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1 Introduction

The study of bioeconomics has a very long history. Bioeconomics is closely related to the
early development of theories in fishery economics. The basic model due to Gordon (1954)
and Schaefer (1957) is

dx
pria G(x) — h(x,E),

and the instantaneous profit rate is

v = ph(x,E) — cE, (1.1)
where the “catch equation”

h(x,E) = gEx (1.2)

is called the Schaefer catch—effort relation [1]. x is the biomass at time ¢. E is the harvesting
effort, in the fishery setting, which is typically specified as the number of (standard) vessels
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actively fishing at time ¢. The units of harvesting effort would then be Standard Vessel
Units (SVU). c is the cost of effort, and p is the ex-vessel price of fish. The parameter g
is a constant, called catchability, units of g are SVU™! x (time unit)™!. Thus, q represents
the proportion of the current stock x caught by one standard vessel in one time unit (to
normalize units, one could let g = 1). To be specific we will now use time units of days
(rather than years). Thus G(x) now represents the population growth per day and % is the
daily harvesting rate, both being measured in tonnes per day.

Predator—prey models with harvesting is always a hot research topic (see [2-9]). The
most general form of the two-dimensional predator—prey model is Kolmogorov’s model
[10]:

x =xf(x,9),
¥ =8(x,),

(1.3)

here x and y denote the prey and predator populations at time ¢, respectively. In recent
years, to analyze this model from an economic point of view, many researchers have stud-
ied a class of bioeconomic systems which combine system (1.3) with prey (or predator)
harvesting and (1.1), and obtained some excellent results, such as the stability of equilib-
ria, limit cycle, Hopf bifurcation, saddle-node bifurcation, singular induced bifurcation
(see [4-6, 8,9, 11, 12]). It is given by

i = xf (3,9) — hw, ),
¥ =78, (1.4)
v = ph(x,E) — cE,

here E is the effort applied to harvesting the prey at time ¢. The extended model is a sys-
tem of differential-algebraic equations (DAEs) with differential variables x, y and algebraic
variable E. In these literatures, %(x, E) is traditionally taken as gEx. However, the Schaefer
catch—effort relation has some flaws as Ref. [13] points out:

(i) All processes affecting stock productivity (e.g., growth, mortality and recruitment)
are subsumed in the effective relationship between effort and catch. This
hypothesis has been proved to be not reasonable.

(ii) The catchability coefficient g is not always constant. Improvements in technology
and fishing power make g often vary through time.

(ili) The harvesting function did not account for the handling time of the catch and the

competition between standard vessels which are utilized for harvesting of resource.
On the contrary, evidence for a nonlinear harvest function is quite strong for a
number of stocks [14].

In economics there is a tradition of formulating the dynamical systems as processes in
discrete time from the outset, as difference equations instead of as differential equations.
The cobweb model, the Cournot duopoly model, and the Samuelson—Hicks business cycle
model are all examples of this tradition. On the other hand, in population ecology many
authors are more focused on discrete-time models for the following reasons: one is that,
for nonoverlapping generations, births occur in regular, well-defined “breeding seasons”.
This contradicts the assumption that births occur continuously [15]. The other is that the
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discrete-time models can also govern efficient computing models for continuous ones in
order to achieve the numerical emulation. However, as far as we know, there are few stud-
ies of the difference scheme of system (1.4) which represents a class of discrete singular
systems and no one has considered the general method to be applied to deal with it by
now.

The main objective of this paper is to investigate the dynamic behaviors of a discrete-
time economic predator—prey model. The model, featuring a more realistic nonlinear har-
vesting function, will give rise to some interesting dynamic behaviors, as we see in Sect. 4.
The paper is organized as follows. We develop a local parameterization method based on
the tangent space local parameterization of DAEs in [16] and use it to deal with the afore-
mentioned discrete singular system in the next section. In Sect. 3, we analyze the stability
of the fixed point. In addition, we also classify the fixed point based on the geometric
properties of trajectories distribution near it. Surprisingly, little study has been done on
this aspect for discrete systems. Section 4 is devoted to the main results of this paper, the
proposed system is investigated as it undergoes a Neimark—Sacker bifurcation and a flip
bifurcation. Section 5 contains a numerical verification of some key results. Conclusion

and discussion are presented in Sect. 6.

2 Statement of model and local parameterization
Consider the scaled equation, describing a singular bioeconomic system (see [6, 9, 17-19])

with nonlinear harvesting function, as

x=x(a—kx—-y)— lffnx,
7 =y(=s +x), (2.1)
v= lljjfzx —cE.

For the practical significance, the system (2.1) is defined on the set
R} ={(x,5,E)€R} |x>0,y>0,E >0},
and is subject to positive initial conditions,

x(0) >0, ¥(0) > 0, E(0) > 0.

Equation (2.1) is a semi-explicit autonomous differential-algebraic equations with differ-

xE
? 1+mx

dling or processing time [17, 19]. Though this nonlinear harvesting function is more real-

ential index 1 is the harvesting function with constant m being related to the han-
istic, not many researchers have used it in their studies. For 7 = 0 it reduces to the Schaefer
catch—effort equation (1.2).

We put (x,7,E)T = X and use X = (x0, y0, Eo)” to denote the equilibria of (2.1). It can be

checked that system (2.1) has a unique equilibria,

T
on<s,a—ks— v (1 + ms)v ) '

(p-cm)s—c’ (p—cm)s—c
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We have X, € R?, in this work, we take parameters (a, k, s, p, m, ¢, v) from the set

n:{(a,k,s,p,m,c,v) a—ks— >0,(p—cm)s—c>0}.

v
(p—cm)s—c

For (2.1), if derivatives are replaced by finite difference approximations, then we get the

forward Euler difference scheme with step-size §:

X1 = X + 8%(@ — Koty = Y — 1),
Vi1 = Yn + 8Yn(=8 + %), (2.2)
VIEYI
0= ffon —-cE,-v,
or in map form
x> x+8x(a—kx—y— ﬁ),
Yy +38y(=s +x), (2.3)
0=2L _cE-v.

We can easily verify that the fixed point of (2.3) is also X,. Now we will determine the local
equivalent parameterization system of (2.3).
We first rewrite (2.1) into the constrained form [16], that is, the differential equations

on the manifold,

& =w(a-ke—y) - 2L,

y = y(=s + %),

y y(~ ) 2.4)
E= 8_f3(x>_y>E),

0= 1’1’;fx—cE—v.

The algebraic equation sets an invariant manifold (denoted by M) in R® [16] whose num-
ber of independent coordinates is 2. E is described through a derivation of the algebraic
equation along the solution path with respect to time ¢ and it is not necessary for the
concrete formula as we will see later. Accordingly, (2.2) becomes the following difference

algebraic equations of the constrained form:

E;,,)
)

KXpy1 = X + 8xy(a — kxy —y, — T

Vel = Yn + 8Yu(=5 + %),

- (2.5)
En+l = En + Sfé(xmymEn);
= ff;’ni’; —cE, —v.

It will be convenient to introduce some notation:

E
) 1E = 5 _k -J ’
fiy,E)=x+ x(a x—y 1+mx)

Loy, E) =y + 8y(=s +x),
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Bx9,E) = E+8f(x,9,E),

pxE
) yE =T — E )
gy, B) 1+ mx ¢ v
and the vector-valued function

f=6R"  F=thhh)

In terms of the above notations, (2.5) becomes

Xn+1 :f(Xn), (2 6)
g(Xn) = O;

or in map form
X f(X), 27)
gx)=o0.

Note that the form of (2.6) or (2.7) is generic (representing difference algebraic equations
in constrained form). We next generalize the tangent space local parameterization method
for general differential-algebraic equations in constrained form to parameterize (2.6) or
(2.7). First we give a decomposition for M in R® as follows:

X—=Xo=UY + VoY, VXeM,
or

X =Xo+UpY + VoY, VXeM. (2.8)
[Uo, Vo] is an arbitrary order-three orthogonal matrix whose columns consist of a basis for
R3 with Uy is 3 x 2and Vyis 3 x 1. Y := (y1,¥2)T € R? is the coordinate associated with the
projection of X — X onto the column space of Uy, and Y € R is the coordinate associated
with the projection of X — X, onto the column space of Vp; note that ¥ might be locally
represented by Y. Indeed,

g(Xo + UpY + VoY) =0.
Let G(Y, T’) =g(xo + UpY + VO?), therefore

det(DyG(Y,Y)) = Dyg(Xo + UoY + VoY) = Dg - Vo #0,
where D is a derivation operator. Hence, there exists a smooth map: 2 : R — R guaranteed
by the implicit function theorem such that Y =h(Y) locally holds. Putting it in (2.8) gives

a local parameterization of the solution manifold with parameter Y as follows:

X =X+ UpY + Voh(Y) = y(Y), (2.9)
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where
21 ()’1;)’2)
V(YY) = | ¥2(y1,52)
1ﬂs()/l;yz)

Obviously, ¥ is related to /.
From (2.9) together with the first equation of system (2.6) we get

¥ (V) =f (¥ (Y),
which gives
Xo + UoYye1 + Voh(Yuu1) =f (¥ (V)
multiplying by U gives
Uy Xo+ Yo = Usf (¥(Y),
that is,
Y1 = Ug f(¥(Y)) - Uy Xo, (2.10)
or in map form
Y e UEF(0() - U Xo

which is the local parameterization of (2.7) near X, with parameter Y.
Specifically, if take

1 O 0
Uy=10 1], Vo=10],
0 0 1
then
UL (v (V) =f (¥ (Yo). 2.11)

Here we see that f3(X) vanishes, which is why it is not necessary to give the concrete for-
mula of fg in E of the equation of (2.4). Hence using (2.10) and (2.11), we obtain the fol-

lowing parameterization system:

Yuer =f (¥ (Yn)) = Uy Xo,
or in map form

Y '_’f(W(Y)) - Uq Xo,
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that is,

Y f(¥(Y)) = (%0,50) " (2.12)

Equation (2.12) is topologically equivalent, near the origin, to the difference algebraic sys-
tem (2.3) in a neighborhood of Xj.

Remark 2.1 The fixed point Xj of (2.3) corresponds to the fixed point O(0,0) of (2.12).

Remark 2.2 Since the form of (2.6) or (2.7) has generality, the new parameterization
method is also generic (X;, can be of arbitrary finite dimensions). Specifically, if we take
the tangent space and normal vector space of solution manifold at X, as Uy and V), re-
spectively, then the local parameterization (2.9) reduces to the tangent space local param-
eterization condensed method for DAEs in [16].

3 Fixed points classification and stability analysis
Our goal in this section is to examine the local stability of (2.3) based upon the standard
linearization technique.
From g((Y)) = 0 we obtain
Dg(X)Dy(Y)=0. (3.1)
Differentiating (2.9) with respect to y and multiplying both sides by U gives

UIDY(Y) = I. (3.2)

Combine (3.1) and (3.2) to yield

-1
Dy(Y) - (D ff?) (2)
0

1 0
= 0 1
Ep

- ((p—cm)x—c)(1+mx)

for future use. Note that D/ (Y) has nothing to do with /, so we can give the concrete form
of (2.12) by a Taylor formula.
The Jacobian matrix of the system (2.12) evaluated at the origin is given by

D(f(¥ ) = (0,50)")] 5,

= DF(X)x, DY (V) (0,0)

1 0
— flx fly flE 0 1
2% -fZJ’ f2E Xo Eop 0

- ((p—cm)s—c)(1+ms)

vm vpds
_ 155k~ oot + mams—oZ@imy 08 _
8(a —ks — 1

(p—c;t)s—c )
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Hence the characteristic equation associated to the Jacobian matrix is given by

F(A)=A2+Br+C=0, (3.3)
where
— pdsv
B =ds(k - ((p—cm):inc)(Hms)) T —cm)s—o)2(Lrms) 2,
_ pdsv
C=1+ ((p—cm)s—c)%(1+ms) - 8S(k - ((p—cm):inc)(Hms))

+88%(a — ks — o)

Putting A = 1 and A = -1 in F(X), respectively, we get

o200 o2 1o v
F(1) =s8%yy =58 (a ks —(p—cm)s—c>
and
_ 2E0p8S _ B EOm 2
Fel) =4+ ((p — cm)s — ¢)(1 + ms)> 283(/( 1+ ms)z) +8%0
3 2pdsv vm
=4t (p— cm)s — > (1 + ms) Zss(k_ (p—cm)s—c)(1 + ms))

Y O P S
+ 868 (a ks (p—cm)s—c)'

Let A, and A, denote the two roots of (3.3), referred to as the eigenvalues (or multipliers)
of the fixed point O(0,0). We first recall the relevant definitions of topological types for
fixed points (see [20]).

Definition 3.1 O(0,0) is called
(i) a hyperbolic fixed point, if the moduli of all eigenvalues do not equal 1; and
(i) a nonhyperbolic fixed point, if |A;]| =1 or |Ay| = 1.

Definition 3.2 If O(0,0) is a hyperbolic fixed point, then it is called
(i) asink,if |A1] <1and |Az] < 1;
(ii) a source, if |A1] > 1 and |A5] > 1; and
(iii) a saddle, if A1 are real, with [A;] < 1 and [Az| > 1 (or |A1] > 1 and |A5] < 1).

Moreover, we can classify fixed points based on the geometric properties of trajectory
distribution near them.

Definition 3.3 O(0,0) is called
(i) asaddle, if A;; are real, with |A1] <1 and |A3]| > 1 (or [A;] > 1 and |A;| < 1);
(i) anode, if Ay, are real, with |A15]| < 1 (or |A12] > 1);
(iii) a focus (sometimes called spiral point), if A1, = r(cos€ £ isin6), r # 1; and
(iv) acenter, if 115 =cosf +isin6.

Thus, we have the following lemma from the relations between roots and coefficients of
the quadratic equation [21].
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Lemma 3.1 Suppose that F(1) > 0, then we have
(i) |AMl<land || <1iff F(-1)>0and C<1;
(i) |A1]l>1and|ry|>1ifF(-1)>0and C > 1;
(iti) |A1]<1and |ry|>1 (or |A1|>1and |y < 1) iff F(-1) < 0;
(iv) A1 and Ay are complex and |A1| = |Ay| = 1 iff B2 —=4C <0 and C = 1; and
(v) M =-land || #1iff F(-1)=0and B+#0,2.
Using Lemma 3.1, we obtain the following results.
Theorem 3.1 Assuming parameters (a,k,s,p, m,c,v) € «, system (2.3) has a unique posi-
tive fixed point Xy and
(i) it is a sink iff
4+25A1-28A2 +8°A3>0 and Ai—Ay+8A;3<0;
(ii) it is a source iff
4428A —20A0+8%°A3>0 and Aj—Ay+8A3>0;
(ili) it is a saddle iff
4+25A1 —28A, +8%A5<0; and
(iv) it is nonhyperbolic if one of the following conditions is satisfied:
(ivl) 8As=Ay— Ay and (Ay— A1)? —4A3<0;

(iv2) 4 +28A1 —28A2+8?A3=0and Ay —8A, #2,4.

Theorem 3.2 With the assumption of Theorem 3.1, X is
(i) a stable node iff

8(Aa—A1)<2 and 1+8A1—8As+8%A5>0;
(i) an unstable node iff

Ay — A1 <O
(iii) a stable focus iff

(Ay— A1) —4A3<0 and SA3<Ay—Ag;
(iv) an unstable focus iff

(Ay—A1)? —4A3<0 and SAs>Ay— Ay,

where

psv

Ar= ((p — cm)s — ¢)2(1 + ms)’
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A2 = S(k - v ),
((p = cm)s — c)(1 + ms)

14
A3 =S<ﬂ—ks— m)

4 Bifurcation analysis
Based on the analysis of Sect. 3, we discuss a codimension-one bifurcation (Neimark-
Sacker bifurcation and flip bifurcation) of system (2.3) at the fixed point.

4.1 Neimark-Sacker bifurcation and invariant curve
First, let C = 1, then we have

v ) psvé
s(a—ks— (p—cm)s—c)a + ((p — cm)s — ¢)*(1 + ms)

—S<k— o >5=0.
((p — cm)s — ¢)(1 + ms)

Solving this equation gives

Ay — A
§p = —= L
A3

We choose § as a bifurcation parameter to discuss the Neimark—Sacker bifurcation when
8 varies in a small neighborhood of §;. If we consider 6* = § — 41, then § = §; is equivalent
to §* =0.

The linearization of (2.12) has the characteristic equation at O(0, 0)

F(A)=2>+B(8*)» + C(8*) =0,

where
_ (8*+81)psv
B(a*) - (8* + 81)S(k - ((p—cm)]s/iﬂc)(lers)) - ((p—cm)s—i)z(lers) -2
_ (5% +81)psv
C) = 1+ Gommeezamy — 0"+ 80stk — o)
+ 5(5* + 81)2(61 — ks — m).
Let

Ql = {(a,kysrp>m,cyv;3) | (ﬂ,k,S,p,m,C,V) em,0<4 :31,([\2 - A1)2 <4A3}.

Then, if (k,a,m,s, p,c,v,8) € Q1, the characteristic values are complex conjugate numbers
A and A with |A| = [x] = 1, where

MA= —B(j ) + %,/4c(5*) - B2(8*), Mgz = v/ C(0) = 1,

and

_ A
ds*

1 Ay — 1y CAy- Ay
§*%=0 2 \/1 + AI(SI — A281 + A35% 2

> 0.
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In addition, it is required that when 8* = 0, A", 2" #1 (m = 1,2, 3,4), which is equivalent
to B(0) # -2,0,1,2, thatis, §1 Ay — 81 A1 #0,2,3,4. Note that A, > Ay, thus

H=8Ar—8A #2,3,4. (4.1)
If we put
x+ (8% +81)x(a—kx—y) - . fmx —x0 2 Fi1(X),
Y+ (8* + 81)y(—s +%) = Yo £ F(X),
and
(F1, F)" & Fye,
then
Y > F(y(Y)) - (x0,%0)" (4.2)

is a one-parameter map with parameter §*.
We next determine, in order to get the normal form of (4.2), the Taylor expansion of the
right-hand side of (4.2) at the origin to order three, that is,

(4.3)

N N ayy1 +azys + ﬂu)’% +ad12y1)2 + 61111}’? +O((ly1| + |J’2|)4)
Y2 biyr + bays + bioy1ya + O((Iy1| + |J’2|)4) '

where the terms with 0 coefficients are omitted. By the chain rule, we have the following:

_ R () _ s _ Eom Eop
a = Y1 |(O’O) =1+ (8 + 31)S( k+ (1+ms)2 + (1+ms)2((p—cm)s—c))’
OF Y
as = %ko,o} =—(6% +81)s,
2R (Y (Y,

an = % l(0,0)

_ (—czkm3s3+26km2ps3—362km2s2—kmp233)(61+z‘5*)

- (cms—ps+c)2(ms+1)

(4ckmps2—3c2 kms—kp232 +c2Egm) (81 +6%)
+ 2
(cms—ps+c)*(ms+1)
(ZCkps—c2 k—cEpp)(81+8™)
(cms—ps+c)2(ms+1)
2R (Y (Y.

_ P¥REWw) _ _(@m’=2cmp+p®)Eqe(6* +81)
aim = a3 loo =~ (cms-ps+c)3(1+ms) 7

JF; Y
by = 2200 |40 = (8% + 81)0,

5 104¢9) _ _ PR ) -

by = 237“0,0) =1, by = WH0,0) =8%+41.

Let

2 2

_@ » V/4C(0) — B2(0)

’

Page 11 of 22
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then through the change of basis with

N
Y2 22

we can change system (4.3) into the normal form

21 o —w 21 f1 (z1,22)
= +1Z ,
22 w o 22 1(21, z3)
where the nonlinear terms are

- 4
f1(z1,22) = (@211 + a120 — arpa1)z; — apwz122 + a1114525 + O((|Z1| + |Z2|) ),

- (0 —ar1)(azai1 — ar1a12 + a120) — aybia(o —ay) 2
Sfolz1,22) = - ]

( (0 - ﬂl)dlzw)
+ | agbyy - ————— |z120

w

(0 —ar)arna; 4
+ TZZ? + O((|z1| + Izzl) ),
together with

= 2,2 7o

S1z = 2(@2an1 + a120 — apai)z1 — anwz; + 311143z, Sz, = —anwz1,
y: 2

Sz = 2(a2a11 + ano — apai) + 6ainazz,

7 _ 7 _ 7 _ 2

flzlzg =—anw, f12222 =0, flzlzlzl - 6"1111”2’

flz12122 = O’ f1212222 = O' lezZZZz = 0’

f _ 2(0-a1)(aga11-a1a1p+a1p0)-asbiz(o-a;)
2z1

z1 + (a2b12 — (0 — ar)an)z

w
3(0-a1)a11143 o
w4

fZZz = (a2b1y — (0 — a1)arn)z1,
j? _ 2Ao-m)(aray;—ayayp+aypo)-asbip(c—ai) + 60 —a1)an143
2z121 w w Z1s
z z z 6(c-ay)a11143
f22122 = axb1y — (0 —a1)an, f2z222 =0, f2z1z121 = © ’

f2212122 = 0’ f22122Z2 = O’ f22222Z2 =0.

Page 12 of 22

(4.4)

In order for system (4.4) to undergo a Neimark—Sacker bifurcation at O(0, 0), we require

that the following quantity is not zero [22]:

—2
(1-22)% 1 _
l:_Re<71—)» 2oy | — 5|V11|2— 1Yo2|* + Re(Aya1),
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where
Froe =fimm +2f + iy, o —fomm —2f
1
(flz z1 flzzzz fZlez) (szlzl f22222 flzlzz)
Y20 = 3 )
_ (flzlzl +f12222) + i(fZlel +f2z222)
Y = ) ,
f -f —-2f +i(f -f +2f
1
(flz Z] flzzzz f221z2) (szlzl f2z2z2 flzlzz)
Yo2 = 3 )
Yor = (flzlzlzl +f1z1z2z2 +f2z1z1z2 +f2z222z2) + i(szlzlzl +f2z122z2 _flzlzlzz _flzgzzzg)
21 — .

16

Note that here all the derivatives are taken at O(0, 0). From the above discussion, we obtain

the following result.

Theorem 4.1 Assume that (a,k,s,p,m,c,v,8) € Q1 and the condition (4.1) holds. If | #0,
then the system (2.3) undergoes a Neimark—Sacker bifurcation at the fixed point (xo, yo, Eo)
when the bifurcation parameter § varies in a small neighborhood of §,. Moreover, if | < 0
(resp. I > 0), then an attracting (resp. repelling) invariant closed curve bifurcates from the
fixed point for § > 8; (resp. § < 81).

4.2 Flip bifurcation and chaos
We proceed to investigate the flip bifurcation. For (3.3), let F(—1) = 0 we obtain

4 2pésv 2ss( 7 vm
* ((p — cm)s — ¢)*(1 + ms) B S<(_ ((p—cm)s—c)(1+ms)>
2 v _
+85 (a—ks—m>—0.

Solving this equation gives

Ay — A1 — /(A — A1)2—4As

8
2 A

Here we still choose § as a bifurcation parameter to discuss the flip bifurcation when §
varies in a small neighborhood of §,. In the same way as above, we consider §* = § —§,, then
8 = &, is equivalent to §* = 0. Since we would like to study the system as we vary §* near 0,
we treat §* as a variable (which has no dependence on time) and hence the parameter-
free center manifold theorem can easily be extended for a parameter-dependent sys-
tem.

We begin by putting
X = (x,y,E,S*)T, Y= (y1,y2,5*)T'

Accordingly, the local parameterization (2.9) should be rewritten as

X=y(Y),
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¥ (Y) = (y1,52,6%)

v
%1(}’1,)/2,5*)
fz(yl,yzﬁ*)
1{3()’1,)’2,5*)
Yo(y1,¥2,6%)

together with

(1>

V1 (y1,92,6%),
V2 (y1,92,8%),

Js(yl,yz,(S*),

I/fl(yl»yz)
1/f2()’1»)/2)
l/fs(ﬁ/l»yz)

(1>

(>

and

8" 2 Yo (y1,92.8).

We put

xE
1+ mx

Fi(X) =x+ (8% + 8)x(a — kx - y) -
and

FX)=y+ (8* + 82)y(—s +x)—y0, and F=(F,F)".
Hence we study the three-dimensional extended system

Y
8*

_ (p({;(?)) - (xo,yo)T> ' (45)

As in our study of the Neimark—Sacker bifurcation, we expand the right-hand side of (4.5)

in the order-three Taylor polynomial,

2 * * 3
aryy1 + axy, + anyi + apy1ys + apy1d” + axy:8” + ainy]

N
N + a3y 8" + a123y1928" + O((Inn] + [y2| + 18¥1)%) ,
S* biy1 + bayy + bioy1ys + bisy18* + biagy1928™ + O((Iy1] + |ya] + |5*|)4)

8*
(4.6)
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where
_ ARF®) - _ 8ysEqp
a = ay1 |(O'0’0) =1+ 825( k+ (1+ms 2) (1+ms)2((p—cm)s—c)’
VR (X) 32F1 (Y (V)
a = 1312 l0,0,0) = =028, ai = %kooo =0,
92F1 (YY)
an =—pz 0,0,0)
32}’1 |(
_ (—c2km3s3 +2ckm ps3—362km252—kmp253)52
- (cms—ps+c)%(ms+1)
(02E0m+20kps—czk—cE0p)82
(cms—ps+c)2(ms+1)
(4skmp52—3czkms—kpzsz)ég
(cms—ps+c)2(ms+1) ’
2
_ PEEO) Eqm sEgp
a3 = 9y108* |(000 - S( k+ 1+ms)2) + (1+ms)2((p—cm)s—c)’
92F1 (¥(Y))
a3 = "5y |(0,0,0) =5
a _ 33F1 (¥ (Y)) | __ (2m2—2cmp+p*)Egcsdy
11 83y1 (0,0,0) (cms—ps+c)3(1+ms) ’
PR (Y)

a3 = 323'135* |(0,0,0)

—2km3s® +2ckm® ps® —3c*km>s* —kmp®s3
(cms—ps+c)2(ms+1)

4ckmps® —3ckms—kp®s>+c2Eqm
(cms—ps+c)2(ms+1)

2ckps—c2k—cEgp
(cms—ps+c)2(ms+1)’

g L
ais = % lo00) = -1 by = BFZ%(Y BN | .00 = 820,
AF (Y (Y 2R YY)
by = —2552( 2000 =1, by = 7(,;1(‘;';2 2000 = 82,
32F (Y (Y 93F,
b3 = %Moo = Yo, b123=W|(000 =1
Construct an invertible matrix
tin tiz O
T=11 1 0]},
0 0 1
tiy fi2 O
T = 221 159 0],
0O 0 1
where
ay
N VN - v s T
3 291 + D) ai +4axby a; +
t e
12 = ’
1-1a1-1Ja} +4aby —2a, +1
; _10-a+ Va2 +4asby —2ay + 1)(=1 + a, + \/a> + 4arb, —2a; + 1)
1 ==
4 ay\a? + dazby —2a; + 1
- 11- a1+\/a1+4a2b1 2a1+1
lip =<
2 Va? +4azby —2a; + 1
; 1(1- a1+\/a1+4a2b1—2a1+1)( 1+a1+\/a1+4a2b1 2a1+1)
21 =——

4 ax\/a? + 4azby —2a; + 1
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o =

_1-l+ay+/al +4aby —2a, +1

2 Va? +4ayb, —2a; +1

Now, make the translation

4! 21
Y2 | = T| 2z
&* 5*

to system (4.6), then we get

where

with

and

Page 16 of 22

z -1 0 0\ [z ¢1(21,22,8%)
Z | — 0 A O Zy | + | ¢2 (Zl, 29, (3*) ’ (47)
&* 0 0 1 8* 0

§01(zl,22, 8*) = (1112% + OleZ% + 0122129 + 0[13218* + 0523228* + a123z1z28* + 011132%5*
+ 28* 3 3 2 2 8*2
(2232507 + 011127 + 022225 + (112272 + (0122212 + ({13321
2 4
+ 0933228 + O((|z1] + |22] + |87])*),
2 2 2
©2(21,22,8%) = 1127 + P22z; + P122122 + P13218™ + P3228* + Pr2321228™ + Pr1321 8"

+ B3z38* + P133218™ + Pazszad*? + O((lza | + |z2] + 18 ])%),

_% 2 3 7
o1 = tnanty + tudntn + tiabati,

a1z = 2tndn itz + tidiatn + tudiatiz + tiabiati + tiobiatis,

- - - - S -
013 = biidastin + biebistin + tidos, Qg = tidnty, + tudiztiz + tizbiatio,
7 7 z 7 3 z 2
093 = Liidistio + Liobistia + tiidos, o111 = iain iy a1z = 3tuain itz
_7 2 7 Z z _ a7 2
o113 = tnansty; + tudsti + tiebiostin + t11dos, a1z = 3tnantintiy,

Q123 = 2tnanstintia + tudigstin + tndisstiz + tiabiastin + tiabiastio + 28115223,
= z 3

o133 = 1114233, 092 = 1114111175,
- I - -

Q923 = tiianstyy + Luidiostio + tinbiostio + Li1doos,

0233 = 1114933,

Bu1 = brantiy + baant + tobiaty,

B2 = 2tnanitintin + badatin + badiatin + babiotin + bnbinti,

Biz = bnaistin + bnbistir + bass, Ba2 = 22161111‘%2 + byaitis + bnbiati,
Bos = baanstin + Enbistia + bdos,

Bris = bnanisty + badinsti + babiostin + bidns,

B2z = 2baiistintia + 261d03 + bndinstin + badinstin + bobiostin + babistin,
Bi3s = baianss, B2z = Z216111315%2 + byanastiy + babiostia + Ea1dans,

Ba33 = tr1d233.
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Having gone through these coordinate changes, the parameter-dependent center manifold
of (4.7) can be approximately represented as follows:

W*(0,0,0) = {(z1,22,8%) € R | 2 = h(z1,8%), 1(0,0) = 0,Dh(0,0) = 0},
h(zl,S*) = o8 +c1218% + 0z + O((|zl| + |8*|)3) (4.8)

Since the center manifold is invariant under the flow, one can substitute z, = /(z1, 8*) into
the second formula of (4.7) and obtain

h(—Zl + @1 (zl,h(z1,6*),5*),8*) - )\gh(zl,5*) - ¢2(Zl,h(21,8*),8*) =0. (49)

Substituting (4.8) into (4.9), and then comparing the coefficients for 8*2, 8§*z; and Z3, we
get

:313 ,3111

B e
1+, 1-2011 - 1o

Co = 0, C1 =
Therefore, we consider the map which is (4.7) restricted to the center manifold W*¢(0,0),

2 2 3
F: zZ1 —> —Z1 + duZ% + d12216* + dungS* + duzZ}(S* + d225* + dmzf + d2225*

4
+O((lz1] + [8*])7), (4.10)
where
di = o1, diip = ansz + aiac, doy = o33, dayy = o333, dis = 013,
di2o = o133 + o23C1, din = o111

In order for system (4.10) to undergo a flip bifurcation at the origin, we require that the
two quantities

~ oF oF OF
o] = + —_— = 2d12
96%0z1  96% 8z1 ) (o)

and

1/0%F\*> 1(9F
&2 = (—(—2) + —(—3>) =2d%1 +2d111
2 azl 3 azl (0,0)

do not equal zero [22].
Let

Q) = {(ﬂ,k,S,p,m,c,V,S) | (a, k,s,p,m,c,v) €,0<8=080,800 — 8N 7!2,4},
then we have the following result.

Theorem 4.2 Assuming that (a,k,s,p,m,c,v,8) € Q. If &y # 0, then the system (2.3) un-
dergoes a flip bifurcation at the fixed point (xo,Yo,Eo) when the bifurcation parameter §
varies in a small neighborhood of 8,. Moreover, if @y > 0 (resp., &3 < 0), then the period-2
orbits that bifurcate from (xo, 0, Eo) are stable (resp., unstable).
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5 Numerical simulations

In this section, we give two examples to illustrate our theoretical analysis.

Example 5.1 (Neimark—Sacker bifurcation) Here we present a numerical analysis of the
proposed system (2.3) with the following artificially chosen data:a=4,k=1,5s=2,p =1,
m=0.1,c=1and v=0.6 with (a,k,s,p, m, c,v) € . It is easy to verify that the system (2.3)
has a unique fixed point (2,1.25,0.9) and §; = 0.125.

The multipliers of the positive fixed point are A1 ~ 0.9805 £ 0.1967i with |1, | =1 and
a =0.1563 > 0. Since H = 0.0391 # 2, 3,4, the condition (4.1) holds. Then, using The-
orem 4.1, the system (2.3) undergoes a Neimark-Sacker bifurcation at the fixed point
(2,1.25,0.9) with / = 0.0017 > 0.

Figures 1, 2 and 3 reveal that the fixed point (2,1.25,0.9) of (2.3) is unstable for § =
0.125 + 0.0014 and becomes stable for § = 0.125-0.035, and a repelling limit cycle appears
around it at § = 0.125 — 0.0001.

Example 5.2 (Flip bifurcation) Fixa =16, k=4,s=39,p=7,m=1,c=1and v=1 and
the fixed point (3.9,0.3554,0.2188) with (a, k,s,p, m,c,v) € . After computation we get
the following quantities:

82 =0.1294,
ap =-0.1792,

@y = 0.0022 — 2 x 6.8573 x 107° > 0.

@) (®)

y-predator
S

|
18 I
I

o
©

17 |

ES
o
=3

0 100 200 300 400 S00 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
n($=0.139) n($=0.139)

o

(c)

E-harvesting effort

E-harvesting effort
o
© -

o
®

o
b

06

0 100 200 300 400 S00 600 700 800 900 1000
n(6=0.139) x-prey (4=0.139)

Figure 1 § =8; +0.014, the fixed point (2, 1.25,0.9) is an unstable focus
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Figure 2 § =§; - 0.0001. An repelling invariant closed curve bifurcates from the fixed point (2,1.25,0.9)
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Figure 3 § =§; - 0.035, the fixed point (2, 1.25,0.9) is a stable focus
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Figure 4 (a) Bifurcation diagram in (8, x) plane. (b) Bifurcation diagram in (8, y) plane. (c) Bifurcation diagram
in (8,E) plane. (d) Largest Lyapunov exponents corresponding to (a), (b), and (c)

Figures 4(a), 4(b) and 4(c) reveal that the fixed point is stable for § < 0.1294, and loses its
stability at the flip bifurcation parameter value § = 0.1294. We also observe that there is a
cascade of period doubling bifurcations. The largest Lyapunov exponents corresponding
to Figs. 4(a), 4(b) and 4(c) are computed in Fig. 4(d).

Figure 5 shows the phase portraits which are associated with Figs. 4(a), 4(b) and 4(c). For
8 € (0.12,0.1616), there are orbits of period 2,4,8,.... When § = 0.1616, one can see that
the largest Lyapunov exponent is positive, thereby confirming that the system is chaotic.
And then for § € (0.1616,017) some largest Lyapunov exponents are negative, indicating

the existence of periodic windows in the chaos region.

6 Conclusion
The present paper is concerned with the dynamics of a discrete-time economic predator—
prey system in the presence of a type of nonlinear harvesting function. We find the fixed
point and its stability. Most interestingly, we have seen that our results reveal a far richer
dynamics of the discrete model compared with the continuous one proposed in [9], in-
cluding an invariant circle, cascades of period-doubling bifurcation and chaotic sets. We
confirm the complexity of the dynamic behavior by computing the largest Lyapunov ex-
ponents. This paper extends our previous works (see [8, 9]) and provides a sufficiently
general parameterization method for a wide range of discrete singular systems.

However, in the presented harvesting function, we have no concern about the effects of
competition between boats which will increase the complexity of the normal form and the
amount of calculation. Moreover, for discrete-time systems, Marotto’s theorem [23, 24]
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Figure 5 Phase portraits for different values of § corresponding to Fig. 4. (a) § =0.12, (b) § =0.13,
()8=0.158,(d)§=0.161,(e) 6 =0.17

is a sufficient criterion for the existence of chaos. If the fixed point of system (2.3) is a
snap-back repeller under certain parameter conditions, then one can conclude that the
system is chaotic in the Marotto sense. Furthermore, various feedback controls can be
implemented for controlling the bifurcation and chaos in the system (2.3), which should
be useful for fishery management control and biological conversion. Space prevents that

discussion here, but these issues will be the topics of our future research.
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