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1 Introduction

Neural networks (NNs) have been widely investigated recently because of their potential
applications in many areas such as associative memory, pattern recognition, parallel com-
puting, and image processing; see [1-7] and references therein. In these real applications,
stability property of equilibrium points of the networks is an important factor in the de-
sign of NNs. However, due to the inherent communication between neurons and the finite
switching speed of amplifiers, time delays are always unavoidably encountered in neural
networks, and their existence may cause poor performance and even instability. There-
fore, stability analysis of time-delay neural networks has received considerable attention,
and many interesting results have been obtained in the literature [8—17].

In recent years, the discontinuous control approaches, such as intermittent and impul-
sive control, have aroused a great deal of interest in many applications because these con-
trol methods can reduce the amount of the transmitted information and thus are more
economic [18-22]. An intermittent control scheme comprises working and rest times in
turn, and only in each working time, the controller is activated. Compared with impulsive
control which is activated only at certain instants, intermittent control has the advan-
tage of easy implementation in process control and engineering applications because of
its nonzero control width. Owing to these merits, the intermittent control method has
been widely applied to the fields of chaotic systems and networks; see, e.g., [18, 23-33]
and references therein.

Nevertheless, most researches focus on the periodic case, i.e., the control width and pe-
riod are fixed. For example, the authors of [25, 26] considered the exponential stabilization
problem for chaotic systems without or with constant delays by periodically intermittent
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control. In [27, 28], the authors treated neural networks with time-varying delays, but
these studies were based on the fact that time-varying delays are differentiable. Moreover,
the stability criteria were presented in terms of transcendental equations or nonlinear ma-
trix inequalities, which are computationally difficult. In [18], a class of time-delay neural
networks was also studied via periodically intermittent control under the restriction of
differentiability of time-varying delays. Some delay-dependent sufficient conditions for
exponential stability were obtained in the form of linear matrix inequalities, which were
easily checked by Matlab LMI toolbox. However, subject to the change of the real envi-
ronment, some systems such as the generation of wind power and information exchange
for routers on the internet are typically aperiodically intermittent [29, 30]. Periodically
intermittent control may be unreasonable and inadequate in practice. Therefore, it is of
significance to investigate the cases where the control width and period are not fixed.

Very recently, in [31], an aperiodically intermittent pinning control was introduced to
guarantee the synchronization of hybrid-coupled delayed dynamical networks. Hu et al.
[32] addressed stabilization and synchronization of chaotic systems without delays under
adaptive intermittent control strategy with generalized control width and period. In [33],
by designing an intermittent control scheme with non-fixed control width and period,
Song et al. further considered the stabilization and synchronization of chaotic systems
with mixed time varying delays. Note that all those results in the literature are based on
the fact that parameters are known. Actually, the exact values of parameters are difficult
to obtain in neural networks because of the external disturbances or the modeling inac-
curacies. Discarding parametric uncertainties may lead to wrong conclusions in studying
dynamical behaviors of systems. On the other hand, receiving a signal and transmitting
it from the controller to the controlled system need some time. So, it is more reasonable
that the control input is relevant to the previous state variables. Moreover, sometimes in-
troducing time delays in control schemes can acquire better control performance, such
as the delayed state-feedback control [34]. It could adjust the value of time delay in the
controller without adding control gain, which begins to attract considerable attention for
the good of control performance in recent years [35, 36]. To the best of our knowledge,
although there are many results on intermittent control for stability of neural networks,
few results are concerned with the stability analysis of uncertain neural networks by using
delayed intermittent control. This motivates our present study.

Based on the above discussions, in this paper, we investigate the globally asymptoti-
cal stability of neural networks with both time-varying delays and uncertainties. A de-
layed intermittent controller with non-fixed control width and period is designed, which
is new in the sense that by selecting an appropriate matrix B, it could be activated in all
states or in some states, and non-fixed control width and period make the control scheme
more flexible. By constructing a proper Lyapunov—Krasovskii functional, some new delay-
dependent sufficient criteria for globally asymptotical stability of the addressed system
are derived in terms of LMIs. The proposed stability criteria establish the relationship
between the transmission delay in system and time delay in the controller, which could
be easily verified by Matlab LMI toolbox. Moreover, the value of time delay in the con-
troller can be adjusted without adding control gain and free-weighting matrices with full
cross-terms are employed in this paper, which provide more feasible results than those
studied in the previous work [32, 33]. Finally, a numerical example is studied to show the
effectiveness of the proposed approach.
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The rest of this paper is organized as follows. Section 2 introduces some preliminaries
assumptions, basic definitions, and necessary lemmas. In Sect. 3, the globally asymptotical
stability results with corresponding proofs are presented. The effectiveness of the devel-
oped methods is shown by a numerical example in Sect. 4.

Notations By R” we denote the n-dimensional real space equipped with the Euclidean
norm || - ||; R"*™ refers to the n x m-dimensional real space. Let Z* represent the set of pos-
itive integers, and N denote the set of nonnegative integers; A < 0 or A > 0 means that the
matrix A is a symmetric and negative definite or positive definite matrix. If A, B are sym-
metric matrices, A > B means that A — B is a positive definite matrix. ByA’1 and AT we de-
note the inverse and the transpose of A, respectively. Let & vV 8 denote the maximum value
of v and B.Forany] C Rand S C RF(1 <k < n),setC(J,S) = {¢:] — Sis continuous} and
C(J,S) = {¢ : ] — S is continuously differentiable}. For each ¢ € C*([-p, 0], R"), the norm
isdefined by [l¢|l, = supyc[_, o {|@(s)], [@(s)]}. With * we always denote the symmetric block
in a symmetric matrix, and A ={1,2,...,n}.

2 Preliminaries

Consider the time-delay neural networks with uncertainties

x(t) = =C()x(t) + Wi(e)f (x(2)) + Wa(e)f (x(t = () +], >0,
x(t) = ¢(t)’ Vte [_;0’ O]y

oY)

where x(t) = (x1(£),%2(£),...,x,(¢)) € R" is the neural state vector, f(x(¢)) = (fi(x1(£)),
fo(xa()), ... fulxa(£))T € R” is the neuron activation function, C(t) = C + AC(t), Wi (t) =
W1+ AW4(2), Wa(2) = Wa + AW,(2), in which C is a positive diagonal matrix, W1, W5 €
R™*" are the connection weight matrices of the neurons, and AC(£), AW (¢), AW, (t) are
time-varying parametric uncertainties, ¢ € C!([-p,0],R”) is the initial state, J is the ex-
ternal input, t(¢) is a time-varying delay which satisfies 0 < t(¢) < t, where 7 is a constant.

The following assumptions are made throughout this paper:

(H1) The activation function f € C(R”,R”), fi(0) = 0, j € A, is such that there exist con-

stants lj‘ and l]f such that

Sfilen) —fi(a)

o] — 0

L=

IA

l;, VOll,Olz ER,OQ 7’0[2.

For convenience, we denote

L4l L+l L+l
Ly =diag(i5 1}, 15, .. 12, L2=diag< 1; 1, 2; 2., ; )

(H2) The time-varying parametric uncertainties AC(t), AW1(2), AW, (¢), AB(t) are of
the form

(AC(t), AW (t), AW,L(), AB(t)) = HA(t)(E1, E2, Es, Eu),

where A(¢) is an unknown matrix satisfying A (£)A(¢) < I, and H, E;, E,, E3, E, are
known constant matrices of appropriate dimensions.
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Suppose that x* = (x3,%5,...,x%)7 is an equilibrium point of system (1). By the transfor-
mation y = x — x*, the equilibrium point x* can be shifted to the origin. Then system (1)

turns into

¥(@) = -C)y(@) + Wi)F(y(2)) + Wa()F(y(t - T(1))), t>0,
y(t) = (ﬂ(t)» Vt € [_10’ O]:

2)

where ¢(t) = ¢(t) —x*, ¢ € C'([-p,0],R") and F(y) = f(y + x*) — f(x*).

To achieve the stability of system (2), firstly, a delayed intermittent control with non-
fixed control width and period is designed. The controlled system of (2) can be described
as follows:

3(t) = =C(0)y(t) + Wi (OF (y(2)) + Wa(OF (y(t — T(1))) + B(t)u(t), >0,
¥(t) = ¢(t), Vte[-p,0],

®3)

where B(t) = B+ AB(t), B € R" represents a known real matrix, AB(¢) is a time-varying
parametric uncertainty, u(t) € R™ is a control input with the form:

(o) = K@yt-y)), tx<t<ty+d, @

O) tk+dk §t<tk+lr

with y is a positive constant delay, K € R”*” is the controller gain to be designed, dj is the
so-called control width, and #,; — # is the control period. The control instant is defined
byO=t;<ty< <t <, liMg o0ty = +00, k € Z*.

Then, one may transform system (3) and (4) into the following closed-loop system:

(&) = -C@)y(t) + W1(0)F(y(2)) + Wa()F(y(t — =(2)))
+DO)y(t—y), b <t<tx+dp
3(£) = =C(0)y(t) + Wi(£)F(y(2)) + Wat)F(y(t — T(2))), (5)
te + di <t <tp,

y(t) = (ﬂ(t), Vt e [—/0> 0]’

where D(t) = B(t)K and p =y V 7.

Definition 1 ([37]) System (5) is said to be globally asymptotically stable if it is stable in
the sense of Lyapunov and lim;_, », y(£) = 0 for any initial condition ¢ € C*([-p, 0], R").

Definition 2 ([18]) System (5) is said to be globally exponentially stable if there ex-
ist two positive constants & > 0 and A > 0 such that the solution y(t) of (5) satisfies
ly®l < Allgll e, forall £ = 0, ¢ € C'([-p, 0], R").

Lemma 1 ([36]) Suppose that matrix M = MT > 0 is a real matrix of appropriate dimen-
sions and w(-) : [a,b] — R” is a vector function such that the integrations concerned are
well defined, then

b T b b
|:/ w(s) ds:| M[/ (s) ds] < (b—a)/ o’ ()Mw(s) ds.
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Lemma 2 ([38]) Formatrices], E,and V ofappropriate dimensions and assuming V' =V,
V+JLE+E'LTJ" <0

holds for all matrices L satisfying LTL < I if and only if there exists a constant & > 0 such
that

V+ 8jjT +e'ETE<0.

3 Main results

This section is devoted to study the globally asymptotical stability of the neural networks
(5) by constructing suitable Lyapunov—Krasovskii functional. First, the following stability
results can be derived in terms of LMIs.

Theorem 1 Under conditions (H,) and (H,), the neural network (5) is globally asymptot-
ically stable if for given constants o > 0, § > —«, ¢ > 0, there exist n x n matrices P > 0,
Q> 0, n x n diagonal matrices X >0,Y >0, n X n matrix R and 2n x 2n matrix

T, = [TH T“] 50 ©)

* Ty
such that following inequalities hold:

[Myy My, Mz M Mis 0

* My 0 My My Moy
M 0 0 M
M, = * * 33 36| 0, @)
* * * My O 0
* * * * -X 0
| * * * * * -Y |
[Nii My, Mz M Mis 0
* M22 0 0 M25 M25
* M 0 0o M
N = * 33 36 | 0, (8)
* * x My 0 0
* * * * -X 0
| * * * * * -Y |
and the control width and period satisfy
k-1
sup {te — te—diy <, lim | Bte—(@+ )Y di) =00, kel )
keZ* k— o0 i=1

where M1y = aP -y Q—L1X, Miy = P—RC(t), M1z = Tia, Mia = y ' Q, Mi5 = Ly X, My, =
1" Toy + €7 Q=R — RT, My = RD(2), Mas = RW1(¢), Mg = RW>(t), M3z = tT1y — Thp —
Tsz —L1Y, Msg=LyY, Mgy = -y~ 'Q, N1y =—BP -y 1Q~- L X.

Proof We construct a Lyapunov—Krasovskii functional of the form

V(t) = Vi(e) + Va(e) + V3(2) + Vald),

Page 5 of 19
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where

0 t
Vi) =y OPYD),  Valt) = / f T () Toi(s) ds
—t Jt+&

/ / 60 )’(S—T(é)) Tn T ||yE-1(&) dsdt
E-t(§ * T y(s) ’
Va(t) = / f ge““-””yT(s)desdg.

Calculating the derivative of V(£) along the trajectory of neural network (5) at the interval
t € [tx, trsr), it follows that

Vi(8) = 25(O)Py" (8) = —a Vi (£) + ay” ()Py(e) + 25(£)Py” (1), (10)
Va(t) = e 57 (8) Tanj(t) — / 5T () Tonj(s) ds — a Vi (2)

<—aVa(t) + e I (O Toay() — | 57 (s) Toay(s) ds, (11)

t—-t

T
Lo =T @O) | | Tu T ||yE-T@)| ,
VB“)‘/H(,)[ 3(s) } [* sz[ i) }ds e

< —aVs(t) + / JT(8) Toaj(s) ds + 2y™ (t — T(£)) T1op(2)
+yT(t— ‘L’(t)) (‘L'Tu - T - T ) (t T(t)) (12)

Vilt) = ye 5T (0 Q1) - / N5 (5)Q5(5) ds — a Va(t)
t-y
< —aVi®) + e (DQH(H) - f 57 ($)Qy(s) ds.
t—y

By Lemma 1, we have

Lo _3<t.T )T ‘L
/wy (5)Qy(s)ds < , ftyy (s)ds Q/tyy(S)ds

—=2 00 -5t~ 1) QWO -5t~ )
= —lyT(t)Qy(t) + EyT(t)Qy(t -y)
14 14
- lyT(t -Y)Qyt-y).
14
Then

’ ay T . 1 T
Vi(t) < —aVa(t) + ye’ 37 (1) Qit) - ;y (H)Qy(t)

+ %yT(wa(t - %yT(r D -7). (13)

Page 6 of 19
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Consider n x n diagonal matrices X > 0, Y > 0. From assumption (H;), we get

o 1 ex X[ 0 ] _
Fo®) | | + X [[Fo@)|~ "~

and

ye-v@) ][y Y[ se-w0) ] _,
F(y(t-(1))) * Y ||FOo-t@)) |~
It then follows from inequalities (10)—(15) that

V(t) < —aV(t) +yT(t) (aP - %Q - L1X>y(t) +y" (@) (P +P")j(t)

+ 1) (1€ Top + ye” Q)j(t) + " (t = 7(8)) (v T11 — Tha

-T5 —LIY)y(t - ‘L’(t)) +yT(t)(T12 + Tsz)y(t -1(2))

+ 2HT O = Y) = 5" (E= V)0 ) + 2y OXF 1)
= FT(y(@®)XF(y(0)) + 2Loy" (t = (1)) YF (y(t - 7(2)))

~FT(y(t = () YF(y(t - (1))

In addition, when #; <t <t + di, we introduce the auxiliary equality as follows:

0=25" (OOR(~5(2) + (1))
= -25" (£)Rj(t) — 29 (ORC(£)y(2) + 25" (RWA()F (y(2))

+ 25T (ORWA(OF (y(t — T(2))) + 25" (ORD(E)y(t - y).

Then, from (16) and (17), we obtain

V(e) < —aV(®) +y" (t) (aP - %Q - L1X>y(t) +2y"(1)(P - RC(1))j(?)
+ j/T(t)(re‘” Ty +ye*"Q-R- RT)j/(t) + yT(t - t(t)) (r T11 - T

~Th-LiY)y(t-t(0) + 29" (O Tooy(t - T(2)) + gyT(t)Qy(t -y)

- %yT(t —Y)Qy(t - ) + 2Ly  (OXF (y(2)) + 25" () RWA ()F (x(2))

~FT(y@®)XF(y(®)) + 2Loy" (t — () YF (y(t - 7(2)))
+ 20(ORW()F (y(¢ — (9))) + 25" ()RD()y(t - v)
~F(y(t = () YF(y(t - (®)))

=" (OMin(t) - aV (),

(14)

(15)

(16)

(17)

Page 7 of 19
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where 1(t) = (Y7 (£), 77 @), yT (t — (1)), y* (t — ¥), FL(y(¢)), FT (y(¢t — 7(¢))))T, which together
with (7) yields

V() <-aV(t), telt,t+dy). (18)

Let G1(¢) = e**V(¢). By (18), one can see that G;(¢) is a monotone decreasing function on
t € [tx, tx + di). Then

G (t) < G1(t), G (t +di) < G1(t),
which implies that

V() <e T WV(), te b+ di), (19)

V(e + dy) < eV (8). (20)
When £ + di <t < txy1, from the second equation of system (5), it follows that

0=27" (OR(-5(2) + (1))
= =2(6)Rj(£) - 25(ORC()y(2) + 25" (VRW (D) F (3(£))

+ 2)(E)RWL()F (y(¢ - T(2))). (21)
Since a + B > 0, from (8), (16) and (21), we obtain

V(t) < —aV(©) + n ()Nin(t) + (@ + B)y" (OPy(?)

<-aV(®) +n (N () + (@ + HV(E) < BV (©). (22)

Let G,(t) = e PV (t). Then G,(t) is a monotone decreasing function on t € [t + dy, trs1)
and we have

Ga(t) < Ga(ty +di), Ga(tk+1) < Ga(tk + di),
which implies that

V(t) < V(tx + d)eP %9, t e [ty + di trsr), (23)

Vter) < Vit + di)eP =k, (24)
Thus, combing (20) and (24), one may deduce that

V(te) < V(0)e™ YK di Bl YK d) _ V(O)eﬂtm—(wﬂ)Zf:ldi, (25)

V(ty +dy) < V(0)e™ YK dirBl-Y K dy) < V(O)eﬁtk—(a+ﬁ)2f-‘£11 di (26)
When #; <t < & + dy, it follows from (19) and (25) that

V() < eV () < V(0)PU e T (27)
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When & + di <t < tg,1, it follows from (9), (23) and (26) that

V() < LTV (1 + dy) < ePlev(0)eft-@rP) shld; a8)
Therefore, we obtain from (27) and (28) that

V() < e‘mcv(o)eﬁtk—(ouﬁ)Zf.:ll di’

keZ*,t>0.

Combing condition (9), we have lim;_, o V() = 0, which implies that lim;_, y(¢) = 0.
Hence, system (5) is globally asymptotically stable. The proof is completed. O

Especially, in the case of system (5) without parametric uncertainties, i.e., when AC(¢) =
AW (t) = AW, (t) = AB(t) = 0, system (5) reduces to

¥(t) = =Cy(t) + WiF(y(2)) + WaF (y(¢ - 7(2))) + Dy(t - y),

t <t<tg+d,

¥(8) = =Cy(t) + WiF(y(8)) + WoF (y(¢ - (2))), (29)
b+ di <t <t
y(t) = QO(t), Vt € [_pxo]r

where the matrix D = BK. Then the following corollary is easily derived.

Corollary 1 Suppose that (H1) holds. Then the neural network (29) is globally asymptot-
ically stable if for given constants o > 0, 8 > —«, ¢ > 0, there exist n x n matrices P > 0,
Q >0, n x n diagonal matrices X >0, Y >0, n X n matrix R and 2n X 2n matrix

hw T
T, = |: 11 12:| 50
* T22
such that following inequalities hold:

My My My My My 0

* My 0 My My My
* x M 0 0o M
M, = 33 36 | 0,
* * * My 0 0
* * * * -X 0
L * * * * * -Y |
[Nu My, Mz My Myis 0
* M22 0 0 Mzg 1~VI26
M 0 0o M
N, = * * 33 36 <0,
* * * My O 0
* * * * -X 0
| * * * * * -Y |

and the control width and period satisfy (9), where My =P — RC, My = RD, Mys = RW,
Mog = RWy, and other parameters are the same as in Theorem 1.

Page 9 of 19
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It is worth noticing that Theorem 1 can be applied only if the uncertainty A(¢) and the
matrix D(£) are exactly known. When just an estimate of A(z) is known or K is a control
gain to be designed, it is difficult to use the above derived results. Next, we will give a
result for such general case, in which the control gain K is determined by making some
transformations.

Theorem 2 Under conditions (Hy) and (Hs), the neural network (5) is globally asymptot-
ically stable if for given constants p;, i=1,2,...,7, ¢ >0, B > —«, ¢ > 0, there exist n X n
diagonal matrix S > 0 and m x n matrix Z such that the following inequalities hold:

T, = [MSS M6Si| >0, (30)
*  w7S
(o1 ¢ b3 b dis 0 0 0
* ¢ 0 ¢ P g —SET 0
* ok ¢33 O 0 36 0 0
M, - * % % Py 0 0 0 ZTETZ <0, 1)
* * * *  —u1S 0 0 SE,
* * * * * —2S 0 SET
* * * * * * —&1l 0
| * * * * * * * -9l
(G111 b2 P13 da dis 0 0 0 |
* ¢pn 0 0 ¢ d -SEI 0
* % ¢33 0 0 $36 0 0
Ny - * * *  QPug 0 0 0 OT <0, (32)
* * * * —uS 0 0 SE,
* * * * * —2S 0 SEST
* * * * * * —e1l 0
| * * * * * * * —831_

and the control width and period satisfy (9), where ¢11 = «S—y "L oS — 1 SLy +(e113)HHT,
¢12 = S — usCS, ¢13 = WS, Pra = ¥ 1aS, ¢15 = w1SLy, P22 = U7TETS + paye™’S -
2138 + (eau3)HHT, ¢oa = u3BZ, ¢os = usWiS, dag = usWaS, ¢az = ustS — 2u6S — 2SLy,
$36 = w2SLo, Pas = =y 1 uaS, b11 = —BS — Y 1aS — i SLy + (e1u3)HHT, $op = pu77e®™S +
paye®” S —2u3S + (e3u3)HHT .

Moreover, the gain matrix K is given by K = ZS™L.

Proof When t; <t <ty + dy, the condition M; < 0 in Theorem 1 can be rewritten as

0 —RAC() 0 0 0 0
* 0 0 RAD(t) RAWA(E) RAW,(2)
My = M, + * * 0 0 0 0
* * * 0 0 0
* * * * 0 0
| * * * * * 0 |

=My + IFAQT + TIAT (O + T A + TVPAT(0) 1, < 0, (33)



Tian et al. Advances in Difference Equations

(2019) 2019:464

where I = (HTRT 00000)7, Y = (0HTRT0000)", 11 = (0-E;0000), 13 =
(000 E.K E, E3), and M, is defined as in Corollary 1.
When tx + di <t < tx,1, the condition N < 0 in Theorem 1 can be written as

0 —RAC() 0 0 0 0
* 0 0 0 RAWi(t) RAW:(t)
N =N+ * * 0 0 0 0
* * * 0 0 0
* * * % 0 0
| * * * ok * 0 |
=Ny + TAWT + YTAT@) N + TFA@) T + T AT ()1 < 0, (34)

where 73 =(000 0 E, E3) and N is defined as in Corollary 1. By Lemma 2, (33) and (34)
are equivalent to following inequalities:

My+er T+ 7'V + ea ) Dy + 65 V15 <0, (35)

Ny + 81F1TF1 + EIITITTl + EBFZTFZ + s;lTSTTg <0. (36)

Then applying Schur complement lemma, we have from the above inequalities that

— A

M v ot
* -l 0 |<0, (37)
* *  —&l

‘N 1T 1T
* —&l 0 |<0, (38)
*

where M = My + &' Ty + o1 Ty and N = Ny + &, T Ty + &3y Ty, Let X = P, Y =
woP, R = u3P, Q = uaP, Tiy = psP, Tia = P, Tog = 7P in My and N, and let S = P71,
Z = SK, where P is a diagonal matrix. By pre-multiplying and post-multiplying inequality
(6) with diag {P~!, P!}, inequalities (37) and (38) with diag {P~%, P~L, P71, P71, P~ P71, [ 1},
we obtain that inequalities (6), (37) and (38) are equivalent to inequalities (30), (31) and
(32), which completes the proof. d

Remark 1 Up to now, many interesting results on intermittent control have been reported
in the literature [18, 25—28]. Note that most of them are based on the facts that the control
scheme is periodic or only associated with the state of current time. However, in many ap-
plications, the fixed control width and period may be inadequate [29, 30], and there always
exist delays in the process of inputting control. Therefore, the existing control schemes in
[18, 25-28] seem to be unreasonable. In is paper, we focus on the delayed intermittent
control with non-fixed control width and period for the stability of uncertain neural net-
works with delays. Because the value of time delay in a controller could be changed without
adding control gain and the control width and period are non-fixed, the delayed intermit-
tent control has better performance, which is more flexible and practical in engineering
control and industrial process.
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Remark 2 The control term in system (3) is given in the form of Bu. Then the controller
can be input to some states, not all states by selecting proper matrix B, which has some sig-
nificant importance in engineering control problems. The numerical examples are shown
in Sect. 4.

In particular, if there exists no time delay in the controller, i.e., y = 0, it is easy to prove
the following corollary.

Corollary 2 Under conditions (H,) and (H,), neural network (5) with y = 0 is globally
asymptotically stable if for given constants j;,i=1,2,3,5,6,7, « >0, 8 > —a, ¢ > 0, there
exist n X n diagonal matrix S > 0 and m x n matrix Z such that (30) and the following
inequalities hold:

Tl T2 T3 T4 0 0 0
¥ myp 0 mm  mys  -SEF+ZTEI 0
* % 733 0 T35 0 0
My=| %« % % —uS 0 0 SET | <0, (39)
* * * * —2S 0 SET
* * * * * —&41 0
* * * * * * —e5l
11 T2 T3 T4 0 0 0
¥ Ty 0 o TTo5 —SEIT 0
* % 733 0 T35 0 0
No=| % % % —uS 0 0 SET | <0, (40)
* * * * —waS 0 SET
* * * * * —&el 0
* * * * * * —&5l

and the control width and period satisfy (9), where 711 = oS — 11SLy + 84M§HHT, Ty =
S—nu3CS +u3BZ, 13 = j16S, T1a = 11 SLy, T2 = U7 T€**S = 23S + espu3HH , w00 = s Wi S,
o5 = n3WaS, w33 = usTS — 246S — 42SL1, T35 = waSLy, 711 = —BS — w1 SLy + eeu3HHT,
F12 =S — usCS.

Moreover, the gain matrix K is taken as K = ZS™.

Proof Consider a Lyapunov—Krasovskii functional V' = V; + V; + V3, where Vi, V; and V3
are the same as in Theorem 1. When & < t < # + dy, if

Ms =M+ Iy ATy + VAT I+ TFA@ Y + YL AT (61 < 0, (41)
it can be derived that V() < n” (¢))Msn(t) —a V() < —a V(t), where

o1 ¢12 ¢13 ¢puu O
¥ 0 @u @5
* @33 0 @35 |
* ¥ -X 0
* * ¥ =Y

M =

* ¥ X %
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@11 =P — L1X, ¢10 = P = RC + RD, 013 = T12, 014 = L2 X, @32 = 1€*" Ty — R — RT, P24 =
RW1, @25 = RW,, @33 = 1T — Tio = Ty = LY, @35 = LY, I = (HTRT 0000)7, ] =
(0HTRT000)",Y4=(0-E; +E4K000), Y5=(000E, E3).

When tx + di <t < tg,q,if

Ns =Ng + ITA@®) Y + YTAT (O3 + TFA@) T + YSAT (0 <0, (42)

we have V(£) < nT(t)Nsn(t) + BV (¢) < BV(t), where

P11 P2 ¢13 ¢ua O
¥ 0 @u @
* @33 0 @35 |
* ¥ =X 0
* * ¥ =Y

*
N6= k
*
*

$11=-BP—-L1X,P12=P-RC,15=(0-E 000).

Then by following the steps of Theorem 1, under conditions (6), (41), and (42), system
(5) with y = 0 is globally asymptotically stable. Next, we will make some transformations
in order to get equivalent stability conditions which can be solved by LMI toolbox. By

Lemma 2 and Schur complement lemma, (41) and (42) are equivalent to the following

inequalities:
M 1T
x —ed 0 |<O, (43)
| * * —&5l
‘N ] 1!
x —gl 0 |<o0, (44)
| * * —esl

where M = Mg + e4 Tyl I3 + 5L Ty, N = Ng + e6 I\l I3 + e5I,L T. Similarly, repeating the
arguments as in Theorem 2, one can obtain that (6), (43), and (44) are equivalent to (30),
(39), and (40). The proof is completed. a

It should be noted that the proposed approach in this paper is also available to study the
stability of system (5) when the control scheme is periodic.

In this case, the intermittent controller u(¢) can be written as

Ky(t—y), kT <t<kT +3,
0, kT +8<t<(k+1)T,
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where § denotes the control width and T > 0 is the control period. System (5) turns into
the following form:

¥(t) = =C()y (@) + Wi()F(y(2)) + Wa()F(y(t - (1))
+D()y(t—y), kT <t<kT+3,
¥(t) = =C@)y(t) + Wi(OF (y(2)) + Wa(O)F(y(¢ - 7(2)), (46)
kT +8 <t<(k+1)T,
y(@) = ¢(1), Vte[-p,0],

where k € A. Then we can get the result as follows.

Corollary 3 Under conditions (H,) and (H>), the neural network (46) is globally exponen-
tially stable if for given constants j;, i = 1,2,...,7, ¢ >0, B > —a, ¢ > 0, there exist n X n
diagonal matrix S > 0 and m x n matrix Z such that inequalities (30)—(32) hold and the
control period and control width satisfy

(@+B)5— BT >0. (47)
Proof When kT <t < kT + 8, based on (27) and (47), we get
V(t) < V(0)ePKT-@Bk-15 _ /() getB3+BT-(asHipk
<G V(o)ewT—(mms)% (48)
where C; = e When kT + 8 < t < (k + 1)T, using (28) and (47), we can obtain
V(1) < PV (0)ePhT-@+AIh-18 _ \/(q)elfleriaspas(BT-(a+p)o)k
< Gy V(0)e BT+ T (49)
where C, = elfle-FT+2+B)8 Therefore, it follows from (48) and (49) that
V() < GV(0)e ),
a+B)o-pT
2T

where ¢ = ¢ > 0. Letting

1 1
C3 = )\max(P) + §T2ear)\max(T22) + iyzeay)"max(Q):

one get

V() = Vi(e) = 2nin®) 3@ |,

V(0) < G319l
Thus, [|y(8)]| < Callpll ,e7¢*, where Cy = €°°/CyC5/Amin(P). The proof is completed. O

Remark 3 In [18, 27, 28], the exponential stability of time-delay neural networks has been
extensively studied by the periodically intermittent control method. However, these stud-
ies were based on the fact that time-varying delays are differentiable. Corollary 3 removes
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the restriction of differentiability of the transmission delays and gets the globally expo-
nential stability of uncertain neural networks (46), which improves the results in [18, 27,
28]. Moreover, the fact that the value of time delay in the controller is adjustable makes

our results more practical in real applications.

4 Numerical illustrations
In this section, a numerical simulation is provided to show the effectiveness of the pro-
posed approach.

Consider a 2D neural network (5) with parameters as follows:

12 0 0 0 -04 -01 0.2
C= ’ B= ) Wi = ’ W, = ,
0 01 1 1.3 -03 -0.01 0.9

tanh(0.3s) — 0.2 si
F(s) = | @039 =02sins | 11001 sin(50).
tanh(0.2s) + 0.3 sins

It is obtained that /] = -0.2, [{ =0.5,[; =-0.3,[; = 0.5, i.e,,

-0.1 0 015 0
L= , L, = .
0 -0.15 0 01

The delayed intermittent controller u is designed as

Ky(t-y), tr<t<tp+d

u(t) = (50)
0, b+ di <t <tra,
where
tog_1 = 15(/( - 1), keN, d2k—l =03, keN,
tok = 1.5k — 08, ke N, dzk = 05, ke N,
and y =0.01.

In particular, we consider the case that ¢;(£) = =0.5sin¢, ¢5(£) =0.5cost, ¢ = 0.1, 8 =0.1,
c=04,7t=0.11, u1 = 1.01, uy =0.38, u3 =0.08, g = 0.5, s = 1.4, ug = 0.26, u; = 0.93.
By MATLAB LMI toolbox, it follows from Theorem 2 that

S= [0'0230 0 ] Z=[-00017 -0.2645].
0 0.0229
Then the gain matrix of the control law is taken as K = [-0.0667 —11.5328].

The numerical simulation of neural network (5) with controller # = 0 in [0, +00) is pre-
sented in Fig. 1, which shows that the system is unstable. Under the designed intermittent
controller (50) (see Fig. 3), neural network (5) becomes a closed-loop system. In this case,
Fig. 2 illustrates that the neural network (5) is globally asymptotical stable. Noting that
B =1[0,1]7, the controller is only imposed on the second variable. Actually, the stability of
system (5) is achieved through the interaction of x; and x;.
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2.5 T T T T

X, —

X, w—

Figure 1 State trajectories for neural networks (5) without control input

Xy e

Figure 2 State trajectories for neural networks (5) with delayed intermittent controller (50)

Remark 4 The established stability conditions in this paper depend both on the upper
bound of transmission delays of the system and time delay in the controller. The relation-
ship between the two delays is shown in Tables 1 and 2, which can be conveniently checked
by the MATLAB LMI toolbox.

5 Conclusion
This paper was dedicated to the stability problem of neural networks with both time-
varying delays and uncertainties. A novel delayed intermittent controller with non-fixed



Tian et al. Advances in Difference Equations (2019) 2019:464 Page 17 of 19

u(t)

1.2 .

147 1

1.6 .

_18 1 1 1 1 1 1
-2 0 2 4 6 8 10 12

Figure 3 Delayed intermittent controller (50)

Table 1 The allowed upper bound t for different y

1% 0.01 0.02 0.03 0.04 0.05
T 0.1263 0.0958 0.0649 0.0336 0.0020

Table 2 The allowed upper bound y for different t

T 0.01 003 0.07 0.1 0.14
Yy 0.0474 0.0411 0.0283 0.0153 0.0054

control width and period has been designed in the sense that it could be activated in all
states or in some states and the value of time delay in controller could be adjusted without
adding control gain. Moreover, the control width and period are non-fixed, which makes
the control scheme is more flexible in real applications. Some delay-dependent stability
criteria have been presented by using free-weighting matrix techniques and Lyapunov—
Krasovskii functional method. It is shown that such criteria can provide better feasibil-
ity results than some existing ones. Actually, from the viewpoint of switched systems,
the intermittently controlled system can be seen as a switched system composed of an
unstable-uncontrolled subsystem and a stable-controlled subsystem. Switching phenom-
ena are likely to cause impulsive effects to systems. Hence, how to develop our results to

impulsive systems is an interesting problem for the future.
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