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1 Introduction

Many real-life problems are modeled to linear and nonlinear partial differential equations
in most cases. However, solving these equations in closed form is very difficult, more es-
pecially the nonlinear models. In recent years, many mathematicians and engineers have
devoted considerable time to develop efficient and stable techniques for solving nonlinear
models including the non-differentiable problems which arise naturally in mathematical
physics and engineering [1-37]. In mathematical literature, the most commonly used frac-
tional derivative operators are the Caputo and Riemann-Liouville fractional derivatives
[38, 39]. However, these derivatives have a kernel with singularity which limits their appli-
cability to many real-world problems [40]. To overcome the problem of the singularity of
the kernel, a new fractional derivative with exponential kernel was introduced by Caputo
and Fabrizio in 2015 [41]. Unfortunately, the kernel of Caputo—Fabrizio fractional deriva-
tive was not non-local and the associated integral was not a fractional operator [42]. To
solve the problem of the Caputo—Fabrizio fractional derivative, Atangana and Baleanu in-
troduced an efficient fractional derivative operator with non-local and non-singular kernel
called the Atangana—Baleanu fractional derivative (AB) in Caputo and Riemann-Liouville
sense in 2016 (see [43]). Due to the non-local behavior of the AB fractional derivative, it
has been used to develop some powerful mathematical methods for solving real-world
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problems such as the fractional Laplace decomposition method [44], the fractional ho-
motopy perturbation transform method [45, 46], the fractional Adams-Bashforth method
[47], and the fractional homotopy analysis transform method [48—51] to mention a few.
Besides, all the recently proposed techniques have nothing to do with the existence of
any small/large physical parameter. So, in real-world problems, these methods can be ap-
plied much more widely than the well-known analytical method called the perturbation
technique which entirely relies on the existence of small/large parameter [52] (perturba-
tion quantity), since not all mathematical models contain the so-called perturbation quan-
tity. Other semi-analytical methods, such as the local fractional Adomian decomposition
method [53, 54], the local fractional homotopy perturbation method [55, 56], the local
fractional variational iteration method [57-60], the local fractional Sumudu decomposi-
tion method [61], the local fractional natural homotopy perturbation method [62], and
many more, have been proposed and successfully applied to various linear and nonlinear
models. However, most of these existing techniques cannot guarantee the convergence
of the series solutions, hence are not suitable for solving highly nonlinear problems. To
overcome the limitations of the current methods, a Chinese mathematician Liao proposed
a semi-analytic method called the homotopy analysis method (HAM) for solving highly
nonlinear models [63]. The homotopy analysis method is a combination of the classical
perturbation technique [64—67] and the homotopy, a concept in topology, and does not
rely on the small/large parameter. The advantage of the homotopy analysis method over
the existing techniques is the excellent freedom of choosing the initial guess and the ex-
istence of the so-called nonzero convergence-control parameter. Based on the basic idea
of the homotopy analysis method, many numerical and analytical techniques have been
proposed. Marinca and Herisa suggested the optimal homotopy analysis method [68] in
2008. In 2009, Niu and Wang introduced a one-step optimal homotopy analysis method
[69], and the spectral homotopy analysis method based on the Chebyshev pseudospec-
tral method [70] was proposed by Motsa et al. in 2010. The predictor homotopy analysis
method [71] was also suggested in 2010, and recently in 2018 Singh et al. successfully
applied the homotopy analysis method and the Sumudu transform method to fractional
Drinfeld—Sokolov—Wilson equation [72]. Besides, many authors have discovered that the
Adomian decomposition method (ADM), the homotopy perturbation method (HPM),
and the variational iteration method (VIM) are all special cases of the homotopy analysis
method (HAM) when the nonzero convergence-control parameter i = —1 (see [73-77]).

Motivated by the ongoing research in the literature, in this paper we introduce an iter-
ative method called the local fractional homotopy analysis method (LFHAM) for solving
non-differentiable problems arising in fractal media. The LFHAM gives a series of solu-
tions which converge rapidly within a few terms with the help of the nonzero convergence-
control parameter. Some applications are given to verify the efficiency and stability of the
method. In Table 1, some useful results in fractal space are presented.

The remaining sections of this work are organized as follows. In Sect. 2, some back-
ground notations of local fractional calculus are presented. In Sect. 3, the local analysis
and convergence of local fractional homotopy analysis method are discussed. Applications

of LFHAM are shown in Sect. 4. The conclusion of this paper is given in Sect. 5.
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Table 1 Some useful identities of the local fractional calculus are give below

Basic identities

r(2n+1)o¢

+00

1 05 (1%) = Y32 1" Ty O <@ < 1

. _ —too 2na
2 sing (%) = Y20 (1) prrigmrmar 0 < @ < 1

_ oo e

3 Eat®)=3"7% —rmm),0<a§1

o o n-Na
4 at® T(+na) — T(+n-T)a)
5 /(0() e _ I(nﬂ)oz

0%t T(+na) ~— TU+n+Da)
6 (;% COSq (%) = —sing (t%)
7 O Sina(t?) = Cosa (t)

o
8 I Ea(t%) = Eq (%)

2 Preliminaries and notations of local fractional calculus
Definition 1 Let g : I — X be a function defined on a fractal set I of fractal dimension «
say (0 < & < 1). Then a real-valued function g(¢) on the fractal set 3 is defined as [14, 15]

p(t) =%, (1)
where t* e Jand O < < 1.

Lemma 1 Let F be a fractal and a subset of the real line. If v : (F,d) — (2',d) is a bi-
Lipschitz mapping, then there are constants p,t >0, and F C R,

p*H'(F) < H'(WE)) < T H'(E), @)
such that for all £, ¢, € F,
Pt — | < [v(t) - v(ta)| < Tt - B 3)

As a direct consequence of Lemma 2.1 [15, 19], we deduce

v(t1) - v()| < %t - B|* (4)
such that
[v(t1) - v(B)| < &%, (5)

where o denotes the fractal dimension of the set F. Besides, in fractal geometry the result
is related to the fractal coarse-grained mass function y“[F, 1, B2] as

H*(F N (B1,B2)

ya[Fr,BI),BZ] = F(Ol+].)

(6)
with

H*(FN(B1, B2)) = (B2 - B1), 7)

where H* denotes the «-dimensional Hausdorff measure.
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Definition 2 Suppose that there exists [14, 15]
’V(t) - V(to)‘ <&%, (8)

with |t — o] < 8, for 8,6 > 0 and §, € € R. Then the function v(¢) is called local fractional
continuous at ¢ = ¢y and is denoted by lim,_, ;, v(¢). Equivalently, the function v(¢) is called
local fractional continuous function on the interval (81, 8,) and is denoted by

v(t) € Co(B1, B2), )

provided Eq. (8) is valid for ¢ € (81, B2).

Definition 3 The local fractional derivative of the function v(¢) of order « at ¢ = £; is
defined as follows [14, 15]:

SO = % i A“((vt(t_) t—o;uo)) (10
where

AY(V(B) - v(t)) = T + &) [W(D) - v(to)]- (11)
For any ¢ € (81, B,), there exists [14, 15]

V() = Dw(p), (12)
which is denoted by

v(t) € D (B, o). (13)

Moreover, the local fractional derivatives of higher order are defined as follows [14, 15]:
n times
D (t) = v () = D .- DI w(), (14)
and the local fractional partial derivative of higher order is defined as follows [14, 15]:
n times
" v(t,x)  0° 9”

-2 ). 15
YR A vl (15)

Property 1 Suppose that vk e C (B, By) for k=0,1,...,mand 0 < & < 1, then

) n V(ka)(to) V((k+1)oz)(£_—) (ke Dt
v(t) = kZO: m(f —ty) + m(t - t) , (16)

n+1 times

o o N
with B1 <ty < & <t < Ba, Yt € (B1, B2), where v}*(£) = ;—t,, p ;Fv(t).
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Proof See [14, 15]. O
Remark 1 Property 1 does not hold if the function is only Holder continuous. See [9].

Definition 4 The local fractional integral of the function v(¢) of order « in the interval
[y, B] is defined as follows [14, 15]:

19— e - — i S s (17
s, _m/nvr T -m:glogv(fi )% )

where A;; =741 — T, A = max A, Az, Ara, .. [T Tiv1], To = 1, Ty = B is a partition of
the interval [n, B].

Based on the local fractional integral defined in Eq. (17), the following properties hold
(see [14, 15]):

ﬁl(“)[v(t) + w(t)] = gl [v(0)] £, 13 [w(e)]. (18)

Ovew (@) = [Ww©)]] - pIOV Ow(e). (19)
ﬁﬁf[wn]_ﬂzw[wﬂ]+;n [v(®)]. (20)
p1y [cv(0)] = G [v(0)]. (21)

;‘31,(7“) [V(t)] — M

Te+1)’ (22)

where B < ¢ <n, v(t), w(t) € Cy(n, B).

Definition 5 The Riemann-Liouville fractional integral operator of order « > 0 of a func-
tion f(¢) € C?" and t > —1 is defined as follows [39]:

5T foEt=n)"fm)ydn, a@>0,t>0,

I#f(¢t) = (23)
f(t)y a=0.
Below we list some important properties of I (see [1-3]).
(i) ffeC,,t>-1,0,>0and y > -1, then
e TEHD e (24)
F'x+a+1)
I*IPf(t) = I°*F, I*IPF(t) = IPIf (t). (25)
(i) Form—1<a <m,meNandf e C/, t>-1,then
m-1 ti
DYI%f(t) =f(¢), I*D*f(t) =f(t) - E f’(O*) T t>0. (26)

i=0
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Definition 6 The function f(£) in the Caputo fractional derivative is defined as follows
[39, 41]:

Fo fy =y ),

D°f(e) =
1mDf(¢),

27)

wherem—-1<a<m meN, t>0.

3 Local fractional homotopy analysis method
In this section, we illustrate the basic idea of the local fractional homotopy analysis

method. Consider the following nonlinear local fractional partial differential equation:
N[u(x, t)] =0, (28)

where N is the nonlinear operator, x and ¢ denote the independent variables, and u(x, £) de-
notes the local fractional unknown function. Using the fundamentals of the traditional ho-
motopy analysis method proposed by Liao [63], we construct a convex non-differentiable

homotopy called the zero order deformation equation

(1= p)Ea[¥ (x p) - uo(x,0)] = phH (%, )N [ (x, £ )], (29)

where p € [0,1] is an embedding parameter, /i # O is the nonzero convergence-control
parameter, and H(x,t) # 0 is the local fractional nonzero auxiliary function, ¥ (x,¢; p) is
the local fractional unknown function, uo(x, £) is an initial guess of u(x,t), and £, = % is

the linear local fractional operator with the property that
£,[¥(x, 0] =0, wheny(x,¢)=0. (30)

Based on the concept of homotopy analysis method, one has great freedom to choose the

auxiliary linear operator and the initial guess. Obviously, when p = 1 and p = 0, it holds
Y(x £0) = uglx,t) and  Y(x, 1) = u(x, t), (31)

respectively. Thus, as p increases from O to 1, the solution ¥ (x, £; p) varies from the initial
guess uo(x, £) to the solution u(x, t). Expanding ¥ (x, £; p) using the local fractional Taylor

series [14, 15] with respect to p, we deduce

+00

V(%) = ol t) + Y umlx, t)p", (32)

m=1

where

(33)

U (%, 8) = [i W} ‘
p=0

m! ap™
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If the auxiliary linear operator, the initial guess, the auxiliary function, and the

convergence-control parameter are chosen properly, then Eq. (32) converges at p = 1, and
+00

(1) = ug(®, 1) + Y th(,2) (34)
m=1

is the solution of the original problem Eq. (28). According to Eq. (32), the governing equa-
tion can be deduced from the zero deformation Eq. (29).

Define a local fractional vector
w, = {uo(x, ), ur(x, £), us(x, 1), . . ., Uy (x, t)}. (35)

Differentiating Eq. (29) m-times with respect to the embedding parameter p and then
setting p = 0 and finally dividing by m!, we obtain the so-called Mth-order deformation

equation
Eo[thn (%, 8) = Xmthm1 (%, )] = PH (%, )R (W1, %, 8), (36)
where
1 3" UN[y = tp)]
Rm(um—hx’ t) = [(Vl’l — 1)! ap(m_l) i|p=0 (37)
and
0 m<l,
Xm = (38)
1 m>1.
Applying the local fractional integral operator on both sides of Eq. (36), we deduce
m-1 tkol
— (k)
U (%, 8) = Xmtm-1(X,t) = Xom g Uy, 1 (x; 0+) T (ke + 1)
+ hH (%, ) g1 [Rn (W1, 5, 8)]. (39)

Using computer algebra software such as Mathematica or Matlab, we can easily obtain the

series solutions of u,,(x, t) for m > 1 at Mth-order deformation equation as follows:

u(x, £) = Z U (%, 1). (40)
m=0

The cornerstone of the local fractional homotopy analysis method is the nonzero
convergence-control parameter /& which provides us with a convenient way to guaran-
tee the convergence of the series solutions of Eq. (40).

In the next subsection, we prove the convergence analysis of Eq. (40).
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3.1 Convergence analysis of the LFHAM
Lemma 2 Suppose that the series solution of Eq. (40) is convergent, and let X be any set
of local fractional continuous functions which satisfies Eq. (8) and u, € X. Then B(X) is a

Banach space.

Proof Let u,, € B(X). Then we need to show that the local fractional continuous function

u, converges uniformly in B(X). Let x € X. Then, for all n,m € N, we have
|10 (%) = ()| < Mty — || < €% (41)
which implies (u,(x)) is a Cauchy sequence, hence converges. Let the limit of (u,(x)) be

(#(x)). Then we want show that u,,(x) — u(x) in B(X).
For any given ¢* > 0, there is a positive integer N such that, for every n,m > N,

|10 (%) = (%) | = |0 (%) — (%) + (%) = th, ()

< | unx) — ux) | + || ) — () |

1 1
< — +—
2% 2g”
=%
Thus, for every x,
|4 (3) — u(x)| < & (42)
This implies that u, uniformly converges to u. The proof is complete. O

Theorem 1 If the series
+00
v, t) = volx, 2) + Z Vi, £)p™ (43)
m=1

converges to & (x,t), where v,,(x, t) is governed by Eq. (36) under the definition of Eq. (37)
and Eq. (38), then & (x, £) must be the exact solution of Eq. (28).

Proof Let
M M
Jim_ X; Em 1) = vo(w 1) + lim_ X; V(%) = € (%, 2). (44)

Then we deduce that lim;_, o an/lzl vm(x, t) = 0. Besides, using Eq. (36), we get

M— +00
m=1

M
lim |:ﬁH(x, t) Z R, (Vy_1,%, t)]

M—+00

M
= lim |:Z£oz [Vm(xﬁ t) - vam—l(xr t)]:|
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M M
= £, [ Jim Y v~ lim Z; YonVi1 (% t)}

M
=£, |:Ml_i)r£10O 2; Vi (%, t):| =0.
m=

On the other hand, since H(x,¢) # 0, i # 0 and by the linearity property of Eq. (30), we
obtain

M
Jim_ X; Ry (Vy1,%,2) = 0. (45)

Similarly, based on Eq. (37), we get

M
M1—1>n+loo |:X; R,, (Vm—l,x; t):|

M

= lim
M—+00
m=1

[ 1 a(m—UNW(x’t;P)]] -o. *
( -

m—1)! aplm-1)

Generally, since ¥ (x,t;p) # Nlu(x,t)] in Eq. (28), let the residual error e(x,t;p) =
Nlu(x, t)]. This implies

€(x,t;p) =0, (47)

which satisfies the solution of Eq. (28). Hence, the residual error of the local fractional
Taylor series on the embedding parameter p yields

M
1 0" Nle(x, t;
lim [_‘ [6(9:1 p)]}
—Lm! ap =0

M m .
= lim [i—a Nl o tp )]] : (48)
— p=0

m! ap™

M—+00
m=1

Then using Eq. (45) and the assumption that p = 1, we deduce

M
€, t;p) = Ml_i)rgoo {Z Ry (Vin-1,%, t)}
m=1

M m .
_ lim [LM} _ 0, (49)
p=0

— Lm! ap™

Thus, Eq. (49) proved that &£(x,¢) satisfies the exact solution of the original problem
Eq. (28). d

4 Applications of the LFHAM
In this section, we demonstrate the applicability of the LFHAM to linear and nonlinear
partial differential equations involving local fractional derivatives.
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Example 1 Consider the following non-homogeneous local fractional heat conduction
equation:

Iv(x, 1) 0% v(xt)
ot dx2

Eo(x*), t>0,x€R (50)
subject to the initial condition
v(x,0) = Ey (x). (51)

Based on Eq. (50) and Eq. (51) and the procedure of the LFHAM, it is natural to choose
vo(x, £) = E,(x*) to be the initial guess.
We choose the linear operator as

o

£o[px, t;p)] = 3% [e(x.t;p)), (52)

with the property £,[C] = 0, where C is an integral constant.
We define the nonlinear operator as follows:

%p(x, t; 3% p(x, t;
N[(p(x, t;p)] = (p;j; ?) - (29(:201 ?) -E, (x"‘). (53)

We construct the zero-order deformation equation:

(1-p)ty [(p (%, £ p) — vo(x, t)] = phH(x,t)N [go (x, 8 p)]. (54)
Obviously, whenp=0andp=1,

o, 50) =v(x,£) and @, 1) = v(x, £). (55)
Then the Mth-order deformation equation is defined as follows:

£ [Vin(%,8) = XimVim-1 (%, 8) | = BH (3, )Ry (Vin-1, %, 2), (56)

where

V1 (x,8)  8%v,_1(x, 0) "
RV, 1) = =0 P2 = =2 = (1= ) Ea(3). (57)

Setting H (x,t) = 1 and applying the local fractional integral on the Mth-order deformation
Eq. (56), we get

Vm(x) t) = (Xm + ﬁ)Vm—l(xr t) - (Xm + ﬁ)"m—l(xr 0)

o[ 02V (x, 2) N
gl >[8x7; b (1= to)Ea(x )}. (58)

Then Eq. (58) yields

V(o 8) =~ O[5 4 (1= ) Ea(02)], =1

Qa2

Vin(3,8) = (tom + ) Visor (3, 8) = Fig IO [ 2205150 (13 VE ()], > 1.

dx2a

(59)
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Hence

vo(x, 1) = Eq (%),

vi(%,t) = =2hE, (x“)ﬁ’
o 20
Vo, £) = —2Fi(h + 1)Eq (%) i 21PEq (x°) m

and so on.
Setting the convergence-control parameter i = —1, the series solutions of Eq. (50) are
given by

v(x, £) = volx, £) + Z Vi, )
m=1

_oF o I t2a tSa r "
- "(x)(1*(04+1)+1“(2oz+1)+1"(3o¢+1)+'”>Jr «()
= E, (%) (2E. (¢) - 1). (60)

The results obtained in Eq. (60) were entirely in agreement with the local fractional ho-
motopy analysis method [56].

Figures 1: The 3D surface solution of Eq. (50) for « = 1 is presented in Fig. 1(a). The sur-
face solution of Eq. (40) for (o = %) is depicted in Fig. 1(b). The non-differentiable surface

solution is depicted in Fig. 1(c). The surface solution behavior of v(x, ¢) for different values

ofa =1, %, % is given in Fig. 1(d). The absolute error analysis for « = 1 of 10th and 20th-
order approximations of the LFHAM is presented in Fig. 1(e) and Fig. 1(f), respectively. In

Fig. 1(g) and Fig. 1(h), the absolute error analysis of 10th and 20th-order approximations
In(2)

) is illustrated.

of the non-differentiable problem for « =

Example 2 Consider the following non-homogeneous local fractional heat conduction
equation:

%v(x,t)  3%*v(x, t
;(;j )— 8:(292 )=—c0sa(x"‘), t>0,xeR (61)

subject to the initial condition
v(x,0) = sin, (x"‘) (62)

According to the procedure of the LFHAM and based on Eq. (61) and Eq. (62), it is natural
to choose vy(x, t) = sing (x*).
Let us choose the linear operator as follows:

o

£uo(x tp)] = @[w(x, tp)], (63)

with the property £,[C] = 0, where C is an integral constant.

Page 11 of 22
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vix. 1)

(d)

8.x107 18—
6.x10718]
4.x10-‘°&.
2.x10'""‘1
0
00

®)
. . . . . . senrgol” . . . . 5
2.x10°1° 3.x1070F - "=%§f
- a=:ﬁ% 25x10710
E 1.5x10°10 ‘g
g g 2.x10710
E 1.x1071° é 1.5% 10710
< <
1.x10°10
5.x10°"
5.x107"
0 . . . ) - ] 0 ) . k|
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(2) (h) '
Figure 1 (a) Numerical simulation of Eq. (50) for & = 1, (b) 3D surface solution for o = % (c) 3D
non-differentiable surface solution behavior for a = % (d) 2D approximate solutions fora =1, % and %
(e) Absolute error E10(v(x, 1) = |Vext. (X, T) = Vappr. (x, 1)| for o = 1, () Absolute error
Exo(v(x, 1)) = [Vext. (X, 1) = Vappr. (X, )], & = 1, (g) Absolute error of the LFHAM Eqo(v(x, 1)) = [Vext. (X, £) = Vappr. (%, )]
when o = % (h) Absolute error of the LFHAM Exo(v(x, 1)) = [Vext. (X, T) = Vappr. (x, 1)] when a = %
We define the nonlinear operator:
39, t;p) 0@ t;p)
dil L 24 cosq (x). (64)

N[g(x t;p)] =

at

a2

Page 12 of 22
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We construct the zero-order deformation equation as follows:

(1 - p)Eu[@(x, £ p) — vo(x, 1) = phH (x,t)N [ (x, £ p) |- (65)
Obviously, whenp=0andp =1,

o, £0) =vo(x,t) and @, t;1) = v(x, t). (66)
Then the Mth-order deformation equation is defined as follows:

£y [Vm () = XmVim-1 (%, t)] = hH (%, )R, (Vin_1,%, t), (67)

where

aO[Vm—l (x> t) 82avm—1(x’ t)
ate dx2e

R, (Vy_1,%,t) = + COSy (x"‘) (68)

Putting H (x, t) = 1 and applying the local fractional integral on the Mth-order deformation
Eq. (67), we obtain

Vm(xr t) = (Xm + ﬁ)vm—l(xr t) - (Xm + h)vm—l(x’ 0)

820{ _ : t
+ ﬁﬁlff‘) [cosa (x"‘) - 13’;422@)] (69)
Then Eq. (69) yields
Vin(%, 2) = Bl [cos, (x*) — %] m=1,
Vi £) = (Xom + R Vo1 (%, 2) — ﬁﬂl,(;x) [(1 = xm) cosq (x*) — W]; (70)
m> 1.
Hence
vo(x, t) = sing (x%),
ta
vi (%, £) = A(sing (x*) + cosy (x*)) Tas D’
va (%, £) = AT+ 1) (sing (x*) + cos, (x)) L + 11 (sing (x%) + cos, (x*)) L,
I'a+1) I'Qo +1)

and so on.
Setting the convergence-control parameter /& = —1, the series solution of Eq. (61) is given
by

vix, t) = volx, t) + Z Vi (%, 1)
m=1

= sing (x) + (sing (x*) + cos, (x*))
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" o .\ t2a t3a N
Fa+1l) T'Qa+l) T'Ga+1)

oo

o (i, .
= sma(x ) + Z m(sma(x ) + COSa(x ))
i=1
=E, (—t"‘) (sina (x“) + COSy (x“)) — COSy (x"‘). (71)

The results obtained in Eq. (71) were in complete agreement with the local fractional ho-
motopy perturbation method [56].

Figures 2: Surface solution of Eq. (61) for @ = 1 is given in Fig. 2(a). Surface solution
behavior of Eq. (61) for (« = %) is presented in Fig. 2(b). The non-differentiable surface

solution behavior is depicted in Fig. 2(c). The 2D surface solution behavior for different

1 In()
'3 )
20th-order approximations of the LFHAM is given in Fig. 2(e) and Fig. 2(f), respectively.

values of @ = 1 is presented in Fig. 2(d). The absolute error analysis for 10th and

The 10th and 20th-order absolute error analysis of the non-differentiable problem for o =
In(2)

i@ is presented in Fig. 2(g) and Fig. 2(h), respectively.

Example 3 Consider the following nonlinear local fractional convection-diffusion equa-

tion:
%v(x,t)  %*w(x,t)  3%v(x, t) v(x,8)
S e T s +v(x, t) P ve(x, t) + v(x, £),
t>0,xeR (72)

subject to the initial condition
v(x, 0) = Ey (x). (73)

Based on Eq. (72) and the initial condition Eq. (73), it is natural to choose vy (x,t) = E, (x*)
to be the initial guess.
Let us choose the linear operator as follows:

o

d
L]0 tp)] = o [e(x.t;p)), (74)

with the property £,[C] = 0, where C is an integral constant.
We define the nonlinear operator:

o t;p)  * e t;p) N 3%(x, ;p)
ote ox2e oxe
0“p(x, £ p)
0x%

Nlo(x t;p)] =
~ ¢, t;p) +¢*(x8p) - 9, 1 p). (75)

We construct the zero-order deformation equation as follows:
(1 - p)Ea[e, £ p) — vo(x, )| = phH (x, )N [ (x, ; p) |- (76)

Obviously, whenp=0andp=1,

o, 50) =v(x,£) and @(x, 1) = v(x, £). (77)
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Figure 2 (a) Numerical simulation of Eq. (61) for & = 1, (b) 3D surface solution for o = % () 3D

non-differentiable surface solution behavior for o =
(e) Absolute error E1o(v(x, 1) = |Vext. (%, t) = Vappr. (%, D)], & = 1, (f) Absolute error Exo(v(x, 1)) = [Vext.(X, 1) = Vappr. (X, 1)]
(9) Absolute error of the LFHAM Eqg(v(X, 1)) = [Vext. (X, t) = Vappr.(x, 1) for e =

LFHAM Exq(v(x, 1)) = |Vext, (X, t) = Vappr. (x, 1) for o =

0@ (d) 2D approximate solutions for o = 1, % and

In2)

;- (h) Absolute error of the

n2)

n3)’

Then the Mth-order deformation equation is defined as follows:

£o¢ [Vm(xr t) - Xme—l(x; t)] = hH(x: t)Rm(vm—lrx; t);

(78)

Page 15 of 22
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where
8“1/,,,_1 (xx t) 32Otvm—l(xr t) amvm—l(x’ t)
R 1%, t) = -
m(Vm-1,%1) ot o2 o
0% Vo1 (x,
—Vm-1 (x: t) 1/871(96) + anfl(x’ t) —Vm-1 (x; t)' (79)
xa

Putting H (x, t) = 1 and applying the local fractional integral on the Mth-order deformation
Eq. (78), we deduce

aavm—l(x: t) 82avm_l(x’ t)

V(% 8) = (X + BVt (5, 8) = Oom + 7)1 (%, 0) + T 51,(,“)[

oxv 0x2e
m-1 m
820{ i ,t

- Z vi(x, t) %,(x) + Z Vi(%, OVim—i(%, ) — Vi1 (, t)i| . (80)

i=0 i=0
For m =1, Eq. (80) yields
Vi1 (%,8) 0%V (x,8)
(2, 2) = 1 g 1@ -
Vn(® 1) B [ ox ox2

= 3%V, 1 (1)

- Z vi(%, t)T + Z Vi, E) Vi i(%, 8) — Va1 (%, 8) | (81)
i=0 i=0

And for m > 2, Eq. (80) yields

aoz . ,t 82a - ,t
vm<x,t>=(xm+h>vm_1(x,t>+hﬁ1,§“>[ rnabnl) @0

0x Ox2
1 m
32()( m—-1-i(%, L
B ST LAACEE LI N e e | (82)
i=0 Oag2e i=0
Thus
VO(xr t) = Eot (xoz)’
ol 0%vo(x,8) 0% vo(x, ) 3% vo(x, t)
vi(x%, ) = il >[ Py v (UG heve el vo(x,8) = vo(x, 7)
=—hE,(x%) ———,
) e
Va(x, t) = (h+ 1)vi(x, £)
%vi(x,t)  3%%v(x,8) 3%y (x,t) 3%y (x, t)
() 1 1 0
—hgly [ o o vo(x, t)—axz"‘ - vi(x, t)—axza

+ 2vo(x, E)v1 (%, £) — v1 (x, t):|

hZE ( a) t2a
= X)) —————
I'2a +1)

’

and so on.
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Then, choosing the convergence-control parameter / = -1, the series solutions of
Eq. (72) are given by

I t2a t3a
=E,(x*)( 1+ + + FI
Ta+1) T'Qa+1) T'Ba+l)

0
= Eq (x*)Eq (). (83)

The result obtained in Eq. (83) is the same as that of the local fractional homotopy analysis
method [56].
Figures 3: The surface solution behavior of Eq. (72) for « = 1 is presented in Fig. 3(a).

Surface solution behavior of Eq. (72) for (« = %) is illustrated in Fig. 3(b). The non-
In(2)
In(3)
are presented in Fig. 3(d). The absolute er-

differentiable surface solution behavior for «

1 In(2)
’ 27 Tn(3)
ror analysis for 10th and 20th-order approximations of the LFHAM is given in Fig. 3(e)

is depicted in Fig. 3(c). 2D surface
solutions for different values of @ = 1

and Fig. 3(f), respectively. The 10th and 20th-order absolute error analysis of the non-
differentiable problem for o = % is depicted in Fig. 3(g) and Fig. 3(h), respectively.

5 Conclusion

In this paper, we introduced a modified version of the well-known homotopy analysis
method (HAM) called the local fractional homotopy analysis method (LFHAM) for solv-
ing non-differential models arising on Cantor sets. The suggested method was success-
fully applied to some non-differentiable problems, and the results obtained were entirely
in agreement with the results of the existing methods. It is further shown that when the
nonzero convergence-control parameter 2 = —1, the results of the local fractional homo-
topy perturbation method (LFHPM) are recovered as a particular case of the proposed
technique. The most significant advantage of this technique over the existing methods is
not only the highest degree of freedom to adjust and control the convergence of the series
solutions, but also the great privilege to choose the initial approximation, the deformation-
functions, and the auxiliary linear operator. Thus, we conclude that the LFHAM is a pow-
erful semi-analytical technique for solving non-differentiable partial differential equations
and can be regarded as a modification of the homotopy analysis method.

Appendix
Here, we present some important results.

Definition 7 Let ¢ be a function of the homotopy-parameter p, then

1d”
Onlp) = — 2 (84)
m! dp™ |,_o

is called the Mth-order homotopy-derivative of ¢, where m > 0 is an integer, and ©,, is
called the operator of the mt/i-order homotopy-derivative [67].
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Figure 3 (a) Numerical solution of Eq. (72) for o = 1, (b) 3D surface solution for o = % (€) Non-differentiable
surface solution behavior for o = % (d) Approximate solutions for o = 1, % and % (e) Absolute error
Ero(v(X, 1) = [Vext, 06, 1) = Vappr. 06, 1)], @ = 1, (f) Absolute error Exo(v(x, 1)) = |Vext. (X, 1) = Vappr. (X, O], 0 = 1,

(9) Absolute error of the LFHAM Eq1o(v(X, 1)) = [Vext. (X, £) = Vappr.(x, 1) for e = % (h) Absolute error of the

LFHAM Exo(v(x, 1) = |Vet. (. ) = Vappe.(x, )] for o = 2

Theorem 2 For three arbitrary Maclaurin series

+00 +00 320[(,0 +00 52,
p=D v, 9= i ooo=d o (85)
i=0 i=0

i=0
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it holds

@m((p) =Vm, (86)

m
Om (‘/’2) = Z ViVm—i» (87)

i=0

320[(/7 m 82(1 Vinei

Oulo—= )= i— 88
((p dx2a ) ; Y g (88)

Proof For the proof of Eq. (86) and Eq. (87), the reader should refer to Liao [67]. According
to Leibnitz’s rule for derivative of product, it holds

a2a m _ '2av
3’”(V§sz) _ Z m! 9" (v) 0" n(gxza)
apm e nl(m - n)! ap"  op""

m 92%(v)

B Z m! an(m) " (v)
Cpl(m-n)  dpn dpmn

n=0

Then, according to Eq. (84) and Eq. (88), we deduce

92y 1[om[ o2y
@m v 2 | T ol gm v 2
ox m!| dp 9% ]| 20

:20(1,
_ 1 [(n\3" 3m7"(dax—2(a))
~m! | \x/ dpn ap"n p=0
20(‘,
"1 ) T )
— m! dp” (m—-n) opm™

p=0
|y Lom 32"‘[ 1 8’”’”(1/)]
2 0 | yo 9 LGnmdl 3p 7
"ogx2e .

n=0
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