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Abstract

In this paper, we study the existence and multiplicity of solutions of the quasilinear
problems with minimum and maximum

(PU'®)) =(Fu)e), aete(OT),
min{u@® [tel0,7T1}=A,  max{u®|tel0,T1} =8,

where ¢ : (-a,a) > R (0 < a < 00) is an odd increasing homeomorphism,

F:C'[0,T] — L'[0,T]is an unbounded operator, T > 1 is a constant and A, B € R satisfy
B> A.By using the Leray-Schauder degree theory and the Brosuk theorem, we prove
that the above problem has at least two different solutions.
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1 Introduction

In this paper we study the following quasilinear problem

(#(« (1)) = (Fu)®), ae.te(0,T), (1.1)
subjected to nonlinear boundary conditions

min{u(t) |t €0, T]} =A, max{u(t) |t €0, T]} =B, (1.2)

where ¢ : (-a,a) — R is an increasing homeomorphism, ¢(0) = 0, a is a positive constant,
F:CY0,T] — L'[0, T] is an unbounded operator, T > 1 is a constant and 4, B € R satisfy
B> A. A typical example should be

s
o(s) = N se(-1,1).

The differential operator we are considering, known as the mean curvature operator in

Minkowski space, which is originated in the study in differential geometry or special rela-
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tivity, has the property that the mean extrinsic curvature (trace of its second fundamental
form) is, respectively, zero or constant; see [1, 10, 23] and [24].

A solution of the problem (1.1) and (1.2) is a function u € C'[0,T] such that
maxeo,7] |14 (£)| < a, p(u') € AC|0, T, u satisfies (1.2) and (1.1) is satisfied for a.e. £ € [0, T.

It is well known that the singular ¢-Laplacian problem (1.1) with Dirichlet boundary
conditions have been introduced in [7, 10, 16], and a detailed study of homogeneous
Dirichlet and Neumann problems has been given in [7]. The various boundary value prob-
lems above are reduced to the search of a fixed point for some operator defined on the
space C1[0, T]. Those operators are completely continuous, and a novel feature linked to
the nature of the function ¢ lies in the fact that those operators map C'[0, T] into the
cylinder of functions u € C[0, T] such that maxo 1) |#/| < a. This property plays a very
important role in the search of the prior bound for the possible fixed point by using the
Leray—Schauder approach.

Notice also that, according to [12], existence and multiplicity of positive solutions of the
homogeneous Dirichlet problems for singular ¢-Laplacian have been obtained by reduc-
tion to an equivalent nonsingular problem to which variational or topological methods
apply in a classical fashion.

However, a very interesting result was showed in [8]: that the Dirichlet problem

(p(d®)) = Fw)®),  w0)=A,  wT)=B, (1.3)

is still solvable for any right-hand member F, like in the homogeneous case considered in
[7], but under the restriction

|IB-A|<aT. (1.4)

For other nonhomogeneous cases, see [2—4] and [9].
When ¢ =1, (1.1) can be reduced to

u' = (Fu)(t), a.e.te(0,7T). (1.5)

Many authors considered (1.5) with functional boundary value problem; see [5, 6, 14,
15, 17, 19] and [20]. In particular, the problem (1.5) and (1.2) has been studied in [5,
19] and [20]. On the other hand, the existence and multiplicity of solutions for nonlinear
second-order discrete problems with minimum and maximum also has been studied in
[17]. Moreover, the boundary condition (1.2) originates in the description of pest density
changes, which plays an important role in the study of pest quantities; see [5].

Note that ¢ : R — R is an odd increasing homeomorphism; the classical p-Laplacian
cases, for which ¢(s) = [s|P~2s, the existence and multiplicity results of p-Laplacian prob-
lem with functional boundary conditions have been studied in [18, 20] and [22]; for the
other cases, see [21]. Also, functional fractional boundary value problems with a singular
¢-Laplacian were studied in [11].

To the best of our knowledge, there have been few discussions of the singular ¢-
Laplacian problem with minimum and maximum. Motivated by the above papers, the
purpose of this paper is to give sufficient conditions imposed upon the nonlinearity F and
the numbers A, B (B > A) so that there exist at least two different solutions of the problem
(1.1) and (1.2).
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Throughout this paper we shall make the following assumptions:

(H1) There exists a continuous nondecreasing function f : [0, 00) — [0, 00) such that

|(Fu)(@®)] <f (| (®)

), ae. tel0,T],ueCo,T).

o] ds
(H2) [o” iy = T-
The remainder of this paper is arranged as follows. In Sect. 2, we give some notations
and the prior estimate for the possible solutions of (1.1) and (1.2). Section 3 is devoted to
proving the existence and multiplicity of solutions of (1.1) and (1.2), and we also give an

application to illustrate our main results.

2 Preliminaries
In this section we collect some preliminary results that will be used below.

We denote the usual norm in L'(0, T) by || - [|,1. Let X := C[0, T] be the Banach space
endowed with the uniform norm || - ||, ¥ := C1[0, T] be the Banach space equipped with
the norm ||u||c1 = ||#]|co + ||#¢]| 00, the corresponding open ball of center at 0 and radius
is denoted by B,.

Definition 2.1 Let w: X — R be a functional. w is increasing if
x,y€X, x(t)<y) forte(0,T], thenw(x)=<w(y).

For each w: X — R, Im(w) denotes the range of w.
Set A= {w|w:X — Ris continuous and increasing}, Ay = {w | v € A, w(0) = 0}.

Remark 2.2 Conspicuously, min{u(¢) | ¢ € [0, T]} and max{u(¢t) | ¢ € [0, T]} belong to A. If
we take

w(u) = min{u(t) |te[0,T] },
then the boundary condition (1.2) is equal to

w(u) =A,max{u(t) |t €0, T]} - min{u(t) |t €0, T]} =B-A. (2.1)
So, in the rest part of the paper we only deal with (1.1) and (2.1).

Lemma 2.3 ([20, Lemma4]) Letw € A, k € [0,1] and u € X, the equality w(u)—kw(-u) =0
is satisfied. Then there exists a § € [0, T] such that u(8) = 0.

Lemma 2.4 ([20, Lemma 5]) Let w € A, h € Im(w). Then there exists a unique k € X such
that w(k) = h.

Lemma 2.5 (Bihari lemma, [19, Lemma 2.1]; [20, Lemma 1]) Let p : [0, +00) — (0, +00)

be a nondecreasing continuous function, P : [0, +00) — [0, +00) be defined by P(u) = f” AL

0 p®
and let b € [c,d] C R. If v € X satisfies the inequality

[ ()

|V(t)| < ds, fortelcd],
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then
|v(t)| <P'b-t), fortelcb),
provided lim,,_, o, P(u) > b — ¢, and
|V(t)} <P Yt-b), fortelbd],
provided lim,,_, ., P(u) > d — b. Here P~ denotes the inverse function to P.

As in [5], we define the function v : X — R by the formula

¥(u) = max{/n u(s)ds ‘ m,nel0,T],m=< n} (2.2)

m

Lemma 2.6 ([5]) Forallu €Y, the functional  is continuous and
max{u(t) | t € [0, T1} - min{u(z) | t € [0, T} = max{y (), ¥ (-u) }.

Lemma 2.7 Suppose that u is a solution of (1.1) on [0, T]. Then

minf (i), v (<)} < gq)‘l(P‘l(g)), (23)

where P~! denotes the inverse function to

“ o ds
r- [ oy
Proof Set
C, = {t| u'(t)>0,t (0, T)}, C_= {t | /() <0,t € (0, T)}.

Let u(C,) and u(C-) be the Lebesgue measure of C,, C_, respectively.

If C, = @ (resp. C_ =), then () = 0 (resp. ¥ (—u') = 0) and (2.3) is clearly established.
Assume C, # ¥ and C_ # 0. u' € X, C,, C_ are open subsets of [0, 7] and therefore C,
(resp. C_) is a union of at most countable set of disjoint open intervals (a;,b;), i € I, C N

(resp. (cj,d;), j € I_ C N) without common elements, i.e.

C+ = U(&li, bi), C_= U(Cj’df)'

iel, jel-

Of course, forany i € I, u'(a;) # 0 or u/(b;) # 0 (resp. u'(c;) #0 or u'(d;) #0 forany j € I_)
implya; =0or b; = T (resp. cj = 0or d; = T). Furthermore, C, # (0, T), since in the opposite
case C_ = ), which makes a contradiction. Similarly, C_ # (0, T').

By the inequality «(C,) + u(C_) < T, it is easy to see that

N[N

min{u(C,), n(C.)} < (2.4)
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Next we prove the inequality

v () < w(C)sup{p™ (P (bi—a) | i€ L} (2.5)

Fixiel,,letu/(n) =0, n € {a;, b;}. Combining (1.1) with ¢(0) = 0, we have
t
S )= [ O ds, refabl
n

For t € [a;, b;], /(¢) = 0. Since ¢ is an increasing homeomorphism and because of (H1),

ffum

From Lemma 2.5 with b = 5, ¢ = a;, d = b;, v(s) = ¢(u'(s)) and p(v) = f(¢~1(v)), it is not
difficult to see that

we get

0<¢>u(t) <

(#(s)))ds (2.6)

/ |(Fu)(s) | ds

¢(M’(t)) = P_1(|'7 - t|)r le [ai’ bz]

Subsequently, 0 < #/(¢) < ¢ H(P~L(b; — a;)) for t € [a;, b;], i € I,.. Thus

b;
/ W (5)ds < (b — a)p™ (P (b - ). 27)

Moreover,

w(u’)gfc+ (t)dt = Z/ (t)dt

iel,

<sup{¢p (P bi-a)) lie L} (bi—a)
iely

< u(Cy)sup{¢p™H (P (bi— @) i € L }.

As a consequence, (2.5) is satisfied.
Next, we will show that

v (-u) < w(C)sup{op™ (P (dj~¢)) Ij € L}. (2.8)

Fixjel,letu/'(¢) =0, ¢ € {cj,d;}. Together (1.1) with ¢(0) = 0, which implies

¢(u'(t)) =/ (Fu)(s)ds, te€[c,dj].
e

We have #/(t) < 0 on [cj,d;]. Combining the fact that ¢ is an odd increasing homeomor-

< ‘/;f(—u’(s)) ds

phism and (H1), we obtain

0=<-¢(u/(1) < ‘/tI(Fu)(S)I ds
¢

(2.9)
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Thus
o)) =00 = | [ 1o o w0 as|. (2.10)

From Lemma 2.5 with b = ¢, ¢ = ¢j, d = dj, v(s) = ¢(|/'(s)|) and p(v) =f(¢(v)), it is easy
to verify that

o(|w®]) <P (t-¢l), telgdl

Hence, 0 < —u/(t) < ¢ (P(dj — ¢))) for t € [¢;,dj], j € I_. So

d
—/ u’(t) dt < (d] - C]')¢_1 (P_l(dj - Cj)). (2.11)

/)

Furthermore,

x[f(—u/) < _/ u'(t)dt = —Z/.dj u'(t) dt

- jel- V4

<sup{p™ (P4~ ) Ij € 1.} ) (dj~c)

jels

< w(C)sup{ep™ (P (dj - ) lj € L}

Therefore, (2.8) is satisfied.
The result follows now from (2.4), (2.5) and (2.8). O

Let us consider the homotopy problem
(@' ®)) = rFw)(®), rel01], (2.12)

depending on the parameter A.
The next lemma gives prior bounds for solutions of (2.12) and (1.2).

Lemma 2.8 Suppose that u is a solution of (2.12) for any A € [0, 1] and satisfies the bound-
ary condition (1.2) with A = 0. Then the following conclusions are fulfilled:

ll#lloc < B, (213)

lullcr < B +a. (2.14)
Proof From w(u) = A =0 and Lemma 2.3, there exists a § € [0, T] such that ©(8) = 0. Thus
max{u(f) |t € [0,T]} >0,

this together with (2.1) shows that we obtain (2.13).
Taking into account ¢ : (—a,a) and (2.13), we deduce that

”M”CI:”M”oo+||u/Hoo<B+ﬂ. 0
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We now state the following important lemma.

Lemma 2.9 Let B be a positive constant, w € A and \ be defined in (2.2). Set

2= {(M,Ol,ﬂ) | (M,Ol,ﬁ) €Y x Rz’ ”u”C1 <p

|| <alel<p, Bl <d@)},

where p =B +a and p < aT.
Define @;: 2 — Y x R? (i=1,2),

D1(u, 0, B) = (a0 + ¢ (Bt + w(u), B + v (1) - B), (2.15)

Dy, B) = (a + ¢~ (B)t, o + w(u), B+ ¥ (-u') - B). (2.16)
Then

DI - ®;,2,0040, i=1,2, (2.17)

where D, I denote the Leray—-Schauer degree and the identity operator on Y x R?, respec-

tively.

Proof Obviously, 2 is a bounded open subset of the Banach space Y x R? with usual
norm, and it is symmetric with respect to 6 € 2.
Define G;:[0,1] x 2 - Y xR? (i=1,2),
Giua, B) = (a+ (¢7(B) - (1= (=P))t, & + w(w) — (1 = Moo(-u0),
B+ () -y ((A-1)u') - AB),
Go(h e, B) = (o + (971 (B) = (1= 1)o7 (=B)tser + w(u) — (1~ M)oo(-w0),
B+ w(—u’) - ¥ (1 -1)u') - AB).
For all (u,a,B) € £2, it is clear that G;(1,u,a, B) = @;(u,a, B) (i = 1,2). Hence to prove
D(I - &;,52,0) # 0, we only need to prove the following hypotheses holding by the Bor-

suk theorem [13, Theorem 8.3].
(1) Gi(0,-,-,-) is an odd operator on £2, that is,

Gi(0,—u,—at,—B) = =Gi(0,u,, B) (i =1,2), (s, B) € $2; (2.18)

(2) G;is a completely continuous operator;
(3) Gi(A, u,a, B) # (u,, B) for (A, u,a, 8) € [0,1] x 352.
In fact, we take (4, o, 8) € £2, for i = 1,
G1(0,—u, —a, =) = (—a + (¢7'(=B) — ¢7'(B)) 1, — + w(—) — w(u),
~B+v(-u) -y ()
=-G1(0,u,, B).

Analogously G2(0, —u, —«, —B) = —=G2(0, u, , B). So (1) is asserted.

Page 7 of 14
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Next we show that (2) holds.

Let {(An, Uy, &, Br)} C [0,1] x £2 be a sequence. Then, for each # € Z* and by the fact
that£ € [0, 7], 0 <Ay < L, luullcr < ps lotul < p, |Bul < p(a); meanwhile, {w(u,)}, {w(-un)},
{¢(u,)} and {yr(-u,)} are bounded. By the Arzela—Ascoli theorem, it is not difficult to
verify they are relatively compact. Then G;(}, u,, ) is convergent in Y x R2. It follows
from the continuity of ¢!, w and v that G; (i = 1,2) is continuous. So G; (i = 1,2) are
completely continuous.

Finally, we prove that (3) is valid. Assume on the contrary that

Gi(Xo, to, @0, Bo) = (10, to, Bo) (2.19)

for some (Ao, U, g, Bo) € [0,1] x 3§2. Then

ag + (@71 (Bo) — (1 = 20)p ™' (=Po) )t = uo(2), (2.20)
o(uo) — (1 = Xo)w(-uo) = 0, (2.21)
¥ (ug) = ¥ ((ho — Dug) = 1oB. (2.22)

By Lemma 2.3 (take u = 1o, k = 1—Xo) and (2.21), there exist y € [0, T] and, consequently,
uo(y) = 0. Together with (2.20) this shows that we obtain

ao=—(¢7"(Bo) - (1 = 20)p ™ (—Bo)) ¥ (2.23)
and
uo(t) = (¢7"(Bo) = (1 = Ao~ (=Bo)) (£ - 7). (2.24)

The rest of the proof is divided into three cases.
Case 1. If By = 0, it follows from (2.23), (2.24) that a9 = 0, ug = 0, then

(O: 0; 0) = (uO; o, ﬂO) [S 891

which is a contradiction.
Case 2. If By > 0, one deduces from ¢~ (By) — (1 — A9)p~ (=) > 0 and the definition of
¥ in (2.2) that

¥ (up) — ¥ (ko = Dtg) = (67" (Bo) — (1 = 2o)d™" (=B0)) T.
Combining this with (2.22), we have
(67" (Bo) = (1= 20)p™"(=B0)) T = 1oB (2.25)

and

Aop

¢~ (Bo) < — i -(- 20)9 ! (=Bo) > 0.

Hence, By < (%) < $(a).
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On the other hand, according to (2.23)—(2.25), for each t € [0, T], we conclude that

AoB
uo(®)| < =1t~ yI < B,

MoB
|uo(®)] = ¢7 (o) — (1 = ko)™ (=o) < 07 < % <a,
loto| = |u0(0)| < lltolloo < o> luollcr <B+a=p.

Thus (ug, g, Bo) ¢ 952, a contradiction.
Case 3. If By < 0, it follows that ¢(B)) — d((ro — 1)B;) < 0, and by the definition of ¥ in
(2.2), we obtain

¥ () = ¥ ((o = D) = 0= (ho = 1)(¢7 (Bo) = (1 = o)™ (=Bo)) T
=(1-20)(¢7"(Bo) = (1 - 10)p ™" (=B0)) T-

Combining this with (2.22), we deduce that
(1= 20)(¢7"(Bo) — (1 = 20)¢ ™" (=Bo)) T = AoB. (2.26)
If 1o = 0, then (2.26) implies ¢~ (Bo) -~ (—Bo) = 0, which contradicts ¢(8) — P (-B}) < 0.

If 19 = 1, then A¢B =0, i.e. B = 0, which is impossible.
If 19 € (0,1), then

(1=20)(¢7"(Bo) = (1 = 20)¢™"(=B0)) T <0,  also AoB > 0.
This is a contradiction. The proof is completed. O

3 Existence and multiplicity results
Theorem 3.1 Assume that (H1), (H2) hold and P is defined by Lemma 2.5. Let A = 0. Then,
for any B € R satisfying

§¢’1 <P1<§>) <B<a(T-1), (3.1)

problems (1.1) and (1.2) have at least two different solutions.

Proof Fix B € R and let (3.1) be satisfied. Let A = 0. Let us consider the boundary condi-

tions
o(u) =0, Y(4)=B-A=B, (3.2)
and
o(u) =0, Y(-u)=B-A=B, (3.3)

where ¥ : X — R is defined by (2.2).

Page 9 of 14



Zhang and Wang Advances in Difference Equations (2019) 2019:506 Page 10 of 14

Suppose u is a solution of (1.1), then, from Lemma 2.6,
max{u(t) |t [0, T]} - min{u(t) |t e [0, T]} = max{lp(u’), W(—u/)}. (3.4)

Now, if (1.1) and (3.2) has a solution u;, then Lemma 2.7 and (3.2) show that ¥ (-u}) < B
and

max{ul(t) |t €[o0, T]} —min{ul(t) |t €0, T]} =B. (3.5)

As a consequence, u; is a solution of (1.1) and (3.2), such that u; is also a solution of (1.1)
and (1.2).
Similarly, if (1.1) and (3.3) have a solution u,, then v (u}) < B and

max{MQ(t) | t € [0, T]} - min{uz(t) |t €0, T]} =B. (3.6)

Therefore, u, is also a solution of (1.1) and (1.2).

Furthermore, it follows from v (#]) = B and ¥ (#)) < B that u; # u,. Next, we only need
to prove (1.1) and (3.2), or that (1.1) and (3.2) have solutions, respectively.

Let p = B+ a. According to (3.1), p < aT is satisfied. Set

2 ={wo,p) | (a,B) €Y x R [lullcr < p,

| <alal<p, 1Bl < $(@).

Define I} : [0,1] x 2 — Y x R?,

t s
Ny u,o,B) = <oz + / ot (/3 + )L/ (Fu)(o)do) ds,a + w(u), B + t//(u’) —B>. (3.7)
0 0
It is easy to check that
Fl(O,I/l,Ol,,B):(pl(M,O[,Ig), (u,oz,ﬂ)ef?. (3'8)
Let us consider the parameter equation
nuao,pB)=(uauapB), rel01]. (3.9)
Obviously, when A = 1, u is a solution of (1.1) and (3.2) if and only if (u(¢), u(0), ¢ (/' (0))) is
a solution of (3.9). By Lemma 2.9, to prove D(I — &;,£2,0) # 0, we only need to show the
following hypotheses:
(h1) (A, u,a,B) is a completely operator;
(h2) N, u,a,B) # (u,a, B) for any (A, u,a, B) € [0,1] x 0£2.
According to the continuity of ¢!, F, w and v, it is clear that I} (), 4, @, 8) is continuous.
Suppose that {(A,, i, &, B,)} C [0,1] x £2 is a sequence. Set

(Vm Tn;én) = Fl()&m Uy, Oln;,Bn), form e N,

We have

Vy =y, + /t ¢t <ﬁn + Ay /S(Fun)(a)da) ds, (3.10)
0 0
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Ty = oty + (),

§n=PBn+ 1/’(’4;4) -B.
It follows from 0 < A, < 1, [u,llc1 < o, |4, llc < @, |oty]| < p and |B,| < ¢p(a) that

IValloo < p + To™ (p(a) + Tf (),
[Vl = ¢7 (6@ + Tf (@),

16(v,(12)) = $(v,(22)| = 2o / (Fun)s)ds < f(@)|ts - 1],

5]

forn e N, t1,th € [0, T]

(3.11)

(3.12)

(3.13)
(3.14)

(3.15)

Since ¢ is increasing, combining (3.13), (3.14) and (3.15) with the Arzela—Ascoli the-
orem, there exists a sequence {n,} such that {v,,} is convergent in Y. By w(u,) <
max{w(a), w(-a)}, 0 < ¥ (u),) < p, it follows that {r,} and {£,} are bounded. Without loss
of generality, we can assume that {t,,} and {£,,} are convergent. Thus {(u,, o, B,)} is con-

vergent in Y x R2, which implies I (%, u, &, ) is completely continuous.
To prove (h2), we assume on the contrary that

Fl ()"01 Up, &, ﬂo) = (u07 o, /30)

for some (Ao, U, ®g, Bo) € [0,1] x 3§2. Then

ar [0 (po+2a [ o Euiordo ) ds= o0, teto,T)
and

w(up) =0, v (up) = B.
From (3.17), we have

(@ (uo(0)) = M(Fuo)(t) fora.e. te[0,TI.
Hence, u is a solution of (2.12) and (1.2). By Lemma 2.8,

|| <a  lule<B  lullc<B+a=p.

Moreover, o = uo(0), ¢(15(0)) = Bo, so

ol < ll#olloo < 5 1Bol < (),

which contradicts with (i, g, Bo) € 052.
Similarly, consider the operator I : [0,1] x £2 — Y x R?,

(3.16)

(3.17)

(3.18)

L u,a,B) = (a+/0t¢_1 (ﬂ+AAS(Fu)(a)da) ds,a+a)(u),ﬁ+1p(—u/) —B), (3.19)

we can obtain a solution of (1.1) and (3.3).

d

Page 11 of 14
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Theorem 3.2 Assume that (H1), (H2) hold and P is defined by Lemma 2.5. Then, for A, B €
R satisfying A € Im(w) and

;dfl <P1<§>) <B-A<a(T-1), (3.20)

(1.1) and (1.2) have at least two different solutions.

Proof Suppose A € Im(w). From Lemma 2.4, there exists a unique k € R such that
w(k) = A.
Define w: X — R,
o(u) = w(u + k) — wk),
then @(u) = 0. Define the continuous operator E:Y — L0, T],

(Fu)(t) = (Fv)(t), v(t) = u(t) + A. (3.21)

Hence, by (H1),

|Eu)(e)| <f(|(u®) + A)']) =f (| @®)]), foruey. (3.22)
Then it follows from Theorem 3.1 that

(¢(4 () = Fu)®), te(0,T) (3.23)

@(u) =0, max{u(t) |t € [0, T]} - min{u(t) | t€ [0, T]} =B-A (3.24)

has at least two different solutions i1, i». Notice that #(¢) is a solution of (3.23) and (3.24)
if and only if #(¢) + A is a solution of (1.1) and (2.1). Then it is not difficult to see that

uit)=u(t) +A, i=1,2 (3.25)

are two different solutions of (1.1) and (2.1), Therefore, u;(¢) are two different solutions of
problem (1.1) and (1.2). O

Remark 3.3 Since ¢ : (—a,a) - R (0 < a < 00) is an odd increasing homeomorphism,
clearly, ||#/||o < a and ¢! is bounded. We do not need the assumption foooj% ds = 0o,

which plays a very important role in [5, 19] and [20] for the classical case ¢ = I.
Finally, we give an example to illustrate our main result.

Example 3.4 Let F;: Y — L'[0,7] (i = 1,2) be the continuous operators such that
|(Fu)(t)) < 1foranyu e Y andge X, |g(r)] <r’forr e R.
Consider the following singular ¢-Laplacian:

(ﬁ) = (Fuu)() + (Fyu)(B)g (' (1), ae. £ (0,7), (3.26)
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submitted to the nonlinear boundary conditions

min{u(t) |t e [0,7‘[]} =A, max{u(t) |t e [O,n]} =B. (3.27)
Set ¢(s) = Jls_? Then ¢ : (-1,1) — R is an increasing homeomorphism, ¢(0) = 0, ¢~ (s) =
ﬁ and ¢! : R — (=1,1). We take f(r) = 1 + 72 for r € [0, 00). It is not difficult to see that

|((Fru)(2) + (Fau) (£)g (' (8)) | <f (| (@)

), ueyY.

Clearly,

©  ds 0 1,2 1 N
./0 m :_/0 ds = §(S+arctan\/2—s)is:0 e

1+ 2s2

As a consequence, (H1) and (H2) are satisfied. In addition,

u u 2
P(u)=/0 ]ﬁ:/o 1+s ds=%(u+arctan«/ﬂ).

1+ 2s2

Since P'(u) = %(l + 1+12u) > 0 for u € [0, 00), and P is strictly monotone increasing, of course,

P! exists. By a simple computation, we have

7o (P (T))
2¢ (P (2>><2<n 1.

It follows that v(u#) = min{u(t) | ¢ € [0, 7]}, w(u) = min{u(z) | ¢ € [0,7]} and v,w € A, by
Theorem 3.2, for A, B € R and A, B satisfy

Then the problem (3.26) and (3.27) has at least two different solutions.

Acknowledgements
Not applicable.

Funding
Supported by the National Science Foundation of China under Grant 11761044 and LZCU-ZDJSXK-201606. The two funds
can partly support our research and the publishing of our research paper.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

The authors completed the main part of this paper by discussing together. YZ was a major contributor in writing the
manuscript. All authors read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 26 May 2019 Accepted: 24 October 2019 Published online: 11 December 2019



Zhang and Wang Advances in Difference Equations (2019) 2019:506 Page 14 of 14

References

1.

2.

20.

21.
22.

23.

24.

Agarwal, P, O'Regan, D,, Stanék, S.: Positive and dead core solutions of singular Dirichlet boundary value problems
with 1-Laplacian. Comput. Math. Appl. 54(2), 255-266 (2007)

Agarwal, P, O'Regan, D,, Stanék, S.: Dead core problems for singular equations with ¥-Laplacian. Bound. Value Probl.
2007, Article ID 18961 (2007)

. Agarwal, P, O'Regan, D,, Stanék, S.: Dead cores of singular Dirichlet boundary value problems with ¢-Laplacian. Appl.

Math. 53(4), 381-399 (2008)

. Alias, L.J., Palmer, B.: On the Gaussian curvature of maximal surfaces and the Calabi-Bernstein theorem. Bull. Lond.

Math. Soc. 33(4), 454-458 (2001)

. Bereanu, C, Jebelean, P, Mawhin, J.: Non-homogeneous boundary value problems for ordinary and partial differential

equations involving singular ¢-Laplacians. Mat. Contemp. 36, 51-65 (2009)

. Bereanu, C, Jebelean, P, Torres, PJ. Positive radial solutions for Dirichlet problems with mean curvature operators in

Minkowski space. J. Funct. Anal. 264(1), 270-287 (2013)

. Bereanu, C, Mawhin, J.: Existence and multiplicity results for some nonlinear problems with singular ¢-Laplacian.

J. Differ. Equ. 243(2), 536-557 (2007)

. Bereanu, C,, Mawhin, J.. Nonhomogeneous boundary value problems for some nonlinear equations with singular

¢-Laplacian. J. Math. Anal. Appl. 352(1), 218-233 (2009)

. Brykalov, S.A.: Solutions with given maximum and minimum. Differ. Uravn. 29(6), 938-942 (1993) (in Russian)
. Brykalov, S.A.: A second-order nonlinear problem with two-point and integral boundary conditions. Proc. Georgian

Acad. Sci, Math. 1(3), 273-279 (1993)

. Cabada, A, Stanék, S.: Functional fractional boundary value problems with singular ¢>-Laplacian. Appl. Math. Comput.

219(4), 1383-1390 (2012)
Cheng, S-Y, Yau, S-T.: Maximal spacelike hypersurfaces in the Lorentz-Minkowski spaces. Ann. Math. 104, 407-419
(1976)

. Coelho, I, Obersnel, F, Omari, P: Positive solutions of the Dirichlet problem for the one-dimensional

Minkowski-curvature equation. Adv. Nonlinear Stud. 12(3), 621-638 (2012)

. Deimling, K.: Nonlinear Functional Analysis. Springer, Berlin (1985)
. Goodrich, C.S.: On nonlocal BVPs with nonlinear boundary conditions with asymptotically sublinear or superlinear

growth. Math. Nachr. 285(11-12), 1404-1421 (2012)

. Goodrich, CS.: On nonlinear boundary conditions satisfying certain asymptotic behavior. Nonlinear Anal. 76, 58-67

(2013)

. Ma, R, Gao, C.: Existence and multiple solutions for nonlinear second-order discrete problems with minimum and

maximum. Adv. Differ. Equ. 2008, Article ID 586020 (2008)
Manasevich, R, Mawhin, J.: Boundary value problems for nonlinear perturbations of vector p-Laplacian-like operators.
J. Korean Math. Soc. 37(5), 665-685 (2000)

. Rachunkova, I, Stanék, S., Tvrdy, M.: Solvability of Nonlinear Singular Problems for Ordinary Differential Equations.

Contemporary Mathematics and Its Applications. Hindawi Publishing Corporation, New York (2008)

Stanék, S.: Multiplicity results for second order nonlinear problems with maximum and minimum. Math. Nachr. 192,
225-237(1998)

Stanék, S.: Multiple solutions for some functional boundary value problems. Nonlinear Anal. 32(3), 427-438 (1998)
Stanék, S.: Existence principles for higher order nonlocal boundary value problems and their applications to singular
Sturm-Liouville problems. Ukr. Math. J. 60(2), 277-298 (2008)

Stanék, S.: Existence principles for singular vector nonlocal boundary value problems with ¢-Laplacian and their
applications. Acta Univ. Palacki. Olomuc,, Fac. Rerum Nat.,, Math. 50(1), 99-118 (2011)

Treiberg, A.E.: Entire spacelike hypersurfaces of constant mean curvature in Minkowski space. Invent. Math. 66, 39-56
(1982)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Multiplicity of solutions for mean curvature operators with minimum and maximum in Minkowski space
	Abstract
	Keywords

	Introduction
	Preliminaries
	Existence and multiplicity results
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


