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Abstract
Inequality theory provides a significant mechanism for managing symmetrical
aspects in real-life circumstances. The renowned distinguishing feature of integral
inequalities and fractional calculus has a solid possibility to regulate continuous issues
with high proficiency. This manuscript contributes to a captivating association of
fractional calculus, special functions and convex functions. The authors develop a
novel approach for investigating a new class of convex functions which is known as
an n-polynomial P-convex function. Meanwhile, considering two identities via
generalized fractional integrals, provide several generalizations of the
Hermite–Hadamard and Ostrowski type inequalities by employing the better
approaches of Hölder and power-mean inequalities. By this new strategy, using the
concept of n-polynomial P-convexity we can evaluate several other classes of
n-polynomial harmonically convex, n-polynomial convex, classical harmonically
convex and classical convex functions as particular cases. In order to investigate the
efficiency and supremacy of the suggested scheme regarding the fractional calculus,
special functions and n-polynomial P-convexity, we present two applications for the
modified Bessel function and q-digamma function. Finally, these outcomes can
evaluate the possible symmetric roles of the criterion that express the real
phenomena of the problem.
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1 Introduction
Over the most recent couple of decades, fractional calculus [1–14] has been effectively uti-
lized in modeling for a wide range of processes and systems in the field of engineering and
applied sciences. The comprehensive applications in real-world problems are described by
fractional operators including fluid mechanics such as exothermic chemical reactions or
autocatalytic reactions, and it has been found to be an effective tool in interpretation and
modeling of numerous problems appear in physics and applied mathematics [15]. Frac-
tional integrodifferential equations contain derivatives of any complex or real order, being
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considered as a general form of differential equations. Numerous investigations have been
proposed to improve the modeling accuracy in depicting the anomalous diffusion process,
modeling different sorts of viscoelastic damping, precisely catching power-law frequency
dependence and stimulating the flow of a fractional Maxwell fluid.

The fractional integral inequality [16–24] is one of the most popular approaches which is
widely employed in many practical problems, optimization theory, engineering and tech-
nology. Integral inequalities of fractional strategies show substantially more ordinarily in
several research areas and technology applications. The significant extent of utilities of the
integral inequalities on convexity for both derivation and integration has been a subject
of hot debate. Set et al. [25] illustrated numerous novel versions of Hermite–Hadamard–
Fejér type inequalities via fractional integral operators.

The main subject of this paper is the introduction of the notion of n-polynomial P-
convex functions and establishing the Hermite–Hadamard and Ostrowski type inequali-
ties for n-polynomialP-convex functions. In the deterministic case, most of the presented
results are the refinements of the existing results for harmonically convex and classical
convex functions in the relative literature. The new methodology is useful to explore the
Mandelbrot and Julia sets for quadratic and cubic polynomials by introducing the term s
in n-polynomial convexity.

Now, we recall the Hermite–Hadamard inequality as follows:
Let � : I → R be a convex function. Then the double inequality

�

(
l1 + l2

2

)
≤ (l2 – l1)–1

∫ l2

l1
�(z) dz ≤ �(l1) + �(l2)

2
(1.1)

holds for all l1, l2 ∈ I with l1 �= l2.
Recently, the refinements, generalizations, extensions and variants for the Hermit-

Hadamard inequality have attracted the attention of many researchers.
In 1928, Ostrowski [26] established the Ostrowski inequality, which gives an upper

bound for the approximation of the integral average (l2 – l1)–1 ∫ l2
l1
�(ξ ) dξ by the value �(z)

at z ∈ [l1, l2], it can be stated as follows:
Let � : [l1, l2] → R be a differentiable mapping on (l1, l2) such that |�′(x)| ≤ M for all

z ∈ (l1, l2). Then the inequality

∣∣∣∣�(z) – (l2 – l1)–1
∫ l2

l1
�(ξ ) dξ

∣∣∣∣ ≤M(l2 – l1)
[

1
4

+
(z – l1+l2

2 )2

(l2 – l1)2

]
(1.2)

holds for all z ∈ (l1, l2) with the best possible constant 1/4.
The Ostrowski inequality (1.2) plays a prominent role in pure and applied mathemat-

ics, particularly in approximation theory. In recent decades, many mathematicians have
studied the Ostrowski inequality from the perspective of fractional calculus and convex
analysis.

İşcan [27] presented a new form of the Hölder integral inequality as follows.

Theorem 1.1 (See [27]) Let α,β > 1 with α + β = αβ , and �1 and �2 be two integrable
real-valued functions defined on [l1, l2] such that |�1|α and |�2|β are integrable on [l1, l2].
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Then one has

∫ l2

l1

∣∣�1(z)�2(z)
∣∣dz

≤ 1
l2 – l1

[(∫ l2

l1
(l2 – z)

∣∣�1(z)
∣∣α dz

)1/α(∫ l2

l1
(l2 – z)

∣∣�2(z)
∣∣β dz

)1/β

+
(∫ l2

l1
(z – l1)

∣∣�1(z)
∣∣α dz

)1/α(∫ l2

l1
(z – l1)

∣∣�2(z)
∣∣β dz

)1/β]
. (1.3)

Kadakal et al. [28] generalized the Hölder–İşcan integral inequality (1.3) to the following
form.

Theorem 1.2 (See [28]) Let α,β > 1 with α + β = αβ , and �1 and �2 be two integrable
real-valued functions defined on [l1, l2] such that |�1|α and |�2|β are integrable on [l1, l2].
Then

∫ l2

l1

∣∣�1(z)�2(z)
∣∣dz

≤ 1
l2 – l1

[(∫ l2

l1
(l2 – z)

∣∣�1(z)
∣∣α dz

)1–1/α(∫ l2

l1
(l2 – z)

∣∣�1(z)
∣∣∣∣�2(z)

∣∣β dz
)1/β

+
(∫ l2

l1
(z – l1)

∣∣�1(z)
∣∣α dz

)1–1/α(∫ l2

l1
(z – l1)

∣∣�1(z)
∣∣∣∣�2(z)

∣∣β dz
)1/β]

. (1.4)

The inspiration of this work resonates in every part of this article. This paper has
multiple purposes. Our first intention is to introduce the notion of the n-polynomial
P-convex function. Taking into account two fractional identities, we derived several
Hermite–Hadamard type inequalities for the well-known integral inequalities such as
weighted arithmetic–geometric mean, Young’s inequality, improved power-mean and
Hölder–İscan inequality. The second vital intention is to assemble the consequences from
our findings for special functions such as hypergeometric functions, modified Bessel func-
tions and q-digamma function. Our work’s results are valuable in the generation of fractals
utilizing an iterative methodology, which is a fascinating field of examination and has util-
ities in the improvement of geometrically aided design.

The paper is organized as follows. In Sect. 2, we recall some basic and fundamental
definitions and lemmas. In Sect. 3, we provide the Hermite–Hadamard type inequality
for n-polynomial P-convex functions. In Sect. 4, we establish the Hermite–Hadamard
type inequalities for differentiable functions. In Sect. 5, we present the Ostrowski type
inequalities for the aforesaid technique. In Sect. 6, we give the applications of our results.

2 Preliminaries
We first give some basic and novel definitions for various convex functions and generalized
fractional integrals.
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Definition 2.1 (See [29]) Let P > 0 and � ⊆ R be an interval. Then � is said to be P-
convex if

(
ξ lP1 + (1 – ξ )lP2

)1/P ∈ �

for all l1, l2 ∈ � and ξ ∈ [0, 1].

Definition 2.2 (See [29]) Let P > 0 and � ⊆ R be a P-convex interval. Then the real-
valued function � : � →R is said to be P-convex if the inequality

�
([

ξ lP1 + (1 – ξ )lP2
]1/P) ≤ ξ�(l1) + (1 – ξ )�(l2) (2.1)

holds for all l1, l2 ∈ � and ξ ∈ [0, 1].

If P = 1, then we clearly see that the P-convexity reduces to classical convexity.

Definition 2.3 (See [30]) Let � ⊆R be an interval. Then a real-valued function � : � →R

is said to be harmonically convex if the inequality

�

(
l1l2

ξ l1 + (1 – ξ )l2

)
≤ ξ�(l2) + (1 – ξ )�(l1) (2.2)

holds for all l1, l2 ∈ � and ξ ∈ [0, 1].

In [31], Toplu et al. defined the n-polynomial convexity as follows.

Definition 2.4 (See [31]) Let n ∈ N. Then the non-negative function � : � → [0,∞) is
said to be a n-polynomial convex function if the inequality

�
(
ξ l1 + (1 – ξ )l2

) ≤ 1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]
�(l1) +

1
n

n∑
θ=1

[(
1 – ξ θ

)]
�(l2) (2.3)

holds for every l1, l2 ∈ � and ξ ∈ [0, 1].
Note that every n-polynomial convex function is also a λ-convex function if λ(ξ ) =

1
n
∑n

θ=1[1 – (1 – ξ )θ ].

Awan et al. [32] presented the idea of n-polynomial harmonically convex functions as
follows.

Definition 2.5 (See [32]) Let n ∈ N. Then a non-negative function � : � → [0,∞) is said
to be a n-polynomial harmonically convex function if the inequality

�

(
l1l2

ξ l1 + (1 – ξ )l2

)
≤ 1

n

n∑
θ=1

[
1 – (1 – ξ )θ

]
�(l2) +

1
n

n∑
θ=1

[(
1 – ξ θ

)]
�(l1) (2.4)

holds for every l1, l2 ∈ � and ξ ∈ [0, 1].
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If n = 2, then from Definition 2.5 we clearly see that the n-polynomial harmonically
convex function � satisfies the inequality

�

(
l1l2

ξ l1 + (1 – ξ )l2

)
≤ 3ξ – ξ 2

2
�(l2) +

2 – ξ – ξ 2

2
�(l1)

for all l1, l2 ∈ � and ξ ∈ [0, 1].
Now, we generalize the n-polynomial convex function to the n-polynomial P-convex

function.

Definition 2.6 Let n ∈ N,P > 0 and � ⊆R be aP-convex interval. Then the non-negative
real-valued function � : � → [0,∞) is said to be a n-polynomial P-convex function if the
inequality

�
([

ξ lP1 + (1 – ξ )lP2
]1/P) ≤ 1

n

n∑
θ=1

[
1 – (1 – ξ )θ

]
�(l1) +

1
n

n∑
θ=1

[(
1 – ξ θ

)]
�(l2) (2.5)

holds for all l1, l2 ∈ �, ξ ∈ [0, 1].

Remark 2.7 Definition 2.6 leads to the conclusion that:
(i) If P = –1, then Definition 2.6 becomes Definition 2.5 for n-polynomial

harmonically convex function.
(ii) If P = 1, then Definition 2.6 reduces to Definition (2.4) for n-polynomial convex

function.

Definition 2.8 (See [33]) Let η,ρ > 0. Then the left and right sides generalized fractional
integrals of the function � defined on [l1, l1] are defined by

(
ρIη

l+1
�
)
(z) =

ρ1–η


(η)

∫ z

l1

(zρ – ξρ)η–1
�(ξ )

ξ 1–ρ
dξ (z > l1)

and

(
ρIη

l–2
�
)
(z) =

ρ1–η


(η)

∫ l2

z

(ξρ – zρ)η–1
�(ξ )

ξ 1–ρ
dξ (z < l2),

respectively.

Remark 2.9 Definition 2.8 leads to the conclusions that
(1) If ρ = 1, then we get the Riemann–Liouville fractional integral operators [34]

(
Iη

l+1
�
)
(z) =

1

(η)

∫ z

l1
(z – ξ )η–1

�(ξ ) dξ (z > l1)

and

(
Iη

l–2
�
)
(z) =

1

(η)

∫ l2

z
(ξ – z)η–1

�(ξ ) dξ (z < l2).
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(2) It ρ → 0, then we obtain the Hadamard fractional integral operators [34]

(
Iη

l+1
�
)
(z) =

1

(η)

∫ z

l1

(
log

z
ξ

)η–1
�(ξ )
ξ

dξ (z > l1)

and

(
Iη

l–2
�
)
(z) =

1

(η)

∫ l2

z

(
log

ξ

z

)η–1
�(ξ )
ξ

dξ (z < l2).

Next, we also need to introduce the beta function B and Gaussian hypergeometric func-
tion 2F1, defined by

B(z1, z2) =

(z1)
(z2)

(z1 + z2)

=
∫ 1

0
ξ z1–1(1 – ξ )z2–1 dξ (z1, z2 > 0)

and

2F1(z1, z2; z3, z) =
1

B(z2, z3 – z2)

∫ 1

0
ξ z2–1(1 – ξ )z3–z2–1(1 – zξ )–z1 dξ

(
z3 > z2 > 0, |z| < 1

)
,

respectively, where 
(z) =
∫ ∞

0 e–ξ ξ z–1 dξ is the Euler gamma function [35].

3 Hermite–Hadamard type inequality for n-polynomial P-convex function
In this section, we establish the Hermite–Hadamard type inequality for n-polynomial P-
convex functions via generalized fractional integrals.

Theorem 3.1 Let n ∈ N, P > 0, η > 0, � ⊂ (0,∞) be a P-convex interval, l1, l2 ∈ � with
l1 < l2 and � : � →R be an n-polynomial P-convex function such that � ∈ L1([l1, l2]). Then
we have

2nn
(2n(n – 1) + 1)

�

(
P

√
lP1 + lP2

2

)
≤ Pη
(η + 1)

2(lP2 – lP1 )η
[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]

≤ �(l1) + �(l2)
2n

n∑
θ=1

[
η + 2θ

η(η + θ )
– B(θ + 1,η)

]
. (3.1)

Proof Let x, y ∈ � and ξ = 1
2 in (2.3). Then it follows from the n-polynomial P-convexity

of the function � on � that

�

(
P

√
xP + yP

2

)
≤ 1

n

n∑
θ=1

(
1 –

(
1
2

)θ)[
�(x) + �(y)

]
. (3.2)

Putting xP = ξ lP1 + (1 – ξ )lP2 and yP = (1 – ξ )lP1 + ξ lP2 leads to

�

(
P

√
lP1 + lP2

2

)

≤ 1
n

n∑
θ=1

(
1 –

(
1
2

)θ)[
�
(P√

ξ lP1 + (1 – ξ )lP2
)

+ �
(P√

(1 – ξ )lP1 + ξ lP2
)]

. (3.3)
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Multiplying both sides of (3.3) by ξη–1 and integrating the obtained inequality with respect
to ξ over (0, 1) give

2n+1n
η(2n(n – 1) + 1)

�

(
P

√
lP1 + lP2

2

)

≤
∫ 1

0
ξη–1

�
(P√

ξ lP1 + (1 – ξ )lP2
)

dξ +
∫ 1

0
ξη–1

�
(P√

(1 – ξ )lP1 + ξ lP2
)

dξ

=
P

lP2 – lP1

[∫ l2

l1

(
lP2 – zP

lP2 – lP1

)η–1
�(z)
z1–P dz +

∫ l2

l1

(
zP – lP1
lP2 – lP1

)η–1
�(z)
z1–P dz

]

=
Pη
(η)

(lP2 – lP1 )η
[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]
, (3.4)

that is,

2nn
(2n(n – 1) + 1)

�

(
P

√
lP1 + lP2

2

)
≤ Pη
(η + 1)

2(lP2 – lP1 )η
[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]
, (3.5)

which completes the proof of the first inequality. For the proof of the second inequality of
(3.1), we use the n-polynomial P-convexity of the function � again to get

�
(P√

ξ lP1 + (1 – ξ )lP2
) ≤ 1

n

n∑
θ=1

[
1 – (1 – ξ )θ

]
�(l1) +

1
n

n∑
θ=1

[
1 – ξ θ

]
�(l2)

and

�
(P√

(1 – ξ )lP1 + ξ lP2
) ≤ 1

n

n∑
θ=1

[
1 – ξ θ

]
�(l1) +

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]
�(l2).

By adding the above two inequalities, we have

�
(P√

(1 – ξ )lP1 + ξ lP2
)

+ �
(P√

ξ lP1 + (1 – ξ )lP2
)

≤
[

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]
+

1
n

n∑
θ=1

[
1 – ξ θ

]][
�(l1) + �(l2)

]
. (3.6)

Multiplying both sides of the (3.6) by ξη–1 and integrating the obtained inequality for ξ

over (0, 1), we obtain

Pη
(η + 1)
2(lP2 – lP1 )η

[PIη

l+1
�(l2) + PIη

l–2
�(l1)

] ≤ 1
n

n∑
θ=1

[
η + 2θ

η(η + θ )
– B(θ + 1,η)

]
�(l1) + �(l2)

2
. �

Remark 3.2 Theorem 3.1 leads to the conclusions that:
(1) If η = P = 1, then we obtain Theorem 4 of [31].
(2) If η = P = –1, then we get Theorem 2.3 of [32].
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4 Hermite–Hadamard type inequalities for differentiable function
In what follows, we denote by L1([l1, l2]) the space of (Lebesgue) integrable functions on
the interval [l1, l2], we first give Lemma 4.1 [36], which will be used for generating refine-
ments of Hermite–Hadamard type inequality.

Lemma 4.1 (See [36]) Let P ,η > 0, � : �◦ ⊂ (0,∞) →R be a differentiable function on �◦

(�◦ is the interior of �) and l1, l2 ∈ �◦ with l1 < l2 such that �′ ∈ L1([l1, l2]). Then we have
the inequality

�(l1) + �(l2)
2

–
Pη
(η + 1)
2(lP2 – lP1 )η

[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]
(4.1)

=
lP2 – lP1

2P

∫ 1

0

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

) 1–P
P �

′(P√
ξ lP1 + (1 – ξ )lP2

)
dξ .

Theorem 4.2 Let n ∈ N, P ,η > 0, β > 1, � : �◦ ⊂ (0,∞) → R be a differentiable function
on �◦ and l1, l2 ∈ �◦ with l1 < l2 such that �′ ∈ L1([l1, l2]) and |�′|β is an n-polynomial
P-convex function on �. Then one has

∣∣∣∣�(l1) + �(l2)
2

–
Pη
(η + 1)
2(lP2 – lP1 )η

[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]∣∣∣∣ (4.2)

≤ lP2 – lP1
2P

(
�1(l1, l2;P)

)1–1/β

×
(

|�(l1)|β
n

n∑
θ=1

�2(l1, l2;P) +
|�(l2)|β

n

n∑
θ=1

�3(l1, l2;P)

)1/β

,

where

�1(l1, l2;P) =
1

l(P–1)
2 (η + 1)

⎧⎨
⎩

[2F1((1 – 1/P), 1,η + 2, 1 – (l1/l2)P )

– 2F1((1 – 1/P),η + 1,η + 2, 1 – (l1/l2)P )],

�2(l1, l2;P) =
1

l(P–1)
2

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
η+1 [2F1((1 – 1/P), 1,η + 2, 1 – (l1/l2)P )

– 2F1((1 – 1/P),η + 1,η + 2, 1 – (l1/l2)P )]

+ B(η + 1, θ + 1)[2F1((1 – 1/P),η + 1, θ + η + 2, 1 – (l1/l2)P )]

– 1
η+θ+2 [2F1((1 – 1/P), 1, θ + η + 2, 1 – (l1/l2)P )]

and

�3(l1, l2;P) =
1

l(P–1)
2

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
η+1 [2F1((1 – 1/P), 1,η + 2, 1 – (l1/l2)P )

– 2F1((1 – 1/P),η + 2,η + 1, 1 – (l1/l2)P )]

– B(η + 1, θ + 1)[2F1((1 – 1/P), θ + 1, θ + η + 2, 1 – (l1/l2)P )]

+ 1
η+θ+2 [2F1((1 – 1/P),η + θ + 1, θ + η + 2, 1 – (l1/l2)P )].
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Proof It follows from Lemma 4.1 and the Hölder inequality that

∣∣∣∣�(l1) + �(l2)
2

–
Pη
(η + 1)
2(lP2 – lP1 )η

[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]∣∣∣∣
≤ lP2 – lP1

2P

∫ 1

0

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )lP2

)∣∣dξ

≤ lP2 – lP1
2P

(∫ 1

0

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

) 1–P
P dξ

)1–1/β

×
(∫ 1

0

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )lP2

)∣∣β dξ

)1/β

.

(4.3)

From the n-polynomial P-convexity of the function |�′|β on �, we get

∫ 1

0

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )lP2

)∣∣β dξ

≤
∫ 1

0

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

) 1–P
P

×
[

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�(l2)
∣∣β

]
dξ

≤ |�(l1)|β
n

n∑
θ=1

[∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

) 1–P
P

[
(1 – ξ )η – (1 – ξ )η+θ – ξη + ξη(1 – ξ )θ

]]
dξ

+
|�(l2)|β

n

n∑
θ=1

[∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

) 1–P
P

[
(1 – ξ )η – ξ θ (1 – ξ )η – ξη + ξη+θ

]]
dξ

=
|�(l1)|β

n

n∑
θ=1

�2(l1, l2;P) +
|�(l2)|β

n

n∑
θ=1

�3(l1, l2;P). (4.4)

Inequalities (4.3) and (4.4) lead to

∣∣∣∣�(l1) + �(l2)
2

–
Pη
(η + 1)
2(lP2 – lP1 )η

[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]∣∣∣∣
≤ lP2 – lP1

2P
(
�1(l1, l2;P)

)1–1/β

×
(

|�(l1)|β
n

n∑
θ=1

�2(l1, l2;P) +
|�(l2)|β

n

n∑
θ=1

�3(l1, l2;P)

)1/β

, (4.5)

where we have used the facts that

�1(l1, l2;P) :=
∫ 1

0

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

) 1–P
P dξ (4.6)

=
1

l(P–1)
2 (η + 1)

⎧⎨
⎩

[2F1((1 – 1/P), 1,η + 2, 1 – (l1/l2)P )

– 2F1((1 – 1/P),η + 1,η + 2, 1 – (l1/l2)P )],
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�2(l1, l2;P) :=
∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

) 1–P
P

[
(1 – ξ )η – (1 – ξ )η+θ – ξη + ξη(1 – ξ )θ

]
dξ (4.7)

=
1

l(P–1)
2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
η+1 [2F1((1 – 1/P), 1,η + 2, 1 – (l1/l2)P )

– 2F1((1 – 1/P),η + 1,η + 2, 1 – (l1/l2)P )]

+ B(η + 1, θ + 1)

× [2F1((1 – 1/P),η + 1, θ + η + 2, 1 – (l1/l2)P )]

– 1
η+θ+2 [2F1((1 – 1/P), 1, θ + η + 2, 1 – (l1/l2)P )],

and

�3(l1, l2;P) :=
∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

) 1–P
P

[
(1 – ξ )η – ξ θ (1 – ξ )η – ξη + ξη+θ

]
dξ (4.8)

=
1

l(P–1)
2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
η+1 [2F1((1 – 1/P), 1,η + 2, 1 – (l1/l2)P )

– 2F1((1 – 1/P),η + 2,η + 1, 1 – (l1/l2)P )]

– B(η + 1, θ + 1)

× [2F1((1 – 1/P), θ + 1, θ + η + 2, 1 – (l1/l2)P )]

+ 1
η+θ+2 [2F1((1 – 1/P),η + θ + 1, θ + η + 2, 1 – (l1/l2)P )].

Combining (4.5)–(4.8), we get the desired inequality (4.2). �

Our next result is better than all the previously known results in the literature, which can
be obtained by the improved power-mean inequality via n-polynomialP-convex function.

Theorem 4.3 Let n ∈ N, P ,η > 0, β ≥ 1, � : �◦ ⊂ (0,∞) → R be a differentiable function
on �◦ and l1, l2 ∈ �◦ with l1 < l2 such that �′ ∈ L1([l1, l2]) and |�′|β is a n-polynomial P-
convex function on �. Then

∣∣∣∣�(l1) + �(l2)
2

–
Pη
(η + 1)
2(lP2 – lP1 )η

[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]∣∣∣∣
≤ lP2 – lP1

2P

×
[(

�∗
1 (l1, l2;P)

)1–1/α
(

|�(l1)|β
n

n∑
θ=1

�∗
2 (l1, l2;P) +

|�(l2)|β
n

n∑
θ=1

�∗
3 (l1, l2;P)

)1/β

+
(
�∗

4 (l1, l2;P)
)1–1/α

(
|�(l1)|β

n

n∑
θ=1

�∗
5 (l1, l2;P) +

|�(l2)|β
n

n∑
θ=1

�∗
6 (l1, l2;P)

)1/β]
,

(4.9)

where

�∗
1 (l1, l2;P) =

1
l(P–1)
2

⎧⎨
⎩

1
η+2 2F1((1 – 1/P), 1,η + 3, 1 – (l1/l2)P )

– 1
(η+2)(η+3) 2F1((1 – 1/P),η + 1,η + 3, 1 – (l1/l2)P ),
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�∗
2 (l1, l2;P) =

1
l(P–1)
2

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
η+1 [2F1((1 – 1/P), 1,η + 3, 1 – (l1/l2)P )

– 1
η+2 2F1((1 – 1/P),η + 1,η + 3, 1 – (l1/l2)P )]

+ B(η + 1, θ + 1)[2F1((1 – 1/P),η + 1, θ + η + 3, 1 – (l1/l2)P )]

– 1
η+θ+1 [2F1((1 – 1/P), 1, θ + η + 3, 1 – (l1/l2)P )],

�∗
3 (l1, l2;P) =

1
l(P–1)
2

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
η+1 [2F1((1 – 1/P), 1,η + 3, 1 – (l1/l2)P )

– 1
η+2 2F1((1 – 1/P),η + 1,η + 3, 1 – (l1/l2)P )]

– B(η + 2, θ + 1)[2F1((1 – 1/P),η + 1, θ + η + 3, 1 – (l1/l2)P )]

+ 1
η+θ+1 [2F1((1 – 1/P), θ + η + 1, θ + η + 3, 1 – (l1/l2)P )],

�∗
4 (l1, l2;P) =

1
l(P–1)
2

⎧⎨
⎩

1
(η+1)(η+2) 2F1((1 – 1/P), 2,η + 3, 1 – (l1/l2)P )

– 1
(η+2) 2F1((1 – 1/P),η + 2,η + 3, 1 – (l1/l2)P ),

�∗
5 (l1, l2;P) =

1
l(P–1)
2

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
η+1 2F1((1 – 1/P), 1,η + 2, 1 – (l1/l2)P )

– 1
η+2 2F1((1 – 1/P),η + 2,η + 3, 1 – (l1/l2)P )]

+ B(η + 2, θ + 1)[2F1((1 – 1/P),η + 2, θ + η + 3, 1 – (l1/l2)P )]

– 1
η+θ+1 [2F1((1 – 1/P), 2, θ + η + 3, 1 – (l1/l2)P )],

and

�∗
6 (l1, l2;P) =

1
l(P–1)
2

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
η+1 2F1((1 – 1/P), 2,η + 3, 1 – (l1/l2)P )

– 1
η+2 2F1((1 – 1/P),η + 2,η + 3, 1 – (l1/l2)P )]

– B(η + 1, θ + 2)[2F1((1 – 1/P),η + 2, θ + η + 3, 1 – (l1/l2)P )]

– 1
η+θ+2 [2F1((1 – 1/P), θ + η + 2, θ + η + 3, 1 – (l1/l2)P )].

Proof It follows from Lemma 4.1 and the improved power-mean integral inequality
that

∣∣∣∣�(l1) + �(l2)
2

–
Pη
(η + 1)
2(lP2 – lP1 )η

[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]∣∣∣∣

≤ lP2 – lP1
2P

[(∫ 1

0
(1 – ξ )

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

)( 1–P
P ) dξ

)1–1/α

×
(∫ 1

0
(1 – ξ )

[
(1 – ξ )η – ξη

]

× (
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )lP2
)∣∣β dξ

)1/β

+
(∫ 1

0
ξ
[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

)( 1–P
P ) dξ

)1–1/α

×
(∫ 1

0
ξ
[
(1 – ξ )η – ξη

]

× (
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )lP2
)∣∣β dξ

)1/β]
. (4.10)
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From the n-polynomial P-convexity of the function |�′|β on �, we have

∫ 1

0
(1 – ξ )

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )lP2
)∣∣β dξ

≤
∫ 1

0
(1 – ξ )

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )

×
[

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�(l2)
∣∣β

]
dξ

≤ |�(l1)|β
n

n∑
θ=1

[∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )

× [
(1 – ξ )η+1 – (1 – ξ )θ+η+1 – ξη(1 – ξ ) + ξη(1 – ξ )θ+1]]dξ

+
|�(l2)|β

n

n∑
θ=1

[∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )

× [
(1 – ξ )η+1 – ξ θ (1 – ξ )η+1 – ξη(1 – ξ ) + ξ θ+η(1 – ξ )

]]
dξ

=
|�(l1)|β

n

n∑
θ=1

�∗
2 (l1, l2;P) +

|�(l2)|β
n

n∑
θ=1

�∗
3 (l1, l2;P). (4.11)

Similarly, we have

∫ 1

0
ξ
[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )lP2
)∣∣β dξ

≤
∫ 1

0

[
ξ (1 – ξ )η – ξη+1](ξ lP1 + (1 – ξ )lP2

)( 1–P
P )

×
[

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�(l2)
∣∣β

]
dξ

≤ |�(l1)|β
n

n∑
θ=1

[∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )

× [
ξ (1 – ξ )η – ξ (1 – ξ )θ+η – ξη+1 + ξη+1(1 – ξ )θ

]]
dξ

+
|�(l2)|β

n

n∑
θ=1

[∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

)( 1–P
P )

× [
ξ (1 – ξ )η – ξ θ+1(1 – ξ )η – ξη+1 + ξ θ+η+1]]dξ

=
|�(l1)|β

n

n∑
θ=1

�∗
5 (l1, l2;P) +

|�(l2)|β
n

n∑
θ=1

�∗
6 (l1, l2;P). (4.12)

Inequalities (4.10)–(4.12) lead to

∣∣∣∣�(l1) + �(l2)
2

–
Pη
(η + 1)
2(lP2 – lP1 )η

[PIη

l+1
�(l2) + PIη

l–2
�(l1)

]∣∣∣∣
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≤ lP2 – lP1
2P

[(
�∗

1 (l1, l2;P)
)1–1/α

×
(

|�(l1)|β
n

n∑
θ=1

�∗
2 (l1, l2;P) +

|�(l2)|β
n

n∑
θ=1

�∗
3 (l1, l2;P)

)1/β

+
(
�∗

4 (l1, l2;P)
)1–1/α

(
|�(l1)|β

n

n∑
θ=1

�∗
5 (l1, l2;P) +

|�(l2)|β
n

n∑
θ=1

�∗
6 (l1, l2;P)

)1/β]
,

(4.13)

where we have used the facts that

�∗
1 (l1, l2;P) :=

∫ 1

0
(1 – ξ )

[
(1 – ξ )η – ξη

](
ξ lP1 + (1 – ξ )lP2

) 1–P
P dξ

=
1

l(P–1)
2

⎧⎨
⎩

1
η+2 2F1((1 – 1/P), 1,η + 3, 1 – (l1/l2)P )

– 1
(η+2)(η+3) 2F1((1 – 1/P),η + 1,η + 3, 1 – (l1/l2)P ),

(4.14)

�∗
2 (l1, l2;P) :=

∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

) 1–P
P

× [
(1 – ξ )η+1 – (1 – ξ )θ+η+1 – ξη(1 – ξ ) + ξη(1 – ξ )θ+1]dξ

=
1

l(P–1)
2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
η+1 [2F1((1 – 1/P), 1,η + 3, 1 – (l1/l2)P )

– 1
η+2 2F1((1 – 1/P),η + 1,η + 3, 1 – (l1/l2)P )]

+ B(η + 1, θ + 1)

× [2F1((1 – 1/P),η + 1, θ + η + 3, 1 – (l1/l2)P )]

– 1
η+θ+1 [2F1((1 – 1/P), 1, θ + η + 3, 1 – (l1/l2)P )],

and

�∗
3 (l1, l2;P) :=

∫ 1

0

(
ξ lP1 + (1 – ξ )lP2

) 1–P
P (4.15)

× [
(1 – ξ )η+1 – ξ θ (1 – ξ )η+1 – ξη(1 – ξ ) + ξ θ+η(1 – ξ )

]
dξ

=
1

l(P–1)
2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
η+1 [2F1((1 – 1/P), 1,η + 3, 1 – (l1/l2)P )

– 1
η+2 2F1((1 – 1/P),η + 1,η + 3, 1 – (l1/l2)P )]

– B(η + 2, θ + 1)

× [2F1((1 – 1/P),η + 1, θ + η + 3, 1 – (l1/l2)P )]

+ 1
η+θ+1 [2F1((1 – 1/P), θ + η + 1, θ + η + 3, 1 – (l1/l2)P )].

The desired inequality (4.9) can be obtained by adopting the same technique for integrals
in (4.13) and substituting the obtained results together with the equalities (4.14) and (4.15)
in (4.13). �

5 Ostrowski type inequalities
This section is devoted to establishing novel bounds that refine the Ostrowski type in-
equality for mappings whose first derivative in absolute value at a certain power is a n-
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polynomial P-convex function. It is noteworthy that Thatsatian et al. [37] contemplated
the following lemma for generalized fractional integrals.

Lemma 5.1 (See [37]) Let η > 0, P ∈ R \ {0} and � : � → R be a differentiable function
on �◦ (�◦ is the interior of �) such that l1, l2 ∈ � with l1 < l2 and �

′ ∈ L1([l1, l2]). Then we
have the inequality

(zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]

= –
(zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣dξ

+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣dξ . (5.1)

Theorem 5.2 Let n ∈ N, η > 0, l1, l2 ∈ � with l1 < l2, and � : � ⊂ (0,∞) → R be a dif-
ferentiable function on �◦ such that �′ ∈ L1([l1, l2]) and |�′| is a n-polynomial P-convex
function satisfies |�′(z)| ≤M for all z ∈ [l1, l2]. Then the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ l1–P
1 M
P1+η

[
(zP – lP1 )η+1 + (lP2 – zP )η+1

(l2 – l1)

]
1
n

n∑
θ=1

[
η + 2θ + 1

(η + 1)(η + θ + 1)
– B(η – 1, θ – 1)

]

holds for all z ∈ (l1, l2) and P ∈ (1,∞), and the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ l1–P
2 M
P1+η

[
(zP – lP1 )η+1 + (lP2 – zP )η+1

(l2 – l1)

]
1
n

n∑
θ=1

[
η + 2θ + 1

(η + 1)(η + θ + 1)
– B(η – 1, θ – 1)

]

(5.2)

holds for all z ∈ (l1, l2) and P ∈ (–∞, 0) ∪ (0, 1).

Proof To prove the first inequality of Theorem 5.2, we use Lemma 5.1 and the n-
polynomial P-convexity of |�′| to get

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣dξ

+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣dξ

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

×
[

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣ +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣
]

dξ
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+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P

×
[

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l2)
∣∣ +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣
]

dξ . (5.3)

Since P ∈ (1,∞), we conclude that

(
ξ lP2 + (1 – ξ )zP

) 1–P
P ≤ (

ξ lP1 + (1 – ξ )zP
) 1–P

P ≤ l1–P
1 , (5.4)

by simple computations, we have

∫ 1

0
ξη

[
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]
+

1
n

n∑
θ=1

[
1 – ξ θ

]]
dξ

=
1
n

n∑
θ=1

[
η + 2θ + 1

(η + 1)(η + θ + 1)
– B(η – 1, θ – 1)

]
, (5.5)

which implies first inequality of Theorem 5.2.
To prove the second inequality of Theorem 5.2, we use P ∈ (–∞, 0) ∪ (0, 1) to get

(
ξ lP1 + (1 – ξ )zP

) 1–P
P ≤ (

ξ lP2 + (1 – ξ )zP
) 1–P

P ≤ l1–P
2 , (5.6)

which completes the second inequality of Theorem 5.2. �

Theorem 5.3 Let n ∈ N, α,β > 1 with α–1 + β–1 = 1, l1, l2 ∈ � with l1 < l2, and � : � ⊂
(0,∞) → R be a differentiable function on �◦ such that �′ ∈ L1([l1, l2]) and |�′|β is a n-
polynomial convex function satisfies |�′(z)| ≤M for all z ∈ [l1, l2]. Then the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ l1–P
1 M

P1+η(1 + αη)1/α

[
(zP – lP1 )η+1 + (lP2 – zP )η+1

(l2 – l1)

](
1
n

n∑
θ=1

2θ

θ + 1

)1/β

holds for all z ∈ (l1, l2) and P ∈ (1,∞), and the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ l1–P
2 M

P1+η(1 + αη)1/α

[
(zP – lP1 )η+1 + (lP2 – zP )η+1

(l2 – l1)

](
1
n

n∑
θ=1

2θ

θ + 1

)1/β

(5.7)

holds for all z ∈ (l1, l2) and P ∈ (–∞, 0) ∪ (0, 1).
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Proof To prove first inequality of Theorem 5.3, we use Lemma 5.1, (5.5) and the Hölder
inequality to obtain

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣dξ

+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣dξ

≤ l1–P
1 (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣dξ

+
l1–P
2 (lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣dξ

≤ l1–P
1 (zP – lP1 )η+1

P1+η(l2 – l1)

(∫ 1

0
ξαη dξ

)1/α(∫ 1

0

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣β dξ

)1/β

+
l1–P
2 (lP2 – zP )η+1

P1+η(l2 – l1)

(∫ 1

0
ξαη dξ

)1/α(∫ 1

0

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣β dξ

)1/β

.

Since |�′|β is n-polynomial P-convex and |�′(z)| ≤M for all z ∈ [l1, l2], we get

∫ 1

0

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣β dξ

≤
∫ 1

0

[
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣β

]
dξ

≤ Mβ

n

n∑
θ=1

∫ 1

0

[
2 – (1 – ξ )θ – ξ θ

]
dξ

≤ Mβ

n

n∑
θ=1

2θ

θ + 1

and

∫ 1

0

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣β dξ ≤ Mβ

n

n∑
θ=1

2θ

θ + 1
.

Note that

∫ 1

0
ξαη dξ =

1
αη + 1

.

Combining all above inequalities we get the first inequality of Theorem 5.3. The second
inequality of Theorem 5.3 can be proved in a similar way and using (5.6). �

Theorem 5.4 Let n ∈ N, α,β > 1 with α–1 + β–1 = 1, l1, l2 ∈ � with l1 < l2, and � : � ⊂
(0,∞) → R be a differentiable function on �◦ such that �′ ∈ L1([l1, l2]) and |�′|β is a n-
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polynomial P-convex function satisfies |�′(z)| ≤M for all z ∈ [l1, l2]. Then the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ l1–P

1 M
P1+η(1 + αη)1/α

[
(zP – lP1 )η+1 + (lP2 – zP )η+1

(l2 – l1)

]

×
(
Mβ

n

n∑
θ=1

[
βη + 2θ + 1

(ηβ + 1)(ηβ + θ + 1)
– B(θ + 1,βη + 1)

])1/β

holds for all z ∈ (l1, l2) and P ∈ (1,∞), and the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ l1–P

2 M
P1+η(1 + αη)1/α

[
(zP – lP1 )η+1 + (lP2 – zP )η+1

(l2 – l1)

]

×
(
Mβ

n

n∑
θ=1

[
βη + 2θ + 1

(ηβ + 1)(ηβ + θ + 1)
– B(θ + 1,βη + 1)

])1/β

(5.8)

holds for all z ∈ (l1, l2) and P ∈ (–∞, 0) ∪ (0, 1).

Proof To prove first inequality of Theorem 5.4, we use Lemma 5.1, (5.5) and the power-
mean inequality to get

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣dξ

+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣dξ

≤ l1–P
1 (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣dξ

+
l1–P
2 (lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣dξ

≤ l1–P
1 (zP – lP1 )η+1

P1+η(l2 – l1)

(∫ 1

0
ξβη

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣β dξ

)1/β

+
l1–P
2 (lP2 – zP )η+1

P1+η(l2 – l1)

(∫ 1

0
ξβη

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣β dξ

)1/β

. (5.9)

Since |�|β is n-polynomial P-convex and |�′(z)| ≤M for all z ∈ [l1, l2], we get

∫ 1

0
ξβη

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣β dξ

≤
∫ 1

0
ξβη

[
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣β

]
dξ
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=
Mβ

n

n∑
θ=1

∫ 1

0

[
2ξηβ – ξηβ (1 – ξ )θ + ξβη

(
1 – ξ θ

)]
dξ

≤ Mβ

n

n∑
θ=1

[
βη + 2θ + 1

(ηβ + 1)(ηβ + θ + 1)
– B(θ + 1,βη + 1)

]
. (5.10)

Analogously,

∫ 1

0
ξβη

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣β dξ

≤ Mβ

n

n∑
θ=1

[
βη + 2θ + 1

(ηβ + 1)(ηβ + θ + 1)
– B(θ + 1,βη + 1)

]
. (5.11)

Combining all above inequalities we get the first inequality of Theorem 5.4. The second
inequality of Theorem 5.4 can be proved in a similar way by the use of (5.6). �

Theorem 5.5 Let n ∈ N, α,β > 1 with α–1 + β–1 = 1, l1, l2 ∈ � with l1 < l2, and � : � ⊂
(0,∞) → R be a differentiable function on �◦ such that �′ ∈ L1([l1, l2]) and |�′|β is a n-
polynomial P-convex function satisfies |�′(z)| ≤M for all z ∈ [l1, l2]. Then the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ (zP – lP1 )η+1 + (lP2 – zP )η+1

P1+η(l2 – l1)

[
(lα(1–P)

1 )
α(αη + 1)

+
1
β

(
M
n

n∑
θ=1

2θ

θ + 1

)β]

holds for all z ∈ (l1, l2) and P ∈ (1,∞), and the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ (zP – lP1 )η+1 + (lP2 – zP )η+1

P1+η(l2 – l1)

[
(lα(1–P)

2 )
α(αη + 1)

+
1
β

(
M
n

n∑
θ=1

2θ

θ + 1

)β]
(5.12)

holds for all z ∈ (l1, l2) and P ∈ (–∞, 0) ∪ (0, 1).

Proof We need and recall the Young inequality as follows:

cd ≤ 1
α

cα +
1
β

dα , c, d ≥ 0,α,β > 1,α–1 + β–1 = 1.

To prove the first inequality of Theorem 5.5, we use Lemma 5.1, (5.5) and the n-polynomial
P-convexity of |�′|β to obtain

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ (zP – lP1 )η+1

P1+η(l2 – l1)

×
∫ 1

0

(
1
α

∣∣ξη
(
ξ lP1 + (1 – ξ )zP

) 1–P
P

∣∣α +
1
β

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣β)
dξ
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+
(lP2 – zP )η+1

P1+η(l2 – l1)

×
∫ 1

0

(
1
α

∣∣ξη
(
ξ lP2 + (1 – ξ )zP

) 1–P
P

∣∣α +
1
β

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣β)
dξ

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

(
ξαη

α

∣∣(ξ lP1 + (1 – ξ )zP
) 1–P

P
∣∣α

+
1
β

∣∣∣∣∣
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣ +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣
∣∣∣∣∣
β)

dξ

+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0

(
ξαη

α

∣∣(ξ lP2 + (1 – ξ )zP
) 1–P

P
∣∣α

+
1
β

∣∣∣∣∣
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l2)
∣∣ +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣
∣∣∣∣∣
β)

dξ

≤ (zP – lP1 )η+1 + (lP2 – zP )η+1

P1+η(l2 – l1)

[
(lα(1–P)

1 )
α(αη + 1)

+
1
β

(
M
n

n∑
θ=1

2θ

θ + 1

)β]
. (5.13)

The second inequality of Theorem 5.5 can be proved in a similar way by the use of
(5.6). �

Theorem 5.6 Let n ∈N, α,β > 1 with α +β = 1, l1, l2 ∈ � with l1 < l2, and � : � ⊂ (0,∞) →
R be a differentiable function on �◦ such that �′ ∈ L1([l1, l2]) and |�′|β is a n-polynomial
P-convex function satisfies |�′(z)| ≤M for all z ∈ [l1, l2]. Then the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ (zP – lP1 )η+1 + (lP2 – zP )η+1

P1+η(l2 – l1)

[
αl1–P

1
(η + 1)

+
βM

n

n∑
θ=1

2θ

θ + 1

]

holds for all z ∈ (l1, l2) and P ∈ (1,∞), and the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ (zP – lP1 )η+1 + (lP2 – zP )η+1

P1+η(l2 – l1)

[
αl1–P

2
(η + 1)

+
βM

n

n∑
θ=1

2θ

θ + 1

]
(5.14)

holds for all z ∈ (l1, l2) and P ∈ (–∞, 0) ∪ (0, 1).

Proof We first recall the weighted AM – GM inequality

cαdβ ≤ αc + βd, c, d ≥ 0,α,β > 0,α + β = 1.
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To prove the first inequality of Theorem 5.6, we use Lemma 5.1, (5.5) and the n-polynomial
P-convexity of |�′|β to get

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0

[
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

]α[∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣]β dξ

+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P ]α

[∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣]β dξ

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

×
[∫ 1

0
αξη

∣∣(ξ lP1 + (1 – ξ )zP
) 1–P

P
∣∣dξ +

∫ 1

0
β
∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣dξ

]

+
(lP2 – zP )η+1

P1+η(l2 – l1)

×
[∫ 1

0
αξη

∣∣(ξ lP1 + (1 – ξ )zP
) 1–P

P
∣∣dξ +

∫ 1

0
β
∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣dξ

]

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

×
[∫ 1

0
l1–P
1 αξη dξ +

∫ 1

0
β

∣∣∣∣∣
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣ +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣
∣∣∣∣∣dξ

]

+
(lP2 – zP )η+1

P1+η(l2 – l1)

×
[∫ 1

0
l1–P
1 αξη dξ +

∫ 1

0
β

∣∣∣∣∣
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l2)
∣∣ +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣
∣∣∣∣∣dξ

]

≤ (zP – lP1 )η+1 + (lP2 – zP )η+1

P1+η(l2 – l1)

[
αl1–P

1
(η + 1)

+
βM

n

n∑
θ=1

2θ

θ + 1

]
. (5.15)

The second inequality of Theorem 5.6 can be proved in a similar way by using Eq. (5.6). �

Theorem 5.7 Let n ∈ N, α,β > 1 with α–1 + β–1 = 1, l1, l2 ∈ � with l1 < l2, and � : � ⊂
(0,∞) → R be a differentiable function on �◦ such that �′ ∈ L1([l1, l2]) and |�′|α is a n-
polynomial P-convex function satisfies |�′(z)| ≤M for all z ∈ [l1, l2]. Then the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

[(
�1(l1, z;P)

)1/α
(
Mβ

n

n∑
θ=1

θ

θ + 1

)1/β

+
(
�2(l1, z;P)

)1/α
(
Mβ

n

n∑
θ=1

θ2 + 2θ – 1
(θ + 2)(θ + 1)

)1/β]
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holds for all z ∈ (l1, l2) and P ∈ (1,∞), and the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ (lP2 – zP )η+1

P1+η(l2 – l1)

[(
�3(l2, z;P)

)1/α
(
Mβ

n

n∑
θ=1

θ

θ + 1

)1/β

+
(
�4(l2, z;P)

)1/α
(
Mβ

n

n∑
θ=1

θ2 + 2θ – 1
(θ + 2)(θ + 1)

)1/β]
(5.16)

holds for all z ∈ (l1, l2) and P ∈ (–∞, 0) ∪ (0, 1), where

�1(l1, z;P) =

⎧⎨
⎩

[2F1(α(1–1/P),αη+1,αη+3,1–(l1/z)P )]
zα(P–1)(αη+1)(αη+2) , P ∈ (–∞, 0) ∪ (0, 1),

[2F1(α(1–1/P),αη+1,αη+3,1–(z/l1)P )]
lα(P–1)
1 (αη+1)(αη+2)

, P ∈ (1,∞),

�2(l1, z;P) =

⎧⎨
⎩

[2F1(α(1–1/P),αη+2,αη+3,1–(l1/z)P )]
zα(P–1)(αη+2) , P ∈ (–∞, 0) ∪ (0, 1),

[2F1(α(1–1/P),αη+2,αη+3,1–(z/l1)P )]
lα(P–1)
1 (αη+2)

, P ∈ (1,∞),

�3(l2, z;P) =

⎧⎨
⎩

[2F1(α(1–1/P),αη+1,αη+3,1–(l2/z)P ]
zα(P–1)(αη+1)(αη+2) , P ∈ (–∞, 0) ∪ (0, 1),

[2F1(α(1–1/P),αη+1,αη+3,1–(z/l2)P ]
lα(P–1)
2 (αη+1)(αη+2)

, P ∈ (1,∞),

and

�4(l2, z;P) =

⎧⎨
⎩

[2F1(α(1–1/P),αη+2,αη+3,1–(l2/z)P )]
zα(P–1)(αη+2) , P ∈ (–∞, 0) ∪ (0, 1),

[2F1(α(1–1/P),αη+2,αη+3,1–(z/l2)P )]
lα(P–1)
2 (αη+2)

, P ∈ (1,∞).

Proof To prove the first inequality of Theorem 5.7, we use Lemma 5.1 and the Hölder–
İşcan inequality to obtain

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣dξ

+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣dξ

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

[(∫ 1

0
ξαη(1 – ξ )

(
ξ lP1 + (1 – ξ )zP

)α( 1–P
P ) dξ

)1/α

×
(∫ 1

0
(1 – ξ )

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣β dξ

)1/β

+
(∫ 1

0
ξαη+1(ξ lP1 + (1 – ξ )zP

)α( 1–P
P ) dξ

)1/α

×
(∫ 1

0
ξ
∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

)1/β]
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+
(lP2 – zP )η+1

P1+η(l2 – l1)

[(∫ 1

0
ξαη(1 – ξ )

(
ξ lP2 + (1 – ξ )zP

)α( 1–P
P ) dξ

)1/α

×
(∫ 1

0
(1 – ξ )

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣β dξ

)1/β

+
(∫ 1

0
ξαη+1(ξ lP2 + (1 – ξ )zP

)α( 1–P
P ) dξ

)1/α

×
(∫ 1

0
ξ
∣∣�′(P√

ξ lP2 + (1 – ξ )zP
)∣∣β dξ

)1/β]

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

[(
�1(l1, z;P)

)1/α
(∫ 1

0
(1 – ξ )

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣β dξ

)1/β

+
(
�2(l1, z;P)

)1/α
(∫ 1

0
ξ
∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

)1/β]

+
(lP2 – zP )η+1

P1+η(l2 – l1)

[(
�3(l2, z;P)

)1/α
(∫ 1

0
(1 – ξ )

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣β dξ

)1/β

+
(
�4(l2, z;P)

)1/α
(∫ 1

0
ξ
∣∣�′(P√

ξ lP2 + (1 – ξ )zP
)∣∣β dξ

)1/β]
.

Since |�′|β is n-polynomial P-convex and |�′(z)| ≤M for all z ∈ [l1, l2], we obtain

∫ 1

0
(1 – ξ )

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣β dξ

≤
∫ 1

0
(1 – ξ )

[
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣β

]
dξ

≤ Mβ

n

n∑
θ=1

∫ 1

0

[
2(1 – ξ ) – (1 – ξ )θ+1 – ξ θ (1 – ξ )

]
dξ

=
Mβ

n

n∑
θ=1

θ

θ + 1
,

∫ 1

0
ξ
∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

≤
∫ 1

0
ξ

[
1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣β

]
dξ

=
Mβ

n

n∑
θ=1

∫ 1

0

[
2ξ – ξ (1 – ξ )θ – ξ θ+1]dξ

≤ Mβ

n

n∑
θ=1

θ2 + 2θ – 1
(θ + 2)(θ + 1)

. (5.17)

Analogously, we have

∫ 1

0
(1 – ξ )

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣β dξ ≤ Mβ

n

n∑
θ=1

θ

θ + 1
,
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∫ 1

0
ξ
∣∣�′(P√

ξ lP2 + (1 – ξ )zP
)∣∣β dξ ≤ Mβ

n

n∑
θ=1

θ2 + 2θ – 1
(θ + 2)(θ + 1)

. (5.18)

Note that

�1(l1, z;P) :=
∫ 1

0
ξαη(1 – ξ )

(
ξ lP1 + (1 – ξ )zP

)α( 1–P
P ) dξ

=

⎧⎨
⎩

[2F1(α(1–1/P),αη+1,αη+3,1–(l1/z)P ]
zα(P–1)(αη+1)(αη+2) , P ∈ (–∞, 0) ∪ (0, 1),

[2F1(α(1–1/P),αη+1,αη+3,1–(z/l1)P ]
lα(P–1)
1 (αη+1)(αη+2)

, P ∈ (1,∞),

(5.19)

�2(l1, z;P) :=
∫ 1

0
ξαη+1(ξ lP1 + (1 – ξ )zP

)α( 1–P
P ) dξ

=

⎧⎨
⎩

[2F1(α(1–1/P),αη+2,αη+3,1–(l1/z)P )]
zα(P–1)(αη+2) , P ∈ (–∞, 0) ∪ (0, 1),

[2F1(α(1–1/P),αη+2,αη+3,1–(z/l1)P )]
lα(P–1)
1 (αη+2)

, P ∈ (1,∞),

(5.20)

�3(l2, z;P) :=
∫ 1

0
ξαη(1 – ξ )

(
ξ lP2 + (1 – ξ )zP

)α( 1–P
P ) dξ

=

⎧⎨
⎩

[2F1(α(1–1/P),αη+1,αη+3,1–(l2/z)P ]
zα(P–1)(αη+1)(αη+2) , P ∈ (–∞, 0) ∪ (0, 1),

[2F1(α(1–1/P),αη+1,αη+3,1–(z/l2)P ]
lα(P–1)
2 (αη+1)(αη+2)

, P ∈ (1,∞),

(5.21)

and

�4(l2, z;P) :=
∫ 1

0
ξαη+1(ξ lP2 + (1 – ξ )zP

)α( 1–P
P ) dξ (5.22)

=

⎧⎨
⎩

[2F1(α(1–1/P),αη+2,αη+3,1–(l2/z)P )]
zα(P–1)(αη+2) , P ∈ (–∞, 0) ∪ (0, 1),

[2F1(α(1–1/P),αη+2,αη+3,1–(z/l2)P )]
lα(P–1)
2 (αη+2)

, P ∈ (1,∞). �

Theorem 5.8 Let n ∈ N, α,β > 1 with α–1 + β–1 = 1, l1, l2 ∈ � with l1 < l2, and � : � ⊂
(0,∞) → R be a differentiable function on �◦ such that �′ ∈ L1([l1, l2]) and |�′|α is a n-
polynomial convex function satisfies |�′(z)| ≤M for all z ∈ [l1, l2]. Then the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

[(
�∗

1(l1, z;P)
)1/α

(
Mβ

n

n∑
θ=1

ϒ1(l1, z;P)

)1/β

+
(
�∗

2(l1, z;P)
)1/α

(
Mβ

n

n∑
θ=1

ϒ2(l1, z;P)

)1/β]

holds for all z ∈ (l1, l2) and P ∈ (1,∞), and the inequality

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
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≤ (lP2 – zP )η+1

P1+η(l2 – l1)

[(
�∗

3(l2, z;P)
)1/α

(
Mβ

n

n∑
θ=1

ϒ3(l2, z;P)

)1/β

+
(
�∗

4(l2, z;P)
)1/α

(
Mβ

n

n∑
θ=1

ϒ4(l2, z;P)

)1/β]
(5.23)

holds for all z ∈ (l1, l2) and P ∈ (–∞, 0) ∪ (0, 1), where

ϒ1(l1z;P) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
z(P–1) [ 2

(η+1)(η+2) 2F1(1 – 1/P ,η + 1,η + 3, 1 – (l1/z)P )

– B(η + 1, θ + 2)2F1(1 – 1/P ,η + 1, θ + η + 3, 1 – (l1/z)P )]

– B(η + θ + 1, 2)2F1(1 – 1/P ,η + θ + 1, θ + η + 3, 1 – (l1/z)P )],

P ∈ (–∞, 0) ∪ (0, 1),
1

l(P–1)
1

[ 2
(η+1)(η+2) 2F1(1 – 1/P ,η + 1,η + 3, 1 – (z/l1)P )

– B(η + 1, θ + 2)2F1(1 – 1/P ,η + 1, θ + η + 3, 1 – (z/l1)P )]

– B(η + θ + 1, 2)2F1(1 – 1/P ,η + θ + 1, θ + η + 3, 1 – (z/l1)P )],

P ∈ (1,∞),

ϒ2(l1z;P) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
z(P–1) [ 2

(η+2) 2F1(1 – 1/P ,η + 2,η + 3, 1 – (l1/z)P )

– B(η + 2, θ + 2)2F1(1 – 1/P ,η + 2, θ + η + 3, 1 – (l1/z)P )]

– 1
η+θ+2 2F1(1 – 1/P ,η + θ + 2, θ + η + 3, 1 – (l1/z)P )],

P ∈ (–∞, 0) ∪ (0, 1),
1

l(P–1)
1

[ 2
(η+2) 2F1(1 – 1/P ,η + 2,η + 3, 1 – (z/l1)P )

– B(η + 2, θ + 2)2F1(1 – 1/P ,η + 2, θ + η + 3, 1 – (z/l1)P )]

– 1
η+θ+2 2F1(1 – 1/P ,η + θ + 2, θ + η + 3, 1 – (z/l1)P )],

P ∈ (1,∞),

�∗
1(l1, z;P) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
zP–1(η+1)(η+2) 2F1((1 – 1/P),η + 1,η + 3, 1 – (l1/z)P ),

P ∈ (–∞, 0) ∪ (0, 1),
1

lP–1
1 (η+1)(η+2) 2F1((1 – 1/P),η + 1,η + 3, 1 – (z/l1)P ),

P ∈ (1,∞),

�∗
2(l1, z;P) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
zP–1(η+2) [2F1((1 – 1/P),η + 2, aη + 3, 1 – (l1/z)P )],

P ∈ (–∞, 0) ∪ (0, 1),
1

lP–1
1 (η+2)

[2F1((1 – 1/P),η + 2, aη + 3, 1 – (z/l1)P )],

P ∈ (1,∞),

�∗
3(l2, z;P) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
zP–1(η+1)(η+2) 2F1((1 – 1/P),η + 1,η + 3, 1 – (l2/z)P ),

P ∈ (–∞, 0) ∪ (0, 1),
1

lP–1
2 (η+1)(η+2) 2F1((1 – 1/P),η + 1,η + 3, 1 – (z/l2)P ),

P ∈ (1,∞),
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and

�∗
4(l2, z;P) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
zP–1(η+2) [2F1((1 – 1/P),η + 2, aη + 3, 1 – (l2/z)P )],

P ∈ (–∞, 0) ∪ (0, 1),
1

lP–1
2 (η+2)

[2F1((1 – 1/P),η + 2, aη + 3, 1 – (z/l2)P )],

P ∈ (1,∞).

Proof It follows from Lemma 5.1 and the improved power-mean inequality that

∣∣∣∣ (zP – lP1 )η�(l1) + (lP2 – zP )η�(l2)
Pη(l2 – l1)

–

(η + 1)

l2 – l1

[(PIη

l+1
�
)
(z) +

(PIη

l–2
�
)
(z)

]∣∣∣∣
≤ (zP – lP1 )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP1 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP1 + (1 – ξ )zP

)∣∣dξ

+
(lP2 – zP )η+1

P1+η(l2 – l1)

∫ 1

0
ξη

(
ξ lP2 + (1 – ξ )zP

) 1–P
P

∣∣�′(P√
ξ lP2 + (1 – ξ )zP

)∣∣dξ

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

[(∫ 1

0
ξη(1 – ξ )

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P ) dξ

)1–1/α

×
(∫ 1

0
ξη(1 – ξ )

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

)1/β

+
(∫ 1

0
ξη+1(ξ lP1 + (1 – ξ )zP

)( 1–P
P ) dξ

)1–1/α

×
(∫ 1

0
ξη+1(ξ lP1 + (1 – ξ )zP

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

)1/β]

+
(lP2 – zP )η+1

P1+η(l2 – l1)

[(∫ 1

0
ξη(1 – ξ )

(
ξ lP2 + (1 – ξ )zP

)( 1–P
P ) dξ

)1–1/α

×
(∫ 1

0
ξη(1 – ξ )

(
ξ lP2 + (1 – ξ )zP

)( 1–P
P )∣∣�′(P√

ξ lP2 + (1 – ξ )zP
)∣∣β dξ

)1/β

+
(∫ 1

0
ξη+1(ξ lP2 + (1 – ξ )zP

)α( 1–P
P ) dξ

)1–1/α

×
(∫ 1

0
ξη+1(ξ lP2 + (1 – ξ )zP

)α( 1–P
P )∣∣�′(P√

ξ lP2 + (1 – ξ )zP
)∣∣β dξ

)1/β]

≤ (zP – lP1 )η+1

P1+η(l2 – l1)

[(
�∗

1(l1, z;P)
)1–1/α

×
(∫ 1

0
ξη(1 – ξ )

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

)1/β

+
(
�∗

2(l1, z;P)
)1–1/α

×
(∫ 1

0
ξη+1(ξ lP1 + (1 – ξ )zP

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

)1/β]

+
(lP2 – zP )η+1

P1+η(l2 – l1)

[(
�∗

3(l2, z;P)
)1–1/α
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×
(∫ 1

0
ξη(1 – ξ )

(
ξ lP2 + (1 – ξ )zP

)( 1–P
P )∣∣�′(P√

ξ lP2 + (1 – ξ )zP
)∣∣β dξ

)1/β

+
(
�∗

4(l2, z;P)
)1–1/α

×
(∫ 1

0
ξη+1(ξ lP2 + (1 – ξ )zP

)α( 1–P
P )∣∣�′(P√

ξ lP2 + (1 – ξ )zP
)∣∣β dξ

)1/β]
.

Since |�′|β is n-polynomial P-convex and |�′(z)| ≤M for all z ∈ [l1, l2], we get

∫ 1

0
ξη(1 – ξ )

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

≤
∫ 1

0
ξη(1 – ξ )

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P )

×
[

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣β

]
dξ

=
Mβ

n

n∑
θ=1

∫ 1

0

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P )[2ξη(1 – ξ ) – ξη(1 – ξ )θ+1 – ξη+θ (1 – ξ )

]
dξ

=
Mβ

n

n∑
θ=1

ϒ1(l1z;P), (5.24)

where

ϒ1(l1z;P) :=
∫ 1

0

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P ) (5.25)

× [
2ξη(1 – ξ ) – ξη(1 – ξ )θ+1 – ξη+θ (1 – ξ )

]
dξ

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
z(P–1) [ 2

(η+1)(η+2) 2F1(1 – 1/P ,η + 1,η + 3, 1 – (l1/z)P )

– B(η + 1, θ + 2)2F1(1 – 1/P ,η + 1, θ + η + 3, 1 – (l1/z)P )]

– B(η + θ + 1, 2)2F1(1 – 1/P ,η + θ + 1, θ + η + 3, 1 – (l1/z)P )],

P ∈ (–∞, 0) ∪ (0, 1),
1

l(P–1)
1

[ 2
(η+1)(η+2) 2F1(1 – 1/P ,η + 1,η + 3, 1 – (z/l1)P )

– B(η + 1, θ + 2)2F1(1 – 1/P ,η + 1, θ + η + 3, 1 – (z/l1)P )]

– B(η + θ + 1, 2)2F1(1 – 1/P ,η + θ + 1, θ + η + 3, 1 – (z/l1)P )],

P ∈ (1,∞).

Analogously, we have

∫ 1

0
ξη+1(ξ lP1 + (1 – ξ )zP

)( 1–P
P )∣∣�′(P√

ξ lP1 + (1 – ξ )zP
)∣∣β dξ

≤
∫ 1

0
ξη+1(ξ lP1 + (1 – ξ )zP

)( 1–P
P )

×
[

1
n

n∑
θ=1

[
1 – (1 – ξ )θ

]∣∣�′(l1)
∣∣β +

1
n

n∑
θ=1

[
1 – ξ θ

]∣∣�′(z)
∣∣β

]
dξ



Chen et al. Advances in Difference Equations        (2020) 2020:543 Page 27 of 31

=
Mβ

n

n∑
θ=1

∫ 1

0

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P )[2ξη+1 – ξη+1(1 – ξ )θ – ξη+θ+1]dξ

=
Mβ

n

n∑
θ=1

ϒ2(l1z;P), (5.26)

where

ϒ2(l1z;P) :=
∫ 1

0

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P )[2ξη+1 – ξη+1(1 – ξ )θ – ξη+θ+1]dξ (5.27)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
z(P–1) [ 2

(η+2) 2F1(1 – 1/P ,η + 2,η + 3, 1 – (l1/z)P )

– B(η + 2, θ + 2)2F1(1 – 1/P ,η + 2, θ + η + 3, 1 – (l1/z)P )]

– 1
η+θ+2 2F1(1 – 1/P ,η + θ + 2, θ + η + 3, 1 – (l1/z)P )],

P ∈ (–∞, 0) ∪ (0, 1),
1

l(P–1)
1

[ 2
(η+2) 2F1(1 – 1/P ,η + 2,η + 3, 1 – (z/l1)P )

– B(η + 2, θ + 2)2F1(1 – 1/P ,η + 2, θ + η + 3, 1 – (z/l1)P )]

– 1
η+θ+2 2F1(1 – 1/P ,η + θ + 2, θ + η + 3, 1 – (z/l1)P )],

P ∈ (1,∞).

In a similar way, we can obtain ϒ3(l2, z;P) and ϒ4(l2, z;P) by replacing l1 into l2 in (5.25)
and (5.27) and applying the facts that

�∗
1(l1, z;P) :=

∫ 1

0
ξη(1 – ξ )

(
ξ lP1 + (1 – ξ )zP

)( 1–P
P ) dξ

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
zP–1(η+1)(η+2) 2F1((1 – 1/P),η + 1,η + 3, 1 – (l1/z)P ),

P ∈ (–∞, 0) ∪ (0, 1),
1

lP–1
1 (η+1)(η+2) 2F1((1 – 1/P),η + 1,η + 3, 1 – (z/l1)P ),

P ∈ (1,∞),

(5.28)

�∗
2(l1, z;P) :=

∫ 1

0
ξη+1(ξ lP1 + (1 – ξ )zP

)( 1–P
P ) dξ

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
zP–1(η+2) [2F1((1 – 1/P),η + 2, aη + 3, 1 – (l1/z)P )],

P ∈ (–∞, 0) ∪ (0, 1),
1

lP–1
1 (η+2)

[2F1((1 – 1/P),η + 2, aη + 3, 1 – (z/l1)P )],

P ∈ (1,∞),

(5.29)

�∗
3(l2, z;P) :=

∫ 1

0
ξη(1 – ξ )

(
ξ lP2 + (1 – ξ )zP

)( 1–P
P ) dξ

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
zP–1(η+1)(η+2) 2F1((1 – 1/P),η + 1,η + 3, 1 – (l2/z)P ),

P ∈ (–∞, 0) ∪ (0, 1),
1

lP–1
2 (η+1)(η+2) 2F1((1 – 1/P),η + 1,η + 3, 1 – (z/l2)P ),

P ∈ (1,∞),

(5.30)
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and

�∗
4(l2, z;P) :=

∫ 1

0
ξη+1(ξ lP2 + (1 – ξ )zP

) 1–P
P dξ (5.31)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
zP–1(η+2) [2F1((1 – 1/P),η + 2, aη + 3, 1 – (l2/z)P )],

P ∈ (–∞, 0) ∪ (0, 1),
1

lP–1
2 (η+2)

[2F1((1 – 1/P),η + 2, aη + 3, 1 – (z/l2)P )],

P ∈ (1,∞).

This completes the proof. �

6 Inequalities for special function
6.1 Modified Bessel function
Recalling the series representation of the first kind modified Bessel function [38]

Uρ(z) =
∑
n≥0

(z/2)ρ+2n

n!
(ρ + n + 1)
(z ∈ R). (6.1)

Analogously, the second kind modified Bessel function Kρ is defined by

Kρ(z) =
π

2
U–ρ(z) + Uρ(z)

sinρπ
. (6.2)

Let ωρ : R → [1,∞) be defined by

ωρ(z) = 2ρ
(ρ + 1)z–ρUρ(z). (6.3)

Proposition 6.1 Let ρ > –1 and l2 > l1 > 0. Then one has

∣∣∣∣1
2
[
ωρ(l1) + ωρ(l2)

]
–

1
l2 – l1

∫ l2

l1
ωρ(z) dz

∣∣∣∣

≤ l2 – l1

4(ρ + 1)1/β

(
1
2

)1–3/β
[

1
n

n∑
θ=1

(θ2 + θ + 2)2θ – 2
(θ + 1)(θ + 2)2θ+1

]1/β

× [
l1

∣∣ωρ+1(l1)
∣∣β + l2

∣∣ωρ+1(l2)
∣∣β]1/β . (6.4)

In particular, if ρ = –1/2, then

∣∣∣∣1
2
[
cosh(l1) + cosh(l2)

]
–

1
l2 – l1

∫ l2

l1
cosh(z) dz

∣∣∣∣

≤ l2 – l1

2

(
1
2

)1–3/β
[

1
n

n∑
θ=1

(θ2 + θ + 2)2θ – 2
(θ + 1)(θ + 2)2θ+1

]1/β

× [∣∣sinh(l1)
∣∣β +

∣∣sinh(l2)
∣∣β]1/β . (6.5)

Proof Let P = η = 1. Then the desired inequality (6.4) can be derived by applying inequal-
ity (4.2) to the mapping �(z) = ωρ(z) with ω′

ρ(z) = z
ρ+1ωρ+1.
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If ρ = –1/2, then inequality (6.4) reduces to (6.5) due to ω–1/2(z) = cosh z and ω1/2(z) =
sin h(z)

z . �

6.2 q-Digamma function
Let q ∈ (0, 1). Then the q-analogue of the digamma function φ̌q is given by

φ̌q(z) = – ln(1 – q) + lnq
∞∑
K=0

qK+z

1 – qK+z

= – ln(1 – q) + lnq
∞∑
K=0

q–Kz

1 – qK
. (6.6)

If q > 1 and z > 0, then the q-digamma function φ̌q can be expressed as

φ̌q(z) = – ln(1 – q) + lnq

[
z –

1
2

–
∞∑
K=0

q–(K+z)

1 – q–(K+z)

]

= – ln(1 – q) + lnq

[
z –

1
2

–
∞∑
K=0

q–Kz

1 – q–Kz

]
. (6.7)

Proposition 6.2 Let q ∈ (0, 1) and l2 > l1 > 0. Then the inequality

∣∣∣∣ φ̌q

′
(l1) + φ̌q

′
(l2)

2
–

(
φ̌q(l2) – φ̌q

′
(l1)

l2 – l1

)∣∣∣∣

≤ l2 – l1

2

(
1
2

)1–3/β
[

1
n

n∑
θ=1

(θ2 + θ + 2)2θ – 2
(θ + 1)(θ + 2)2θ+1

]1/β

× [∣∣ ˇ
φ

(2)
q (l1)

∣∣β +
∣∣ ˇ
φ

(2)
q (l2)

∣∣β]1/β (6.8)

holds for all z > 0.

Proof Let η = P = 1. Then from the definition of φ̌q we know that the function z → φ̌q

′
(z)

is a completely monotone function and is convex on (0,∞). Therefore, inequality (6.8) can
be derived by Theorem 4.2 immediately. �

7 Conclusions
A novel idea of n-polynomial P-convex function with several types of convexities is elab-
orated. By considering two identities for the generalized fractional integral operators, we
proposed several novel generalizations for n-polynomial P-convex functions. Here, we
emphasized that all computed outcomes in the present investigation endured preserv-
ing for n-polynomial harmonically convex, n-polynomial convex, classical harmonically
convex and classical convex functions that can be obtained by choosing P = –1 or 1 and
θ = 1. So the suggested technique is suitable for a prioritized relationship in generalized
fractional operator and special functions. The significant contribution of n-polynomialP-
convex functions is that they take into account the special functions and fractional calcu-
lus. We addressed many of the basic characteristics of n-polynomial P-convex functions
in certain special functions, namely the Euler beta function, the hypergeometric function,
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the modified Bessel function and the q-digamma function. Additionally, the n-polynomial
type convexity is used to discuss their roles in fractal analysis and machine learning. For
further investigation, taking into account the advanced convexity properties, in the prein-
vexity context, we may extend this study in inequality theory, quantum calculus, machine
learning, robotics, weather forecasting and optimizations, which are promising areas that
invite potential investigations.
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