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1 Introduction

Our main goal is to discuss the one-dimensional radial Schrodinger equation of the form

I
Y@ = ( D v —E)y(x» ¥(0)=0, 1)

where V(x) and E are the potential and energy, respectively. The second additional con-
dition is obtained from the physical meaning of the problem. The numerical solution of
equations of type (1) is of special importance for applied scientists, because they appear
in many areas of science when formulating natural problems such as in chemical physics
and in quantum physics, among others. Since the analytical solution for problem (1) has
a special and complex structure, its numerical approximation and the construction of ac-
curate approximation methods are of great importance. In recent years, various methods
have been designed by different authors to solve the Schrédinger equation numerically.
We will mention a limited number of these methods, such as Runge—Kutta methods [1-
12], hybrid methods [21-23], EF and TF methods [13-20].

Since the method we propose here belongs to the category of linear multistep multi-
derivative methods, we turn our attention to presenting some properties of these methods.

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-021-03662-9
https://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03662-9&domain=pdf
https://orcid.org/0000-0003-2699-1490
mailto:shokri@maragheh.ac.ir

Shokri et al. Advances in Difference Equations (2021) 2021:506 Page 2 of 16

Consider the multiderivative symmetric multistep Obrechkoff method defined as

k I k
Z QjYnjsl = Z n* Z ,317‘315,2_[;+1~ (2)
=0 =1 j=0

In the case aj = a4 and B = Bix—j, forj = 0,1,2,...,k, method (2) will be symmetric. Also,
its order will be g, provided the truncation error is

TE = Cq+2hq+2y(q+2)(’7)1 Kn—k+1 <1 <Xp+1,

in which C,, is a constant. To study the properties of stability of a method for solving
second-order differential equations, Lambert and Watson [10] offered the scalar test equa-
tion

!

y' = —a)zy, weR. (3)

If we apply (2) to (3), then we have the characteristic equation
l . .
p(&) =Y (-1)v¥0i(§) =0, (@)

i=1

in which v = wh and
k . k ‘
p(S)ZZajék_J, Ui(é):Z,Bi/Sk_l, i=12,...,1
j=0 j=0

Definition 1.1 The interval (0,v3) is called the interval of periodicity of method (2) pro-
vided for each v? in this interval (4) has complex roots so that at least two of the roots are
on the unit circle and the rest are inside the unit circle. Also, if the interval of periodicity
is (0, 00), then method (2) has the property of P-stability.

In general, if we apply a 2k-step symmetric scheme to (3), its difference equation is ob-
tained in the form

Ak(V)(yer +yn—k) L +A1(V)(yn+1 +yn—1) +AO(V)yn = Or (5)

inwhich 4;(v),i=0,1,...,k, are polynomials depending on v. In addition, CE (the charac-
teristic equation) corresponding to the difference equation (5) is

AW (" +5) 4+ A1) (s +571) + Ao(v) = 0. (6)

Definition 1.2 For any scheme with CE (6), PL (phase-lag) is defined as the first term in
the expansion of

t=v-0(v),

where 0(v) is a real function of v. If we can write £ = O(v7*!) as v — o0, then the order of
PLis g.
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Theorem 1.3 The symmetric 2k-step scheme with CE (6) has PL order q and PL constant

¢, where

~ Zf;l 2A;(v) cos(iv) + Ao(v)
S XhAe

-V + O(V1*)

Proof See [19]. O

Achieving the P-stability in numerical schemes is of great importance because with P-
stability property, we can say with confidence that the step-size constraint is eliminated.
In other words, differential equations with extreme oscillations can be easily solved with
P-stable methods, and the desired solution can be approximated accurately. Of course,
the P-stability property is a general concept and is used for differential equations involv-
ing multiple frequencies. The concept of singular P-stability has been applied to problems
with only one frequency. So when we exclusively talk about the interval and distinguish it
from the periodicity interval, we are, in fact, talking about the same concepts, and there
is no difference between the P-stability and the singular P-stability. Indeed, singular P-
stability is the same as P-stability with one frequency. On the other hand, given that the
Schrodinger equation discussed in this paper has only one frequency, we use the expres-
sion singular P-stability. We will show this property in the section devoted to the period-
icity analysis.

The paper is organized as follows. Introduction and review of multiderivative methods
are presented in Sect. 1. In Sect. 2, we propose the main method, and its coefficients will
be produced with a new approach. Periodicity analysis and Schrodinger error coefficient
analysis are provided in Sect. 3. Finally, the efficiency of the new scheme is demonstrated
in Sect. 4 by implementing the new method on the Schrédinger equation with several
energy levels.

2 Development and analysis

2.1 Development

Since the main purpose of this paper is to solve numerically (1) using symmetric multi-
derivative multistep methods, we consider an eight-step fourth-derivative method of the

form

2 /" /" 1/ /"
Ynta + A3Ynts + A3Ynt2 + A1Ynt1 + AoYn = W (b3Yhis + Do,y + bryey + boy))

(7)
4 4 4
+ht (CSJ’EIi3 + C2y51ﬂ)zz + Clyfqll + CO}’SL))'
where
1 1 1 1
C3=——, C=——— 1=——"0 CO=—"—"—"o
>~ 500 >7 7500 ' 100 07 7250

Ynti = Yn+i ¥ Yn—is i= 1) 2; 31 4)

and a;, bj, j = 0,1,2, 3, are real constant coefficients that should be computed. It is natural
that all the properties and characteristics of any numerical method are deduced from its
coefficients. However, the coefficients must be carefully generated in order to achieve su-
perior properties. In this paper, several goals are pursued simultaneously so that we can
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produce a better and more accurate method. Not only do we want to control the interval
of periodicity so that (0, +00) is produced, but also we intend to have the Schrodinger er-
ror coefficient reduced. Applying the new method (7) to the scalar equation (3), CE of the
method (7) will be as follows:

As(V)Wnza) + Az(V)Wns3) + Ao (V) W) + A1 (V) Gux1) + Ao(V)yn = 0, (8)

where

1
Ao(v) = ap + bov? + — 1,
ov) =ao + by 550

1
A1(v) = ay + bpv? — — 4,
(V) =ai+b; 100

1
A =ay + by? + — 3,
2V =ax+ by 200

1
As(v) = az + bt — — 4,

A4(V) =1.

Now, to control the interval of periodicity, we will generate the coefficients so that CE of

the scheme is
A8 —2cos(@v)at+1=0. )

To this end, the polynomials A;(v), A2(v), and As(v) of the characteristic function must
be equal to zero, which produces three equations. On the other hand, because the new
method has eight free parameters, we need five more independent linear equations to
obtain unique coefficients. Now, to control the Schrodinger error coefficient, suppose that
PL and its derivatives up to four are zero. This leads to 8 equations with 8 unknowns.
According to Theorem 1.3 with k =4, PL is

~ 2A1(v) cos(v) + 24,5(v) cos(2v) + 2A3(v) cos(3v) + 2A44(v) cos(4v) + Ay

PL 2A1(v) + 8A,(v) + 18A3(v) + 3244(v)

Using Maple 18, we have solved this system, and the obtained coefficients are given in

Appendix A. The Taylor series expansions of the coefficients are

794,137 , 1,190,687 , 109,930,193 .

ag=—2+ 14 V' + V= ,
47,250 70,875 15,592,500

424,453 , 108,841 , 56,802,077

ay =— Vv + 1 v+ )
63,000 13,500 15,592,500
13,103 , 13,087 , 595357

a) = — V= V' + Vv - ,
157,500 236,250 4,455,000
1495957 , 557,087 , 246769

as = -

- Ve + v — 14
945,000 1,417,500 15,592,500
38,137 643,193 , 67,477,807 , 811,862,971 ¢

- - Ve + v — +
47,250 141,750 15,592,500 521,235,000V

0 =
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_ 424,453 B 54,353 2 56,802,077 A 77,581,573 O
63,000 6750 15,592,500 90,090,000

_ 13,103 . 25,229 2 595,357 Ao 21,123,139 iy
157,500 472,500 4,455,000 1,351,350,000

1,495,957 B 138,563 2y 246,769 A 39,543,703 iy

945,000 354,375 15,592,500 36,486,450,000

1

2

— e,

3 =

The local truncation error of (7), namely LTEye., is obtained using the usual Taylor series
expansion and is given by

326,687
LTEney = _mhw [wloyn " Swsy(nz) + 10w6y£14) + 10w4y£,6) + 50)2)/518) +)’§,10)] )
+ O(hu).

Then the local truncation error of the classical form of (7) (the same structure with con-
stant coefficients), namely LTEcjyss, will be

326,687

LTEcnss = =5 670,000

1000 | O(h12). (11)
To study the efficiency of the new scheme for solving (1), we have to have its Schrédinger
error. To this end, we can transfer (1) to

Y =f(x)y(x).

Now, as per Ixaru and Rizea’s paper [9], f(x) can be changed to f(x) = g(x) + G, in which
g(x) = V(x) = V,, and V, is the constant approximation of the potential and G =v* = V, - E
(see [9]).

Theorem 2.1 The Schrédinger error of the new method increases as the second power of G.

Proof We know that, for any eighth algebraic-order linear multistep method, the general
form of the LTEs is given by

j
LTE = 1'° ZNiGi,

i=0

where, in the classical case, N; are constant numbers and in the frequency dependent
cases, N; are functions of v and G, and j is the maximum power of G. Since G = V- E, we
can assume two cases according to the values of E:

1. G=V,-E=O.

2. G> 0 or G K0, where |G| has a large value.
If G=V,-E=~0,thenwehave G' =0, =1,2,.... Obviously, the method with asymptotic
form of LTE, which includes the minimum power of G, is the most accurate one. Now,
G = V. —E ~ 0 implies LTE = #'°Nj, where Ny in (10) and (11) is ~ 222887 [10y, + 508y +
10095 + 100* + 502y + 5191 and — 319 respectively. For the case G > 0 or
G K 0, firstly, we should calculate higher derivatives of y. By simple calculation, we have

¥y w) = (V) - Ve + G)y),
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d? d d d?
796 = (55 Ve o +2( v ) (59 # (V) - Ve 6) (00,

etc. Therefore, by substituting the above derivatives in LTE, we can get the Schrédinger
error for the new scheme. Hence, the principal term of the Schrédinger error of the new

method is
326,687 ( d*
E h = bt e th GZ’
Irsch = 307372 (dx4g(x)>y(x)
and thus, for this method, the error increases as the second power of G. O

2.2 Periodicity analysis

In order to confidently implement a numerical method on problems, we must have accu-
rate information about how the method behaves. More specifically, we need to know the
stability or instability, convergence or divergence of the method and even the maximum
step length. For such studies, we must calculate the stability function of the method and
then generate the stability region. This helps us to easily compare the proposed method
with other methods. To generate the stability area of the scheme, we apply the main
method to the problem

y' (%) = —¢>y(x) (12)

and obtain its CE. Note that the frequency used in (12) is different from the frequency
used in (3). If we assume s = ¢/ and v = wh, then we will produce y-axes with v and x-axis
with s in the stability region. Therefore, the proposed method can be used for problems
that have two frequencies. Applying (7) to (12), we will have

4
D A5, V)i + Yu-i) + Aols, V)Y =0, (13)

i=1

in which v = wh, s = ¢h, and A;(s, v) are functions of s and v. To save space, A;(s, v) are given
in Appendix B.

As explained at the beginning of this section, the stability function of the new method
has two parameters, s and v, each of which is derived from a frequency. We are looking for
P-stability of the method to solve more problems with the proposed method. The colored
parts in Fig. 1, which is the figure for the stability area of the method, show the stability
parts, and the white parts show the instability region of the method. The method will be P-
stable when the entire s — v plane is colored. But this is when we talk about two-frequency
issues. Since the equation discussed in this paper has one frequency, the concept of P-
stability changes to the one of singular P-stability. It is enough that the bisector of the first
quarter belongs to the colored part. Hence, the method is singular P-stable. Now we prove
the property of singular P-stability in the next theorem algebraically.

Theorem 2.2 The explicit eight-step scheme (7) is singularly P-stable.

Proof If we take s = v, then CE of (7) can be written as

CE=28 —2)»4(80054v—8c052v+ 1) + 1.
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Figure 1 The periodicity region of the new scheme

Since cos(4v) = 8 cos* v — 8cos? v + 1, CE of the new scheme may be rewritten as
CE =% —2x*cos(4v) + 1. (14)

Note that (14) is a polynomial of degree eight with real coefficients. So, it has eight roots

namely A;,i=0,1,2,...,7. According to these roots, CE = 0 is equivalent to

3
[ = 220 = 2ax01) = 0.
k=0

If we assume Ay = exp(12"7”) exp(lv) (see [22]), where k =0,1,2,3 and I = /-1, then

(Aa)® = 2cos(mv)(ho) + 1

8 4
= [exp <12k_71> exp(lv)] — 2 cos(mv) |:exp (Iyﬁ) exp(]v)] +1
m m (15)

= exp({2mv) — 2 cos(mv) exp(Imv) + 1

=0.
Also, if for k=0,1,2,3 we set Agxy1 = exp(12k7”) exp(=Iv), then we have

(haks1)® = 2c08(mv) (gre1)* + 1

8 4
= [exp <12k—ﬂ) exp(—Iv):| —2cos(mv) [exp (121(—7T> exp(—lv)] +1
m m

= exp(I2mv) — 2 cos(mv) exp(—=Imv) + 1

(16)

=0.
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So, from (15) and (16), the characteristic roots of the new method are obtained as

Ao = exp(lv), A1 =exp(=1v), Ay =Texp(lv), Az =Texp(-iv),

Ay = —exp(lv), As = —exp(—1v), A = —Iexp(lv), A7 = =Iexp(-iv).

Clearly, for these roots we have |Ag| = |A;] =1 and |A;] <1,i=2,3,...,7. Accordingly,
when s = v, the periodicity interval of the new scheme is equal to (0,00), and the method
is P-stable. Therefore, it is singularly P-stable. O

Remark 2.3 The characteristic equation (14) is the same as the one obtained in [18, Theo-
rem 5]. To explain this, since to prove the P-stability property of a linear multistep method,
we have to show that the characteristic roots have modulus less (or equal) than one. In
other words, they must lie in or on the unit circle. Although the structure of the proposed
method in [18] is different from the method presented in this paper, we know the char-
acteristic equation of an eight-step linear multistep method is equal to (8), and also its
two variable characteristic equation is (13). Singularly P-stability means P-stability when
s = v. To generate a system of equations for calculating the coefficients of the method,
we have assumed that A;(v), A2(v), and A3(v) are equal to zero and the remaining equa-
tions are obtained from vanishing phase-lag and some of its derivatives. Now, by sub-
stituting s = v in A;(s,v), i = 0,1,2,3,4, we have y,,4 + BW)y, + y,_4 = 0, where B(v) =
—2(8cos*v—8cos?v + 1). Hence, the characteristic polynomial will be A® + B(v)A* + 1 =0,
and then all characteristic roots are equal or less than one.

3 Numerical results

This section is devoted to implementing the method built on the Schrodinger problem.
In order to better judge the quality of the method, we have implemented it on two energy
levels E = 341.495874 and E = 989.701916. We have compared the produced results with
those of the other methods which are of the same order as the new one, and we showed
the superiority of the new method. Since we need a value @ in numerical implementation,
we need to specify this value. Different methods have been proposed in different papers to

consider w. We may mention w = /|V(x) — E| in which v(x) is the potential; in this article,
we will use the Woods—Saxon potential function. The definition of the function V is (see
Fig. 2)

Vi(x) = uo(1 + z)_l[l — z(a(l + z))_l], z= ex_%,a =0.6,% = 7.0, ug = —50. 17)

Figure 2 The Woods-Saxon potential
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Here, in order to implement and produce numerical results of the new method (see [8]),

we let

E-50, 0<x<6.5-2h,
VE-375 x=65-h,
w={JVE-25 = x=6.5,
VE-125, x=65+h,

VE, 6.5+2h<x<15.

This value is considered for the interval [0, 15].

3.1 Schrodinger equation-resonance problem

Consider the numerical solution of the radial time-independent Schrodinger equation
(1) in the well-known case of the Woods—Saxon potential (17). To numerically solve this
problem, we should approximate the true or infinite interval of integration by applying a
finite interval. Since we need to illustrate our problem numerically, we take the domain
of integration as x € [0, 15]. We consider (1) in a relatively large domain of energies, i.e.,

E € [1,1000]. When it comes to positive energies, E = k2, the potential fades faster than
I(i+1)
x2

Il
Mm=<$ftfym, (18)

for x greater than some value X. Equation (18) has two linearly independent solutions

the term , and the Schrodinger equation effectively reduces to

kxjj(kx) and kxn;(kx), where j; and #; are the spherical Bessel and Neumann functions,

respectively. When x — 0o, the solution takes the asymptotic form

y(x) ~ Akxj;(kx) — Bkxn;(kx)

R D[sin(kx —l/2) + tan(§;) cos(kx — 7rl/2)],

where §; is called scattering phase shift that may be calculated from the formula

_ y(1)S(x2) = y(x2)S(x1)
B = ) Clen) — ¥ Clrn)

where x; and x; are distinct points in the asymptotic region (we choose x; as the right-
hand end point of the interval of integration and x, = x; — &) with S(x) = kxj;(kx) and C(x) =
—kxnj(kx). The problem is dealt with as an initial value problem; thus, we have to have ;.
We obtain y, from the initial condition. With these starting values, we evaluate at x; of
the asymptotic region the phase shift §;.

For positive energies, we have resonance problem which is comprised either of finding
the phase-shift §; or finding those E, for E € [1,1000], at which §; = 7. We solve the prob-
lem when the positive energies lie under potential barrier. The boundary conditions for
this problem are

¥(0) =0, y(x) = cos(vEx) for large x.
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The following methods have been used to compare the new method:
+ The twelve-step thirteenth algebraic-order method developed by Quinlan and
Tremaine [15] which is indicated as ;
+ The eight-step method with PL and its first derivative equal to zero obtained in [5]
which is indicated as II;
+ The ten-step method with PL and its first, second, and third derivatives equal to zero
obtained in [7] which is indicated as III;
« The exponentially-fitted four-step method developed by Raptis [16] which is indicated
asIV;
+ The eight-step method with PL and its first and second derivative equal to zero
obtained in [6] which is indicated as V;
« The trigonometrically-fitted six-step method developed by Wang [22] which is
indicated as VI;
+ The new explicit eight-step singularly P-stable multiderivative method developed in
this paper which is indicated as New.
The computed eigenenergies are compared with the exact ones. In Fig. 3, we present the

digits of accuracy given by log,,(Err), where

Err = |Ecalculated - Eaccurate|: (19)

versus the CPU times for several methods used for calculating the eigenenergy E; =
341.495874. In Fig. 4, we present the maximum absolute error log;,(Err) of the eigenen-
ergy E5 = 989.701916. In addition, it is pointed out in Fig. 5 that the new method shows a
better long time behavior than other ones when applied to the Schrédinger equation for
various eigenenergies. All computations were carried out on a PC(i5 @2.67 GHz) using
Maple 18 with 16 significant digits accuracy (IEEE standard).

Schrédinger Equation (E=341.495874)

25 >

0 2 4 6 8 10
CPU Time

Figure 3 Digits of accuracy versus CPU times (in seconds) for different methods, corresponding to the
eigenvalue £, = 341.495874

Page 10 of 16
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Schrédinger Equation (E=989.701916)

Accuracy (in digits)

CPU time (in seconds)

Figure 4 Digits of accuracy versus CPU times (in seconds) for different methods, corresponding to the
eigenvalue £3 =989.701916

-] ———|l L A A | New

|

ACCURACY
&

300 400 500 600 700 800 900 1000
ENERGY

Figure 5 Digits of accuracy versus energy levels for different methods

4 Conclusion

By using higher-order derivatives in classical methods and combining them with the sys-
tem of PL and its derivatives, we were able to create a new high-efficiency method (with
lower CPU time) that can approximate different types of energy levels of the Schrodinger
equation with high accuracy. In fact, by keeping the computation time low, we were able
to produce better quality results, which is very important in numerical analysis.

Appendix A

1
ag= ———
0 750v2 sin® v

+ (—21/5 —12v*sinv — 16,000V + 6000v) cos’ v

((—81/5 — 6000v” sinv — 3000 sin v) cos®v

- 2007 (V3 —1500sin v) cos® v + (51/5 + 29,0001/3 - 16,5001/) cos’ v
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+ ((3v® - 42,0001” + 5250) sinv + 70v°) cos* v

(
+ (61/5 +51vtsiny — 22,5000 + 11,2501/) cos®v
+ ((-6v° — 15v* + 18,0001” — 2250) sinv — 93v°) cos® v
(

+ (6v° + 6v*sinv + 20000 — 750v) cosv

+3v0sinv + 6v )

1 3 8
a1 = ——————((32,000v” - 12,000v) cos® v
3000v2 sin® v

+ (72v° - 24,000v* sin v + 18,000 sin v) cos’ v
+ (240° + 96v* sinv — 56,000v° + 21 OOOV) cos®v

+ ((~12v* + 30,000v* — 22,500) sin v — 138v°) cos® v

+((~30v° - 156v*) sinv — 66v° + 40,000v” + 7500v) cos* v

+ ((60v° — 66V ) sinv + 15v° + 50001° — 18,7501/) cos?v

(

((-

((-

+((39v* + 12,0000” + 2250) sinv + 105v°) cos® v

((

+ ((18v* - 18,0001 + 2250) sinv + 96v°) cos v
(-

+ (=30v° — 9v*) sinv — 18v° + 1500v> + 2250v),

1
ay = ———————((~4000v* + 6000v) cos’ v
1500v2 sin’ v

+ (—361/5 +9000v? sin v — 4500 sin v) cos®v

+ (=3v° = 30v* sinv + 40001° — 15,000v) cos®v

+ (3V +6vt - 16,5000 + 6750) sinv + 96v ) costv

+ ((=6v°® - 15v* + 6000v* — 2250) sinv — 93v°) cos® v

(-3
(
+ (61/5 +51vtsiny — 5000 + 9750v) cos®v
(
+ (61/5 +6vtsiny — 40000 — 7501/) cosv

(

+ (3v° + 1500v ) sinv + 61/5),
1
a3 = — ((8000v* — 3000v) cos® v
®~ 300012 sin® v (( )
+ (22\/5 — 600072 sin v + 1500 sin v) cos®v
+((- 6v° + 12v ) sinv — 2v° — 20,0001° + 7500v) costv

+ ((=3v* +12,0001* — 2250) sinv - 53v°) cos® v

(
(-
+((12° - 18v*) sinv + 5v° + 17,0001 — 5250v) cos® v
- ((6v4 — 6000v” + 750) sinv + 40v°) cos v

(-6v

+ ) sinv — 61° — 35000° + 750v),

1
bo= ————— ((81/5 — 6000v2 sinv + 3000 sin v) cos® v
750v% sin” v

+ (21/5 +12vtsinv + 16,0001/3 - 60001/) cos’ v
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by

by

bs

+20v* (v + 300sinv) cos® v

+ (=5v° - 29,000* + 16,500v) cos® v

+ ( 6v° + 45001% — 5250) sinv—70v )cos4 v
6v° — 51v*sinv + 22,500v° — 11,250v) cos® v

+

(
(-
+((12v° + 15v* - 3000v* + 2250) sinv + 93v°) cos® v
(-
(-

+ (=6v° — 6vtsinv — 20000° + 750v) cosv
+(-61° - 15001/2) siny — 61/5),

1
— ((—32,0001/3 +12,000v) cos® v
3000v*sin” v

+ (—72v5 + 24,0001 sin v — 18,000 sin v) cos’ v
+ (=24v° — 96v* sin v + 56,0001° — 21,000V) cos®v

+ ((12v* - 30,0001 + 22,500) sin v + 138°) cos’ v

+ ((60v° + 156v*) sinv + 66v° — 40,000v° — 7500v) cos* v

+

+ ((~18v* + 18,0001 — 2250) sinv — 96v°) cos v

(-
((
((
+ ((=39v* - 12,000v* - 2250) sinv — 105v°) cos® v
((-
((-
+(60v° + 9v*) sinv + 18v° — 15001 — 2250v),

1
15004 sin® v

+ (36v° — 9000v* sinv + 4500 sinv) cos® v

((4000v* - 6000v) cos” v

+ (3v° + 30v* sinv — 400013 + 15 0001/) cos®v
+ ( —6v* + 16,5000 — 6750) siny — 961/5) costv

+ (=6v° = 51v*sinv + 5001° — 975()1/) cos®v

+

6v° — 6vsinv + 400013 + 750v) cos v

(
(
(-
+ ((12v° + 15v* - 6000v* + 2250) sinv + 93v°) cos® v
(-
+(-

6v° — 1500v ) siny — 6V5),

—————((~8000v* + 3000v) cos® v
3000v4 sin® v

+ (=22v° + 6000v* sinv — 1500 sin v) cos® v
+ ((12v° = 12v*) sinv + 2v° + 20,000v* — 7500v) cos* v
+ ((3v* - 12,0001* + 2250) sinv + 53v°) cos® v
+((-

((~6v* + 6000v* — 750) sinv — 40v°) cos v

(

+

+(12v° + 3v*) sinv + 6v° + 35001° — 750v).

120v° + 66v*) sinv — 15v° — 5000v° + 18,750v) cos® v

2400 + 181/4) sinv — 5v° — 17,0000 + 5250v) cos?v

Page 13 0of 16
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Appendix B
1
Ao= s (((—6000v4 + (—=6000s* — 3000)v* + 3000s°) sin v + 8s*v° — 8v7) cos® v

+2v(s—v)(s +v) (v4 + 6V sinv + 8000v? — 3000) cos’ v

+20v%((300s* + 15001 sinv + s*v* = v°) cos® v

- SV(V + 58000 — 3300)( V)(s + v)cos® v

+((3v® - 65°v° + (3s* - 42,000)v* + (4500s> + 5250)v* — 5250s%) sinv
—70s%v° + 70v7) costv

—6(s+ V)V(v4 + %vg sinv — 375017 + 1875) (s—v)cos®v

+((-6v® + (125> = 15)v° + (—6s* + 155* + 18,000)v*

+ (~3000s> - 2250)v* + 2250s”) sin v + 93s°v> — 93v”) cos® v

1000
—6(s + V)v(v4 +v3sinv + V- 125)(s—v)cosv

+ 3(( —25%v* 410 50052) sinv — 2523 + 2v5)v2)v_4 sin? v,
1 3200 3
Al =—— —400v ) cos®v
100\\ 3

12 ¢ : 2 7
+ ?V + 600sinv — 800v”sinv | cos’ v

5600 ; 16 , 4 6
+|-——v’+ —Vvisinv+ 51/ +700v ) cos’ v

+
3 5

2, . 23 5 5
+ —gv +1000v% — 750 smv—?v cos’ v

4000 11
(s -V ——)V3sinv+ Tv2+250—?v4>vcos4v

7 5 3
40012 +—V +75 smv+2V cos’v

; 250 , 625 1,\
S —V +— Vv San——V +— -V cos™ v
3 2 4

. 16 .
—-6001? +75+5v smv+?v cos vV

3 3
+ v((s2 Y- E)lﬁ sinv + 5012 + 75 — gv4))(s +V)(s—v)vtsin™ v,

+

(
(
(
(

1 4000
Ay = —(s+v)(s—v)[ | ——v* - 2000v ) cos” v
500 3

+ (121/5 —3000v? sin v + 1500 sin v) coslv

s 4000 , 4. 5
+ v - 3 v2 + 10v*sinv + 5000v ) cos’ v
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+((~2250 - v° + (s* — 2)v* + 55001 sinv — 32v°) cos* v
( 2v° — 17v*sinv — 3250V + ¥V3> cos®v
(

+((750 + 20 + (—252 +5)v* - 20001/2) sinv + 311/5) cos?v

5 4 4000 4
=2V = 2v7sinv + v7 + 250v ) cosv

+1? ((szv2 -t 500) sinv — 21/3)) vsin v,
1 4000
Az =——(s+v)s=v)| [ =500v + ——+* | cos® v
500 3

. 1 5 2 5
+ | 250sinv + ?V —1000v“sinv | cos’ v

10,000

1 4
s -V +2)smv— V2 +1250—§v vCcos v

: 53 5 3
+ ——v — 375 + 200012 s1nv—zv cos’v
8500

5
( 2v +( —3)1/ )sinv + 61/5 - —8751/) cos?v

20 .
v —1000v? +125) sinv + ?V cosv

1 1750
+(v <s —v —§> sinv — v2+125—v4)v>v‘4sin‘5v.
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