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achieved by means of non-polynomial quintic spline method. The proposed
algorithm is proved to be stable and convergent. In order to corroborate this work,
some test problems have been considered, and the computational outcomes are
compared with those found in the exiting literature. It is revealed that the presented
scheme is more accurate as compared to current variants on the topic.
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1 Introduction

In the modern era, fractional order differential equations have gained a significant amount
of research work due to their wide range of applications in various branches of science and
engineering such as physics, electrical networks, fluid mechanics, control theory, theory
of viscoelasticity, neurology, and theory of electromagnetic acoustics [1, 2]. Wang [3] in-
troduced the very first approximate solution of nonlinear fractional Korteweg—de Vries
(KdV) Burger equation involving space and time fractional derivatives using Adomian de-
composition method. Zurigat et al. [4] examined the approximate solution of fractional
order algebraic differential equations using homotopy analysis method. Turut and Guzel
[5] implemented Adomian decomposition method and multivariate Pade approximation
method for solving fractional order nonlinear partial differential equations (PDEs). In [6],
Liu and Hou applied the generalized differential transform method to solve the coupled
Burger equation with space and time fractional derivatives. Khan et al. [7] used Adomian
decomposition method and variational iteration method for numerical solution of fourth-
order time fractional PDEs with variable coefficients.

Later on, Abbas et al. [8] employed a finite difference approach based on third degree
trigonometric B-spline functions for approximate solution of one-dimensional wave equa-
tion. Javidi and Ahmad [9] developed a computational technique based on homotopy
perturbation method Laplace transform and Stehfest’s numerical inversion algorithm for
solving fourth-order time fractional PDEs with variable coefficients. The fractional dif-
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ferential transform method and modified fractional differential transform method were
proposed by Kanth and Aruna [10] for series solution to higher dimensional third-order
dispersive fractional PDEs. Pandey and Mishra [11] applied Sumudu transforms and ho-
motopy analysis approach for solving time fractional third-order dispersive type of PDEs.
The fractional variational iteration method was put into action by Prakash and Kumar in
[12] for series solution to third-order fractional dispersive PDEs in a higher dimensional
space.

The spline approximation techniques have been applied extensively for numerical so-
lution of ODEs and PDEs. The spline functions have a variety of significant gains over
finite difference schemes. These functions provide a continuous differentiable estimation
to solution over the whole spatial domain with great accuracy. The straightforward em-
ployment of spline functions provides a solid ground for applying them in the context
of numerical approximations for initial/boundary problems. Bashan et al. [13] used a new
differential quadrature method based on quintic B-spline functions for numerical solution
of Korteweg—de Vries—Burgers (KdVB) equation. Khan and Aziz [14] solved third-order
boundary value problems (BVPs) using a numerical method based on quintic spline func-
tions. In [15], a non-polynomial quintic spline method was employed for numerical so-
lution of fourth-order two-point BVPs. Khan and Sultana [16] proposed non-polynomial
quintic spline functions for numerical solution of third-order BVPs associated with odd-
order obstacle problems. Karakoc et al. [17] employed quintic B-spline collocation tech-
nique to obtain numerical solution of modified regularized long wave (MRLW) equation.
In [18], Srivastava discussed numerical solution of differential equations using polyno-
mial spline functions of different orders. Siddiqi and Arshed [19] brought the fifth degree
basis spline collocation functions into use for approximate solution of fourth-order time
fractional PDEs.

Rashidinia and Mohsenyzadeh [20] used non-polynomial quintic spline technique for
one-dimensional heat and wave equations. Recently, in [21], fifth degree spline approx-
imation technique has been utilized for approximate solution of fourth-order time frac-
tional PDEs. In [22], the new fractional order spline functions were considered to obtain
the approximate solution for fractional Bagely—Torvik equation. Arshed [23] employed
quintic B-spline collocation scheme for solving fourth-order time fractional super diffu-
sion equation. More recently, parametric quintic spline approach and Grunwald—Letnikov
approximation have been proposed in [24] for a fractional sub-diffusion problem.

In the field of modern science and engineering the fourth-order initial/boundary value
problems are of great importance. For example, airplane wings, bridge slabs, floor systems,
and window glasses are being modeled as plates subject to different types of end supports
which are successfully described in terms of fourth-order PDEs [21]. In this work, we con-
sider the following class of fourth-order time fractional PDEs:

vy oty

— tu

Py i ulx,t), tel0,T],x<[0,L], O

with the following initial and boundary conditions:

¥(x,0) = vo(x),

y((): t) = J’(L, t) = O) yxx(o’ t) = yxx(Lr t) = 0;
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where y € (0,1) is the order of fractional time derivative, o represents the ratio of flexural-
rigidity of beam to its mass per unit length, y(x, t) is the beam transverse displacement,
u(x, t) describes the dynamic driving force per unit mass, and the function vo(x) is known
to be continuous on [0, L]. There are many descriptions to the concept of fractional dif-
ferentiation, but Caputo and Riemann-Liouville have been the most common definitions.
Here, we shall use the Caputo approach because it is more appropriate for real world prob-
lems and it permits initial and boundary conditions in terms of ordinary derivatives. The
Caputo definition of fractional derivative of order y is given by

1 ¢ 9yxs) _d:
Iyt ) ra Jo 5wy O<r<l
Pyt
aer —y{(,’; ), y=1

This paper has been composed with the aim to develop a spline collocation method for ap-
proximate solution of fourth-order time fractional PDEs. The backward Euler scheme has
been utilized for temporal discretization, whereas non-polynomial quintic spline function,
comprised of a trigonometric part and a polynomial part, has been used to interpolate the
unknown function in spatial direction. The presented technique has also been proved to
be stable and convergent.

This work is arranged as follows. In Sect. 2, a brief explanation of quintic spline scheme is
presented and the consistency relations between the values of spline approximation and its
derivatives at the nodal points are derived. Section 3 describes the use of L1 approximation
in time direction to achieve a backward Euler technique. Non-polynomial quintic spline
scheme for the spatial discretization is discussed in Sect. 4. The computational results and
discussions are given in Sect. 5.

2 Description of non-polynomial quintic spline function

Consider x; = il to be the mesh points of uniform partition of [0,L] into sub-intervals
[, %:-1], where i = % andi=0,1,2,...,n Let y(x) be a sufficiently smooth function defined
on [0, L]. We denote the non-polynomial quintic spline approximation to y(x) by S(x). Each
non-polynomial spline segment R;(x) has the following form:

Ri(x) = a;cos (& (x — ;) + bysin(& (x — ;) + ¢i(x — %) + di(x — ) + esx — %) + f;,
i=0,1,2,...,n, 2)
where a;, b;, ¢;, d;, e;, and f; are the constants, and the parameter &, the frequency of the
trigonometric functions, will be used to enhance the accuracy of the technique. When
& approaches zero, Eq. (2) reduces to a quintic polynomial spline function in [a, b]. The
non-polynomial quintic spline can be defined as
S(x) :Ri(x)f Vx € [xi}le];i:O; 1)2;'“)”; (3)
Ri(x) € C*[0,L]. (4)

First of all, we establish the consistency relations for all the coefficients involved in (2) in
terms of S;s, M;s, and F;s, where

Si = S(x:) = Rilxy),
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M; =S"(x;) = R} (x:),

Fi= S (x) = R ().

The values of coefficients introduced in (2) can be calculated as

h4
a; = @Fi,
h4
= —__(F;, — Ficos(6)),
64 s1n(9)( ! cos( ))
1 h
C; = a(Mlurl _Mi) + @(FHI _Fi)y
1 h?
di= =M; + —F,
2 262
1 Boow AL h
o= 5 S =50+ (i =30 )i~ (ot JFor = e 201,
h4
ﬁ = Si bt 9_4Fl'y

where 6 =&éhandi=0,1,...,n—1.
Now, using the first and third derivative continuity conditions at the knots, i.e., Rl(f)l (x;) =

RET)(xi) for v = 1, 3, we can derive the following important relations:

6 6h> 1 1 1
M1 +4Mi+ My = 5 (Sis1 = 28i+ Sin)) + — | 7= — 23 — = | Fin + Fic
1+4M; + Mi h2( 1 +Su1)+ (9s1n((9) 72 6)( 1+Fi1)
6h> (2 2cos(d) 4
— (= -=—==_2F 5
"5 (92 9 sin(0) 6) ®)
and
1 1 1 cos(P)
M1 —2M; + My, = W2 = — )(Fi1 + Fin1) + 20*| — - F,. 6
! M (esin(e) 92>( irF) (92 esin(e)) ©
Solving (5) and (6), we get
1 1 1 1
M; = —(Si.1 = 2S; + Si1) + I : - - — |(Fis + Fi
2 S =251+ Sim) + (9351n(9) 66 sin(9) 94>( +Fir)
2 2cos(f) 2cos(@) 1
/o - — |(F). 7
* <94 63 sin(0) © 60 sin(6) 92)( ) @

Using (6)—(7), we get the following consistency relation involving F; and S; for i =
2,3,...,n—2:

Siva —4Sis1 +68; —4S;_1 + Sip = W*(a1Fip + PrFiy + »iEi + PrFi1 + a1 Fip2), (8)

where

1 1 1 2+2cos(@) 2-cos(®) 4
o1 = na + N T 03 ) ,31 = 3 o + B )
0% 60sin(0) 63sin(6) 03 sin(0) 360sin(@) 6

Page 4 of 22
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_(1-4cos(9) 2+4cos(9)+ 6
"=\ T306in0) ~ 0%sin(@) 6% )

Relation (8) provides (n — 3) linear equations with (n—1) unknowns S;, i = 1(1)n— 1. Hence,
we require two more equations for direct calculation of S;, one at each end of the range of

integration, which can be formulated as follows:
Setting i = 1,2 in (5) we have

6 ~
M0+4<M1 +M2: ﬁ(50—251 +Sz)+)L(F()+F2)+ﬂF1 (9)
and
6 ~ ~
M1 + 4-M2 + M3 = ﬁ(sl - 252 + Sg) + )\,(Fl + Fg) + //LFZ. (10)

Similarly, for i = 1,2, expression (6) returns the following two equations:

Mo — 2M; + My = M(Fo + Fy) + iF 11)
and
M, — 2My + Ms = M(Fy + F3) + i, (12)
where
;zﬁ(;_i_l) 5_6_’“2(3_&5(9)_%),
02 \Osind 62 6 02 \ 62 Osin(®) 6

13

1 1 ~ 1 cos(6)
e — d j=2n(— - :
(9 sin(9) 92> and H (92 0 sin(9)>

From (9) and (11), we have

>
=

1 P i —
M1 = E(SO - 251 + Sz) + 6 (F() + Fz) + K Fl. (13)
Similarly, subtracting (12) from (10), we get
1 i- i [
M2 = —(Sl - 252 + Sg) + (F1 + F3) + H MFZ. (14')

=

Now, the first end condition is obtained by substituting (13), (14) into (9) for i = 1.

~280 + 581 =485 + S3 = —h*Mo + h*(woFo + 1 F1 + w2 Fs + w3F3). (15)
Similarly, the second end condition for i = # is given by

Sn-3 —4Su-2 + 5841 — 28, = ~*M,, + h*(w3F,_3 + 02 F 2 + @1 Fy1 + woFy), (16)

where

B 2 2 s 4 1 _1-8cos(f) 1+4cos(0) s 5
07\ 63sin(0) 64 60sin(B) 62) " 60 sin(d) 03sin(0) = 0%
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2+2cos(@) 2-cos(@) 4 1 1 1
wH = + - — = f— + —
> @3sin(®) = 30sin(6) 6% 60sin(6) 03sin(9) 6%

Lemma 2.1 The local truncation error t;,i = 1(1)n — 1 associated with Egs. (8), (15), and
(16) is given by

% —wWy — w1 — Wy — wg)h4yl(.4) + (l + Wy —wy — 2(,()3)}15_)/55)
+ (55 — 300 — 32 — 2w3)h6y\ + (g5 + two— s — %a)g)h7y§7)
+ (2l — Lo - ﬂwz ~ 2w3)h®y® + O°), i=1,
(1 - 201 - 261 - y)h** (% — 4oy - By
li= + (180 é o1 - 12'31)}’834 ¥ (30240 485 36oﬁ1)h103’110) (17)

+om“L i=2(1)n-2,

(% —Wy— W) —Wy — (,()3)]’14_)/54) + (ﬁ + Wy —wy — 20)3)]’!5_)/55)

6 7
+ (é—é - %0)0 - %0)2 - 20)3)}16_)/5 ) (60 + 66()() ga)g - %wg)h7y§ )
8 .
s = W) — 2= — a)g)hsyl VLo, i=n-1.

Proof We have to find local truncation error ¢;, i = 1,2,...,n — 1, for the present scheme.
First of all, we write Egs. (8), (15), and (16) as follows:

ty = =290 + 5y1 — 4y + y3 + W2 My — h4(woyé4) + wly(14) + wzy(24) + a)gy(;‘)),

ti=Yyio— 4yi_1 + 6y — 4Yis1 + Yigr — h* (061)/&)2 + ﬂmfﬁ)l

sy + B +enyi),
bil = Y3 — Wuo + 51 — 29 + WM, + H* (a)gyf‘_)s
+ w2y5,4_)2 + wl)ygl-)l + wy)).

The expressions for ¢;,i = 1,2,...,n—1, can be obtained by expanding the terms ¥y, 1, y(14),
Y2, y(24), Y3, y(34), etc. about the points x;, i = 1,2,...,n — 1, using Taylor’s series respectively.

O
Equating the coefficients of ylm for t =4,5,6,7, we get

1 5o 3 79
a1 =—-———, = Ton’ = 19590’
7700 180 T 10
7 49 7 1
wo = —, w; ==, Wy =———, and w3 = .
90 72 45 360

The local truncation error given in Eq. (17) takes the following form:

~gam k) + O, =1,
= 3&24h1°yf°+0<h“>, i=2(n-2, (18)

241 18 N
604801’1 +O(h ), i=n-1.

3 Temporal discretization
In order to discretize the time fractional derivative, the backward Euler scheme is em-
ployed. We consider t, = pAt for p = 0(1)K with At = % as the step size in time direction.

Page 6 of 22
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The computation of Caputo time fractional derivative at ¢ = ¢,,; can be made as

ow

p UISEP

-y / W)\ W) dw
— /. ow
j=0 9

2y, b, ,8) [
Z Yl 11) y(x l)f] (tpr1—w )”dw+l"+1

5

14 -
NV Ga) ;J’(x' ) /tp W) Vdv + B}
t,

Lyl 8
/ y(x, w) (bt — W)™ dw
0

: A ,
j=0 P
p tj
X t 1) — 1t . j+1
_ Zy(x pj 1) y(x p 1) / ()" dv + lpAthl
yn At :
P x; p ]+1 (x’ tp—/) . 1-y 1-y p+1
Z ((I +1)77 —j ) +La
j=0

b
Zb,y(x’ p- ;+1) y(x¢ p- /) li;l’
]:0

where b; = (j+ 1)1 —j*7 and v = (¢,.1 — w). The above equation along with the definition

of Caputo fractional derivative gives the following relation:

3yy(x, tp+1) y(x’ tP J*l) y(x’ tp ]) +1
+15; . 19
oty (2 y) 4 Z J AtY At (19)
Now, we define a semi-discrete fractional differential operator G/ as
1 &, YW tygen) — ¥ tpy)
G y(x,ty01) = b, P r)
ty(x p+1) F(z—)/);: j N
Then Eq. (19) can be written as
3y)’(x, tp+1) y p+1
— =Gy tp1) + I} (20)
oty
Here, l’;l denotes the truncation error between %y(x, tpe1) and G} y(x, tp41). Let G} y(x,

t,.1) be the approximation of Caputo time fractional derivative at t = £,.1, then Eq. (1) can

be expressed as

84
ny(x, tpe1) + awy(x, tpi1) = U, tpe1). (21)
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Using (19), the above equation can be written as
p-1

77 ) + Baylit, = (bo = b1y (@) + Y (b — b1y’ 7 () + bpy° (%) + pu ™ (x),

Jj=1

p=123,...,j-1, (22)

where B = I'(2— y)At” and y7*1(x) = y(x, t’*!) with the initial and boundary conditions as
follows:

yo =1(x), x€][0,L].

Moreover, the coefficients b; involved in (19) have the following properties:
+ bjsare non-negative forj=0,1,...,p;
e 1=by>by>by>b3>--->b,, b,— 0asp— o0;

. Zfzo(bj - bj+1) + bp+l =(bg - b1) + Zf:ll(b/ - b/+1) + bp =1.
The truncation error in (20) is bounded, i.e.,

23| < eatr, (23)

where the constant c is dependent on y. To apply this scheme, we need the values y° and y*.
For p = 0, (22) takes the following form:

Y (@) + Bayl . =10 x) + By (x). (24)
For p =1, (22) becomes

P2(®) + By, = (bo = b1)y' (%) + b1y° (%) + By* ().
Now (22) and (24) with initial and boundary conditions formulate a complete set of semi-

discrete problem for (1).
The error term /#*! can also be defined as [25]

P = (o) - Gl b)) 25)
From Egs. (20) and (23), the error term can be expressed as

P41 = P2 - y) AL B < AL (26)
Now, we define some functional spaces and their standard norms as

H*(n) = {g € L*(1), g0s gux € L*(0)},
Hg(n) = {g GHZ('?)’gbn = 0¢gx|8n = 0};

H"(n) = {g e L*(n),g?,Vr < n},
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where L%(n) denotes the space of all measurable functions whose square is Lebesgue inte-
grable in 7. The inner product and norm in L%(5) are given by

1
o= [fedn  lglo- g}
n
The inner product and norm in S2() are given by

(£,8)2= (f,8) + (for &) + (frxr Gux) lgll2 = (g,8)3-

Also, the norm || - || in H"(n) is defined in the following way:

e - (L1

It is also preferred to define || - ||

1

lgllz = (Igl2 + B |¢2]2) 2. (27)

Now, for the stability and convergence analysis, we are to find y**! € HZ(n) such that, for
all g € H3(n), Egs. (22) and (24) give the following two relations:

(yp+1,g>+,301< xxxx’ >
p-

1

=(L-b)”.g)+ Y (b~ b)) 7.8) + by(y°.g) + Bl g) (28)
j=1
and
(' g) + Bot(Vyun &) = 0" 8) + Blu' ). (29)

The theorem given below describes the unconditional stability of the semi-discrete prob-

lem.

Theorem 1 The discrete problem is unconditionally stable in such a way that VAt > 0, it
holds

p+1
= (1 20,), =012k 30

j=1
where || - |2 is discussed in Eq. (27).

Proof In order to prove this result, mathematical induction is used. For p = 0 and g = y!,
Eq. (29) takes the following form:

L)+ By v') = 001 + Bl yt).
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Integrating by parts, the above result can be written as
L) + Balye v = 0000 + Blu, o) (31)

Due to the boundary conditions on g, all the boundary related contributions disappear.
From the Schwarz inequality and the inequality ||g|lo < |Igll2, Eq. (31) becomes

Iy 15 < 152 ol g + Bl ||y lo
=[5l 1, + Bl
4= Ul + Bllu'lo):

Suppose that the result is true for g = ¥/, i.e.,

j
Dl (Pl 200,). =250 @
-1
Let g = y”*1 in Eq. (28)
(yp+1,yp+1> + Ol,B< xxxx’yp+1)

p-1
=L =b)WP ")+ Y (b = b)) + by ) + Bl ), (33)
j=1

Integrating by parts, we get

<yp+1 yp+1>+,305< xx , )
p-1

R I SR e R R T A

5

Again, due to the boundary conditions on g, all the boundary related contributions disap-
pear. From the Schwarz inequality and the inequality ||g]lo < [lg||2, the above expression

changes to

17 = =0l Lol o + 2= bl

j=1
A N R N
p-1
s R P N R S e e N
j=1

+p 9 o[, + Bl ol .

p-1
7, = A= B0 g + D20 = B0 |97l + B 15 + Bl o

Jj=1
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Using (32), the above relation takes the following form:

p-1 p-1
0], < (||y° I +ﬁ2||uf||o) (u b+ S - +bp) Bl ],
j=1 J=1

Using the properties of b;, we can write

p+1
= (D231l ). .
j=1

Lemma 3.1 Let {y” }fzo be the time discrete solution to Egs. (28)—(29) and y be the exact
solution of (1), then

) -9, <eb, A%, p=1,2,...,K. (35)

Proof Consider e = y(x, t,) — y”(x) for p = 1, the error equation takes the following form
by combining Egs. (1), (29), and (27):

(€' g) + Baler gu) = (e%.g) + (I.g), Vg eSi).

Let g = e! and €° = 0 give the following relation:

letl, <12, (36)
Equation (26) along with (36) gives
||y(t1) —yt ”2 < cybalAtz. (37)
For p = 1, Eq. (35) is satisfied.
Next, suppose that (35) is true for p = 1,2,3,...,r, i.e,,
I3 -5, = 51462 @)
Using (1), (27), (28) and for p = r + 1, the error equation is obtained as follows:
(eml’g) + :3“<e[;;1’gxx>
p-1
=(L-b)e",g)+ Y (b — bi)(e"7,g) + byle®, g) + ("' g). (39)
j=1

h—l
Now, using the induction assumption and taking g = e#*! along with the relation b— <1

for all positive integer j, Eq. (39) can be written as
1 )
|1, < ob51 AL

Hence, proved. d
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Also, from the definition of b, the following useful equation can be formulated:

-1 -
. p-1 . p 4
pli>n(;lo pY = pll>ngo plr —(p- 1)l
-1

=,,Ln§ol_(f_;)1_y
14
1
T1-y

The function v (z) is defined as ¥ (z) =

v
217 (-l

,as ¥(z) > 0 Vz > 1, the function ()
p-1

.. . .. . —1 . .
is increasing on z. This indicates that as 1 < p — oo, ;—V increasingly approaches to ﬁ

Since, for p =1, p"’b;}l = 1. Therefore, it can be written in the following form:

g 1
PyprSE, rp=12,...,K.

Therefore, Vp such that pAt < T,

lytp) 5[, < b0, A2

-1 - 92—
=¢p b, T AT

<c
71

L panyanr
Y

<¢,T" ALY,
The above discussion can be summed up in the following theorem.

Theorem 2 Let y be the analytical exact solution to (1) and {y? },1;<=o be the time discrete
solution to Eq. (28) and Eq. (29) subject to the initial condition ¥° = vy(x), x € [0,L], then
the following holds:

ly@) =5, < ¢y TV AEY, p=1,2,3,...,K. (40)

4 Discretization in space

Let (x;,¢,) be the grid points which uniformly discretize the region [0,L] x [0, T] with
x; = ih, t, = pAt, T = KAt, where, i = 0(1)n and p = 0(1)K. The parameters 4, At are the
grid sizes in the space and time directions, respectively. The space discretization of Eq. (22)

using non-polynomial quintic spline is formulated as follows:

p-1

P aFT = (L-by)S + D (b~ bj1)SY + byvi + puil (41)

j=1

The operator @ is defined as

@S]‘ = OllSj_g + ,6181-_1 + ]/151 + ﬂ15j+1 + 05151‘+2. (42)
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Now, Eq. (8) takes the following form:

1
—(Siza —4Si_1 + 65; — 45,1 + Siv2). (43)

OFi=

Applying the operator @ on Eq. (41), we get the following result:

D+ D+ p+1 p+1 ﬂ p+1 p+1 p+1 p+1 p+1
0[15 -2 +181 1 + VIS +/31 i+1 +a1$1+2 + - He (Si—Z - Si— S _4Sz+l Sl+2)

—(1 bl)(a15p2+,31 1 +)/15p+,31 i+l +Ol15H_2)
+ Z b b}_,.l 0[1 2 + ,31 1 + )/ISP_I + ﬁISf_/ + ale:Z’)
j=1

+ bp(OhVi—z + B1vict + V1Vi + Biviel + Q1Vis2)

+ /3(05114?;21 + /3114?;11 + )’Wipr1 + ﬁluwl

i+1

raidly), p=1,23..,K-1  (44)

After simplifying, system (44) takes the following form:

(04 + +
o) s
of 1 of 1 op 1
+ (]/1 + 6F)SP+ (,31 — 4h—4)8f++1 ( o] + ﬁ)Sf:z Qi:
i=2,3,...,n-2,p=1,2,...,K -1, (45)

where

Qi=1-b) (1S 5+ S+ NS + S, +a1Sh,,)

p-1
+ Z(b - bj1)( OllSp + P8 T+ ns 74 B1S? 7y 0‘15”2)
j=1

+b (Ol1Vi-2 + B1vic1 + V1Vi + Biviel + Q1Vis)

+,3(a1up +,31up+ +y1up +ﬁ1up+ +a1up+1) (46)

i+2

System (46) provides (1 — 3) equations involving S¢ "1 i=1,2,...,n— 1. Therefore, we fur-
ther need two equations for complete solution of S/ "1 The required two end conditions
can be derived using simply supported boundary conditions as follows:

(0%
(w0—2h—f)5p+l+< +5h—f)8p+l+< 2—4h—f)8p+1+< hf)S]Prl
= (1 - bl)(a)OSg + 0)15117 + 0)28129 + (1)351;)

+ Z(b = bji1)(woSh T 0187 + 0,857 + w38, ])

+ bp(a)oVO + wi1V1 + waVy + a)3V3)

+ ,B(woug+l + a)lu’lﬁl + a)zu’;'l + 603”1:;+1). (47)
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Similarly,

o + + + (64 +
(o) (o-spets oot (o

= (1 - bl)(a)gsﬁ_g + szﬁ_z + 0)151;_1 + a)OSﬁ)
+ Z(b b1+1) a)3 3 + a)zSp h t a)lSp 1t CU()Sp /)
+ bp(a)3Vn-3 + WaVp_g + W1V + WoVy)
+ Bwstl s + )y + w11y + woid) ). (48)
The proposed algorithm is a five point scheme. In order to implement it, the numerical
values of §? = [$2,52,52,...,82 |17 and S' =[S}, S}, S3,...,SL |17 are needed. To calculate

the values of S?, it is required to find S'. Solving Eq. (24) and using the non-polynomial
quintic spline technique, value of S! can be found as follows:

(oo (s e 2)s
(,61 ﬁ>51+1+<a1+hﬂ)53+2 J, i=2,3,...,n-2, (49)

where

Ji = (@1via + Brvica + yivi + Bivie + d1Vis2)
+ ﬂ(dlup + Bui g+ yaup + Bk, + 0‘1”11+2)
System (49) consists of (1 — 3) equations involving S}, i = 1,2,...,n — 1. Hence, to get a

unique solution to this system, two additional end equations can be obtained from simply
supported boundary conditions in the following way:

,3 1 /3 1 :3 1 0(,3 1
( Zﬁ S w1+5ﬁ S 4‘ﬁ S a)3+ﬁ S
= (woVo + W1V1 + oy + w3v3) + Bwouy + w1y + watky + w3u}) (50)
and
,3 1 :3 1 :3 1 13 1
(a)3+h S w2—4ﬁ S w1+5ﬁ S wo—2ﬁ S
= (W3Vn_3 + W2Vya + 1Vt + oY) + w3y, _5 + wthy_y + 114} + o). (51)
Suppose v = [vi,va,..., V1) Ty u = [ug, tis. s tt1]”, ¥ = [16,0,...,0,v,]7, and i = [u,0,
.,0,u,]T are column vectors with dimension (# — 1). The system in (49)—(51) can be

expressed as

St =B(v + Bu) + C(¥ + Bin),

Page 14 of 22
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where A, B, and C are square matrices of order (# — 1) such that

0 +5% -4 w3+ D 0 0 0 0

h4
Bi— aﬂ )/1+6Z—§ '31_4h4 011+hf 0 0 0
ap + hf /31—4':1—53

V1+6Z—f Bi— 4h_ 011+hf 0 0

0,31—4';—2 o] + o

J/l*‘6ﬂ h4

A
Pi-4%  n+6%  Bi-

a)1+57

0 o+ E P-4k

ﬁ
W

0 0 w3+‘;7£

o) +

wy — 4%
w]; Wy W3 0 0
a1 B y1 a1z O 0O ... O
ap Byt B g O ... O
B= and
ar /o 1 B oo

ar B o B
w3 Wy @

o O
o O
o

(=]
(=]
S
(=]

4.1 Calculation of truncation error

Equation (44) can be written in the following form:

p+1 D+
1 + VlS + /31 l+1 +a1$t+2)

Sp+1)

i+2

h (alSp 9 T ,31
+ap(Sy —4s! v estt —astt! 4
= I’l4(1 bl)(otlSp 2t ,31 a1t )/15 + ,31 i1 T alSHZ)

b-1
+ Zh4(b1 — bj+1) + (Ollsf__zl + ,31557__1} + yle_l + ﬂle 7 + alSz+2)

j=1
+ h4bp(a1Vi—2 + B1vict + V1V + Biviel + Q1Vis2)
K-1. (52)

+ h4,3(a1uf_+21 + ﬂluffll + yluf“ + ﬂluf:I +oz1uf+2) p=123,...,

Expanding equation (52) with Taylor series in terms of S(x;, £,) and its spatial derivatives,

the truncation error is obtained as follows:

4 +
T; = ((2051 +2B1 + y)ht + (4o + ﬁl)h6D§ + <§a1 + ﬂl)hsDi .- .)Sf !

1 1 R
+ ﬁy(h%f; + ghGDf; + %hSDfﬁ e -)Sf’ !
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4
(1 bl)(2a1 + Zﬁl + ]/1)]’14 + (40{1 + ﬂl)hGDz <§O€1 + ,Bl)hsDi + .- )Sf7

W‘

1
(pj — pj+1) (2o + 2By + y1)h* + (4ay + B1)K°D;

N
—_

</
4 8 vl
gOll +ﬁ1 h D Si
6 4 8 4
<bp(20[1 + 2,31 + 7/1)]’1 + (40(1 +,31)]/l D + (gal + ,Bl)h Dx + .. ')Vi
4
<,3(2(¥1 + 2/31 + )/1)]’1 + (40[1 + ﬂ1)h6D + <§Oll + ,31>h8D;4C + .. ')Miﬂl
or
4
= ((2041 +2B1 + y1)h* + (day + BORCD; + <§oel + ,31)1’18ij P .)5{?*1
4 4 1 6 6 1 818 p+1
+ By | KD + =h°D + —h°D; +--- |S;
6 80

4
- ((1 — b))y + 281 + YKt + (o + ﬁl)h6D§ + <§a1 + /31>h8Di .- .)SfJ

p-1
(bj — bj1) (201 + 2By + y1)h* + (day + B1)H°D?
j=1

4 :

(gal +ﬁ1)h8D4 )Sf}]
4

(bp(2a1 +2p8; + yl)h + (4o + ,Bl)héD2 (gal + ﬁl)hSDf; .- .)S?

4
B(ay +2B1 + y)h* + (4o + ﬁl)h6D2 <§a1 + ,31>hst; .. )
x (DI + 7/D4)Sp+1 (53)
Using (52) and (53), we have
N 1
T; = (uih* + 102h®D? + push®Dl + ) S 1 ap <h4Df§ + gh6D$
1

1
+ %thﬁ ¥ -)S‘;7+1 —((1 = b)) purh* + poh®D% + psh®D} + - +)SY

p-1
- (Z(b/ - bj+1)ﬂlh4 + MthDi + Mgthi + - )Sf}_] - bp(M1h4 + MzhéDJZC
j=1
+ ,ughSij + o )S? - ,B(polh4 + M2h6Di + pcghst; 4o )Sf”l, (54)

where

4
1 =201 + 281 + 1, Mo =40y + B, and 3= §01+51~
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Equation (54) along with Theorem 2 gives the following result:

1 1
T; = (uih* + poh®D2 + psh®Df + - - )Sf*l +apf <h4Df; + ghﬁDg + %hSDﬁ 4o .)Sf7+1

p-1
-(a- by)urh* + pah®D? + push® D + - - )St - (Z(bj — b))kt

j=1
+ 1oh®D% + ush®DY + - - )Sf_/ —by(purh* + uah®D} + ush®D +---)S)
— B(wih* + 2h®D? + uah®Dt + ) (D] + aDt)SE*. (55)

From the above discussion it is concluded that the proposed numerical scheme is of O(h* +
ALY,

5 Numerical results

In this section, we consider three test problems to check the validity and efficiency of the
proposed numerical scheme. The approximate results are compared with quintic spline
collocation method (QnSM) used in [21]. All the computations are executed in Mathe-
matica 9.0. The accuracy of the presented technique is tested by error norms L., L, and
order of convergence (x), which are calculated as follows:

27:0 lyi — Y2

Lo =max|y; =Y,  Ly= ST
i=0 Vi

1 ) Loo(n)
X~ log(2) [ %8 L) }

where y;, Y; represent the exact and approximate solution at the ith knot, respectively.

Problem 1 Consider the fourth-order time fractional PDE [21]:

vy oty
w+a@ =u(xt), 0<x<1,0<t<T,

with the initial condition
y(x,0) = sin(rx)
and the boundary conditions

¥(0,2) = y(1,£) = 0, Vxx(0,2) = y22(1,2) = 0.

The exact solution is y(x, t) = sin(rx)e’. The computational error norms L, and L cor-
responding to different values of y are listed in Table 1 when « = 0.01 and # = 100. It is
obvious that our proposed computational approach produces more accurate results with
At =0.01 as compared to QnSM used in [21] with Az = 0.000001. A comparison of L, Ly
and order of convergence x with QnSM [21] at £ = 1 correspondingto y =0.5and At =4
is reported in Table 2. It is observed that the order of convergence in numerical results
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Table 1 Comparison of absolute error for Problem 1 when n= 100

1% Method in [21] Proposed method

At =0.000001, t = 0.0001 At=001,t=1

Loo L2 Loo LZ
0.25 12346 x 107 8.7299 x 107~/ 64023 x 1078 16489 x 1078
0.50 17841 x 107© 1.2616 x 107/ 56896 x 1078 17455 x 1078
0.75 51222 x 107/ 66219 x 1078 40157 x 1078 13770 x 1079
1.00 92130 x 1077 6.5146 x 1078 90571 x 1077 33451 x 107°

Table 2 Computational error norms and order of convergence for Problem 1 when At=h

n Method in [21]

Proposed method

At=0.000001, t = 0.0001 At=001,t=1
Lo X Ly X Loo X Ly X
0 - - - - 53290 x 107% - 15741 x 107% -
20 13279x 1072 - 20995 x 103 - 29936 x 10 41539 82199 x 1074 4.2592
40 44730 x 107 15700 80009 x 10 13918 15100 x 10° 43092 45177 x 10°®  4.1873
80 15282x 103 15496 32081 x10° 13183 75135x 107 43289 27099 x 108 40573
160  52715x 10 15357 99469 x 107° 16892 42651 x10° 41388 16778 x10° 40136

(a) Exact solution

(b) Approximate solution

Figure 1 Exact and approximate solution for Problem 1 when n =100, At=0.01,and y =0.25

Figure 2 Absolute error for Problem 1 using
n=100, At=001,and y =0.25

Absolute error

4.x107%F

3.x1078F

2.x1078F

1.x107%

0.2

0.4

0.6 0.8 1.0

exhibits a good agreement with the theoretical estimation. In Fig. 1, three-dimensional

visuals of exact and approximate solutions are displayed for n = 100, Az = 0.01. The abso-

lute numerical error at £ = 1 corresponding to # = 100, At = 0.01, and y = 0.5 is portrayed

in Fig. 2.
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Table 3 Comparison of absolute errors for Problem 2 when n = 100

1% Method in [21] Proposed method
At =0.000001, t =0.0001 At=001,t=1
Loo Lz Loo L2

0.25 9.6400 x 107/ 6.8165 x 1078 95143 x 107 9.2399 x 107°
0.50 99135 x 10~/ 7.0099 x 1078 89541 x 107° 84093 x 107°
0.75 9.9997 x 10~/ 70709 x 1078 9.7525 x 107 8.2487 x 107°
1.00 1.0000 x 107° 70711 x 1078 98911 x 1077 9.0927 x 107°

Table 4 Computational error norms and order of convergence for Problem 2 when y =0.5

n Method in [21] Proposed method
At=0.000001, t =0.0001 At=001,t=1

20 10861 x 1072 - 17173 x 1073 - 95789 x 1074 - 94891 x 1074 -

40 39014 x 1073 14771 53619x 10 16793 49968 x 10° 42606 4.8987 x 107°  4.2763
80 13892x 103 14897 20983 x107% 13535 24519x107° 43490 24361 x 10° 43291
160 49276 x 10 14953 67546 x 10° 16353 12826 x 107 42567 1.2943 x 107 42578

Problem 2 Consider the following fourth-order time fractional PDE [21]:

37 a*
7 00522 —ur), 0<x<1,0<t<T,
oty ox*

with the initial condition
J/(x: 0) =0
and the boundary conditions

¥(0,8) =y(1,£) =0,

yxx(o: t) = yxx(lr t) =0.

The closed form solution is y(x, t) = ¢ sin(rx). The computational error norms L., and L,
for n = 100 and different choices of y are presented in Table 3. It can be observed that our
presented approach yields more accurate results with At = 0.01 as compared to QnSM
employed in [21] with Az = 0.000001. Table 4 presents the error norms L, Ly and the
corresponding order of convergence at ¢ = 1 for At = s and y = 0.5. Figure 3 shows three-
dimensional plots of exact and approximate solutions for n = 100, At = 0.01, and y = 0.5.
The absolute numerical error at £ = 1 corresponding to n = 100, At = 0.01, and y = 0.25 is
portrayed in Fig. 4.

Problem 3 Consider the fourth-order time fractional PDE [21]:
97 9%
9 00522

+0. =u(xt), 0<x<1,0<t=<T,
oty ox*

with the initial condition

y(x,0) = sinmx,
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(a) Exact solution (b) Approximate solution

Figure 3 Exact and approximate solution for Problem 2 when n =100, At=0.01,and y =0.5

Figure 4 Absolute error for Problem 2 when Absoluteerror
n=100, At=0.01,and y =0.5 14x 1078

12x107%F
11078
8.x107°F
6.x107°F
4.x107Y

2.x107°

Table 5 Comparison of absolute errors for Problem 3 when n =40

y Method in [21] Proposed method

At =0.000001, t = 0.0001 At=001,t=1

Loo Ly Lo Ly
025 - - 87834 x 1078 7.1567 x 1078
0.50 21423 x 107 23952 x 107 3.5666 x 1078 15945 x 1078
0.75 - - 5.5943 x 1078 34214 x 1078
1.00 26524 x 107 2.9654 x 107° 14199 x 1078 7.1879 x 1079

and the boundary conditions

j/(O, t) = y(lrt) =0, yxx(o: t) = yxx(l’ t) =0.

The analytical exact solution is y(x,t) = (¢ + 1) sinzx. Table 5 shows a comparison of
computational error norms with QnSM [21] corresponding to different selections of y.
It is found that our computational outcomes are better than QnSM [21]. In Fig. 5, three-
dimensional visuals of exact and approximate solutions are displayed for n = 40, y = 0.5,
and At = 0.01. The absolute numerical error at ¢ = 1 corresponding to n = 40, At = 0.01,
and y = 0.5 is portrayed in Fig. 6. It is obvious that approximate solution is highly con-
sistent with the analytical exact solution, which proves the effectiveness of the proposed
scheme.

6 Conclusion
In this work, non-polynomial quintic spline collocation method has been employed for ap-
proximate solution of fourth-order time fractional partial differential equations. The back-
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(a) Exact solution (b) Approximate solution

Figure 5 Exact and approximate solution for Problem 3 when y =0.5, n =40, and At=0.01

Figure 6 Absolute error for Problem 3 when n =40, Absolute error
At=001,and y =05 5.x10°|

4.x1078F
3.x107
2.x107%F

1L.x1078H

0.2 0.4 0.6 0.8 1.0

ward Euler method has been used for temporal discretization, whereas non-polynomial
quintic spline function composed of a trigonometric part and a polynomial part has been
employed to interpolate the unknown function in spatial direction. The proposed numer-
ical algorithm is proved to be convergent and unconditionally stable. The numerical out-
comes are found to be more accurate as compared to QnSM [21].
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