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1 Introduction
We consider the following mixed nonlinear impulsive differential equations with variable
delay:

(r(6)®o (¥ () + po() Do (x(0)) + Zpi(t)¢ﬁi (x(t-0())=f@®), t=t,t#w "
i=1 1

x() = ax(Ti), K(f) =bix' (@), k=1,2,...,

where @,(s) = |s|*1s, {rz} denotes the impulse moments, 0 < £, < T; < Ty < -+ < T < - -
and limg_, o Tk = 00, {ax} and {by} are real constant sequences and by > a; > 0 for k =
1,2,..., 0(t) € C([ty, 00)) and there exists a nonnegative constant oy such that 0 < o (¢) <
g for all ¢t > ty, r(t) € C'([to, 00), (0, 00)) is nondecreasing.

For some particular cases of (1), many authors have devoted work to the interval oscil-
lation problem (see [3—13]). Particularly, when « = 1, ax = by = 1 and o (¢) = 0, (1) reduces
to the mixed type Emden—Fowler equation

(r(O% )+ po(e)x(e) + Y pilt)p, (x(8)) = £(8), )
i=1
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which was given much attention due to the effect of modeling the growth of bacteria pop-
ulation with competitive species. For example, in [14] and [15], the authors established
interval oscillation theorems for (2) which improved the well-known criteria of [16] and
[17]. For additional studies of Emden—Fowler differential equations, see [18—20].

In [1], the authors considered (2) with impulse effects,

(r@O% (1)) + po(Ox(t) + Y pi&)Pp, (2(0) =f(2), £ = to,t T, "
i=1 3

x(r,:’) = apx(Tr), x/(r,:') =bx' (), k=1,2,...,

and established some interval oscillation results which extended those of [14, 15] and [21].

When o (¢) = 0, (1) becomes the following impulse equations without delay:

(r(6)@a (6 (1)) + Po(t)Pa (x(8)) + Y _ pilt)Dp, (x(1)) =£ (), > to,t # T w
i=1 4

x(17) = (o), & () =bix' (), k=1,2,....

In [22], Ozbekler and Zafer investigated (4). They considered the coefficients p;(t) (i =
1,2,...,n) satisfying two cases: (i) p;(t) > 0 for i = 1,2,...,n and (ii) p;(¢) > 0 for i =
1,2,...,m; pi(t) are allowed to be negative for i = m + 1,...,n and obtained several interval
oscillation results which recovered the early ones in [8] and [14].

When o (t) is a nonnegative constant, i.e., o (£) = g (0p > 0), by idea of [23], Guo et al.
[2] studied (1) and developed the results of [1, 22, 24].

Recently, in [25], the authors studied (1) with the assumption of delay o (¢£) being variable.
They used Riccati transformation and univariate w functions to obtain some generalized
interval oscillation results.

In this paper, we continue the discussion of the interval oscillation of (1). Unlike the
methods of [22, 25], we introduce a binary auxiliary function, divide each given interval
into two parts and then estimate the quotients of x(£ — o (£)) and x(£). Due to the considered
delay being variable, the results obtained here are the development of some well-known
ones, such asin [1] and [2]. Moreover, we also give an example to illustrate the effectiveness
and non-emptiness of our results.

2 Main results
First, we define a functional space C_(/,R) as follows:

C_(,R) := {y :I — R | [is areal interval, y is continuous on I \ {¢;} and

y(¢7) = y(t:),i € N}.

In the following, we always assume:
(A) the exponents satisfy 1>+ > B > > Byy1 >+ > B, > 0;
f@),pi(t) € C_([to,0),R),i=0,1,...,1m T4y1 — Tk >0p forall k =1,2,....
Let k(s) = max{i : {, < 7; < s}. For any given intervals [c;,d;] (j = 1,2), we suppose that
k(cj) < k(d)) (j = 1,2), then there exist impulse moments Tx()+1, ..., Tk in [¢;,d;] (j=1,2)
and we have the following cases to consider.
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) Tk(g) + 00 < ¢ and Tk(d)) + 00 < d;;
(S2) Tkic) + 00 < ¢ and Tk(d) *+ 00 > d;;
) Tk(g) + 00 > ¢ and Tk(d)) + 00 > d;;

(S4) Tk(c) + 00 > ¢ and Tk(d)) + 00 < d;.

We further assume that there exist points §; € (¢, ;) \ {t} (j = 1,2) which divide inter-
vals [c;, d;] into two parts [c;, ;] and [}, d}]. In view of whether or not there are impulsive
moments of x(¢) in [c;, §;] and [§;, d;], we should consider the following cases.

(S1) k(c)) < k(&) < k(d));

(82) k() = k(8) < k(d)):

(S3) k(cj) < k(8)) = k(d)).

We define a interval delay function ([12]):

Dit)=t—-t—0o(t), te(tetl,k=1,2,...,
and we assume there is a point # € (tx, Tx41] such that Di(t) = 0, Di(¢) < O for ¢ € (tx, k)
and Dy () > 0 for t € (¢, Trs1].

Moreover, for the relationship of the division point §; and the zero point #x(s) of D(s;) on
[tk(_gl.), Tk(a,)+1] we should have

(S1) tre) < 8

(S,) t(s,) > 0y or

(S3) tiisp = 5.

We only consider the case of combination of (S;) with (S;) and (§1). For the other cases,

the discussion will be omitted here.

Lemma 2.1 Assume that, for any T > ty, there exist T < c; — 0g < ¢1 <81 < dy and

f(t)f(), pl(t)ZO! te [CI_GO’dl]\{tk}riz()’l:zyon:n; (5)
and ty is a zero point of Di(tx) in (T, Tks1]- If 2(2) is a positive solution of (1), then the ratio
x(t — o (t))/x(t) will be estimated as follows:

() M=oy 200l p e (1] for k= k(c) + 1., k(dy) - 1, k #k(81);

x(t) -1k
(b) x(t;g)(t)) > bk(t;(tf)—fk)’ t € (t, ti) for k = k(c1) + 1,...,k(d1);
(o) Mg t'fiii;m» t € (t(sy) 01;
@ > ST e i
@ x(t;(f;)(t)) t_ik—(iza_:(t)’ t € (81, Tu(sy)+1l;
(f) =) s ’f—ltkiz:)’(”, t € [c1, Th(ep)1)-

Proof From (1), (5) and (A), we obtain, for t € [c1,d1] \ {tk},
(r(6)®a (¥(£))) =£(£) = po(6)Pa (x(£) = Y pi(t)Pp, (x(t — 0 (1)) < 0.
i=1

Hence r(£)®,(x'(¢)) is nonincreasing on the interval [c1,d;] \ {tx}. Next, we give the proof

of case (a) only. For the other cases, the proof is similar and will be omitted.

Page 3 of 15
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If ty < t < Tgy1, from Dy (£) > 0, we know (¢ — o (¢), £) C (Tk, Tks1]. Thus there is no impulse
moment in (£ — o (¢),£). Therefore, for any s € (t — o (¢), £), there exists a & € (1, s) such that
x(s) — x(t) = &' (&x)(s — 7). Since x(z}") > 0, r(s) is nondecreasing, ®,(-) is an increasing
function and r(£)®,(x'(¢)) is nonincreasing on (7, Txs1], we have

2,(:6) = 00, (369) > 0, (@) s - ) - 2D e
> MO ) = 0 (19— ).
Therefore,
x'(s) 1

< .
x(s)  s—1%
Integrating both sides of the above inequality from ¢ — o (¢) to ¢, we obtain

x(t-0o(t) t-t—-0o(t)
>
x(2) t— 1%

, te(ty el

The proof is completed. O

Lemma 2.2 Assume that, for any T > ty, there exist T < ¢; — 09 < ¢ < 8 < dy and
f(t)ZO’ pl(t)ZO! te [CZ_O—OIdZ]\{tk}’ i=0,1,2,...,l’1, (6)

and ty is a zero point of Dy () in (tx, Tks1]. If x(t) is a negative solution of (1), then estima-
tions (a)—(f) in Lemma 2.1 are correct with the replacement of c1, d1 and 81 by ¢;, dy and
89, respectively.

The proof of Lemma 2.2 is similar to that of Lemma 2.1 and will be omitted.

Lemma 2.3 Assume that for any T > t, there exists T < ¢1 — 0¢ < ¢1 < dq and (5) holds. If
x(t) is a positive solution of (1) and u(t) is defined by

_ r()®. (1)
u(t) := 7¢a(x(t)) , te€lc,di], (7)

then we have the following estimations of u(t):
(g) M(Tk+1) = ( o Tkl € [CI; dl]: k= k(cl) + 11 .. 7k(d1) - ]-y k 7-/]((51),

T
Tt 1~ Tk)%
k(c1)+1) = (7 ey’ Tklc)+1 1,41];
(h) u(r )< (Tk(q):l c1) T € [C d ]
(@) w(Tr(syye1) < m; Tro)+1 € ler, di],
where7 = MaXse(c;,d;Ulca,do] {r(t)}.

Proof For t € (tx, tks1] C [c1,d1], k = k(c1) + 1,...,k(dy) — 1, there exists ¢k € (1, £) such
that

() = x(t) = ' (sK)( - w)-



Zhou et al. Advances in Difference Equations (2019) 2019:16 Page 5 of 15

In view of x(7;") > 0 and the monotone properties of @, (-), r(£) P (x'(t)) and r(t), we obtain

Dy (2(t)) > o (% (51)) Do (£ — 1) > ﬁ% (¥ () (£ = o)™
r(sx)

That is,

r()Pa (¥ (1)) Py r(Sk)
Do (x(1))  (t-T)

Letting t — 1;,,, we obtain conclusion (g). Using a similar analysis on (c1, Tx(;)+1] and

(81, Tk(sy)+1], we can get (h) and (i). The proofis completed. O

Lemma 2.4 Assume that, for any T > ty, there exist ¢y, dy, 8y ¢ {1} such that T < ¢y — 0 <
€3 < 8 < dy and (6) hold. If x(¢) is a negative solution of (1) and u(t) is defined by

_ ()P (' (1)

U= =g )

) te [627d2]: (8)

then the estimations (g)—(i) in Lemma 2.3 are correct with the replacement of ¢1, dy and 8,

by ¢y, dy and 8, respectively.
The proof of Lemma 2.4 is similar to that of Lemma 2.3 and will be omitted.

Lemma 2.5 (cf. Lemma 1.1in [22]) Let{Bs,..., Bn} be the n-tuple satisfying (A). Then there
exists an n-tuple (n1,12, ..., Ny) satisfying

(i) Zﬂmi =o, and

i=1

n )
(ii) Zm:)»<1, O<n<1.

i=1

In the following we will establish Kamenev type interval oscillation criteria for (1) by
the idea of Philos [26]. For the research of Kamenev/Philos-type oscillation criteria for
differential equations, see [27-31].

Let E = {(t,s) : to < s < t}, H},H, € CY(E,R). Then a pair of functions H, H, is said to
belong to a function set .7, denoted by (H;,H;) € 7, if there exist /1, hy € Lioc(E,R)
satisfying the following conditions:

(C1) Hi(t,t) = Hy(t,t) =0, Hq(t,s) >0, Hy(t,s) >0 for t > s;

(C2) 2Hi(t,5) = hi(t,8)Hi(t,s), £Ha(t,s) = ha(t,5)Ha(t,5).

For convenience in the expression below, we also use the following notation:

k(d)-1

Th(c)+1 tk Thsl tk(d) d
/ / Py / . / +/ + / .
led] c Tk 173 Tk(d) tk(d)

k=k(c)+1
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Lemma 2.6 Assume that the conditions of Lemma 2.1 hold. Let x(t) be a positive solution
of (1) and u(t) be defined by (7). Then, for any (Hy, Hy) € 7, we have

2 (t—o(t)
s Y (HH, (¢, 01)7@

51
+ | Hie, q)[po(t) (”(%Vn(t c1>}““]

€1

k(81)

=S

i=k(c1)+1 i

bOl (1

Hl(Tzrcl)u(Tz) Hl((sljcl)u(‘sl) (10)

and
[ womao= 2
(61,d1] x%(t)
% V( l+a

+ : Hz(dl,t)[Po(t) W’hz(dht)’ i|
k(dy) b“ a°

< Z a"‘ Hy(dy, t)u(t;) + Ha(d, 81)u(81), (11)
i=k(81)+1 i

where W (£) = ny " [f@©)1" [T, ;" (0: @) with ng =1 =Y, n; and 11,2, ..., N, are posi-
tive constants satisfying conditions of Lemma 2.5.

Proof Differentiating u(t) and in view of (1), we obtain, for ¢ # 7,

FO ] Pulsit =)
[Z‘”’ Op-o(xlt =) + %(x(t—a(t)))} 8. (x(0)

1+1/a

|u(t)| = po(t). (12)

1/0( (t)
Let

[f (@)l

7]0 m V= n;lpi(t)(pﬁi—a (x(t - G(t))), i=1,2,...,n,

where 71,7, ...,7, are chosen to satisfy conditions of Lemma 2.5 with g =1 - Y"1, 1, for
given B1,..., B, and «. Employing the arithmetic—geometric mean inequality (see [32])

n n

ni
E nivi = l_[Vilr
i=0 i=0

we have, from (12),

x*(t —o(t)) o

xe(t) (e "™ o0, 43

u'(t) < -y (1)

where

=0 [ @)™ ™ (pi®)"
i=1

Page 6 of 15
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Multiplying both sides of (13) by H; (¢, ¢1) and integrating it from ¢; to &1, we have

o t_ t
e ©d<- [y TPy
[e1,61] [c1,81] xu(t)
|u(t)|1+1/u
-« H (t,C )—dt
sl ()
31
- Hl(t;cl)pO(t)dt (14)

1

Noticing that the impulse moments Tx(,)+1, Tk(c;)+2s - - - » Th(sy) are in [c1,81] and using the
integration by parts formula on the left-hand side of the above inequality, we obtain

k(81)

b¥
Hy(t,e)u' (de= )y (1 - —;)Hlm,cl)u(m + Hy (81, ¢1)u(81)
[e1,81] i=k(cp)+1 4i
- Hy (¢, c)h (¢, cr)u(t) de. (15)
[e1,61]
Substituting (15) into (14), we obtain
x(t—ol(t
Y (OH (¢, C1)% dt
L] x*(2)

o

< Z (——I)Hl(rl,cl)u(r,) H;i (81, ¢1)u(81)

i=k(c1)+1 a

81
- / po(t)Hi(t, cy)de + Hy(t,¢1)V (u(t)) de

1 [e1,81]

where V(u(t)) = [|l1(¢, c1)||u(t)| - |u(2)|1*1/*]. We easily see that

rl/oc

V(u(t)) <sup V(u(t)) = ————
(0) = V) = (i
Thus, we obtain (10).

Multiplying both sides of (13) by Hy(d1,t) and using a similar analysis to the above, we
can obtain (11). The proof is completed. O

Lemma 2.7 Assume that the conditions of Lemma 2.2 hold. Let x(t) be a negative solution
of (1) and u(t) be defined by (8). Then for any (Hy,H,) € € we have

VOH (6, c) L= 0)
[c2,6] x°(£)

)

¥ Hl(t,cz)[pou) szl(t, »\“‘”]

2

dt

Cl Ci

k52)
= 2.

i=k(cg)+1 i

“Hi (75, e2)u(t;) — H1(82, c2)u(82) (16)

Page 7 of 15
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and
x*(t—o(t))
[ vom@n= P
[52.5] *(t)
@ ( 1+
+ Hy(d>, t) [Po(t) - 7“&|h2 (da, 1)) i|
8 (1 + o
k(da) b — g
< Z ——Ha(d1, T)u(t;) — Ha(d, 82)u(5>), (17)
i=k(82)+1 i

where ¥ (t) is defined as in Lemma 2.6.

The proof of Lemma 2.7 is similar to that of Lemma 2.6 and will be omitted.

For two constants vy,vy ¢ {tx} with v; < v and k(v1) < k(v,), using function ¢ €
C([v1, v2], R) and function ¢ € C_([v1, v2],R), we define a functional Q : C([v,12],R) — R
by

~ k)~
(O o)1 = By + )P (Th(v1)+1) . i r(bf — ap)e(Tr)

Q2 [g] = p - P ) (18)
Ar(v1)+1 (Tk(u1)+1 —-v1) kek(vy)+2 aj (Tk — Tk-1)
where Y_" =0 if m > n, and a functional L : C_([v;, v],R) — R by
Tk(vy)+1 t— b)) — 1))%
gl [ plo =T =T OF o,
" (£ = Tr(p))
k(vg)-1
- 7)” Tl (t-—t—o(@®)”
[/ e R CR ot
k= k (v1)+1 k t k
k() (t = Th(vy))”
+ ®) 2 de
/rk IR =)
(t - v o
/ ¢(t) Tky) = 0 (£) dt, (19)
VZ) (t Tk U2 )

where t; are zero points of Dy (t) on [tx, Tk41] for k = k(v1) + 1,..., k(v7).

For convenience in the expression below, we define, for j = 1,2,

; ; gl (t) i
M)[Hi (8 ¢)] = L [W (OH (8 ¢)] + /] Hl(t,c/)|:po(t)—mwl(tmjw :|dt
and
r(t)

) ) dj +a
1) 0] = L [0 O 0] + [ ol o) - it 0]

1

where ¥ (£) = 1™ [f(0)1" T, n; ™ (i(®)".

Page 8 of 15
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Theorem 2.1 Assume that, for any T > ty, thereexist T <c; —0g<c1<d; <cy—0p < <
dy and (5) and (6) hold. If there exists a pair of (Hy, Hy) € € such that

66 Ty 0] QUHi(q)] Q) Ha(d), )]
H(3,¢)) * Ha(d;, 8)) g H(3,¢)) * Ha(d;, 8)

) j: 11 2’ (20)

then (1) is oscillatory.

Proof Assume, to the contrary, that x(¢) is a nonoscillatory solution of (1). If x(¢) is a pos-
itive solution, we choose the interval [c1, d1] to consider.

From Lemma 2.6, we obtain (10) and (11). Applying the estimation (a)—(f) into the left
side, meanwhile (g)—(i) into the right side, of (10) and (11), we get

I [Hy(t,¢1)] < Q1 [Hi(e1)] = Hi(81,¢1)u(81) (21)
and

T [Ha(dy, )] < Q5 [Ha(dh, )] + Ha(dy, 81)u(81). (22)
Dividing (21) and (22) by H;(81,¢1) and Ha(d1, 81), respectively, and adding them, we get

I ()] | 115} Ho(eh, 1) _ QU THA (1)) . Q3! [Ha(dy, )]
Hi(81,¢1) Hy(d1,61) —  Hi(d1,¢1) Hy(d1,61)

’

which contradicts (20) for j = 1.

If x(¢) is a negative solution of (1), we choose interval [¢;, d>] and can get a contradiction
to (20) for j = 2. The details will be omitted.

The proof is complete. 0

Remark2.1 Wheno () =0, i.e., the delay disappears and & = 1 in (1), Theorem 2.1 reduces
to Theorem 2.2 in [1].

Remark 2.2 When o (t) = 0y, i.e., the delay is constant, Theorem 2.1 reduces to Theo-
rem 2.8 in [2].

In Eq. (19), zero points t; of Di(£) appear at upper limit (or lower limit) of integrals.
However, these zero points are generally not easy to solve from Dy () = 0, which will lead
to difficult in the calculation of (19). To overcome this difficulty we need to re-estimate
x(t—o (£))/x(t) on (¢, Tis1), (T, tr), (tk(dj), d;) and (Tk(d,), tk(dj)) in Lemma 2.1 and Lemma 2.2.

If x(¢) is a positive solution of (1), from (a) in Lemma 2.1, we have, for k = k(c1) +
1,...,k(d1) - 1, k #k(51),

x(t-o(t) t-t—-o(t) . t—-t—o(t)

,  telty . 23
0 > P ; (tk> Tra1] (23)

From (b) in Lemma 2.1, we have, for k = k(¢;) + 1,...,k(d1),

x(t —o(t)) t—1x t—1—o(t)
X0 btto)-1) PR

te (‘L’k, tk]. (24')
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Combining (23) with (24), we obtain estimation of x*(t — o (¢))/x*(¢) on (tx, Tx+1] for k =
k(cl) + 1»-«~1k(d1) - 11 k 7!/((51),

@ xu(;;(f)(t” S cba(t‘ ’kt“’(”), )

Similarly, from (b) and (c) in Lemma 2.1, we have

(b)

t € (Tiesy)s trsy] Y (ksy)» 81,

x(t - o (b)) N fpa(t_ Th(s,) a(t))’
x%(t) t

from (b) and (d) in Lemma 2.1, we have

(©

t € (Tk(ay)s tr(ay)) Y (tr(ay)> dal,s

x%(t—o(t)) >¢a<t_Tk a(t)),
x%(t) t

and from (e) and (f) in Lemma 2.1, we have

- x(t-o(t) (t — Ti(s,) — a(t))
d D, , L€ 61, Tris)41),
(d) =) > P [81, Tk(sy)+1]

and

. x(t-o(t) L= Thiey) — a(t)>
D, , L€ [ct, The+1]-
(e) =0 P 1, Thiey)+1]

If x(¢) is a negative solution of (1), from Lemma 2.2, we can get similar estimations to
the above for t € [¢, d>].
For convenience, we define functional L : C_([¢;,dj],R) » R, for j = 1,2, by

9] = f tk(c’)”¢(t)q>a(7t_” G(t))dt

i t fk(ci)

k(8)-1

4 Thkel )
+ Z p@. (0 ) a
k=k(c; Tk

/ (0 (t Tkes; a(t))dt

and

Tiig) = / " e, (—t _The) "(t)) dt

5 = Tk(s)
k(dj)-1
iy —o(t)
+ Z ¢> (D) Dy f de
k=k(5; Tk

4
+ ¢(t)¢a(tn<—tom) dt
)

k(s
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Further, we define, forj = 1,2,

=~ 0j Tj (Sj (t) +a

HCSI [Hl(t, Cj)] = Li}. [I/I(t)Hl(t, C]')] + /C] Hi(t,¢c)) |:po(l') - (IIW |h1(t’ Cj)|1 :| dt
and

~9j T 8/ (t) +o

) [Ha(dy,0)] = [ (O Ho(dy, )] + / Hy(d;, 1) [m(t) - u:T)l |y, )| ] dt,

where ¥ (£) = ny™ [F(O)1" T, n; " (pa(e))".
Using similar proof method to that of Theorem 2.1 and applying estimations (a)—(€), we
can obtain following theorem.

Theorem 2.2 Assume that, for any T > t, there exist T < ¢y —0g<¢1 <d; < ¢y —0p <€y <
dy and (5) and (6) hold. If there exists a pair of (Hy, Hy) € F€ such that

) 1H (1, 6)] ﬁ;"[Hz(d,-,t)] QU IH, ()] Q;?[Hz(dp')]
Hy(8),¢)) * Hy(d}, 5)) g Hi(8j,¢)) * Hy(d}, 8))

) ] = 11 2’ (25)

then (1) is oscillatory.

3 Example
In this section, we give an example to illustrate the effectiveness and non-emptiness of our
results.

Example 3.1 Consider the following equation:

K'(6) + mpr P (x(t — 0 () + 112p2()P1 (x( - 0 () = (), 7T 06)
26
x(t,:) = apx(Tr), x/(r,:') =bx' (), k=1,2,...,

where @, (s) = |s|*s, o (£) = %sin2(nt), 41, 1o are positive constants and ¢: 7,1 = 81 + %,
rn,2=8n+%, T3 =8n+ %,r,,,4=8n+1—23,neN.
Let

(t —8n), t € [8n,8n+ 3],
pi(t) =pa(t) = | 3, te[8n+3,81+5],
8n+8—t), te[8n+5,81n+8],

and

(t —8n)(t — 8n —4)3, t € [8n,8n +4],

f(@®) =
(t—8n—-4)°%8n+8—t), te[8n+4,8n+8].

For any ¢, > 0, we choose n large enough such that £y < 8z and let [¢;,d;] = [8n+1,8n+3],
[ca,d2] = [8n +5,8n +7], 81 = 8n + 2 and §, = 8n + 6. We see that there has a zero point of
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Dy () on each interval of [c1,81], [81,d1], [c2,82] and [8,,d;]. By approximate calculation,
we get t; &~ 8n + 1.709, t, ~ 8n + 2.710, t3 ~ 8n + 5.709 and t, ~ 8n + 6.710. Moreover,
from conditions « = 1, 81 = 5/2 and B, = 1/2, we can choose n; =1/3, n; = 1/3 and 5o =
1-mn1 —ny = 1/3. So, the conditions of Lemma 2.5 are satisﬁed

Letting H, (¢,5) = Hy(t,s) = (t — s)* and hy (¢, s) = —hy(t,s) = - By simple calculation, we
have, for ¢ € [c1, 1],

g r(¢)

(1 +a 1+a

8n+2 ) 22
= t-8n-1°{0- ———— |dt =-1.
-/8n+1 ( " ) ( 22(t - 8n— 1)2>

Hl(t»Cl)[Po(t)— |h1(t a ’1+a:| dt

1

Let
$1(t) = Y (OH: (¢, ¢1) = g™ [£ ()] ™ H 0" (pi(®)" (¢ - c1)*
i=1
= 3.9 ot — 8n)(¢ — 8n — 4)(t — 8n —1)%.
Then
8+ t—8n+ 32— Lsin’(ne)
L1 (0)] = / t 22
(@] - 1 (t) (8n+l
e to8n-;
+ 1 :
8n+2 n,l(t— 8n - % + %smz(nt))
8r1+2 t—8n—3 - Llsin’(wt)
+/ 0 i de
" t-8n-3
3 .
5 td -0t -1+ 2 - Lsin®(nt))
- sy | T d
1 t+ b
/”09 (4 - 1)t - 12(-3)
+
3 bua(t— 2+ $sin’(mt))
2 fA4-t)(t-1)%(t -2 - Lsin®(mt
+/ (4-1)( )(323 ())dt)
1.709 t—-35
0.2551
~ 34/u1,u2<2 373 + )
n,1
Therefore,
0.2551
) Hy(t¢)] = 34/—;“#2(2 373 + )
n1

Similarly, for ¢ € [61,d1], we have

$a(t) := Y ()Ha(dy, £) = B ppa(t — 8m)(8n + 4 — 1)(8n + 3 —1)?,
dy

Hy(dy,t) |:P0(t) |h2(d1,t)|l+a] dt =

( )1+o¢

51
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and

3 HA-1)(3 -0t -3 - Lsin’(nt)) &

3
t=3

Lfsill [¢2(8)] = 3Y/m1pa (/2

. (3 )2(r_ 5
+/271 t4-1)(3-1)*(t-3) &

5 bua(t- g + %sinz(mf))

X /3 t4-1t)(3-1)*(t - 3 - Lsin*(ne)) dt)
2 t—

3
71 3

0.078
~ 3. s (2964+ b )
n2

Therefore,

0.078
Hﬁl[HZ(dbf)]ﬂW(z‘%m . )_1'

n,2

Since
Hy(81,¢1) = (61 - Cl)2 =1, Hy(dy,81) = (d1 - 51)2 =1,
the left-hand side of inequality (20) is

M Hy (¢, ¢1)] . 1 [Hy(ds, 0)]
Hi(81,¢1) Hy(dy,61)

0.255 0.078
~ 3 (5.337 + ) ~2.

+
bn,l bn,Z

Because 7, =7 = 1, Th(cy)+1 = Th(sy) = Tn1 = 81 + % € (c1,81) and Tis))+1 = Th(dy) = T2 =
8n + g € (81,d1), it is easy to see that the right-hand side of inequality (20) for j = 1 is

Qf} [Hi(-c1)] + Qfsill [Ha(ds, )] _ bn,l —ap, + bn,Z —ap2
Hi(81,¢1) Hy(dh,61) 4a,, day,

Thus (20) is satisfied with j = 1 if

0255 0.078 by — by —
3W<5-337+ ; +—>>2+ ml = 4n1 | On2 7 Gn2

n,1 bn,Z 4‘“n,1 4ﬂn,Z

When j = 2, with the same argument as above we see that the left-hand side of inequality
(20) is

3 (H(te)] 132 [Hy(ds, 1))
Hy(82,¢2) Ha(dy, 82)
PHd-)(t-1)X+ 3 -
t+3
1.709 _ C1\2(r_ 3
+/3 tA-0E-1)7°(t-3) &

b, 3(t - % + ésinz(nt))

% sin?(¢)) dt

el

. /2 H4 - 0)(t - 1)*(t - 3 - 3 sin®(2)) &
1

3
709 t—-3

Page 13 of 15
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3 H4- 0B -2t - 2 - Lsin}(n1)
+/2 t—% dt

270 Ha -3 -1t -3)
+/§ bua(t—3 + 3 sin’(7t)) d

2

+/3 tH4-1)(3 - )(t— — 1 sin’(rt)) dt)—2
2

71 t— 5
0.255 0.078
N3«/M1/¢L2<5337+ b )_2y
n,3 n4

and the right-hand side of inequality (20) is

d
Q{c% [Hi(- )] N Qs; [Ha(d, -)] _ bu3—aus3 . bua—apa
Hy(82,¢3) Hy(d>, 82) 4a,3 day,

Therefore, (20) is satisfied for j = 2, if

0.255 0078 b, a— boa—
3\/m<5337+ )>2+ 3 = n3  Ond = dng

n,1 bn,Z 4-61,,,3 4“;1,4

Hence, by Theorem 2.1, Eq. (26) is oscillatory, if

3 0255 0078 bpi-an1 | bup-anp
3/mim2(5.337 + 52 " )>2+ + i

Tday; 1 4ay (27)
. bus—an3 | bua—ana
3.Y/Mip2(5.337 + G2 + 0"78 >4 il Jndtnt
ypa( Tn ) s s
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