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1 Introduction

Fractional calculus and differential equations have now proved to be important tools mod-
eling many real world phenomena like chemistry and physics [11, 22, 23, 25]). For the
description of hereditary properties of fractional calculus, see [20, 24, 32, 37] and the ref-
erences therein.

Recently, there have been some papers dealing with the existence and multiplicity of
solution (or positive solution) of nonlinear initial fractional differential equation by the
use of techniques of nonlinear analysis, see [2-7, 9, 33, 35, 38].

For example, Chai obtained in [10] the existence of at least one nonnegative solution and
two positive solutions by using fixed point theorem on cone for the following problem:

(p(u' (1)) +a(t)f (u(t)) =0, O0<t<1,
u(0) = u/(1) = 0.

(1.1)

Su et al. [31] studied the existence of one and two positive solutions by using the fixed
point index theory of the following boundary values problems:

(p(u' (1)) +a(t)f (u(t)) =0, O0<t<1,
a@y(u(0)) — By, (u'(§)) =0, Y $p(u(1)) + 8¢, (' (n)) = 0.

(1.2)
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Tang et al. [34] studied the existence of positive solutions of fractional differential equation
with p-Laplacian of the following type (1.3) by using the coincidence degree theory.

D2 ($(DL, u(®))(t) = f (¢, u(t), Dby u(t)), 0<t<1,

(1.3)
D& u(0)=0,  Db.u(1)=yDj,u(1).

In this work, we study the existence and multiplicity of positive solutions of the following
problem:

(oD u(®) + ar () (w(O1(£), V(D)) =0, 0<t<1,
(D5 v(®) +ax(O)gu(tr (D), v(62(£) =0, 0<t<1,
D§u(0) =u(0) =u'(0)=0,  Dj.u(1) = y D uln),
D v(0)=v(0)=v(0)=0,  Dh.w(1) = yDh.v(n),

(1.4)

where n € (0,1),y € (0, na_—lﬂ_l),Dgﬁ,D@ are the standard Riemann-Liouville fractional
derivatives with « € (2,3), 8 € (1,2) such that « > 8 + 1, p-Laplacian operator is defined
as @,(s) = |s|P~%s,p > 1, and the functions f,g € C(R%, R).

In recent years, many authors studied the existence of solutions for systems of difference
and differential equations with and without fractional derivative by using the vector ver-
sion of the fixed point theorem (see [1, 8, 13, 15-19, 21, 26—-28], the monograph of Graef
et al. [12], and the references therein).

For establishing the existence and multiplicity of positive solutions of problem (1.4), let
us list the following assumptions:

(H;) a; € L'[0,1] is nonnegative and a;(t) # 0 on any subinterval of [0,1] for i = 1,2.

(H2) The advanced argument 6 € C((0,1),(0,1]) and 0 <6(¢) <1,Vt € (0,1).

This work is organized as follows: In Sect. 2, we introduce all the background material
used in this paper such as fractional calculus analysis and some results from fixed point
theory. In Sects. 3, 4, the existence and multiplicity results of solutions for a system of
fractional p-Laplace differential equations (1.4) are discussed by using the fixed point the-
orems in the generalized Banach space. We end the paper with two examples to illustrate

our main results.

2 Preliminaries
In this section, we introduce some preliminary facts which are used throughout this paper.

Definition 2.1 ([14]) Let X be a real Banach space. A nonempty closed convex set P C X
is called cone if

(1) x€ P, 1 >0, then Ax € P;

(2) x€P,—x € P, thenx=0.

If x,y € R” with x = (x1,...,%,) and y = (1,...,,), then by x < y we mean x; < y; for
alli=1,...,n. Also we set |x| = (|x1],..., |*4]), max(x, y) = (max(x1,y1), ..., max(x,, y,)), and
R? ={xeR":x;>0}.Ifce R, thenx <cmeans x; <cforeachi=1,...,n.

Definition 2.2 Let X be a nonempty set, and consider the space R7" endowed with the
usual component-wise partial order. The mapping 4 : X x X — R, which satisfies all the
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usual axioms of the metric, is called a generalized metric in Perov’s sense and (X, d) is
called a generalized metric space.

Let (X, d) be a generalized metric space in Perov’s sense. For r := (ry,...,r,) € RY, we
will denote by

B(xg, 1) = {x € X : d(xg,x) < r}

the open ball centered in x, with radius r, and by
Blxo,7) = {x € X : d(x9,x) < r}

the closed ball centered at xy with radius r.

Theorem 2.1 ([12, 36]) Let X be a generalized Banach space, and let N : X — X be a
completely continuous operator. Then either

(i) the equation N(x) = x has at least one solution, or
(ii) the set M = {x € X|uN(x) = x, u € (0,1)} is unbounded.

Theorem 2.2 ([30]) Let (X,| - ||) be a normed space, P;,P, C X be two cones; P :=
Py x Py;r,RER2,Pyp:={ucPi:r; <|lull <R} withO<r<R;andlet N:P,p— P,N =
(N1, N3) be a compact map. Assume that, for each i € {1,2}, one of the following conditions
is satisfied in P, g:

(1) Ni(w) A w; if |uill = ri, and Ni(u;) # w; if llu;|| = R;;

(2) Ni(u;) # wi if luill = ri, and Ni(u;) A w; if |will = R;.
Then N has a fixed point u in P with r; < ||u;|| < R; for i € {1,2}, where <, namely u < v if
and only if v—u € P. We shall say that u < v ifv—u e P\ {0}.

Remark 2.1 ([30]) In Theorem (2.2) four cases are possible for u € p, r:

(c1) Ni(u) A uy if g || = r1, and Ny(u) o uy if lusll = Ry, Na(u) & u if [luz|| = ra, and
N () # uy if [luz || = Ra;

(c2) Ni(u) A wuy if |ua |l = r1, and Ni(u) 7 uy if lusll = Ry, Na(u) # ua if [luz|| = ra, and
No(u) A uz if [[ua]| = Ro;

(c3) Ni(u) # uy if ||ug || = r1, and Ny(u) A uy if lusll = Ry, Na(u) & u if [luz|| = ra, and
N () # uy if [lua|| = Ra;

(ca) Ni(u) # wy if lusll = r1, and Ny(u) A uy if lus|l = Ry, Na(u) # s if ||uz|| = ra, and
No(u) A ug if [luz|| = Ro.

Theorem 2.3 ([29]) Let (X, | - ||) be a Banach space, P1,P, C X be two cones, and P :=
Py x Py be the corresponding cone ofX2 =X X X, and let o;, B; > 0. We denote

Uy ={uePi:|lull <a;} and Vp ={ueP;:|lull<B}
with «; # B, ri = min{a;, B;} and R; = max{«a;, B;} for i = 1,2. Assume that N : W1 x Wy —
P,N = (N1,Ny) is a compact map (where W; = U,, U Vy, fori = 1,2) and there exist h; €

P;\{0},i=1,2, such that for each i € {1, 2} the following condition is satisfied in W1 x Wy:

Aui # Niw for ||u;|| = o; and 1 > 1; (2.1)
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u; # Niu + wh;  for ||lu;|| = B; and u > 0. (2.2)
Then
(1) N has at least one fixed point u = (u1,u) in P such that u; € Uy, \ V—ﬂifor i=121if
a; > Pifori=1,2;

(2) N has at least two fixed points located in (Uy, \V_,_gl) x Uy, and
(Uay \ Vi) X (Vg \ Uay) if B1 < 1y and By > aa;
(3) N has at least two fixed points located in Uy, x (Uy, \ Vp,) and
(Vi \U_al) x (Uy, \V—,Bz) if BL> a1 and B < ay;
(4) N has at least four (three nontrivial) fixed points in
uotl X uﬂz’ual X (Vﬁz \U_Otz)’(vﬂl \U_Otl) X uotz’ and (Vﬂl \u—al) X (Vﬂz \U_Otz) lf
a; < Pifori=1,2.

Remark 2.2 ([29]) Our previous results can be easily generalized to systems of n operator
equations.

Definition 2.3 ([7]) The fractional integral of Riemann-Liouville of the function / €
LY((0,00),R) of order « > 0 is defined by

I§h(t) = ﬁ/o (t —5)*h(s)ds,

where I'(«) is the Euler gamma function defined by

I‘(ot):/ et ds.
0

Definition 2.4 For a function € AC"(J), the Riemann-Liouville fractional order deriva-
tive of order o > 0 of % is defined by

1 d" [t his)
Dh(t)= ——— | ——————ds,
0 h(®) Fn—a)dt" J, (t—s)*n+1 s

where n = [@] + 1 and [«] denotes the integer part of the real number «.

Remark 2.3 ([7])
(1) Ifx>-1

C'(A+1) o

Di.th =
0 Frh-a+1

’

and D, t*™ =0,m=1,2,...,n, where n = [] + 1.
(2) D&% u(t) = u(t) for allu € C(0,1) N L'(0, 1).
(3) IfueL'(0,1),a > B >0, then
DEIE u(t) = I  u(e).

Lemma 2.1 ([7]) If we assume that u € C(0,1) N L(0, 1), then the fractional differential
equation

Dy u(t)=0, a>0

Page 4 of 22
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has u(t) = Cit* L + Cot* 2 + . + C,t*",C; e R,i = 1,2,...,n, as a unique solution, where

n=[a]+1.

Lemma 2.2 ([7]) Suppose that u € C(0,1) N L'(0,1) is such that D% u € C(0,1) N L*(0,1).
Then

I8 D% u(t) = u(t) + Crt* ' + Cot® 24 4 Cut®™
forsome C; e R,i=1,2,...,n, where n = [a] + 1.
Lemma 2.3 ([10]) Ifx,y >0,y >0, then
x+y)? < max{2”’1, 1}(xy +y’”).
Lemma 2.4 ([10]) Let ¢ >0,y > 0. For any x,y € [0, c], we have that

(1) iy > L, then |&¥ - 57| < yc'x—yl;
(2) ifO<y <1, then|x’ —y| <|x—y|".

3 Existence result
Denote by C([0,1]) the Banach space of all continuous functions from [0, 1] into R with

the norm
||| = max{|u(t)| :te |0, 1]}.

Define the cone P in C([0,1]?) as P = {u € C([0,1]) : u(t) > 0,£ € [0,1]}. Let g >1and g > 1
1

satisfy the relation }7 + 011 =15+ % =1, where p, p are given by (1.4).

To prove the existence of solutions to (1.4), we need the following auxiliary lemma.

Lemma 3.1 Given hy,hy € C[0,1],1 € (0,1),y € (0, na_lﬁ), and o > B + 1, the unique so-
lution of C boundary value problem for a coupled system

(0p(DGeul®))) + () =0, 0<t<l, (3.1)
(05(Dgv(®))) +ha() =0, 0<t<1, (3.2)
D& u(0) =u(0)=u'(0)=0,  Df.u(1) = yDiuln), (3.3)
D&Lv(0)=v(0)=v(0)=0,  Df.v(1) =yDfv(n), (3.4)

1 s
u(t) = f Gl(t,s)goq</ hl(r)dr) ds
0 0

yta—l 1 s
+ W/; Gz(n,S)QDq <\/0‘ hl(T)dT> ds (3.5)
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and

1 S
v(t) = / Gl(t,s)<p51</. hz(‘f)dl’) ds
0 0
ytO(—l 1 s
+ m/{; Gz(’)d)(pq(f() hz(f)d‘[) ds,

where

a—1(1_e—B-1_(;_ -1

Eie I 0<s <<,
Gl(t’ S) = ta—l(l_s)a—ﬂ—l

v 0<t=<s=<],

-9 1(p=g)* P

) =S E 77 S ’

Gz(U,S) = In( _s)]a_ﬁ]:(la)

”W, 0<n=<s=<1l

Proof Integrating equation (3.1) from 0 to ¢, we have

<pp(D8‘+ u(t)) - (pp(ng(O)) =/0 hi(s)ds

and so,

Dju(t) = —¢,4 (/ hi(s) ds).
0

From Lemma 2.2,

t
u(t) = -I ¢, (/ h1(s) ds) + At 4 Bt*? 4 o3

= F(O(),/ (t—s)*" 1(/’51(/ hl(T)dT>dS+At“ 1 o 2+Cta 3

From (3.3), B= C =0, and so

u(t) = —Ij. g (/Othl(s) ds) + At

Now, from Remark 2.3

I'a-B)

a- M) -
- B-1 B-1.
" )/ (t—3s) (pq(/ hy r)dr) ds+A o )t

Dhout) =I5 (/ hl()ds)+A&t"“ﬁ‘l

Therefore

D§+u(1)——r( —,3)/ 1-s)%# lgoq(/ hl(r)dr>ds+A T ((j)ﬁ)

D€+u(n):—m+_m/0 (n—s)a_ﬁ_lgaq(/o hl(t)dr)ds+Aﬂt°‘_ﬂ_ln°‘_ﬂ‘l.

e - B)

Page 6 of 22
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By boundary condition (3.3), we have

(1 S)ot B-1 s
=1z V'}“ = 1/ (/0 hl(r)dt)ds

1% ( )oz p-1
B l_yna—ﬂ—I/O o / /’11(T)dt)ds,

and replacing in (3.7), we obtain

u(t) = —ﬁ / (t-5)""g, </ hl(r)dt) ds

(1 s)a p-1 s

1 7/77“ . 1/ @) (/0 hl(r)dt>ds
o _ Ja-B- s

2 [ [ )

Splitting the second integral in two parts of the form

k gl

a-1
LTy T T

we have k = yn®#-1¢*~1 and thus

1 s
u(t) = —ml (t-5)""o, (/0 hl(r)dr> ds
~ 1 (1 _ S)a—ﬁ—l s
a-1
+t /0‘ W(pq(/o hl(T)dT> ds

a—pB-1,a-1 1 a—p-1 s

yn ¢ (1-5) /
hi(v)dz ) d
+1—ym%ﬁlﬁ fa Yo, @ ) as

A MU S
_ 1—V’7a_ﬁ_1/0 (@) ‘Pq(/ hl(l’)d‘r)ds
A A R et
_/0 @ wq(/ h (‘L’)d‘r)
1 ca-1(1 _ o)a—p-1 s
+/ %%(/0 hl(t)dt>ds

yt= 7 (=) P = (g s s
1z yna—p-1 /0 @) X %(/0 hl(‘L')d‘L') ds

o1 77[ (1_ )]a—ﬁ_l s
' I—Zna’ﬁ*lfo : F:a) qu(/o hl(r)dr> ds

1 s ytot—l
:/0 Gl(t,s)w,,(/o hl(r)dr>ds+m
1 s
X / Ga(n,8)9q (/ hl(t)dr) ds.
0 0

This completes the proof.

Page 7 of 22
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Lemma 3.2 ([35]) Let p € (0,1) be fixed. The kernel G1(t,s) satisfies the following proper-
ties:

(1) Gi(¢,5) € C([0,1] x [0,1]) and Gi(t,s) > 0 for all s,t € (0,1);

(2) Gi(t,s) < Gy(1,s) forall s € (0,1);

(3) min,<<1 Gi(t,8) > p*"1Gi(1,s) forall s € [0,1].

We are now ready to present our main result. In this section we give an existence result

based on the nonlinear alternative of Leray—Schauder type.

Theorem 3.1 Assume (Hy)—(Ha) and that the following condition holds:
(H3) There exist functions p,q,h,p,q, and h e LY([0,1],R,) and constants a1, o, a3, and
oy € [0,1) such that
[f(u, v)| <p®)|ul™ +q(t)|v|** + h(t) foreacht € [0,1] and u,v e R
and
|g(u, v)| < p@®)|ul*® + q(&)|v|** + h(t) foreach t €[0,1] and u,v € R.
If o1p, aap, asq, and aaq € [0, 1), then system (1.4) has at least one solution.
Proof Let N be the operator
N:C(0,1) x C(0,1) - C(0,1) x C(0,1)

defined by

N(u,v) = (N1(4,v), Na(u,v)),

where
Ni(u,v)(2)
1 s
:/ Gl(t,s)¢q</ al(r)f(u(él(r)),v(ez(r)))dt) ds
0 0
yta—l 1 s

+ W/o Gz(n,s)goq(/(; al(r)f(u(el(t)),V(Gg(r)))dr) ds, (3.8)

and

1 s
N - | Gl(t,swz,( | az(r>g(u(91(r)),v(ezm))dr)ds
0

0

7/tat—l 1 s
+m/0 Gz(n,s)w,;(/o az(r)g(u(él(r)),v(92(t)))dt) ds. (3.9)

We shall use the Leray—Schauder fixed point theorem to prove that N has a fixed point.

The proof will be given in several steps.

Page 8 of 22
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Step 1. To show that N is continuous, let (u,,v,) be a sequence such that (u,,v,) —
(u,v) € C[0,1] x C[0,1] as n — oo. Then we have

| N1 (s, v,) (£) = Nu (1, v) (8)]

1 s
/(; Gl(t,s)¢q</(; al(r)f(u,,(el(t)),Vn(ez(r)))dt)ds

a-1 1 s
+$ /0 Gz(n,s)soq( /0 al(r)f(un(el(r)),vn(ezm))dr) ds

1 s

__L/ Gﬂu@wq(/maﬂrﬁ@d@ﬂﬂ)v@bhﬂ)dr)ds
0 0
Lyt Gan,s) ¢

+/(; W(pq(/o al(t)f(u(Gl(t)),v(Gg(r)))dt) ds:|.

By Lemma 3.2 and ¢ € [0, 1],

|N1 (um Vn)(t) - Nl (u’ V)(t)i
1 s
G (1, (6,(0)), v, (0 -1
< fo A S)(/o |y (0 (1, (62(5)), v (6)|

—|a1(x)f (u(6:1(x)), v(62(1))) |‘1’_1 dr) ds

1 s
+ ﬁfo Gz('?:s)(/o ‘ﬂl(t)f(un(gl(f)):Vn(92(t))) dT‘q%

@ ((On(0)), v(Ox(0))) | df> ds.

On the other hand, since f is a continuous function combined with the fact that
||2¢y, — u|| > 0, asn— o0,

then there exists N > 1 such that for all v € [0, 1] the following estimate
If (40 (61(0)), v (02(7)) ) dT) —f ((61(7)), v(62(1))) | < €,

holds for n > N. By the Lebesgue dominated convergence theorem, we have
||N1(u,,,v,,) — Ni(u, v)|| — 0, asn— o0.

Similarly,
”Nz(u,,,v,,) — Ns(u, V)H — 0, asn— 00.

Consequently, N is continuous.

Step 2. N maps bounded sets into bounded sets in C[0, 1] x C[0, 1], it suffices to show

that for any » > 0 there exists a positive constant vector [ = (/3, lo) such that, for each (&, v) €
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B, ={(u,v) € C[0,1] x C[0,1] : ||«|| < r, |||l < r}, we have
||N(u, V) H <l

For each t € [0, 1], we have
Ny, )(0)|

1 s
5/0 \G1(t’5)\<ﬂq(/0 |a1(r)f(u(01(t)),v(92(r)))dr|)ds

yta—l 1 s
‘/0|G2(n,s)|<pq</(; |a1(t)f(u(91(r)),V(Gz(t)))dr!)ds

N
1 s
Smax{zq—l,l}f Gl(l,s)f ’“I(T)rH‘p(r)rﬂ‘u(@l(r))}al(qfl)
0 0
+ |a1(T)|q_1iq(f)iq_l|V(92(T))|a2(q_l) + |ﬂl(1')|q_l|h(‘[)|q_l dr ds
1
+max {277, 1} yt"a _ 1/ }Gz(ﬂ:s)|/ lan ()" ()| (01 () [

+ |al(r)|qfl‘q(r)}(171|1/(92(r))‘0[2((171 + |al(r)|qfl|h(r)|qf1 dtds

-1 -1 q-1 q-1 -1 q-1 q-1
<max {277, 1} ([l TV Nar I plf " + 1129 ] gl

(1—S)a ! yte! i -1 -1
q-1) q q
+ lar g Il f e (I

1 a-p-1 a-p-1
_ - - - - n (1-5)
VI a1 S g + a1 / —_—
1y q Ly 181y L ) o F(O{)
max{27-1,1}
S -
(@ - B (@)
max {2971, 1}n*A-1y
+

(1 - yn*FN)a- B (a)

+ A ).

-1 q-1 q-1 -1 q-1 q-1 q-1 q-1
(rF 1Dl | pllE " + 24D anll gf ] + el IR0

3 a1, ng-1 -1 a-1y na-1
(rF1 a1 plE "+ 4D a1 gl

Hence

[ N1, |
max{2‘1 1}
= @-pre
N max {291, 1}n*A-1y
(1 -y (e - BT (o)
+lal AN = 4

-1 q-1 q-1 -1 q-1 q-1 q-1 q-1
(1D lan | pllE " + 29D an T g+ el IR0

- a1y nq-1 -1 -1y gt
(1 Dan I P, + 2Pl gl

Similarly, we have

[Naw )]

max{27-1,1}

e A R T N S S VT S AT e ST S S AT
=z " el I, laslZ G N 2 + Nao WAL
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max{29-1,1}ny*-F-1y
+
(1 -y (e - BT (o)
+lall i ALY = b,

RN S e S D) g, 197 151!
(T Dzl BN + 1D laalf g1,

Step 3. N maps bounded sets into equicontinuous. Let # € B, be abounded set as in Step
2, t1,t € [0,1] with #; < £, from (3.5) and Lemma 2.3, we have

N1 (1, v)(82) = N1 (,v) (21)
1 s
<[ \Glaz,s)—c;l(tl,s)\goq( [ |a1<r>f(u(el<r>),v<ez<r>))dr)|ds

J/|7f2 fl*!
1 ]/7’}‘1 ﬁ 1 |G2(TI,S)|

xgoq</(; |a1|(x)f (u(61(7)), v (62(1)))dt>|ds

/\Gltz, ~Giltns) f|a1(r )ul0r [ +q(0)|v(02(0)) 2

t £l 1
h(z)dv ds]|i7t + V"" ;'ﬂl/ |Ga(n,5)]

X/o |azl(7:)[p(r)|u(6?1\0‘1+q(t)|v(92(7:))|D[2+lf1(t)0lrds]|q_1

1 s 1 1
< max {29, 1) fo (Ga(tar5) — Ga(t1,9)| /0 (o) )|
x |u(@1(0)[ M + a1 (@) g @) [(62(0) 2 + |aa(2) T

’]’l( )’qfld d 2q—1 1 y|t2_t1|a_1 I‘G( )’
X T T s+max{ , }—1_)/’711_/3_1 A 2\1,8

< [l oo w(en) e
+ a0 q@)| (020) |2 + |ay ()| h(x) | dr ds.
By Lemma 2.4 we obtain
< max {277, 1} (P 4D ay | Ipl T + 29 a1 gl

1
+llanlE 1mng ) / |G1(t1,5) - Gi(ta, 5)| ds
0

max{277, 1}y (e - 1)|t; -
+
1 -yn*F1)

1| ~1 q-1 q-1
(F 1O Nay |7 el
1 1 1 1 !
-1 q- q- q- q-
+ 2D lay [T glf T + el AT ) / |Ga(n, )| ds.
0
Similarly, we have

N2 (1, v)(t1) = Na (s, v)(85)

g-1 -1 g1 2141 g-1 g1, 4-1
< max {277, 1} (3D lag ] 11BN + r 9V aalT 11,
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L 1
+llaal ALY f |G1(t1,5) - Gi(ta, s)| ds
0

max{297, 1}y ( — 1|t - 11|
+
(1 -yneF-1)

1
a1 G-1, v, 3-1 G-1,%13-1
@ g BT a3 R / |G(n,9)| ds.
0

G-1 qg-1,v,q-1
(3@ az |7 M 1BIIT

The continuity of G; implies that the right-hand side of the above inequality tends to zero
if t, — ;. Therefore, by Arzela—Ascoli N is completely continuous.
Step 4. A priori bounds. Now it remains to show that the set

M= {(u,V)C([O,l],R) X C([O,l],R) (u,v) = AN(u,v) < A < 1}

is bounded. Let (#,v) € M, then there exists 0 < A < 1 such that # = AN;(4,v) and v =
AN, (u,v). Thus, for t € [0,1], we have

1 s
|u(t)|§/0 |G1(t,s)|<pq</ |a1(r)f(u(«91(t)),V(Qg(r)))dr)|ds

ta 1
1z y—nam/ |G2(n,5) %(/ |ar (2)f (u(61()), (92(1)))d1)|ds
< max {27, 1} [IpI5 a1 Nl + gl llaa v
+ % 1A%
' 14 -1 -1
x / Gi(L9)ds + T oo [Pl el 0
; -
+ g5 a5 fv)e2aD
1
A i WIORIES
0

-1 -1 -1 —1 -1 -1 -1
lleell < max {297, 1}{1Ip % Nlan |5 1l @D + gl % a1 lv) 2@

1 a-p-1 a-p-1 a-p-1
-1 (1-s) Y 1 (1-s)
d )
+ a5 [ /0 PR TV = = v ’

-1 q-1 q-1 -1 q-1 q-1 -1
lleell < max {2974, 1}{lIpl % a5 1l D + gl T a1 (v«

1 1
q-17.19-1 a-p-1
+ |la h 1- ds.
laall;: 7l ](1 eI )/0 (1-s3) s

Hence,

max{2971,1)

= By @)
+ a5 A5

1 -1 -1 -1
2l N e 1 2N 1 R

Similarly, we obtain

max{29-1,1}

M= @ =pa =y re

v 1q-1 q-1 -1 v 1q-1 g-1 g—1
Y 2 i el Y e Y

Page 12 of 22
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-1, % 13-1
+ a7 1.

Notice thatif e < & and ||| > 1, then ||u||¢ < ||z/|® Thus, ||||€ <1+ ||x||® for all u. We then

have
llull + Ilv]
max {2771, 1} -1 1y e (g -1 1 (g
<@ ﬂ)(l_ynmﬁfl)r(d)[npnzl laa T Nl @D + gl T a1 (v«
_ 1
el ] PR )
o L (- B)(1L-yne?1)I(a) L L
v ng-1 g—1 O— g-1,5 ,g-1
+ 11T a1 5 I + a1 1707 ]
L L L L
max{27°1,1} -1 -1 -1, v 13-1
< ﬂ)(l_yna,ﬁ,l)r(a)(npn;l a1 + a9 1077
X (a2 4 [y @)
g-1,v,g-1 -1 -1 G- -
+ (a2l I 181 + a5 gl ) (el 2D + | e2a=D)
L L L L
-1 -1 q-1,714-1
+ (a5 1m0 + a0 A1)
L L L L
max{27°1,1} -1 -1 -1, v 13-1 -1, v 1g-1
<@ ﬁ)(l_ma_ﬂ_l)r(a)(||m| pI5 + lal 11T + llaal T 1517
-1 —1 —1 -1 g-1,7 1g-1
+ a5 g S (el + 1v1®) + (a9 121 + a5 1%
L L L L L L
- max {2971, 1}
~(@-p)(L-yn* PN (a)
-1 -1 vnq-1 g-1 vng-1 -1 -1
x (I a1 + 0G0 a7+ 1p19T + a5 gl )
L L L L L L L
* -1 -1 g-1,5719-1
x (el + 11v1)** + (a7 AN + a5 T,
L L L L
where

a, = max{al(q —1),a5(g—1),3(g — 1), a(gq — 1)}.

If |u|| + ||v|| > 1, then

lael] + 1Vl
(lzell + vl

- max{27-1,1}

= (- B)(1 - yy* P (o)
(rA e L ey P e e

(ol + fIvil)e

g-1, 1q-1 G-1,v4-1 G-1,vg-1
(laal M o1 + a5 1% + a5 151

-1 -1
+llallfi llglfy) +
or

(el + Ivll)
- max{29-1,1}
= (@-B)1 -y P (a)

-1 -1 g-1, v q-1 g-1,v.q-1
(laal S o + a7 1% + a5 151
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q-1 q-1 q-1 q-1 g-17,9-1
Fla T gt + (a9 1 + a2 A5
This implies that

q-1 q-1 g-1,v,9-1 g-1, v, q-1 q-1 gq-1
el + vl < [AQlan I 1PN + a2 007 + a2 IBIT" + a5 g%t
-1 -1 g-1,7 13-1\11-
(a5 A" + a1 ],
then

llul| + V]| < [AB + C]*™** := My,

where

A max{2971,1}
~(a-p)A-ynF ()’

-1 -1 g-1,v,q-1 g-1, v, q-1 -1 -1
B=llarl 5 IpI%" + laal 1G5 + a5 1B + a1 gl

and

-1 -1 g-1,75 ,9-1
C = laa 5 IBIE + a5 1%

As a consequence of Theorem 2.1, the operator N has a fixed point that is a solution of
system (1.4). This completes the proof of the theorem. d

4 Multiplicity of positive solutions

In this section, our goal is to establish positive solutions and multiplicity of solutions for
the problem to system (1.4). To this end, first in this section we assume the functions f,g €
C(R%R,) and define the operator on P as N : P> — P? to be the completely continuous
map N = (N1, N3) given in the proof of Theorem 3.1. Then (3.5) and (3.6) are equivalent
to the fixed point problem

u=N@), wueP

Ifve Pand

1 s
ui(t)=/(; G1(t,S)<pq(/0 aﬂr)v(r)dr)ds

tot—l 1 s
+ Vilf Ga(n,5)9q (/ a1(t)V(r)dr> ds, i=1,2,
1—yneF-1 J 0

and u;(¢;) = ||u;||, by Lemma 3.2 this implies that, for any ¢ € [p, 1],

1 s
u;(t) = / Gl(t,s)goq(/ al(r)v(r)dr) ds
0 0

ytot—l 1 s
+ W/(; Gz(n,s)wq(/o al(r)v(t)d1> ds
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1 s
u;(t) > min Gy (Z,8)@, (/ al(r)v(t)dr) ds
0 0

yta—l 1 s
+ Ry I /O Gz(n,s)g)q(/o al(r)v(r)dr) ds
1 s
> /0 p“‘lGl(LS)wq(/O al(t)V(T)dr) ds
a—1 1 s
7 _ana_ﬂ_—l /0 Ga(n, )¢, (fo al(r)v(t)dr> ds
1 s
> et [ /0 Gl(l,sm( /0 al(f)V(f)dT> ds
y 1 s
+ m/o Gg(n,s)wq(/o al(r)v(t)dr) ds]
1 s
> p%! [,/o Gl(t,s)gaq(/o ﬂl(l’)v(l’)dl’> ds
y 1 s
+ WA Gz(ﬂ,S)(pq(/(; al(f)V(T)dT) ds]

Hence
wi(t) = p* Mull, i=1,2.
Define the cone P; for i = 1,2 in P by
Pi={ui € P:ui(t) = p* " |luy| forall ¢ € [p, 1]},

and the product cone P = P; x P, in P2, then N(P) C P. Before we state our main result,
we introduce the following notations: «;, ; > 0 with «; # B;, we let r; = min{w;, B;}, R; =
max{o;, Bi}i=1,2.

v =min{f (1 (61(5)), 2 (61 (2))
v2 = min{g(u1 (61(2)), u2(61(2))
Iy _max{f(ul( t) (

FZ = max{ (bll (Gl(t)) (91 (t)

)ip <E<L,p" B <uy < B, 0" 'ry Sup <Ry,
)ip <t<1,p°'r Suy <Ry, 0% Br Sup < B,

9)):p<t<Lp" ‘o <us <oy, p* r2<u2<R2},
) :ip<t=<1,p""r Suy <Ry, p" oy Supy <ar}.
Also, let

A:min{Gl(t,s):pftfl,Ofsf 1}

and

B=max{Gi(t,s): p<t<1,0<s=<1}.

Page 15 of 22
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Theorem 4.1 Assume that there exist o;, B; > 0 with a; # B;,i = 1,2, such that

Bri'<ay,  Ayi'=B,
(4.1)
BFg_l < o, A)/zq_l > ,62.

Then (1.4) has a positive solution u = (uy,uy) with r; < ||\u;|| < R;,i = 1,2, where r; =
minf{a;, B;}, R; = max{«;, B;}. Moreover, the corresponding orbit of u is included in the rect-

angle [pr, Ry x [prs, Ry).

Proof First note that if u € P, g, then r1 < |||u1]| <Ry and r; < |luz|| < Ry, and by the defi-
nition of P,

{p*7'r1 < ui() <Ry and p*'ry < up(t) < Ry}
for all ¢, showing that the orbit of u for t € [p,1] is included in the rectangle [pr;, R1] x
[pra, Ro].
Also, if we know for example that ||u; || = o1, then
"oy <up(t) <oy

We now prove that, for every u € P,z and i € {1,2}, the following properties hold:

luill = 2;  implies u; A Ni(u),
(4.2)
luill = B;  implies u; # Ni(u),

guaranteeing the applicability of Theorem 2.2. Indeed, if ||u;]| = o1 and we would have
u1 < Ni(u), then

u1(t) < Ni(u)(¢)

1
5/ maxGl(t,s)max|a1(t)f(u(91(t)),V(Qz(t)))|q_ldt
0

yta—l 1 )
+—__1/ Gz(n,s)max|a1(t)f(u(91(t)),V(GZ(t)))|q 1dt
1_1”7“ p 0
1 1 Y 1
q- q-
<BI'y +TIj m/{; Ga(n,s)
<Br?!
<o

for all ¢. This yields the contradiction o; < «;.
Now, if ||u1|| = B1 and u; > N;(u), then for ¢ € [p, 1] we obtain

u1(t) > N1 (u)(¢)

1
> / min Gu (4,5 min|a ()f (u(61(9), v(62(0))) | e
0

Page 16 of 22
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yta—l

1
+W/O Ga(n, s)min|ay (£)f (u(61(2)), v(62(0)))| """ dt

Then we deduce that 8; > 8;, which is a contradiction. Hence (4.2) holds for i = 1. Similarly,
(4.2) is true for i = 2. By Theorem 2.2, we see that N has at least one fixed point in P.

Therefore, system (1.4) has at least one positive solution. g

Now we study the existence of multiple positive solutions for the systems of fractional
boundary value problem with p-Laplacian boundary conditions.

(Ha) f,g are positive and increasing, i.e.,
0<u=<x0=<v=<y imply0=f(uv)=<f(x),0=gv)=<gxy).
We present the following general existence, multiplicity, and localization result.

Theorem 4.2 Let conditions (H,) — (H,) — (Hy) hold, and assume that the norm || - || is
monotone with respect to each cone P;(i = 1,2). Moreover, suppose that there exist «;, B; > 0,
with o; # Bi,i = 1,2, such that

N1 (1 07 Rop® ™) || < 1, N2 (Rip* 207 || < ctas (4.3)

INL(Bip* 5, 0)|| > B, [ N2(0, B20*7Y) | < Bas (4.4)

where R; = max{a;, B;}(i = 1,2).

Then problem (1.4) has at least

(1) one solution u = (u1,us) such that B; < ||u;|| <o; fori=1,2, ifa; > B; fori =1,2;

(2) two solutions (uy, uy) and (vy, vy) such that B1 < |\u1ll < o1, Bz < ||ua|| < g,
Bi < Ivill <1, and ||[v2|l < @ if a1 > B1 and oz < Po;

(3) two solutions (uy, us) and (v1,va) such that ay < ||lu1] < B1, @2 < |z < Ba, V1l < a1,
and By < ||vall <oz if ay < B1 and oz > Ba;

(4) four solutions (u1,us), (v1,v2), (W1, wa), and (z1,2z2) such that
Bi < lluill < ap a1 < vl < Br, and ||[vall < g, w1l < a1, 02 < [[wal < B2, and ||zill < e,
ifa; < Bifori=1,2.

Proof We shall apply Theorem 2.3 to the operator N = (N, N3) defined as in (3.8) and
(3.9). Let us see that it satisfies conditions (2.1)(2.2).
First we prove that
Auy ZNi(u) for every u € k with [|us|| = o1, |lu2]| < Rp and all A > 1. (4.5)

Indeed, if not,

Murll = ran = | N1 w) .
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From 0 < u; < a1 0% ! and 0 < uy < Ryp*~ L, by (H1), (H,) it follows that
0 <f(u1,u2) Sf(alpa_lsz,Oa_l),
0<g, </Osa1(t)f(u1, uz)dr> < (pq(/osﬂl(f)_f(Oll,Oa_l,Rz,Oa_l) dr ds).
By Lemma (3.2) we obtain
0 < Ni(u1,u2) < Ni(a1p® " Rap® "),
and the norm of X being monotone,
N3 (1, 2) | < | N2 (ee10%78, Rap™ ) |
By assumption (4.3),
N1 (1 p* 7 Rop* ™) || < 1,
so we obtain the contradiction
lop <op  forsome A > 1.

Hence (4.5) holds.

Now, we prove that u; # Nj(u) + up®! for every u € P with ||u;|| = B, 42|l < R, and all
u=0.

Assume the contrary, i.e., u; = Ny(u) + up*! for some u € P with [lu| = B1, |ua] <
R, and some p > 0. Then u; — N1(¢#) € Py, so 0 < N1(#) < u;, and the norm of X being

monotone

IN1(@)]| < llwall = Br. (4.6)
Also, from condition (H,), 0 < 81 0% ! < u; and 0 < u,, so we obtain

0 </fi(B1p*™",0) <f(u1,u2),

then by (H;) we obtain

Oswq(/o al(f)fx(ﬁm“‘I,O)df)qu(/ al(f)f(ul,uz)df>,

0

and by Lemma 3.2 we conclude 0 < Ni1(B1p%1,0) < Ni(uy,us). Hence, by monotonicity of
the norm,

[Ny (Bip ™, 0) | = [ NiGaur, o)

Now, from (4.6) we have

[Ny (Bip*,0)| < B
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which contradicts assumption (4.4). Therefore, conditions (2.1)—(2.2) hold for i = 1. Sim-
ilarly, they can be verified for i = 2. O

5 Applications
Example 5.1 Consider the fractional differential equation with advanced argument for

p-Laplacian:

1
e3nD3Pu(t)) + S5 15 (u@®)]F + O®)5) =0, 0<t<l,
03(DP()) + ”‘”2 1’; (13 + OO + [w(B(@©)]s) =0, 0<t<1,
5/2 i 7/6 7 16,1 (5.1)

D0+ M(O) = u(O) =u (0) =0, D0+ M(l) = mD0+ u(j)’

DY2v(0) =v(0) =v(0) =0,  D{v(1) = ZDyv(3),
wherea=3,8=2n=2Lp=p=3,q=G=3,a:1(t) = T, as(t) = 252, 03[ ar () dt) =
Los(fy ax()dt) = Y anp=azp =2 € (0,1),anp =3 (,Law_12 €(0,1)

ﬂwmmmwm»=f%qwmmﬁ+w@mﬂ%,9m=ﬁyemJL

and

2

2u(0®)(00)) = —— (13+ W0 )| + [u(e@)[*), 00 =",y € O,
It is clear that, for all (¢, u,v) € [0,1] x R?,

[, )] < t(lu]3 + |v]3),
g, V)| < £2(13 + V]V + ul).

Hence all the conditions of Theorem 3.1 hold, this implies that problem (5.1) has at least

one solution.

Example 5.2 Consider the fractional differential equation with advanced argument for

p-Laplacian:

t 1/2

wwﬂD“%dﬂY (u(0(2),v(0(2)) = 0, 0<t<1,
03 (DYV(0) + TS g(u(6(6), V6 (1))) = 0, 0<t<l,
D3?u(0) = u(0) = u (0) =0,  DJu(1) = EDj%u(}),
DPv(0)=v(0)=v(0)=0,  Dyw(1) = ZDyv(3),

(5.2)

where f,g € C(R?,R,) are nondecreasing in  and v, 8(¢) = t”,y € (0,1). Assume that

f(z,2) 8(z,2)

lim = lim =0 (5.3)
z—>00  Z z—00 Z

and
im? @2 - jim £@2 _ (5.4)

z—0 z Z—>00 z
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From conditions (5.3) and (5.4), we can prove that there exist a1, @3, 81, B2 > 0,1 < 81,03 =
B1,and B, = a; such that

f(* B, 0% ery) _ 1

a-1 - a—lA’
Pt B p (5.5)
g, p* o) 1
pa—lﬂz - pa—lA
and
P 1 2’ 1
Sflo, 1) <L g(B1, B1) <1 (5.6)
o1 B (%) B

Then we set

ri=a, R =p1 forie({l,2},

'y =f(e, 1), Iy =g(B1, B1),

and

" :f(pa_lﬁl,pa_lal); 2 :g(,Oa_IOlhpa_lal).

We concluded that (5.5) and (5.6) guarantee (4.1). Hence, by Theorem 4.2, problem (5.2)
has a positive solution.
Since f, g are positive and increasing, we can easily show that

£ B0 1 flp e p Ry 1

’

B A a
2,0, 0%71B,) - 1 2(p* Ry, 00p%7h) < 1
182 - A’ [02)

Thus conditions (4.3) and (4.4) hold. Then, by Theorem 4.2, problem (5.2) has multiplicity
of solutions.

6 Conclusions

In this present work, we discussed some existence multiplicity results for system of frac-
tional differential equations, under various assumptions on the right-hand side nonlin-
earity. The main assumptions on the nonlinearity are the continuity and some Nagumo—
Bernstein type growth conditions. We have used fixed point theory in vector metric spaces
with general properties from functional analysis. Also the positivity result for a fractional
system of differential equations was considered. We hope that this paper can provide con-
tributions to the questions of existence, positivity, and multiplicity of solutions for frac-
tional differential equations on bounded domains.
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