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1 Introduction

In the past few decades, more research has focused on spatial propagation of communica-
ble diseases in mathematical epidemiology and more reaction-diffusion SIR models have
been proposed to describe the transmission of communicable diseases [1, 4, 6-9, 13, 19—
26, 29-31]. For most epidemic diseases models, the traveling wave solutions can describe
the phase transmission from a disease-free state to an infective state. The existence and
non-existence of the traveling wave solutions can predict whether or not the epidemic
disease transmits in the population and how fast it spreads geographically [2, 3, 10-14,
16-18, 25]. Recently, Xu [26] considered the following delayed diffusive SIR model:

a2s tx _ BSUmI(t-1,%)
S(t x) d 1+al(t-t,x)

i[(t x) _ d 92 1 ﬂS(t,x)I(t—r,x) _ yl(t,x), (11)

1+al(t-7,x)

2 R(t,x) = dg,“” +yI(t,x),

where S(¢,x), I(t,x), and R(¢,x) denote the densities of the susceptible, infected, and re-
covered individuals at time ¢ and location x, respectively. The constants d; >0 (i = 1,2, 3)

are the diffusion rates, v > 0 is the incubation period, 8 > 0 is the transmission coefficient,

BSI
1+al

saturated incidence [5, 15, 30]. Since the third equation in (1.1) is decoupled with the
first two, the author studied the subsystem of (1.1) for S and /. In [26] he proved that if
Ro =BSo/y >1and c > c* (c* is the critical wave speed), then the subsystem of (1.1) admits

and y > 0 represents the recovery rate. The nonlinear incidence (a > 0) is called a
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a traveling wave solution (S(x + ct), I(x + ct)) satisfying the wave system

dS"(€) = cS'(£) - ﬁs(f)f((é—ﬂ) -0,

1+al(§—cT)

ol (§) - I () + B _y 1) = 0, 12

S(—00) = So, S(00) € [0, So), I(£00) =0,

where & = x + ct is the moving coordinate, ¢ € R is the wave speed, and Sy > 0 is a given
constant. On the other hand, he showed that if Rg <1 and ¢ > 0 or R > 1 and ¢ € (0, c*),
then the subsystem of (1.1) has no nontrivial and nonnegative traveling wave solutions.

Observing his results in [26], one can find that there exist some open problems listed as
follows:

(P1) Does the traveling wave solution of (1.1) exist if (i) Ro > 1 and ¢ = ¢*; (ii) Ro =1

and ¢ € R; (iii) Rop > 1 and ¢ < 0?

(P2) How does the R-component in (1.1) change?

As was discussed in [19], traveling wave solutions with the critical speed play an im-
portant role in the research of epidemic spread. However, it is challenging to investigate
the existence of critical traveling wave solutions. There has been some work on the exis-
tence of critical traveling wave solutions for diffusive epidemic systems [2, 7, 14, 19, 23,
25, 27, 28, 30]. In this paper, we solve problems (P1) and (P2). For our purpose, we need

the following lemma which is established in Lemma 3.1 of [26].

Lemma 1.1 Assume that Ro = BSo/y > 1, and let
A c) i=dad® —ch —y + BSpe . (1.3)

Then there exist ¢* > 0 and A* > 0 such that

A(k*,c*) =d, ()»*)2 — A =y + BSee T =0 (1.4)
and
dA(A, -
*9 = 2o\ — ¢* = BSyctTe T 0. (1.5)
M ren

Proof Due to Ry > 1, for every ¢ > 0, at A = 0, it is obvious to get that

A(0,¢) =BSy—y >0

IA(A,C
*,¢) =2dy) — ¢ — BSocTe |50 < 0,
oA 220

A, c

3AG.9 =2dy + BSo(ct)*e ™ ;29 > 0,
I |

A(+00,¢) = +00.
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For every A > 0, we can get that

AL, 0)=dya> —y + BSy >0,

dA(X, )
dc

A(A, +00) = —00

= A —ABSorTe T <0, ¢>0,

Making full use of the above computations and the rough graphs of A(A, ¢), we obtain the
desired results of this lemma. O

Now, we state our strategies and organization as follows. In Sect. 2, we state our results
and some remarks. In Sect. 3, we construct a pair of upper and lower solutions of the
wave system and apply Schauder’s fixed point theorem to derive the existence of a critical
traveling wave solution for (1.1). In addition, employing the subtle analysis and a limiting
approach, we obtain the asymptotic boundary conditions of the traveling wave solution
and its other properties. In Sect. 4, by contradictory arguments, we establish the non-
existence of the traveling wave solutions for the cases Ro =1 and ¢ € R or Ry > 1 and

¢ <0. In Sect. 5, we make a brief conclusion.

2 Main results

Now we introduce the definition concerning critical traveling wave solutions of (1.1).

Definition 1 A critical traveling solution of (1.1) is a special solution in the form of
(SE),I(8),R(8)) = (S(x + c*t), I(x + c*t),R(x + c*t)), where & := x + ¢*t and ¢* is the crit-
ical wave speed (see Lemma 1.1). Meanwhile, (S(§),1(£),R(§)) € C*(R,RR®) is the wave
profile that propagates in the one-dimension spatial domain at the constant critical wave
speed and connects the initial disease-free equilibrium (S(—00), I(—00), R(—00)) to the final
disease-free equilibrium (S(c0), 1(c0), R(00)).

Next, we mainly consider the following critical wave system:

diS'(§) - c*S'(§) - BpEss =0,

dol"(€) - () + BEHECD () = 0, (2.1)

1+al(€—c*

d3R"(§) - c*R'(§) + y1(§) = 0.

For all £ € R, we will show the existence and non-existence of the critical traveling wave
solution (S(&),1(£), R(£)) of (1.1) satisfying the asymptotic boundary conditions

(S, I, R)(—OO) = (SOx 0, 0)! (S,I, R)(OO) = (80r07 SO - 80)7 (22)
where ¢ is some constant and 0 < gy < Sy. Now we state our results.

Theorem 2.1 If Ry > 1 and c = ¢*, then system (1.1) admits a critical traveling wave solu-
tion (S(§),1(€), R(§)) satisfying (2.2). Moreover,

(1) S(¢)>0,1(¢§) >0,and R(§) >0 on R;

(2) S(=00) = Sy, I(=00) = 0, R(=00) = 0, and I(§) = O(=£€*"¢) as £ — —oo0;



Cheng et al. Advances in Difference Equations (2019) 2019:494 Page 4 of 21

(3) S(&) is strictly decreasing and R(&) is strictly increasing on R; S(c0) = &9 < S,
I(00) = 0 and R(00) = So — 0; S'(§), I'(§), R'(§), S"(§), I"(§), R"(§) — 0 as § — +oo;
v Jp1(6)dt = ﬂfR 13?2 g*r d§ = c*(So - 0);

(4) S(§) < So, 1(§) < 3 (B2 1), and R(§) < (So — £0) on R.

Theorem 2.2 Assume that Ry =1 and c € R or Ry > 1 and c < 0, then system (1.1) admits
no positive traveling wave solutions (S(§),1(§), R(§)) satisfying (2.2).

Remark 1 It is necessary to point out that in Theorems 2.1 and 2.2 we have solved open
problems (P1) and (P2). Our method adopted here can be used to improve the correspond-
ing results for super-critical traveling wave solutions in [26].

Remark?2 Inorder to address the change of the number for R-component in (1.1), we study
the three equations in (1) together, please refer to our construction of upper-lower solu-
tions. In Theorem 2.1, we proved the existence of the traveling wave solutions, meanwhile
we obtained a lot of nice properties of the traveling wave solutions for (1.1).

3 Proof of Theorem 2.1
3.1 Upper and lower solutions
First, we give the definition of upper and lower solutions of (2.1).

Definition 2 The pair of continuous functions (S(€),1(¢),R(¢)) and (S(&),1(£),R(£)) is
called a pair of upper and lower solutions for (2.1) if they satisfy

BSEM(E —c'T) _

d1S"(&) - c*S'(§) - Tral—cr) = (3.1)
T/ * 7/ :35(5)1(5 _C*t) T
d"(&) —c I(g)+—1+af($—c*t) yi(§) <0, (3.2)
dsR'(E) - c*R'(§) + yI(§) <0, (3.3)
1/ * o/ ﬂ§($)j(§ _C*":)
d1S"(§)-c §(E)_—1+ozj($—c*7:) >0, (3.4)
1/ * 7/ ﬂg(é:)!(%' _C*t)
dyl (5)—Cl(§)+m—yl(§)20» (3.5)
d3R"(E) - " R'(§) + yI(§) = 0 (3.6)

except for finitely many points of £ on R.

For £ e R, define the following nonnegative continuous functions:

S(g) = SO,

S(E) = So(1-o03'e™), &<&,
0! E = 52:
— A¥E

j(é—'):: Ll‘ge ) E <gl;

é(ﬂyﬁ_l)’ E ZSI:
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1(§):= ~Lige's —Lz(—‘f)%ek*g» § <&,
0’ é = ‘§3;

R(§):=Lse™*,  R(§):=0,

where A* is defined in Lemma 1.1,

1 Ino, L} _ert

BSo
=—T =) = -5 L — =1 )
31 = ) po &3 % " ( y

1

and the constants o1, 09, Ly, and L3z € R* are to be determined later. In the next lemma, we
will prove that (S(£),1(£), R(€)) and (S(&), 1(£), R(€)) are a pair of upper and lower solutions
of (2.1).

Lemma 3.1 The function S(£) satisfies the inequality

_BS®IE - _

b3 €) -5 @) - S

and the function R(§) satisfies the inequality
d3R"(§) = c"R'(§) + yI(§) = 0
forallg eR.
Proof By the definitions of S(&), R(¢), and I(£) on R, one can get

o %o ,33(5)!(&' - ') _ BSol(& —c*1)
hS(§) - 'S E) - 1+al(E -c't) 1 +al(§ —c*1) =0 (37)

and

d3R"(§) -~ c"R'(§) + y1(§) = y1(§) = 0, (3.8)
which completes the proof. O
Lemma 3.2 The function 1(£) satisfies the inequality

o e BSOIE D)
BT (€) = TE) + 2=y T(E) <0

forallE #&.

Proof When £ < &, 1(€) = —L1£€"'¢, then it follows that

BSEIE -c'r)
1+al(€ —c*1)

<doI"(§) = *T'(§) + BSol (§ — ') - y1(§)

doI"(§) - ¢*T'(§) + 1)

=—Le"¢ [A(A*,C*) + z—i(x*,c*)] =0, £<&.
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When & > &, I(€ — ¢*1) < I(£) = é(ﬁyﬁ — 1), we have that

BSE)(E — 1)

dol" (&) - c'T'(§) + Lol —cr) 2063
LT TR
< % - yI(§) =0.
This is the end of the proof. O

Lemma 3.3 The function R(£) satisfies the inequality
d3R"(€) - c*R'(§) + y1(§) <0
forallg eR.

Proof Choose a sufficiently large L3 > 0 and a sufficiently small o7 € (0, min{A*, ¢*/d3})

such that

d3012 —c'oy - )/Lngflée(’\**‘”)é <0, &<& (3.9)
and

d30'12 —co1 + aLLg (% - 1)6_"1E <0, &>¢&. (3.10)

When & < &, I(£) = —L1£¢* "¢, Then, by using (3.9), we obtain that

dsR'(€) - c"R'(§) + y1(§)
= d3012L3e™ — " L3017 + y(~L1)Ee" ¢
= L3e™* [d301* - c*o1 — yLiL3 g V¢ ]

50) §<€1‘

When & > &, 1(§) = 5(’3750 —1). Using (3.10), we get that

dsR'(&) - ¢*R'(£) + yI(&)
= d301’Lae™ — ¢ Lyor e + L <@ - 1)
aNvY

S
= Lse"15 [d3612 —c'op + na (ﬁ - 1)661S:| <0, &>§&.
Ong Y

The proof of this lemma is finished. g
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Lemma 3.4 The function S(§) satisfies the inequality

_BS©IE-cD)

hS'€) - 8O - T T

>0

forall & #&,.

Proof Select 0, to be small enough such that o, € (0, min{A*, c*/d,}), & < &, and
—dioy+c* + ﬂLl(E - c*r)(l - og_le“zg)e(’\*_””s_”c*’ >0, &£<é&. (3.11)

If& < &, then S(€) = So(1 — 05 'e??8) and I(£) = —L €8 Utilizing (3.11), we deduce that

BS(E)I(E - c*1)
1+al(E —c1)

>d1S"(§) - c*S'(€) - BS(E)I(§ - c*1)

= —d1Sp02€7% + c*Spe” + L1ﬂ50(1 - a{le"zs) ($ - c*r)e’\*(é’c*r)

d1S"(§) - c*S'(§) -

= Spe2t [—d102 +c+ BLy (S - c*t) (1 - ag_le"ﬁ)em_"z)é_”c*’]

> O) é;' < EZ'
If &£ > &, then S(§) =0 and

S@IE-cr)

hS'(€) =S @) - s

holds naturally. O

Lemma 3.5 The function 1(§) satisfies the inequality

BSE)(E —c*1)

B T + T e

-yI(§)=>0

forall & #&.

Proof Choosing large enough L, > 0 such that & < min{&,, —c*7} and recalling &, < &, then
for & < &3 we have that

S()(l - 0'2_16(725) < So, (3.12)
1(6) = 1(6) - Lo(-8)2¢", (3.13)
1+ctet>0, (3.14)
and
i % \2 17 ( e\ onE 120 enD o a*(E-c*T)
Ly(c*t)" -0y 'Li(-§)2e ali(-£)2e > 0. (3.15)

16
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From (3.13), for & < &3, we can get that

—n * 1 11 3
") = daol (§) + daLre* $|:)»*(—§)_2 - ()‘*)2(—‘5)j + Z(—‘E)_z]

> dyT () + dyLae* S [25(=£) 73 — (%) *(=£)?] (3.16)
and
~CIE) - y1€) = T - 36 -x (0} |
— 1) + yLa(-§) 2% (3.17)
Using the inequality —- > x(1 — ax) for > 0 and @ > 0, we obtain from (3.12) that

BS(E)L(E ~c*1)
1+al(é -c*1)

> BS(E)(E - c*)[1—al(£ - c*7)]

> BSE)I(& - c*1) —apSE)(I(& - c*1))°

> So(1— 0528 [I(£ - " 1) — Ly(—& + c*7) L& 6]
— aBSoL2g2eP =)

> BSo[I(€ - ¢*1) - Ly(£ + c*r) L¥ 6D

+ 02_1L1 (S - c*r)e"z‘é”*(g_c*r) - aL%SZez’\*(E_C*T)] (3.18)

for & < &;. By Taylor’s formula, for & < &3, we have that

Dol

(-& + c*r)% <(-£)% 4+ %(—5)-%5‘1 - %(—S)_%(C*T)Z + %(—g)-% (7). (3.19)

From (3.12)—(3.19), (1.4), and (1.5), we deduce that

BSE)(E —c't)
1+al(E —c*1)

> doI" (&) + daLoe® E [15(=£)77 — (%) (=£)?]

dol"(€) — c'I'(§) + v1(§)

T (€)= 'Ly [%(_g)‘% - A*(_g)%}ek*é
~VI6) 4 yLa(-0) e 1 B [T(e - ') ~ Lo(-£ + 'r) Fe €
+ 0y Ly (£ — 7T) e 6D _ g2 2620 )]
> L1 [6(da(3*)" = At —y + BSoe ™ T) + (2dph* — ¢* — BSoctTe )]
FL1BSo(§ — ¥ 1) €D Lyt 6 ()2 [dy(17) - *AF —y + BSoe 7]

* * 1 * * Lk
+ Lg,BSO(—S)%e’\ (="t ELZeA 5(—5)’% [2d2A* —c¢* = BSoctre™tC ’]
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1 * * - 1 * *
+ EL;,ﬂsoc*r(—g)—%eA G0 4 BSo[I(€ - ¢*1) — Lo(=£ +c*1) 2 6T

+ 0,2—1L1 (S _ C*r)e<72$+)\*(§—c*r) _ aL%SZez)\.*(s—C*T)]

> L a(e) + 52 000) | - LS a0 )

1 * 1 8A
ZL L*E _&\a | = }\*’ *
A ]
* * 1
rpsof e 0 Lo e - erien)’]
+ 0_2—1L156025+)L*(§—c*r) _ aL%SZeZA*(S—C*r)}

—— A*E —c*t 1
= BSo(-§)2 [16

LZ(C T)Z_O'ZlLl( 5)26025 OlLZ( E)fek*é cr)i|

1
+ 1—6/350L2(c*t) (—g) 36T (1+c* ™)

>0.

If £ > &3, then I(§) = 0, and the inequality

" .y BSE)L(E — 1) _ BS@EI(E —c'T)
dol (5)—Cl(§)+m—yl(5)—m20
holds trivially. The proof of this lemma is finished. O

3.2 Application of Schauder’s fixed point theorem
Introduce a functional space

By(RR) = {0(€) = (1(6), ¢2(6), 03(6)) € C(RRY) suple€)|e7 ! < o0, = 1,2,3]

equipped with the norm |¢|,, := max{sup; . [¢;(§)|e*¥,i = 1,2,3}, where i € (01, o) is a
constant and g is also a constant that will be specified later. Define a cone by

S(&) < S(€) < S(&),
S:=1{ (S€),1(5),R()) € B, (R, R®) | I(£) <I(8) <1(&),
R(§) <R(£) <R()

=
=

It is easy to see that S is nonempty, bounded, closed, and convex in B, (R, R?). Choosing

a constant 7 to be satisfied 7 > max{a~! 8, 8} and noting that 8 > y, one can get that:

H;[S,I,R](§) := mS(§) — %

is increasing with respect to S and decreasing with respect to I;

BSE)(E —c'1)

S, LR)E) = T al(E - c*1)

+(m—y)i(z)
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is increasing in both S and I;

HB[SrLR](S) = WIR(S) + Vf(é)

is increasing in both I and R. For any (S,[,R) € S, define a nonlinear operator M :=

(M1, My, M3) on the space B, (R, R?) by

3 00
M, 1,R](E) = Ai{ / e EDELIS T R (n) din + / e’i2(§_n>Hi[S,1,R](U)dU},
i —00 &

where

c* —/(c*)? + dmd; c* +/(c*)? + dmd;

riq = ) Tip = ) Aj=di(rp -

2d; 2d;
for i = 1,2, 3. Note that any fixed point of M is a solution of (2.1).

Lemma 3.6 M(S)CS

Proof Clearly, (M[S,I,RI(§), Ma[S,I,R](§), M3[S,L,R](§)) € BL(R,R?
(S,I,R) € S. Then, by the monotonicity of H; (i = 1,2, 3), we need to prove that

S(&) < My[S, L RI(§) < My[S, L R(€) < My[S, L R](€) < S(€),
R(§) < M5[S,LRI(§) < M5[S, 1, R](§) < M;5[S,I,RI(§) < R(%)

for any (S,I,R) € S.
Proof of (3.20). Using (3.1) and S(&) = So, we derive that

M8, LRI(§)

1 o0
A_{ - ”H1[S[R](77)d77+/; e EH[S, ](n)dn}

{ PN n) mS(ﬁ) +c*S'(n) - 6115”(77)]

>|,_.

- / 26D [mS(n) + ¢*S'(n) - d1S" ()] dn}
&
= m—%[/é eé-m dn + /Oo e2E-n) d’?:|
Aq —00 13
=Sy, &€ R.
It follows from (3.4) that
M [S,I,R](§)

{ e EDH[S,1,R) () dy + / ’7H1[SIR](n)dn}
§

>|»-.

any

(3.20)
(3.21)

(3.22)

Page 10 of 21
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1
>
>

+ /E " gt [mS(n) +¢*S'(n) = drS =" (n)] dn}

sy VS € +0) -5 6 - 0)

a2 —run

>5(§), &#&.

&
/ e [mS(n) +c*S'(n) — d1S"(n) | dn

By the continuity of both M, [S,1, R](£) and S(¢) on R, we get that

Mi[S,LRI(E) > S(E), &€R.

Proof of (3.21). From (3.2) and (3.5), we get that

M,[S,I,

>|»-.

R](&)
{ ¢ EDH S, T, R)(n) dn + /Oo6’22(5_”)H2[§,7,R](U)d'i}
§

>|»—-

2D [ml(n) + T (n) — doI"(n) | diy

+/ e [ml(n) + T (n) — dal” ()] d”}
:

=1(€) + e EV[T (& +0) - T (& - 0)]

rp — 11

Si(g)’ ‘i: 7’51;

and

M3[S, L R](§)
Ai{ 2= YIHZ[S LR](n) dr]+‘/s e’”(s”)Hz[E,LR](U)dU}
Ai{ e2é- '7) m](n) +c T'(n) —dyI" (77)]

+/ 2D [ml(n) + ¢ I'(n) — doI” ()] d”}
§

L @I (5 +0) T ~0))
o — 1

>1(§), £#&.

~i
—

Using the continuity of both M,[S,

M[S,LRI(E) < 1),  MISLRI(E) =1(5), £eR.

,R(&), M5[S, I, R](§), 1(5) and I(¢) on R, we obtain

Page 11 of 21
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Proof of (3.22). From (3.3), (3.6), and the expressions of R(¢) and R(&), we deduce that

£ _ o° 7z
/ er31(5*n)H3 [S,I,R](n)dn + / er32(57n)H3 [S,I,R](n)dn}
_ H
& _ _ _
f o316 [mR(n) + ¢*R () — d3R"(n)] dn

n /;oo eraz(f—ﬂ) [m]_z(n) + C*I_Q/(n) - ng//(n)] dﬂ}

=RE), £€R,
and

MB[SrL B] (E)

1
"M

(o¢]

£ o]

{/ ergl(s—n)H3[5,l,1_g](,,)dn+/ 6’32(5"7)H3[S,L£](77)d”}
- £
1 3

> {/ e*’sl(g—’?) [WIE('?) + c*B,(n) — d3£”(1’])] d"]

+ /:o g's2E-n) [mg(n) +c*R'(n) - dsﬁ//(ﬂ)] d’l}

=R(), &€l
The proof of this lemma is finished. d

Lemma 3.7 The operator M := (My, My, M3) is completely continuous with respect to
the norm | - |, in B, (R, R3).

Proof First, we show that M is continuous with respect to the norm | - |, in B, (R, R?).
For any ¥; = (S1,11,R;1) € S and ¥, = (S, 15, Ry) € S, we derive that

|H1(S1, 1, R1)(E) — Hi(Sa, I, Ry) (€) ] e

< (m R g) 191(8) = S2(8)| e+ BSo| 1 (5 — 1) = o (& " 1) e

IB c*t
< (Wl t IS1 = Salp + BSoe" T I — Ly,
<Y1 - ¥,
|Ho(S1, 11, R (E) = Ha(S2, I, Ro)(€) [e !
ﬁ for 4
= ZIS1=Salu+ (m+ BSoe" " —y) 1L~ Dol

<I|¥ - ¥y,
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and

|H3(S1, 1, Ry)(§) — H3(Sa, I, Ry) () [ €]
< mlRl _R2|u + )/|[1 _I2|/l.

<Y1 - ¥lu,
where [ = m + g +y + BSoe<’ . Then, choosing u € (03, -r;1), we have that

| M[S1, 11, Ry)(€) = MilSa, o, Ry () [ e

1 &

< — ’Hi(Sl,Il,Rl) —Hi(Sz,Ig,R2)|M|:/ em(&—n)eulnl—mSI dn
A; -0
+

o0
/ e’iz(%’—n)ellﬂ|—ﬂ|§dn:|
&

/ § *°
< —|¥ - g,2|“|:/ gli1 (€= gitIn=§l dn + f eli2(6=m gitIn=§l d’7:|
Ai —00 &

~ I2p +ri —rin)
di(rip —ra)(rio — ) (rin + 1)

[ =Wl i=1,2,3,

which implies that M is continuous with respect to the norm | - |, in B, (R, R3).
Now we turn to proving that M is compact with respect to the norm | - |, in B, (R, R3).
For any (S,I,R) € S, we deduce for & € R that

dg

ri § (=n) AV E-n)
—= | & H S, LRI dn + —= [ €26V H,[S,1,R)(n) dy
A ) o A Je

¢, () ma [ e
<- e ”Hl[S,I,R](n)dn+A e VHL[S,I,Rl(n) dn
1Je

1 J-00

£ (o]
< _7‘11”’150 / e gy 4 —rlzmSo / 126 gy
- Aq _ Ay &

{o¢]
2mS
_2m 0’ (3.23)
Ay
dM,[S, I, R](§) 21 /g 21(E-1)
aMalo, L, RIS) | _ 1721 4 H>[S,I,LRI(n)d
‘ pr 4 _ooe ol 1(n)dn
+ ”—2/ erﬂ@‘”)Hz[S,I,R](n)d'I‘
A2 £
1 § (
<-— [ & H[S,L,R](n)dn
A2 —00
+ 7'2_2 erzz(s_")Hz[S,I;R](n)dn
Ay £
T ré
E—M/ 26 gy
Ay —o0
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N ra(m+ BSo —y)I /OO e € gy
Ay £

_ 2(m + ﬂSo - )/)j

, 3.24
- (324)
and
&
‘—dMs[S”'R]@" _ | / &3NS, 1, R) () dy
d%‘ AS —00
2 [T neon
+ — 67325 7 H3[Srer](n)dn
As J;
&
< _'"3_1 erSI(E_n)(ngeam + J/j) dn
3 J-0
2 [T e 7
+— €2 (mLye™" + yI) dn
As £
mLs|2r3irsy — 01(rs1 +132)| ¢ 2_J/j (3.25)

Asl(o1 — r31)(01 — 132)] Az’

It follows from Lemma 3.6 that [ M [S, 1, RI(€)| + [M[S, I, RI(§)| + | M3[S, I, RI(§)| < So +
I+ L3e”¥ on R. Recall that 11 > o1. Then, for any & > 0, there is a sufficiently large number
N > 0 such that

{|M1[S:I:R]($)| + |M2[5111R]($)| + |M3[S,1’R](E)|}6*ME|
< (So +1 +Lge”15)e_“|§‘
<(So + De™N 4 Lye 1N

<& |§]>N. (3.26)

Utilizing (3.23)—(3.25) and Arzera—Ascoli theorem, we can select finite elements in M(S)
such that they are a finite e-net of M(S)(§) on [-N, N] with the supremum norm, a finite
e-net of M(S)(¢) on R with the norm | - |,, (see (3.26)). Thus M is compact with respect
to the norm | - |, in B,,(R,R®). The proof of this lemma is completed. O

By Lemma 3.6, Lemma 3.7, and Schauder’s fixed point theorem, we deduce that the
operator M has a fixed point (S(¢),1(§),R(§)) € S, which is a solution of the system

d18'(§) - 'S (€) - ey = O,

bI'(E) - T() + B _y1(€) =, (3.27)

d3R"(§) - c*R'(§) + y1(§) = 0.
Based on the above analysis, we have the following results.

Proposition 3.1 If Ry > 1 and c = c*, then system (1.1) admits a traveling wave solution

(S(8),1(5),R(§)) such that

S(E)<SE) <8®), 1) <IE)<IE), RE)<RE)<RE), &R (3298

Page 14 of 21
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3.3 Properties of the critical traveling wave solutions
In this section, we focus on some properties of the critical traveling wave solution of (2.1),
that is, the proof of the four properties in Theorem 2.1.

Proof (1) By contradiction, suppose that / (£) = 0 for some & € R. Then there are two con-
stants a,b € R such that a < & < b and a < £ < b, which implies that 7(¢) attains its mini-
mumi in (g, b). It follows from the second equation in (3.27) that —dI” (§) + c*I' (&) + Y I(§) >
0 for & € [a, b]. By the strong maximum principle, we deduce that 1(§) = 0 for & € [a, b],
which contradicts the fact that I(§) > I_(§) > O for & € [a, &3). Thus, I(§) > 0 on R. Simi-
larly, one can obtain S(§) > 0 on R. Assume that R(€) = 0 for some & € R, then R'(§) =0
and R"(£) > 0. We infer from the third equation in (3.28) that I(£) < 0, which contradicts
the positiveness of I(¢§) on R. This implies that R(§) >0 on R.
(2) From (3.28), we get

So(1-05"e™) < S(€) < So,

[~L1& ~ Lo(-£)2 ] <1(8) < ~Lige™s,
0 <R(§) <Lz, &€eR.
Then using the squeeze rule yields that
S(-00) =Sy,  I(-00)=0,  R(-00)=0 and I(§)=O(-£€"*) (3.29)
as & — —oo.
(3) Since S(&) and I(£) are uniformly bounded on R, we have from the first two equations

in (3.27) that

SE) = {5 eEH[S, L RI(n) dn + [ 2 €D H, [S,1,R) () d},

(3.30)
1(§) = L[5, e EDH[S, 1, R)(n) dn + [ e2E D H,[S, 1, R)(n) dn),
where
SmI(n—c*
H (S, RI(n) = () - A0 = C70)
+al(n—c*t)
and
Smi(n—c*
H,[S,1,R](n) = w +(m=)(n).
+al(n—ct)
Using L'Hopital rule in (3.30) gives
S'(£00)=0 and I'(+o0)=0. (3.31)

Integrating the first equation in (3.27) from —oo to & and using (3.29) and (3.31), we have
that

/‘f S(mI(n - c*t)

Trali—c7) dn=c*[S(€) - So| —d1S' () <c*So—d1S'(§), &€R. (3.32)
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Again, integrating the second equation in (3.27) from —oo to & and utilizing (3.29), (3.31),
and (3.32), we get that
, . -c*1)
y/ I dn = dol'(€) - ¢ I(E)+ﬁ/ Sl —c )
o 1+ aI (77 c*T)
-c*1)

<d1/(£)+ﬁ/

<d I () +c*So—d1S'(§), E€R.

1+ oz](n c*T)

Then, by the virtue of (3.31), we further obtain fR I(§) d& < 0o, which together with the
boundedness of I'(§) on R (see (3.31)) implies that

I(c0) = 0. (3.33)

It follows from the first equation in (3.27) that

ey B se SEIE-c'D)
[ S (é)] dle 1+al(€ -c*t)’ (3.34)

Integrating (3.34) from £ to oo, utilizing §'(co0) = 0 and S(£),1(§) > 0 on R, we deduce

B [ <e-n SIln—c'T)
gy P & dn <0, 335
©) dy Je ¢ 1+al(n—ct) < ( )
which means that S(§) is strictly decreasing on R. This together with S(§) > 0 on R gives
that the limit S(oco) exists and S(o00) := &g < Sp. Moreover, an integration of the first equa-

tion in (3.27) over R gives

L (336)

1+al(& )

where we have used (3.29) and (3.31). Another integration of the second equation in (3.27)
over R yields

SE(E —c*7)
y/ £)dé = ﬁf T+ ol )dé, (3.37)

since I(d00) = I'(£00) = 0. Solving the third equation in (3.27) and using R(-o0) = 0 lead

to
ceoy [F y [T Sy
RE) = Cet5E 4 L / Inydn+ 2 / 5 () d,
c* J_ 0o c* Je

where C is a constant of integration. Since R(£) < Lze”'* and o < c*/ds (see the proof of

Lemma 3.4), we obtain

é ook
RE)=1 / Hodn + 2 /s e % 1) dn. (3.38)

Page 16 of 21
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We infer from (3.36)—(3.38) and L’'Hopital’s rule that

m«»=§l/ 18) d& = So — so. (3.39)

*

Differentiating (3.38) with respect to & and using /(§) > 0 on R, we have
o0 o*
RE) -2 [" B an>o (3.40)
3 Je

which means that R(§) is strictly increasing on R. Combining (3.40), I(£00) = 0, and
L'Hoépital’s rule yields

R'(£00) = 0. (3.41)
Note from (3.29), (3.31), (3.32), (3.39), and (3.41) that

S"(£00) =0, I"(£00) =0, and R’(£o0)=0. (3.42)

(4) Since S(&) is strictly decreasing and R(&) is strictly increasing on R, we obtain S(§) <

So and R(£) < S, for & € R. Now we claim that I(§) < 1 (’380 1) on R. For contradiction,

we assume that I(S) L (ﬂs" — 1) for some S eR, whlch results in I’(E) =0 and I”(E) <0.
By the second equation in (3 27) and S(S) < Sy, we deduce that

BSE)(E - c*1)

0 = dyI"(§) - c'I'(€) + > ()

LG 5 1+al(E —c*1) rlé
BSE(E - c*1) .

< ————-vI(é)
1+al(§ —c*1)
PR -1y (ﬂSo )
1+ (70 -1 a\vy

= 0,

leading to a contradiction. Thus I(§) < = (’3 50 _1) onR. The proof is completed. a

4 Proof of Theorem 2.2
This proof is based on the contradictory argument. Suppose that the pair of continuous
positive functions (S(§),1(§), R(§)) (§ € R) is a solution of the wave system of (1.1)

5" (8) — cS'(6) - %ff =0,

doI"(£) - cl'(g) + BSCAE=D) _ ) j(£) = 0, (4.1)

1+0(1 Tral(E—ct)

d3R"(§) - cR'(§) + y1(§) = 0,
satisfying the asymptotic boundary conditions
(S; I, R)(—OO) = (501 0, 0); (S; I, R)(OO) = (8) 0,80 - 8)r (42)

where ¢ € R is the wave speed. The proof of Theorem 2.2 is divided into two cases: the
one is Ry = 1 and ¢ € R; the other one is Rg>1 and ¢ < 0.
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4.1 Case1: Rg=1andceR
From the second equation of (4.1), we get

6= o[ e St en g,

dry(At = A7) 1+al(n-ct)
+/°°emg_,]) S(mI(n - cr) dn]» (4.3)
£ 1+al(n—ct)
where
2d, 2d,

Applying L'Hopital rule in (4.3) yields I’(£00) = 0. Then, integrating the second equation
in (4.1) over R and using Ry = 1, that is, 8Sy = y, we obtain

SEE -
y f 16)ds = B f SCUE —cT) (4.4)

1+al(& —ct)

By [ 1(§)dE = [ I(€ — cT) d& and sup, . S(§) < S and (4.4), we have

SE)(E —cT)
0= V/:ool(é)df ,3/ T&'—C‘C)dg

S(& +cT)I(§)
= J’/;ool(f)dg—ﬁ/:oo Tl(é)d‘g

> p / (So = S( + cO)I(E) e

>0,

which leads to
o0
,3/ (So -S(E + cr))](é)d& =0. (4.5)
-0
By a similar argument as that in (3.35) and the fact sup, g S(§) < So, we get from (4.5) that
(So—S(E +c1))I(€)=0, £€R, (4.6)
which together with I(§) > 0 implies that
SE)=Sy), &eR. (4.7)
A contradiction appears. The proof is completed.

42 Case2:Ro>1andc <0
Due to S(—00) = §g and I(-o0) = 0, we have

BS(E)

—— = BS,.
S—l>r—noo 1+al(& —ct) Ao
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Then there exists a sufficiently small constant £* < 0 such that

BS(E) BSo+y

1+Ol[(§—c7,')> 2 §<&

Thus, from the second equation in (3.27), we obtain

BSE)(E - cT)

ol'§) = dol'() + e S )
> 1" €) + 2 (166 — o) - 1(g)) + S°2" Y1), £<s (48)
By the integrability of I(£) on R, we can define
&
Q)= [ Itdv Eck. (49)

Since I(§) > 0in R, one can see that Q(&) is strictly increasing on R. Integrating (4.8) from
—00 to & (&£ <£&*) and using I(—00) = 0 and I'(—00) = 0 yield that

S So —
el(®) = ' €) + P20 (0 —er) - Q) + P ), <s (4.10)
Integrating (4.10) from —oo to &, for & < £*, we get that
S, 3 Sy — &
Q) = i) + 21T / (Qx—er) — Q) dx + =Y / Qwdx.  (4.11)

Noting that ¢ <0, 7 > 0, and Q(§) is strictly increasing in R, we obtain from (4.11) that
0> cQ(§)

3 _ 3
= i) + PO f (Que—ev) ~ Q) d + 7Y / Q) dx

>0, <& (4.12)
A contradiction occurs. The proof is finished.

5 Conclusion

In this paper we have solved the open problems raised in the introduction, which are dif-
ferent from those in [26]. In the proof of the existence of critical traveling waves, we con-
structed a new pair of upper and lower solutions, which was an innovation of the paper.
Then we mainly used the contradictory arguments and subtle analysis to establish the
non-existence of traveling wave solutions for the cases: (i) Ro =1 and c € R; (ii) Ro > 1
and ¢ < 0. In order to address the change of the number for R-component in (1.1), we
study the three equations together, which is helpful to describe the whole transmission
behavior of the epidemic model. In Theorem 2.1, we obtained a lot of nice properties of
the traveling wave solutions for (1.1). Our method adopted here can be used to improve
the corresponding results for super-critical traveling wave solutions in [26] and also be
helpful to the study of critical traveling wave solutions.
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