly skew-monotone operator such that VI(JC,B) # ¢ and
IBJyll < ||BJy—Bjul|| forally € C and u € VI(JC,B). Let S, T be two generalized nonexpan-
sive type mappings of C into itself such that I := VI(JC,B) N GMEP(F, A, ) N F(S) N F(T)
is not empty. Let {x,} be a sequence generated by x, = x € C and

Uy = <r,1xm
Zy = RC(un - )‘nB]un)r
Yu = a,(})un + a,(qz)Sz,, + a,(f) 1z,

Xn+l = RC(ﬁnx + (1 - ﬁn)yn):

where Rc is the sunny generalized nonexpansive retraction of E onto C, ] is the duality
mapping on E. {A,} C [a,b] for some a, b with 0 < a < b < ;, where c is the constant in
Lemma 2.1. The following conditions are satisfied:

(D) Bu€(0,1), 32,2, Bu < +00;

(ii) aﬁ,l) + af) + a,(f’) =1, limsup,,_, o 055,1) <1, liminf,_ a,(ql)ai,z) >0, and
P @ @) )
liminf,_ o o ¢ty > 0;

(iii) liminf, o7, =n>0.

Then x,, converges weakly to u € I', where u = lim,,_, oo Rrx,,.
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Proof First, we show that {x,}, {y,}, {z,}, and {u,} are bounded.
Letpel,

¢ (un,p) = (K, %0, p) < P4, p)- (3.1)
Let v, = u,, — A,BJu,, from Lemma 2.3 and Theorem 2.6, we have

¢(zn,p) = (Rc(ty — 1uBJuy), p)
< Wnp) = $(i2)
< ¢(un — AnBJuy, p)
= V(tty — MnBJtin, Jp)
< V(tty = knBJtty + 7uBJtt, Jp) = 2(AnBJtt, ] (1t — AuBJit) - Jp)
= V(tn, Jp) = 22n(BJttn, ]t — 1nBJth) — Jp)
= ¢(tn, p) = 200 (BJtt, Jir, — Jp)

+ 2(—)»,13]1/!”,](14,1 - A.BJu,) _]un>' (3.2)
Since B is a-inverse-strongly monotone and p € VI(JC, B), it follows that

—2X,(BJuy, Ju, — Jp)
= =21, (BJu, — BJp,Ju, — Jp) — 2X,(BJp,Ju, — Jp)
< -2Aq|BJu, - Bjp|*. (3.3)

By Lemma 2.1 and the assumption, we get

2Bk, ] (thn = AuBJthy) — Jih)
= 2”)‘}13]14}1” ”](un - )\nB]un) —]Lt,, ||
= ZC)WI”B]Mn” ”un - )"nB]Mn - un”

=203 |1BJu | < 2¢As|| Bl = JplI?, (34)
substituting (3.3) and (3.4) into (3.2), and from b < %, we can get

¢(Zml7) =< ¢(Vnrp) - ¢(szn)
< ¢(ttn, p) — 2050t ||BJus,, — BJp||* + 2¢A2 || BJu,, — Jp |
< ¢(uy,p) + 2a(bc — &)|| BJu,, - Bp|*

=< ¢(14m17) = ¢(xn’p)‘ (3.5)

Since S, T are two generalized nonexpansive type mappings, we have

1

O p) = d)(af,l)un + af)Szn + aﬁ,g) Tz,,,p)
< aDp(unp) + P d(Sz,p) + PP (T2, p)
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< aW¢(u,p) + aP ¢z, p) + P (2, p)
< ¢(xp,p). (3.6)

Using Theorem 2.6, from (3.5) and (3.6), we have

¢t p) = $(Rc(Bux + (L= B)yn)p)
< ¢(Bux + (1= Bu)yn:p)
< Bup(x,p) + 1 = B)p (Y, )
< Bud(x,p) + (1 = B)@p (x4, p)
< Bugp(x,p) + ¢(xn, p), (3.7)
then, from Lemma 2.13, we see that lim,_, , ¢ (x,, p) exists. Therefore, {x,}, {y.}, {z,}, and

{u,} are bounded.
Applying (3.4)-(3.6) again, it follows that

¢ (xn41,0)
< Bud(x,p) + (1= B) |V p (s, p)
+ (1= o) [@(n,p) - 20,ctl| BJit,, — BJp|® + 2221 BJu, — Jp|1*]}
< Bug(x, p) + (1 = Bu)d (%, p)
+ (1= B)(1- o) 2a(ch - &) || Blu, — Blp|*. (3.8)

So, we have

(1-B,)(1 - a”)2a(e - cb) | BJu, - Blp|*
=< ,Bn¢(x:p) +(1- ,Bn)¢(xnvp) - ¢(xn+11p)
=< ,Bn¢(x:p) + ¢(xmp) - ¢(xn+l’p)7 (3‘9)

from lim,_, » B, = 0, limsup,,_, ., a,(ql) <1, and lim,_, o, ¢(x,, p) exists; we have
lim ||BJu, — BJp| = 0. (3.10)
n—00

From Theorem 2.6, Lemma 2.3, and (3.10), we have

@ (2 t4n) = ¢(Re(ttn — AuBJthn), thn)
< ¢(uy — huBJtty, i)
= V(up — AnBJuiy, Ju)
< V(= AnBJttyy + A BJti, Jtb)
= 2(AnBJttn, ] (s — hnBJiky) — Jit)

= V(”n;]un) - 2)"71(3]”;4)](”;1 - )\nB]Mn) _]Mn)
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= @ (tbns Un) = 20(BJtt ] (1t = hnBtt) — Jit)
= ~2(BJtty, ], — 7 BJtt) — Jit)

< 20| BJttnl | ] (141 — AnBJth) — Jit |

< 2¢5 || BJul| < 2¢,||BJu, — BJp||*> — 0,

then, from Lemma 2.2, we get
lim ||z, — u,| = 0. (3.11)
n—00
Since {x,}, {z,} are bounded, by Lemma 2.12, we get

éOnp)
= (P u, + @Sz, + @) Tz, p)
= ||a£ll)un + aﬁ,l)Sz,, + af’) Tz, Hz - 2<a£,1)x,, + aLZ)Sz,, + af) Tz,,,]p) + ||p||2
< aPlunll” + P 1Szull* + @D Tzull* - oo g (110 — Szall)
=20 (tn, Jp) + 20 (Sz0,Jp) + 20 (T2, Jp) + |||
= p(unp) + aP¢(Szm,p) + P (T2, p) — Vot Vg (I, — Szall)

< ¢ p) — PP g(lx, — Szall). (312)

From the definition of R¢ and (3.12), we obtain

¢ (Xn41,0)
= ¢(Re(Bux + (L= Bu)yn)p)
< ¢(Bux+ (L= Bu)ymp)
< Bup(x,p) + (s p)
= Bud(@,p) + (1= B,)[ D@ p) - P Dg (s = Szal) ] (3.13)

this implies that

(1= BoeaaPg(Ilx — Szall) < Bu(x,p) + (1= B, p) = (Xns1,p)- (314)
Notice that the limit of {¢)(x,, p)} exists and we have the conditions (i), (ii), so we get

lim g(|lx, — Szll) = 0.

n—0Q
From the property of g, we have

lim ||x, —Sz,|| = 0. (3.15)

In a similar way, we can conclude

lim ||x, — Tz,|| = 0. (3.16)
n— 00
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Noticing u,,; = K}, ., %441, by Lemma 3.2, we get

Tn+l

¢(lfin+1,P) = ¢(I<rn+1xn+1:p)

=< ¢(xn+1;p)
=< ,3n¢(xrp) + (1 - ﬂn)¢(un:p)
< Bud(x,p) + ¢(un, p),

therefore lim, .« ¢(uy, p) exists. Let £ = sup,;{llxxll, #,|}. From Lemma 2.11, there
exists a continuous strictly increasing and convex function g; with g,(0) = 0 such that
ai(llx =yl < o, y), Vx,y € B, (0). From the definition of u, and Lemma 3.2, for p € T,

we have

gl(”xn - un”) =< ¢(xm Mn)
=< ¢(xn: I<rnxn)

< X, p) — P(tn, p)
< ,Bn—1¢(x)p) + d’(un—l)p) - ¢(un:p)

Let n — oo, we obtain lim,_, o g1 (||% — 4 ||) = 0. From the property of g1, we also get
lim ||x, —u,|| =0. (3.17)
n—00
Since
”Zn _xn” = ”Zn - un” + ”un _xn”’
we get
lim ||z, — x| = 0.
n— 00
Since
1z = Szull < llzw = %l + 1 — Szsll,
we have
lim ||z, — Sz,|| = 0. (3.18)
n—00
From E is uniformly smooth, J is norm-to-norm continuous. So, we have
1Jxn = Jzull = O
and

lJzy — JSzull — O.
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From {x,} being bounded, one finds that {Jx, } is bounded, so there exists a subsequence
{%4;} of {x,} such that Jx,, —~ u*, and we get Jz,, — u*. From (3.18), we have J7'u* € E(S),
and we can also obtain J'u* € F(T). From Lemma 2.10, putting u = J"Lu*, we have u € F(S)
and u € F(T), i.e., u € F(S)NF(T).

Next we show that u € VI(JC, B). Let H C E* x E be an operator as follows:

_ | BV + Nic(v¥), v*eJC,
o, v ¢ JC.

Hv*

By Theorem 2.9, H is maximal skew-monotone and (HJ)™0 = VI(JC, B). Let (v*,w) €
G(H). Since w € Hv* = Bv* + Njc(v*), it follows that w — Bv* € Nyc(v*). From Jz, € JC,

we have
(w=Bv*,v* ~Jz,) > 0. (3.19)

Since w € Bv*, we get v* € JC. This implies that there is v € C such that Jv = v*. Thus it
follows from (3.19) that

(w—BJv,Jv—Jz,) > 0. (3.20)

On the other hand, from z, = Rc(u,, — A,BJu,), by Theorem 2.6, we have ((u, — 1,BJu,) —

Zn, Jzn — Jv) > 0, and

n

<””/\_ “  BJuy, Jv - ]z,,> <o0. (3.21)
It follows from (3.20) and (3.21) that

(w,Jv—Jz,) = (BJv,Jv - Jz,)

Up —2Zp

> (BJv,Jv—Jzu) + < —BJu,,Jv —]zn>

n

Uy — 2y

= (BJv—BJuy,Jv—Jz,) +< JV—]zn>

n

= (B]V_B]an]V_]Zn) + (B]Zn _B]Mrn]v_]zn)
Uy —Zy ]
o V—Jz,

n

1 1
Z = Wan = Junll Vv = Jzull = iz = ull IV = Jzull

1 1
> —M<—||]zn —Ju,l + =z, — Mnll):
o a

where M = sup,.., {||/v—Jz,||}. Taking n = n;, from (3.11) and (3.20) and the weakly sequen-
tial continuity of J, we have (w, Jv—Ju) > 0 as i — o00. So, by the maximality of H, we obtain
Ju € H70, that is, u € (HJ)~'0 = VI(JC, B).

Now we show that u € GMEP(F, A, v). From u,, = K, x,, we have

OUuy,, Jy) + %(un — X, Jy = Jun) > 0, (3.22)

n
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where ©(Ju,, Jy) = F(Ju,, Jy) + (AJuy, Jy — Ju,) + ¢(Jy) — ¢(Ju,). Replacing n by n;, we have

1
V_ (Mn,- _xn,-y]y _]Mnl‘) = _®Uun,-)y) = @)(]y,]btn,»), V)’ eC. (323)

ni
From 0 < n < r, and (3.17), we have

L Uy — Xy,
lim — - =0.
n—00 Ty

So, we have
O(Jy,u*) <0. (3.24)

Put u} =tJy + (1 - t)u* for t € (0,1] and y € C. From JC is convex, we have u; € JC. From
(A1), (A4), and (3.24), we have
0 = O(uy,u;) <tO(uf,Jy) + 1 - )O(u], u*)

< t0(u},Jy)
and then
O(uj,Jy) = 0,
letting ¢t — 0, from (A3), we have
@(u*,]y) >0, VyeC.

This implies that u € GMEP(F, A, /).
Hence, u € I" := VI(JC, B) N GMEP(F, A, ¥) N F(S) N F(T).
Let &, = Rrx, and p € I'. From &, € I" and Theorem 2.6, we have

¢(xn’$n) = ¢(xn:Rl"xn)
=< (;b(xmp) - ¢(RFxmp)
< ¢(x,p), (3.25)
since {x,} is bounded, {&,} is also bounded.

Replacing x, by x in (3.25), we see that {¢(x,&,)} is bounded.
By Theorem 2.6 and (3.6), (3.7), we get

G (i1, Enr1) = i1, Rritnan)
< (1, En) — PR, §n)
< ¢ni1,60)
< Bu@(x,81) + ¢y 1)
< Bud(x,6n) + (X, En).
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From {¢(x,£,)} being bounded, } ., B, < +00, and by Lemma 2.13, the limit of {¢(x,,£,)}
exists.

For any m € N, from (3.25), we have ¢(x,11m,&,) < @ (%, &,). Noticing &4 = Rrocem,
from Theorem 2.6, we obtain

O Enims En) + O X Enim) < O Xnam» En) < 0%, En)s

SO

¢($n+m:$n) =< ¢(xn’$n) - ¢(xn+mr §n+m)~
Let £, = sup,.{€,}, from Lemma 2.11, there exists a continuous strictly increasing and

convex function g, with g,(0) = 0 such that g, (||lx — y||) < ¢(x,), Y,y € By, (0). Therefore,

we have

gZ(”Eer - %_n”) < PEnimrn) < OXn En) — Xnins Enem)-
Since {¢(x,,, §,)} is a convergent sequence, by the property of g, we see that {&,} isa Cauchy

sequence. Suppose that {£,} converges strongly to w € I'. Noticing 4 € I, &, = Rrx,, and
from Theorem 2.6, we obtain

(Xn — &, Ju—J&y) < 0.
] is weakly sequentially continuous, and we have
(u—w,Ju—Jw) <0.
On the other hand, J is monotone, and we have
(u—w,Ju—-Jw) > 0.
So, we get
(u—w,Ju—Jw)=0.
Therefore u = w. The proof of Theorem 3.3 is completed. 0

If we put A =0 and ¥ =0 in Theorem 3.3, then Theorem 3.3 reduces to the following

result.

Corollary 3.4 Let E be a uniformly convex and 2-uniformly smooth Banach space and let
C be a closed subset of E such that JC is closed and convex. Let F : JC x JC — (—00, +00) be
a bifunction satisfying (A1)-(A4). Let B : JC — E be an «-inverse-strongly skew-monotone
operator such that VI(JC,B) # ¥ and ||BJy| < ||BJy — BJu|| for all y € C and u € VI(JC, B).
Let S, T be two generalized nonexpansive type mappings of C into itself such that I' :=
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VI(JC,B) NEP(F) NF(S)NF(T) is not empty. Let {x,} be a sequence generated by x; =x € C
and

F(]Mm]y) + i(un _xm]y_]un> >0, Vy € C;
zn = Rc(uy — AnBJuy,),
Yy = a,(})un + Ol,(,,z)SZ,, + ot,(f) 1z,

Xne1 = Re(Bux + (1 - /gn)yn):

where Rc is the sunny generalized nonexpansive retraction of E onto C, ] is the duality
mapping on E. {A,} C [a,b] for some a, b with 0 < a < b < 7, where c is the constant in
Lemma 2.1. The following conditions are satisfied:

(D) 201 Bn < 00;

(ii) ocﬁ,l) + aﬁ,z) + af?) =1, limsup,_, oc,(ql) <1, liminf,_, o ozﬁ,l)aﬁ,z) >0, and

liminf, o o ats” > 0;
(iii) liminf,_ 7, =n>0.
If ] is weakly sequentially continuous, then x, converges weakly to u € I', where u =

lim,,_, oo Rrx,,.

If weput A=0, ¢ =0, and T =S in Theorem 3.3, then Theorem 3.3 reduces to the
following corollary.

Corollary 3.5 Let E be a uniformly convex and 2-uniformly smooth Banach space and let
C be a closed subset of E such that JC is closed and convex. Let F : JC x JC — (—00, +00) be
a bifunction satisfying (A1)-(A4). Let B : JC — E be an a-inverse-strongly skew-monotone
operator such that VI(JC,B) # ) and ||BJy|| < |BJy — BJu|| for all y € C and u € VI(JC, B)
and T be a generalized nonexpansive type mapping of C into itself such that I' := VI(JC, B)N
EP(F) N E(T) is not empty. Let {x,} be a sequence generated by x, = x € C and

F(Jun, Jy) + - (b = %, Jy = Ju) = 0, ¥y € C,
2y = Re(uy — AuBluy),

yn=au, + (1) Tz,

Xns1 = Re(Bux + (1= Bu)yn),

where Rc is the sunny generalized nonexpansive retraction of E onto C, ] is the duality
mapping on E. {A,} C [a,b] for some a, b with 0 < a < b < %, where c is the constant in
Lemma 2.1. The following conditions are satisfied:
(i) D21 Bu < 00;
(if) 0 <liminf,_, « a,(ql) <limsup,_, ., ot,(ql) <1
(iii) liminf,_, 7, =n>0.
If ] is weakly sequentially continuous, then x, converges weakly to u € I, where u =

lim,,_, oo Rrx,,.

Remark 3.2 The results presented in this paper substantially improve and extend the
results of others in the following aspects.
(1) Theorem 3.3 and Corollary 3.4 extend the result [18] on the iterative construction of
the fixed point of a single generalized nonexpansive type mapping to the case of
common fixed points of two generalized nonexpansive type mappings.
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(2) Phuangphoo and Kumam [33] considered the fixed point problem of one closed
¢-nonexpansive mapping; in this paper, we discuss fixed points of two generalized
nonexpansive type mappings, and the closeness of the mapping is omitted.

(3) In this paper, the iterative scheme which we introduced is more general because it
can be applied to find a common element of the set of solutions for the generalized
mixed equilibrium problem, the common fixed points of two generalized
nonexpansive type mappings, and the set of solutions of the variational inequality in

Banach spaces.

4 Example

In this paper, we consider the convergence of the iteration which we suggest in the general
Banach space. In order to make the theoretical results more intuitive, we give an example
in the real number field. In a Hilbert space, the duality mapping J is the identity operator
and we have the function ¢(x,7) = |x - y||?, Rc is the metric projection Pc. The general-
ized nonexpansive type mapping should be a non-spreading mapping; the inverse-strongly
skew-monotone operator should be an inverse-strongly monotone operator.

Example 4.1 Let A:R— R, B: R — R be defined: for all x € R,

x—1 x>
) Bx:T) w(x)=—

Ax = .
3

x
2
The classical variational inequality is as follows: finding a u € C = [1,100] such that

(Bu,v—u) >0, Vvel[l,100]. (4.1)

The solution of (4.1), denoted by VI([1,100], B), is {1}, and B is satisfies the condition:
1Byl < 1By - Bpll, ¥y € C, p € VI(C, B).
Let T':[1,100] — [1,100], S: [1,100] — [1,100], F: [1,100] x [1,100] — R be defined as
3x + 4 2x+5
_ X + Sy = X + 'y

z Foy) =2y + 2 4 3x -3+ 27
x , x , x%,Y)=—=y" + = +3x—3y+ =y,
7 7 V== Ty v 3

It is easy to verify A, B are inverse-strongly monotone operators with coefficients o = 1
and B =1, respectively. T and S are non-spreading mappings and F(T) N F(S) = {1}.

It is obvious that F(x, y) satisfies the following conditions:

(1) F(x,x) =0;

(2) F(x,y)is monotone, i.e., F(x,y) + F(y,x) = 0;

(3) for each x,y,w € [1,100], lim;—,o F(tw + (1 — £)x,y) < F(x,y);

(4) for each x € [1,100], y — F(x,y) is convex and lower semicontinuous.

Then we have

F(x,y) + (Ax, y — x) + ¥ (y) — ¥ (x)
yZ x2
3 3

7 2
:—gy2+’;—y+3x—3y+ §y2+§(y—x)+

=-2x% + (y+3)x + y* — 3.
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So, we get the solution of the generalized mixed equilibrium problem GMEP(F, A, ¥) is
{1}. At the same time, we obtain F(T) N F(S) N GMEP(F, A, v) N VI(C,B) = {1}.
Observe that for all y € [1,100],

1
0 f F(umy) + (Aun:y_ un) + 1#0’) - 1p(un) + r_(un _xn;y_ Mn)

1
= [2u + (v + 3)un +y* = 3y] + r—(u,, —%,)(y — uy,)

& 0<ry, [—2ufl +(y+3)u, +y2 - Sy] + (u,,y - ufl —Xny + x,,u,,)

=1+ (Pulhy = 37 + Uy — X))y + (Sr,,u,, —2r,ut -t + xnu,,).
Leta =71y, b= rytty — 31y + thy — Xy, € = 31ty — 20, U2 — U2 + X1k,

A = b? - dac
= (Putty — 37y + Uy — X,)° — 41y (3rnu,, - 2r,,ufl - ufl + xnun)

= (Uy — 37y + 3rulty — %4)°.

Let H(y) = ryy* + (rtdy — 37y + thy — %)y + (37 thy — 27, u% — u? + x,,1,,), and we have H(y) > 0.
If H(y) has at most one solution in R, then we get A < 0. This implies that

X, + 31y,

Uy= ——.
" 1+3r,

(4.2)

_ 1 _ _n _ n+l :
= -3, Tn = 30530 Mn = 3,55 Lt is easy to see that

Put a}(}) _ 4523’ Ol;(12) _ n¥2 06(3) _ n+l ﬁn

T 4n+3? M T 4An+3?
the sequences aﬁ,l), af,z), ai,?’), B> n, and A, satisfy the conditions in Theorem 3.3. We can
rewrite the sequence in Theorem 3.3: x; = x € [1,100],

_ xp+3ry
Un =31

Zy = P[l,lOO] (un - )\n %Bun);

Yu = a,(ql)u,, + a,(f)Sz,, + a,(f’) 1z,

X1 = P1,100] (Bux + (1 = Bu)yin).

Then from Theorem 3.3 we conclude that the sequence {x,} converges weakly to 1.
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