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Abstract

In this paper, by making use of the familiar g-difference operators Dy and D1, we first
introduce two homogeneous g-difference operators T(a, b, cD,) and E(a, b, ch_w ),
which turn out to be suitable for dealing with the families of the generalized
Al-Salam~Carlitz g-polynomials ¢@P)(x, y|q) and /2P (x,y|q). We then apply each of
these two homogeneous g-difference operators in order to derive generating
functions, Rogers type formulas, the extended Rogers type formulas, and the
Srivastava—Agarwal type linear as well as bilinear generating functions involving each
of these families of the generalized Al-Salam-Carlitz g-polynomials. We also show
how the various results presented here are related to those in many earlier works on
the topics which we study in this paper.
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1 Introduction, definitions, and preliminaries
The quantum (or g-) polynomials constitute a very interesting set of special functions
and orthogonal polynomials. Their generating functions appear in several branches of
mathematics and physics (see, for details, [1-5]) such as (for example) continued fractions,
Eulerian series, theta functions, elliptic functions, quantum groups and algebras, discrete
mathematics (including combinatorics and graph theory), coding theory, and so on.

Recently, new classes of special functions including (for example) g-hybrid special poly-
nomials, g-Sheffer—Appell polynomials, twice-iterated 2D g-Appell polynomials, and a
unified class of Apostol type g-polynomials were introduced in [6-8] and [9] in which
some properties of the introduced polynomials were derived. For more information, the
interested reader should refer to [6—8] and [9].

In the year 1997, Chen and Liu [10] developed a method of deriving basic (or g-) hyper-
geometric identities by parameter augmentation, which may be viewed as being analogous
to the method used rather extensively in the theory of ordinary hypergeometric functions
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and hypergeometric generating functions (see, for details, [5]). Subsequent investigations
along the lines developed in [10] can be found in [11-15] and [16]. The main objective of
this paper is to investigate two families of the generalized Al-Salam—Carlitz g-polynomials
(@b) ylq) and w,(,a’b) (x,71q) by first representing them by the homogeneous g-difference
operators T(a,b,cD,) and E(a,b,cD, 1), which we have introduced here. We then de-
rive a number of g-identities such as (among other results) generating functions, Rogers
type formulas, two kind of the extended Rogers type formulas, and Srivastava—Agarwal
type generating functions for each of the generalized Al-Salam—Carlitz g-polynomials
P (x, y19) and ¥ (x,¥1q).

Here, in this paper, we adopt the common conventions and notations on g-series and
q-hypergeometric functions. For the convenience of the reader, we provide a summary of
mathematical notations and definitions, basic properties, and other relations to be used in
the sequel. We refer, for details, to the general references (see [2, 17, 18]) for the definitions
and notations. Throughout this paper, we assume that |g| < 1.

For complex numbers 4, the g-shifted factorials are defined by

n-1 oo
@@o:=1,  @@.=[](1-ad") and (@g):=[](1-aq), (L.1)
k=0 k=0

where (see, for example, [2] and [19])

(6{; q)n = (ﬂ; q)OO

" (aq"9)’ (@ Dwsm = (a5 G)n (ﬂq";q)m

and

n

(ag™:q), = (qlas@)u(-a)"q""?.
We adopt the following notation:
(@1,a2 ..., 85 Qm = (@5 D@2 D+ (@ @ (meN:={1,2,3,...}).
Also, for m large, we have
(@1, a2, ... ar; @)oo = (@1;9)00(@2; Qoo - - + (@13 @)oo

The g-numbers and the g-factorials are defined as follows:

n

_ n ok
[n], = %, (]! = ]‘[(11 _‘; ) and [0]!:= 1. (1.2)
k=1

The g-binomial coefficient is defined as follows (see, for example, [2]):

nl Il @Dk ke i<
[k]q' [Klg!n = Klgt (g5 9) 1 O=k=n. (1.3)

The basic (or g-) hypergeometric function of the variable z and with t numerator and s
denominator parameters is defined as follows (see, for details, the monographs by Slater
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[19, Chap. 3] and by Srivastava and Karlsson [18, p. 347, Eq. (272)]; see also [20, 21] and
[17]):

o0
aA1,A2) ..., 0y; Les—c (@1, a2, .. ;ﬂt;fZ)n z"
o 3z | = (-1)"q @) ,
' ﬁ[bl,bz,...,bs;" } ZO[ P Gt bodn @

where g # 0 when t > s + 1. We also note that

[}
A1,A2, .+, Ayl (al,ﬂ2,...,ﬂt+1;q)n z
1D 4z | = §
n=0

n

bl)wau,bt; (bbe;'H)bt;q)n (q;q)rl'

Here, in our present investigation, we are mainly concerned with the Cauchy polynomi-
als p,(x,y) as given below (see [22] and [2]):

Puxy) == —qy) - (x—q"y) = (%;q) 2" (1.4)

together with the following Srivastava—Agarwal type generating function (see also [23]):

> A q)ut" A ylx;
an(x,y)( Dl | 77 it | (1.5)
— (4 D)n 0;

For A = 0in (1.5), we get the following simpler generating function [22]:

" 059
(X, . .6
Z” N G e (16)

The generating function (1.6) is also a homogeneous version of the Cauchy identity or
the following g-binomial theorem (see, for example, [2, 19] and [18]):

%) (d;q)k k_ o a; ] _ (“ZJQ)oo , 1
g(q;q)kz 1 0[_?6]’2} G A< (17)

Upon further setting a = 0, this last relation (1.7) becomes Euler’s identity (see, for exam-
ple, [2])

> z (Iz1<1) (1.8)

= e z;q)oo

and its inverse relation is given as follows [2]:

= ( ) (k)
q\2 2~ =(z,q) o- (1.9)
kX(;(q,q)

The Jackson’s g-difference or g-derivative operators D, and D,-1 are defined as follows
(see, for example, [2, 24, 25]):

(gx) (g7'%) - f(x)
Dy{f()) = {; )Zx and Dq_l{f(x)}:z%. (1.10)
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Evidently, in the limit when ¢ — 1—, we have

lim (D {f(0)}} =f'®) and lim {D1{fx)}} =f

q—>1- g—1-

provided that the derivative f'(x) exists.
Suppose that D, acts on the variable a. Then we have the g-identities asserted by

Lemma 1.

Lemma 1 Each of the following q-identities holds true for the q-derivative operator D,

acting on the variable a:

1 [—grist
Dq{(aS;q)oo}_ @s;q)0 (L11)
g 11 O s\
(D) {(as;q)m} rr= <1_q> , (1.12)
k
Dif@sa)e) = -1fa® st (1 ) o
and
s k
(D) (@sq)oc} = (as,q)oo<—ﬂ> (1.14)

The Leibniz rules for the g-derivative operators D, and D1 are given by (see, for ex-
ample, [10] and [12])

DI{f g} - Zq““[ ]Dk{f 1D g(d' ) (1.15)

k=0

and

D {f (g} = n H Dl {f@))Di{e(a %)}, (1.16)

where Dg and Dgfl are understood to be the identity operators.

Lemma 2 Suppose that g-difference operator D, acts on the variable a. Then

W @sde | (@ \ Slwsq) (as9)x
D"{ (aw;q)oo} - (1 —q> (as;9)n (a3 @)oo (1.17)

and

DZl{ (as;q)oo}: <_ q )” (/i) (@siq)oc (L.18)

(aw; q)oo 1-q)a) (q/(aw);q), (aw;q)o
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Proof Suppose that the operator D, acts upon the variable 4. In light of (1.15), we then
find that

e [e] st i

(@i @loo ) 4= (awq’; 9)oo

k -1, kin-k
kik=m)+ (%) k. s [(1-q) " wq"]
kX: [ }(asq'q)"o( 1—q) (awg*; 4o
_ (@s9) ( o )Z (q-",aw;q»(%)k

(@@l \1-q) ‘= (as,gqc \

:( - ) %2q)l q ’d(u;q;~1 4 (1‘19)
1-q) (aw;q)x as; @

where we have appropriately applied formulas (1.11), (1.13), and (1.3). The proof of the

q

first assertion (1.17) of Lemma 2 is completed by using relation (1.21) in (1.19).

Similarly, by using relation (1.16), we have

n (as;q)oo _ - n P # ok "
P { (a3 )oo } ) Z[kLDq‘ { (a3 q)oo }Dq {(asg759) . }

k=0
" -(2) (- )k K

n]l VG ol sa .
4] (1) et

 (as9)x (_ s >Zm (—1>kq-<5>+k<k-">(asq-k;q)k(g)k
S (awps \ 1-q) =Lk, (aog™; q)k s
_ @59) (_;)Z (g q/(as); 9)q"

(@o;oo \ 1-q) 1= (@q/(aw);q)

(s \'esas o [arales;
_< 1‘4) (aw;q)w2®1|: q/(aw); q,q:|, (1.20)

where we have appropriately used relation (1.3).

Finally, by using relation (1.22) in (1.20), we are led to the second assertion (1.18) of
Lemma 2. We thus have completed the proof of Lemma 2. g

Remark1 Fors=0and w = s, assertions (1.17) and (1.18) of Lemma 2 reduce to assertions
(1.11) and (1.12) of Lemma 1. Moreover, for w = 0, assertions (1.17) and (1.18) of Lemma 2

reduce to assertions (1.13) and (1.14) of Lemma 1.

Lemma 3 (see, for example, [2, Eq. (0.58) and Eq. (11.6)]) The g-Chu—Vandermonde for-
mulas are given by

2(])1 q_ ra;q; & — (C/d; q)Vl (Vl c NO = N U {O}) (1.21)
[ a (& @n
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and
- a; cla;
2Py [q g; q:| = (( ?)”a” (neNy:=NU{0}). (1.22)
5 Gq)n

We now state and prove the g-difference formulas asserted by Theorem 1.

Theorem 1 Suppose that the q-difference operators Dy and D1 act upon the variable a.

Then
(as; q) oo £\ (as;9)w q " slw,at; wq"
Dy = @ ; 1.23
”{(at,aw;q)oo 1-q) tawiq)s’ ' as. Ty (1.23)
and
. [ (as,at;q) t \"(at,as;q)eo 7 ql(at), sl w;
D—l{ 1 }=<— ) Ve o, | 1 g/at) q|. (1.24)
1 (aw; @)oo l1-g (aw; @)oo q/(aw),0;

Proof Suppose first that the g-difference operator D, acts upon the variable 4. Then, in
light of (1.15), and by using relations (1.17) and (1.11), it is easily seen that

o (as;d) _ ~[n k(k-n) k{ (as;q)oo} n—k{ 1 }
Dq{(aw,at;q)m}_z[k}qq Kilzrr e i [

k=0
_ Zm e S0k (a5i)es 11~ Q) tg“]"* ( » )k
—~lk], @s gk (aviq)o  (atgq)o0  \1-¢
(as;9)oo t \" 2": D O (g slw,ats gk (wg"\!
(aw,at;q)c \1-q) (as, ¢ D t
t \" (as;9)e 7 slw,at;  wq"
- ( ) D o |1 i N ) (1.25)
1-q/ (aw,at;q) as; t
Similarly, by using (1.16), we find for the g-difference operator D -1 acting on the variable
a that
{ (at,as;q) }
(aw; q) oo

= HO[ZLD" {M}D” H{(ata™:q) )

. (aw; q)

i n |:ni| [—qa’l(l—q)*l]k(s/w;q)k(ﬂS;Q)oo (atq‘k-q) (_ﬂ)rl—k
Lk, (q/(a); @)r(aw; q)os Vel 1-¢

_ (_1 t ) (as,at; @)oo Z[ i| KLk (g i« slw,atg” ks )k

—q4/) (a0ig) (q/(aw); Q)
(T as,at; @)oo ~— (", s/w, q/(at); q)
( 1—q> (a3 9)oo Z (@ 4/ @) a) 7" (1.26)

where we have appropriately used relation (1.3) as well.

Page 6 of 17
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Equations (1.25) and (1.26) together complete the proof of Theorem 1. O

Remark 2 Upon first setting = 0, we put ¢ = w in assertion (1.23) of Theorem 1. Then, if
we make use of identity (1.21), we get (1.17). Furthermore, upon setting s = 0 in assertion
(1.24) of Theorem 1, if we make use of the g-Chu—Vandermonde formula (1.22), we get
(1.18).

This paper is organized as follows. In Sect. 2, we introduce two homogeneous g-
difference operators T(a,b,cD,) and E(a,b,cD,1). In addition, we define two families of
the generalized Al-Salam—Carlitz g-polynomials ¢ (x, y|gq) and ¥ Py, y|q) and repre-
sent each of the families in terms of the homogeneous g-difference operators T(a, b, cD,)
and E(a, b, cD,1). We also derive generating functions for these families of the generalized
Al-Salam—Carlitz g-polynomials. In Sect. 3, we first give the Rogers type formulas and the
extended Rogers type formulas. The Srivastava—Agarwal type generating functions in-
volving the generalized Al-Salam—Carlitz g-polynomials are derived in Sect. 4. Finally, in
our last section (Sect. 5), we present the concluding remarks and observations concerning

our present investigation.

2 Generalized Al-Salam-Carlitz g-polynomials
In this section, we first introduce two homogeneous g-difference operators T(a, b, cD,)
and [E(a, b, ch_l) which are defined by

[e¢]

T(ab,cDy) = 3 2ot D
k=0

D,)* 2.1
(q!bl!bZr”'!bt;q)k(c q) ( )

and

oo

E(a,b,cD, 1) i= Z (a1,a2,..., 801 Dk
k=0

(qlbly be . «1bt;q)k

(eD), (2:2)

where, for convenience,
a=(a,ay...,an1) and b=(b1,by,...,by).

We now derive identities (2.3) and (2.4), which will be used later in order to derive the
generating functions, the Rogers type formulas, the extended Rogers type formulas, and
the Srivastava—Agarwal type generating functions involving the families of the generalized
Al-Salam—Carlitz g-polynomials.

Theorem 2 Suppose that the q-difference operator Dy acts on the variable a. Then

ab.eD, { (a5:9)oc }

(aw, at; q) 0o

| @s9x (al,az,...,am;q)n( ct )”
(ﬂw,ﬂt;q)oo =0 (q:bl;bZ,-uxbr;q)n 1 q

/] . v
.3q>1[q ’i/s‘f)’”t’q;wf} (max{|awl, |at|} <1) (2.3)
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and

E(a,b, chl){ M }

(aw; q)oo

_ (at,a8;,9) 0 (ul,az,...,am;q)n( ct >”

(@03 @) <= (@, b1, by, i) \ 1-¢

q7",q/(at),s/w;
3P ; 1). 24
3 2|: q/(aw),0; qq] (|aa)|<) (2.4)

Proof Suppose that the operators D; and D1 act on the variable a. We observe by apply-
ing (1.23) that

T(a,b, ch){ M}

(aw,at; q)oo

(a1, a2, ..., Gci1;G)nC" n{ (as; @) }
(q}blybz,'u;br;q)n 1 (ﬂwyﬂt;LI)oo

K

n=0

~ i (a1,a2,...,4e:1;q)nC"  (as;q)oo < t )n o q_",S/w’ﬂt;q. wq"
= 3¥1 ’
‘= @biby,....biq)y (aw,at; @)oo \1-¢ as; t

Do o (@182, 8e15 ) " slw,at;  oq" t\"
(as;q) (a1,a2,...,ac41;9) 3q)1|:q slw,a wq]( c ) (2.5)

- (da);dt;q)oo =0 (qrbl’bZI-u,bt;q)n as; ’ t 1_‘]

Similarly, by applying (1.24), we find that

E(a,b, CDq—l) {

(at,as; q)oo }
(aw; q)oo

ai,a, ..., 4 1;9)n(C)" {(ut,as;q)oo}
@ biba..bsq)n T | (aw; )

n

(
=0

(
2
=0

n

a5 de13Qn(0)" (at,as;q)oo( t )"3© a7 ql(at),slo;
(q7b11b21---7bt;q)n (“a)Jq)oo q_l q/(dw);();

(at,as; @)oo = (@1, a9, ..., acs1;q)n [t \" g7, ql(at),slw;
= 3 g,  (2.6)
(@w; @)oo 2= (@, b1,b2,...,be5q)n \q — 1 q/(aw),0;

as asserted by Theorem 2. O

Definition In terms of the g-binomial coefficient, the families of the generalized Al-
Salam—Carlitz g-polynomials o (x, y|q) and w,ﬁa"” (,y]q) are defined by

(ab) _ ~[n (a1, a, ..., 415k k. n—k 97

¢ (x,y19) kZzoj[kL RN T 27)
and

(a,b) _ [ n (av,az,..., 40159k *5Y-nk ke n—k 2.8

U (x,91q) kX(;[kL uboboae xy (2.8)



Srivastava and Arjika Advances in Difference Equations (2020) 2020:498 Page9of 17

Proposition Suppose that the operators Dy and D1 act on the variable y. Then
¢fj"b) (x,ylq) = T(a, b,(1- q)xDq) {y”} and
1//,5*"") (%, y1q) = E(a, b,—(1- q)xqu1) {y"}

in terms of operators (2.1) and (2.2).

Theorem 3 (Generating function for ¢, @b)(x, y,21q) and ¥\ (x, y,z|q)) Each of the follow-

ing generating functions holds true:

[o¢] tn
> (5 y,219)
— (@ 9)n
1 A1,02, ..., 0csl;
BT [ 11; zi ;.1‘1?’”} (max{|xt|, |y¢]} <1) (2.10)
14Jo0 1)U25¢¢¢,Up)
and
Z( 17Oy (5, y1q) —
n=0 ( )n
a1, d, ... desl;
= (05 @oors1 Pe |: ;}1 22 l;+1 q;xt:| (|xt| < 1). (2.11)
) IERRS RS ]

In our proof of Theorem 3, the following easily derivable lemma will be needed.

Lemma 4 Suppose that the operators D, and D1 act on the variable a. Then

Ty o]

1 PO ECUCRRUS T (ma {| |
= H Xy |aS|,
@@ | bbby T1og

[
l—qH < 1) (2.12)

and
E(a,b,~cD,-1) { (as; q)oo}

. A1,y ...50¢4+15 . cS cS
= (as; Door+1 P q;

< 1). (2.13)
blth;u')bt; 1_‘] l_q

Proofof Theorem 3 We suppose that the g-difference operator D, acts upon the variable y.
In light of the formulas in (2.9), and by applying (2.12), it is readily seen that

}’l o]

Z b, (1 - q)xDy){y"} —

t}’l
(@ D)n

Zrb op) (x,qu

=T(a,b, (1 - q)xD,) {Z(q 7 }
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1
=T(a,b,(1-¢q)xD {7}
( 1 q) (yt; 51)00
1 aA1,425 5 Aril;
=— 1P, Xt | . 2.14
Otdw"" [bbh“wbgqx} 219
Similarly, we have
o0 t"
Y 1Dy (x, ylg)
= (@ 9)n
o0
=Y E(a,b,—(1 - g)xD,1){y"}(-1)"¢®
Z(; ( DD} (@ D)
—1)"g® (yt)"
=E(a,b,—(1-¢)xD,1) (Sl Vol
 @Dn
=E(a,b,~(1-q)xD _1){011,‘ Do} (2.15)
The proof of Theorem 3 can now be completed by making use of relation (2.13). O

3 The Rogers type formulas and the extended Rogers type formulas
In this section, we use the assertions in (2.9) to derive several g-identities such as the
Rogers type formulas and the extended Rogers type formulas for the families of the gen-

eralized Al-Salam—Carlitz g-polynomials ¢>( (x, y|gq) and w(al’ (% 919).

Theorem 4 (Rogers type formula for q&,, P (x, ylq)) The following Rogers type formula holds
true for P (x, y|q):

n m

ZZ@‘Z?J xy0);

= (& Dn (@ 9)m

o]

(@1,42, .., Qe 13D,y q "yt sq"
t)",d y —
(yt ys;q Z q:blib27 b 7q)1’l (x ) 2 0{ ] 1 l }

n=

(max{|yt], |ys|} < 1). (3.1)

Theorem 5 (Rogers type formula for 1/f,(,a’b) (x,71q)) The following Rogers type formula
(a,b)
holds true for Y, (%, y|q):

SR n+m (2) ( ) (a,b) " "
2;%( 1)y""g Y &0 (x, qu)( R
=t ¥8: @) Z (&(l;;a;;“”a;_l;qg)])n (x2)"2 @4 |:q ’g./(yt);q;ysi| . (3.2)
1n=0 202 VerY)n )

In order to prove Theorems 4 and 5, we need Lemma 5.

Page 10 of 17
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Lemma 5 It is asserted that

T(a,b,cDy) { (aw,at; @)oo }

o0 n
f y A2 ey ; " at; " t
(as;q)oo Z (a1, az,...,0c159)n L, [q at; 4 }(10 q)

 (aw,at;q)o0 Z= (@ b1, bay -, be; @) — ot

(max{|aw|, |at|} < 1) (3.3)
and

E(a,b, —ch-1){(at, as; q)oo}

_ (at,as;q) f: (ﬂlyﬂZy...,ﬂt+l;q)n2q)1 q‘”,q/(at);q.ﬂs < ct >” (3.4
B =0 (q7b17b21---)bt;q)n O, ’ 1 -q ’ ’

Proof The first assertion (3.3) of Lemma 5 follows from (2.3) when s = 0. On the other
hand, the second assertion (3.4) of Lemma 5 can be deduced from (2.4) by setting w = 0. I

Proof of Theorems 4 and 5 We suppose that the operator D, acts upon the variable y.
Then, in view of the formulas in (2.9), we have

(ab) t" m
;§¢n+m x’y|q q)n (q;q)m
n+m " s”
ZZT b, (1-9)+Dy) ¥ }(q,q) (@ D

n=0 m=0

= T(a, b, (1- q)xDq) iZ ()ft)n Z 097 }

pardl V) Al

=T(a,b, (1 - q)xD,) { (3.5)

b
(T

The proof of assertion (3.1) of Theorem 4 can now be completed by using relation (3.3) in
(3.5).
Similarly, we observe that

SN e () s
Zo,;( VT ‘/’”*’”("’y'q)<q,q>n (& Dm
S S 1) O D (a, by —(1 - gD, 1)y S
;Y;( A (@ (1= @aDy){y }(q;q)n (5 @Dm
~E(a,b, (1~ 9D, " (2) 00" () 08)"
(a,b,—(1-g)x Z( gD » % 1)"q o
=E(a,b,—(1 - 9)xD,1){ (0, ¥ @)oo }» (3.6)

which evidently completes the proof of assertion (3.2) of Theorem 5. d

Page 11 of 17
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We next derive another Rogers type formula for the family of the generalized Al-Salam—

Carlitz g-polynomials w,sa’b) (%, y]g) as follows.

Theorem 6 (Another Rogers type formula for ¥ Py, ylq)) 1t is asserted that

1)"g() : i
%%( Y'q Dy (x,ylq) (M)n e
gﬁ’q)w q)l[filb? aql/(ty/j) xq} (sl <2). (37)

Proof We suppose that the g-difference operator D, acts upon the variable y. We then

obtain
; %‘ T
~E(a,b,—(1- q)xDq_l){ gﬁ Z;z } (3.8)

The proof of assertion (3.7) of Theorem 6 can now be completed by applying formula (2.4)
with s =0 and w = s in (3.8). O

Another extended Rogers type formula for the family of the generalized Al-Salam-—
Carlitz g-polynomials g @b (x,71q) is given by Theorem 7.

Theorem 7 (Another extended Rogers type formula for wéa"’) (x,y1q)) It is asserted that

m k

t" w

N

YT g Byl wyia)—

s (@ Dn (@ Dm (@ 9)k

_ (yt;ys;q)oo (al,ﬂZ; )at+1,q)]( t)] q_/,q/(yt),S/a),qq
()/CU; Q)oo j (Q; bl: b21 r;Q)/ 6]/()/0)); O) ’

(Iyol < 1). (3.9)

Proof We suppose that the operator D, acts upon the variable y. By using formulas (2.9),

we obtain
iZ( 1) &+ )Zw (x,y1q) s" ot
n=0 m=0 1 k=0 keI ( q) (q'q)m (q: q)k

t" s” ok

(@ Dn (@D (T Dk

ZZ( 1)n+mq(2) (3) ZE a,b,—(1 —Q)XDq—l){yyHerk}

n=0 m=0
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:E(a’b’_(l _Q)xDql){Z(—l)"q(g)((yﬁ Z( ™ (”’) (ys)™ Z (ya))
n=0

T Dn 5= (& Dm = (4:9)
0t y8; @)oo }
=E(a,b,~(1 - g)xD, 1 {7 . (3.10)
( D+D;) (®; @)oo
Thus, in light of (2.4), the proof of assertion (3.9) of Theorem 7 is completed. a

4 Srivastava-Agarwal type generating functions for the families of the
Al-Salam-Carlitz g-polynomials
In this section, we use the formulas in (2.9) to derive the Srivastava—Agarwal type gener-
ating functions involving the families of the Al-Salam—Carlitz g-polynomials ¢£,a’b) (x,51q)
and ¥ * (x,ylq).
The Hahn polynomials (see [26, 27], and [28]) (or, equivalently, the Al-Salam—Carlitz
q-polynomials [29]) are defined as follows:

¢,§”)(x|q)=Z[Z] (@ qx* and wﬁ“)(xlq)=2qk(k‘”)[2] (aq'%;q) x*.  (@1)
q k=0

k=0 q

Recently, Srivastava and Agarwal [30] gave a generating function which we recall here
as Lemma 6.

Lemma 6 (see [30, Eq. (3.20)]) The following generating function holds true:

HX(;(A ;e (xlg) ( ’q)n G

AL Ao
(M9 @, [ }L? q;xt:| (max{|¢], |x¢]} < 1). (4.2)
The generating function (4.2) is known as a Srivastava—Agarwal type generating func-
tion (see, for example, [23]).
In this section, we give the Srivastava—Agarwal type generating functions for the families

of the Al-Salam—Carlitz g-polynomials ¢ (x, ylq) and ¥ * (x, y1q).

Theorem 8 (Srivastava—Agarwal type generating functions for d)f,a’b) (%,ylq) and
1/f,(,a’b) (x,71q)) The following Srivastava—-Agarwal type generating functions hold true for
the families of the Al-Salam—Carlitz q-polynomials P (x, ylq) and ¥ (x, ylq):

o]

t}’l
> (9 @, y1q)
o (% D)n
()»J/f q)oo A1,02, ..., 0ee1, A5
2 ®, sat t <1 4.3
(.yt Q)oo - bl)bZV'-!bt;)‘vyt;q (|y | ) ( )
and
o0 tn
> k@ @, y1q) ——
— (@ @)n

()»yt q)oo aA1,a2,...,0:1,%;  Xq
2P s — t| < 1). 4.4
7 et A A AT (el I CLERY 4



Srivastava and Arjika Advances in Difference Equations (2020) 2020:498

Proof We suppose that the operator D, acts upon the variable y. According to the formulas
in (2.9), we then obtain

Z(k D (x, Z(k @T(a,b, (1 - q)xD,) {yn}ﬁ
. (2)"
=T ,b, - D 3q)n
(ab. (1-g)xD,) LX_(;(/\ 9 (& Dn }
_ (Ut; q)oo
= T(a,b, (1 —q)xDq){m} (45)
Now, setting @ = 0 in (2.3), we have
(M’E‘])oo _ ()\}’t,q)oo ﬂl’ﬂZr"~!at+lr)\'; .
T(a b1~ q)xDq){ 0t Do } T 0w [bl,bz, b yAG q’xt} » 49)

which, in conjunction with (4.5), completes the proof of the first assertion (4.3) of Theo-
rem 8.

The proof of the second assertion (4.4) of Theorem 8 is much akin to that of the first
assertion (4.3). The details involved are, therefore, omitted here. O

Remark 3 Upon replacing ¢ by At, if we set s = ¢ in assertion (3.7) of Theorem 6, we get
(4.4).

Theorem 9 (Srivastava—Agarwal type bilinear generating function for o™ (x, ylq)) The
following Srivastava—-Agarwal type bilinear generating function holds true for the family of

the generalized Al-Salam—Carlitz q-polynomials ¢ ab)(x, ylq):

ab ()
gqb (x,y1q)9¢ (ulq)( T

t;q) oo > 1 A2 05 Ars15q)j i 71’1 YL i
(apyt; q) (a1, aa,...,ac:159); (xt) 5 q7,a,y -
(Myt V6 @)oo (q:blbe; b q); Uyt

(max{|yt, |,uyt|} <1). (4.7)

Proof We suppose that the g-difference operator D, acts upon the variable y. We then find

that
@b) (y, nzooqr,b,1— D) {y" @ -
HXS‘d’ @ ylq)p¢ (Mlq)( i Z(; (a,b,(1 - q)xD,){y" |} (ulq)(q;q)n
=T(a,b, (1 - g)xD, {Zq) )n}
(@9)n
= T(a,b, (1 - g)xD ){M}. (4.8)
T 0t 1yt )

The proof of assertion (4.7) of Theorem 9 is now completed by making use of relation (2.3)
in (4.8). O
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Theorem 10 (Srivastava—Agarwal type bilinear generating function for ¥ (x, ylq)) The
following Srivastava—Agarwal type bilinear generating function holds true for the family of
the generalized Al-Salam—Carlitz g-polynomials 1/1,(,3'1’) (0, y19):

. @b) (. @ 1 ® 5
;wn Gyl (1) (-1)"q

_ (359 = (ﬂl;ﬂz,...,dt+1;Q)j(xt)j ® q7,q/t), 1a;
(o pyt; @)oo P (q,b1,ba,...,b; q); q/(auyt),0;
(Ioz,uytl < 1). (4.9)

Proof We suppose that the g-difference operator D, acts upon the variable y. We then

obtain
o0 ( t)n
2yl i) T
- Eab D, ) i) L
n=0 ! ! (@D
S ( 1)"q% (yt)"
=E(a,b,—- " 1ygh ey
( (1 -q)xDy {ZO:W ey }
t’ t; )oo
=Elab = -axDr) { % } (4.10)

The proof of assertion (4.9) of Theorem 10 can now be completed by making use of relation
(2.4) in (4.10). 0

5 Concluding remarks and observations

Our present investigation is motivated essentially by several recent studies of generating
functions and other results for various families of basic (or g-) polynomials stemming
mostly from the works by Hahn (see, for example, [26, 27] and [28]; see also Al-Salam and
Carlitz [29], Srivastava and Agarwal [30], Cao and Srivastava [23], and other researchers
cited herein).

In terms of the familiar g-difference operators D, and D -1, we have first introduced two
homogeneous g-difference operators T(a, b, cD,) and E(a, b, cD,-1), which turn out to be
suitable for dealing with the generalized Al-Salam—Carlitz g-polynomials q’)ﬁ,a‘b) (%,y|q) and
1/f,(,a’b) (%,y1q). We have then applied each of these two homogeneous g-difference operators
in order to derive generating functions, Rogers type formulas, the extended Rogers type
formulas, and the Srivastava—Agarwal type linear and bilinear generating functions for
each of these families of the generalized Al-Salam—Carlitz g-polynomials.

The various results, which we have presented in this paper, together with the citations
of many related earlier works are believed to motivate and encourage interesting further
research on the topics of study here.

In conclusion, it should be remarked that in a recently-published survey-cum-expository
article Srivastava [31] presented an expository overview of the classical g-analysis versus
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the so-called (p, g)-analysis with an obviously redundant additional parameter p (see, for
details, [31, p. 340]).
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