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Abstract

This paper investigates the stability of bifurcating steady states of a spatially
heterogeneous cooperative system with cross-diffusion. According to the spectral
analysis and the principle of exchange of stability, we show that the bifurcating
steady states are stable.
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1 Introduction
In this paper, we consider the following Lotka-Volterra cooperative system with cross-
diffusion in a spatially heterogeneous environment:

uy = Au+ u(h —u + b(x)v), x€Q,t>0,

ve= Al(1+ kpx)u)v] +v(iw —v+dx)u), x€ Q,t>0, (L1)
dyu=29,v=0, x€0,t>0,

u(-,0) = uy > 0, v(-,0) =vg >0, x € Q.

Here, Q is a bounded domain in R” (n > 1) with smooth boundary 92. # and v are the co-
operative species. A and u represent the birth or death rates of the species which are real
constants. b(x) > 0 and d(x) > 0 are continuous functions in Q representing the inter-
specific interactions. p(x) is a smooth positive function in Q satisfying 9,0(x)|sq = 0,
v is the outer unit normal vector on 9. The nonlinear diffusion term A[p(x)uv] =
VIpx)uVv+ vV (p(x)u)] is referred to as the cross-diffusion term. p is a positive constant
in the homogeneous case, which means a tendency for v to move to the low density re-
gion of u. p(x) is referred to as the cross-diffusion pressure. The term models a tendency
for v to diffuse to the low density region of p(x)u. Furthermore, the tendency depends
on both the population pressure of # and the heterogeneity of the environments. System
(1.1) is a Lotka-Volterra cooperative system which was proposed by Shigesada et al. [1]
to model the spatial segregation of two species. The Lotka-Volterra system with cross-
diffusion is also called S-K-T model. For the S-K-T model with homogeneous coefficients,
© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-018-1477-2
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-018-1477-2&domain=pdf
mailto:guangpingchang001@126.com

Xu and Chang Advances in Difference Equations (2018) 2018:43 Page 2 of 15

when one of the cross-diffusion rates is large enough, the existence and stability of spiky
steady states have been deeply investigated by many authors, see [2—4]. For the quasilin-
ear cross-diffusion of fraction type of a prey predator model with spatially homogeneous
coeflicients, the existence and stability were studied in [5, 6]. For studying the effects of
heterogeneous environments, some interesting papers have appeared over years. Du et al.
[7-9] investigated degenerate effects of intra-specific pressures in some diffusive Lotka-
Volterra systems. Hutson et al. [10—13] studied spatial effects of birth rates in some diffu-
sive competitive models. Wang et al. [14] investigated a Lotka-Volterra cooperative system
with cross-diffusion in a spatially heterogeneous environment. Applying the bifurcation
theory and the Lyapunov-Schmidt reduction, they obtained the global bifurcation branch
of positive steady states. They also proved that the spatial segregation of p(x) and b(x)
could cause the positive solution curve to form an unbounded fish-hook shaped curve
with parameter A. Li et al. [15] showed some criteria for the stability of positive station-
ary solutions obtained in [14] and the Hopf bifurcation in certain circumstances. In this
paper, we study the stability of the bifurcating steady states obtained in [14]. Here we list
the local bifurcation result and some preliminary results in [14], which will be used in this
paper.
The corresponding steady state problem of (1.1) is as follows:

Au+u(h—u+bx)v) =0, x € Q,
Al +kp@)u)v] +v(n —v+dx)u) =0, xe€§, (1.2)
oyu=0,v=0, x € 0Q.

Let V = (1 + kp(x)u)v, then (1.2) can be rewritten as

Au+u(l—u+ l+il,jo(22)u)=0’ x €,

% %
AV + T = Tips + 40w =0, x€Q, (1.3)
du=9,V=0, x € 092.

The set of positive solutions of (1.3) is defined as follows:
= {(u(x, s), V(x,s), A(s)) 18> O}.
Obviously, (1.2) and (1.3) have the same semitrivial solution sets:
Iy={(,0,1):1>0}, where (u(x,s),V(x,5),A(s)) = (1,0,1)
and
Iy = {(O,M,k) AeR > 0}, where (u(x, s), V(x, s),A(s)) = (0, i, A).

The positive functions v, and ¢* are defined by the solutions to the linear elliptic sys-
tems such that

K+ Aid ()

Ay, —
v 1+ Akp(x)

VY, =0, xeQ,avl/f*:0,x€3§2,/(1/f*)2dx=1; (1.4)
Q
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—AG* — (M + ub(x)¢* =0, x€Q,0,¢"=0x¢ asz,/ (6*) dx=1. (1.5)
Q

Two sets are introduced as follows:

- 2. B w+ Ad(x) NS
Su.—{(k,u)eR .h( 41”@@)—0}, (1.6)
Sy = {()L,,U,)GRZ:AI(—)L—,ub(x)) :Oforu20}. (1.7)

The Banach spaces are defined as follows:
X := W2 (Q) x W*(Q), Y:=IX(Q) xI*(Q) (p>n),

where Wi (Q) := {u € W2P(Q) : d,u]y0 = 0}.
In this paper, we define ||u|o = max, g |u(x)].

Lemma 1.1 (Lemma 2.1 in [14]) For fixed |1 < O, there exists a monotone decreasing func-
tion ) = A (1) > 0 so that

Su= {(A,,u) eR?: A=A (1) for < 0},

with 1,(0) = 0 and lim,,_,_ A,(u) = +00.
While if i1 > 0, then for any &, 1(— ﬁﬁ(ﬁxz)) <0.
Furthermore, for fixed |1 > 0, there exists a monotone decreasing function h = M*(u) =

A (=ub(x)) < 0 such that

Sy = {(A,u) eR?: A =21%(u) for u > ()},
with %*(0) = 0.

Lemma 1.2 (Lemma 2.5 in [14]) Let ¢ = 12l= Syppose |15l l|dll o < 2, when i satisfies

ming p

u

A=< —cu|bllo if =0 A< ——r
4]0

if <0,
then (1.3) does not have any positive solutions.

Lemma 1.3 (Lemma 2.6 in [14]) For any fixed (u,k, p(x), b(x),d(x)), the following local
bifurcation properties hold true:
(i) If u <O, then a branch of positive solutions of (1.3) bifurcates from T,, if and only if
A =Xy >0. Let (u(s), V(s), A(s)) € X x R be all positive solutions of (1.3) near
(A4, 0, Ay), then (u(s), V(s), A(s)) € X x R have the following structure:

{(u(s) =y +s(¢* +sﬁ(5)), Vis) = s(w* +SV(3)),A(S)) €EXxR:0<s< 8*} (1.8)

for (¢4, Vi) € X and some small §, > 0. Y, is defined by (1.4) and

B 4] Ab(x)

(u(s), V(s), A(s)) is a smooth function with 1(0) = A, and fQ Vi, dx = 0.
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(i) For >0, a branch of positive solutions of (1.3) bifurcates from Uy if and only if
A =A* <0. Let (3(s), V(s), A(s)) € X x R be all positive solutions of (1.3) near
(0, i, A¥), then (u(s), V(s),1(s)) € X x R have the following structure:

{(ZZ(S) = s(¢* + s’bi(s)), Vis)=p+ s(w* + SV(S)),)\.(S)) :0<s< 8*} (1.10)
for (¢*, ¥*) € X and some small §* > 0. ¢* is defined by (1.5) and

Ur=(-A+ ,u,)‘l[,u,(d(x) + ukp(x))o*]. (1.11)
@@(s), V(s), A(s)) is a smooth function satisfying (0) = A* and [, up* dx = 0.

In this paper, we first determine the bifurcating direction of bifurcation solutions. Then,
by applying the spectral analysis and the principle of exchange stability, we prove that
the bifurcation solutions near the bifurcation points are locally asymptotically stable. The
plan of this paper is as follows. In Section 2, we prove that the bifurcating solutions near
(A4, 0, 1,) are locally asymptotically stable. In Section 3, we prove the local stability of bi-
furcating steady states near (0, u,1*). In Section 4, we give some numerical simulation
results in order to verify the local stability of the bifurcation solutions obtained in this

paper. Our conclusion is drawn in the final section.

2 The stability of bifurcating steady states near (A,,0,1..)
For system (1.1), let V = (1 + kp(x)u)v, then system (1.1) can be reduced to the following:

= Au+u(h—u+ b(x)WV(x)u), (x,2) € 2 x (0, +00),
(W) =AV+ 1+kp (X)u (- 1+k/‘;(x)u +d(x)u), (x,2) € Q2 x (0, +00), 2.1)
ou=9,V=0, x € 0%,

u(-,0) = ug > 0, V(-,0) = (1 +kpx)ug)vo >0, x€Q.

We linearize (2.1) at (u(s), V(s)) and investigate the following eigenvalue problem:

h(x)V(s b(x)u(s)
Au + [)L - ZM(S) (1+kp(x)u(s)2 ]M 1+kp(x)u s V ou, x€Q,
dx)V(s)-kpx)nV(s) 2kp( pu+d@)uls) 2V(s)
AV+] (L+kp(x)u(s)? (1+kp( 3] + [l+kp(x)u(s) - (1+kp(x)u(s))2] (2.2)
- 1 kp(x)V(s) .
= k@i ° Y ™ TekptuG) 2O % x €,
du=9,V =0, x€ Q.

The operator can be defined as follows:
G:X x R— Y with

Gl V1) < (Gl(u, v, x))

GZ(”) V} )")

Au+ u(k u+b(*) T o Hkp W (2.3)
AV + l+kp (M 1+kp(x)u +d(x)u)
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We can compute

Aut =+ 72220y
G,y (s 0,1) (3) = ( P (2.4)
AV+omV
N(Guvy(hs,0,1,)) = span{@,, ¥}, (2.5)

here N denotes the null space.

(2.2) can be written as

Gy (14(5), V(s), 1) (3)

1 0 ou
:< —kp()V(s) 1 ) ( V>‘ (2.6)
Arkp(uls)?  Tekp@us ) \°

An operator can be introduced by

L:XxR—Y

with

L(u(s), V(s), )

-1

1 0

:< —kp@)V(s) 1 ) Gv)(u(s), V(s), 1). (2.7)
(L+kp@)u(s)?  1+kp(x)uls)

Taking (2.6) and (2.7) in consideration, (2.2) can be reduced as follows:

L(uls), V(s),) (3) = <;’3) 2.8)

In the following, first we will show the bifurcating direction. Then, by applying the bifur-
cating direction and the spectral analysis, we will prove the stability of positive solution
bifurcating from (A, 0, A,).

According to Shi [16] (Theorem 2.1 and (4.5)), we can define the functional

LH:X—>R by(V,g],ll>:=Agw*dx. (2.9)

Lemma 2.1 Letc = %. For any fixed (u,k, p(x), b(x), d(x)) with (1 <0, |||l l|d|l 0o < %,

mi

when d and p are constant functions, the bifurcating direction satisfies

ds)| 1 (G010 (501 4) o (.10
ds |0 2 (Guwa(0,2)( 7). 0)
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Proof Applying the bifurcation formula in [16] (Theorem 2.1 and (4.5)),we have the above

expression of dzis) |s=0. In the following, (2.3) that
BZ_G21 382G 2 b(x)
du udV _ (1+kp(x)14)2
S v = (¢ 0 ) (2.11)
AV ou V2 (om0s) (1+kp(x)rs)?
Thus
32G1 32G1
( b ) a2 9oV (0N
£ * 926, & I//*
aV ou V2 (hs,0,hs)
2b(x
g, W .12
(1 +kp(x)rs)?
Using a similar calculation, we have
32G2 32G2
( b ) 9 oV (0N
£ * 92G, & I/f*
AV ou V2 (hs0yh)
2(d(x) - ukp () v, = 2’ .13
(1+kp(x)r,)? ' '
According to (2.12) and (2.13), we obtain
) ®
G(u,V)(u,V)()‘-*’ 0, )\*) |:<1ﬁ: ) 1[/:
_ 2 b(x)ps s
2¢ 1+kp( )k )2 (2 14)
2d @) -prkp )it 202 | ° '
(L+kp(x)As)?

From (2.14), we can calculate the following equation:

<G(u,V)(u,V)()¥*: 0, )\*) |:<zi> ’ (f;i)] ’ ll>

[ ,ukp )) —W*](W*)z
=2 / T+ koGP dx. (2.15)

Combining (1.4), (2.4) and (2.5) gives the following equation:

d(x) — pkp(x)

(d(x) — pkp(x)) s — s = xiAcb*
b(x)d(x) ukp(x)b(x) — 1 — A.kp(x)
1+ Akp(x) Vs (216)

When d and p are constant functions, we have ¥, = — by (1.4).
1222



Xu and Chang Advances in Difference Equations (2018) 2018:43 Page 7 of 15

It follows from (2.9), (2.15), (2.16) and Lemma 1.2 that

<G(M,V)(M,V)()‘-*10:)\*) |:<$:> ’ (:ii)] 1ll>

_o [ [b)d - pkpb() —1 - 2kplW)® (2.17)
(1 + kor,)?

In fact, according to Lemma 1.2, we obtain A.||d||s > —¢ and |5l < % < 1. These
imply Ay ||d|lcob > —ub and A, > —ub. Thus we have (2.17).
After a simple calculation, we have

<G(u,v),,\()~*,0;)»*) (ii) :ll>

d— pkp 9
= | ———— W) dx>0 0. 2.18
| G w0 asi 218)
From (2.17) and (2.18), we complete the proof of Lemma 2.1. O

Next, we will investigate the stability of the bifurcating steady state (u(s), V(s)) defined
by (1.8).

Theorem 2.2 Letc = 12 For any fixed (11, k, p(x), b(x), d(x)) with it < 0, | b]lso || <1

mmf
when d and p are consmnt functions, the bifurcating solution (u(s), V(s)) defined by (1. 8)
of system (2.1) is locally asymptotically stable.

Proof In the following, first we need to show that 0 is the first eigenvalue of L(A,,0, Ay).
For any fixed (i, V) € X, we have

-1
u 1 0 u
L()L*»O; )\*) ( ) = ( 1 ) G(u,V)(}\*ro,)h*) ( )
4 0 1+Axkp 4

) 1 0 Au— ku+lﬁ*)\2v
0 1+Arkp AV 4 Litzd y,

1+Axkp
Au— o+ 22y
- ks ) =0, (2.19)
(1 +Akp)(AV + £ ”;(p V)

It follows from (1.4), (2.4) and (2.5) that

6.\ (o
soana(%)-() o

Then 0 is an eigenvalue of the operator L(),,0, A,). Next, we will show that O is the first
eigenvalue of the operator L(A,,0,%,). Otherwise, there is a positive eigenvalue o; of
L(X4, 0, 1,) with the corresponding eigenfunction ( ) € X satisfying

L(A, 0,2 )<v> (Zl‘ufl> 2.21)
1 1Vl
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that is,
Aul—)»*ul + 1?;:2) Vl =01U1, x e,
(1 + Akp) AV, + llit;j) V)= Vi, x€g, (2.22)
8,}u1:8,,\/1:0, x € 0.

If V1 =0 and u; #0 hold, (2.22) yields

Auy — oy = o141 (o1 >0), (2.23)

uy = (A + 1) (=o1u1), (2.24)

which is impossible since (-A + A,)"!(—o1u) is negative if —ou; is negative, thus V; #0.

The second equation of (2.22) can be reduced as follows:

W+ Aid o1
+ 1= Vl.
1+ Akp 1+ Akp

AVy (2.25)

By (1.4), (2.25) and the scalar elliptic equation theorem, 0 is the first eigenvalue of (2.25),
which contradicts o7 > 0. Then we have proved that 0 is the first eigenvalue of L(%,,0, 1,)
and the other eigenvalues are negative.

In virtue of Proposition 1.7.2 in [17], for small 0 < s < §, there are a perturbed eigen-

value o (s) and continuous differential functions w; (s), wy(s) € X N Range(Gy,v)(A+, 0, 1.))

satisfying

G +01(s)\ ¢y + w1(s)
L(u(s), V(s), A(s)) ( . (S)) =0(s) ( Gt (s)) , (2.26)

with ¢ (0) = 0, w1(0) = 0, w,(0) = 0.

Similarly, there exist a perturbed eigenvalue o () and continuous differential functions
w1(A), w2(X) € X NRange(Gy,,v) (A, 0, Ay)) satisfying

L()\.,O,)\.) ¢* + w; ()\) _ U(}\.) ¢* + W ()\) , (227)
I/I* + wZ()L) I/I* + a)Z()L)

with o(A,) = w1(Ay) = wy(Xy) = 0.
Differentiating equation (2.27) with respect to A at A, yields

d b+ o)\, o8
dkL(k*,O,)\*) (%) + L(As,0,14) (a)g(x*)) =o'(ry) (%) (2.28)

where o’(A) = %o()\).
It follows from (1.4), (2.9) and (2.19) that

d (o8 .
<HL(/\*,O,A*) <w> rll> =0"(As). (2.29)
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From (2.19), we can calculate the following equation:

b(xX)Ys
d s —s + (1+24kp)2
EL(A*’O’A*) <¢ ) - ( (d—pkp) s ’ (2.30)

* T+Askp

Combining (2.29) and (2.30), we obtain

oy [ d = ukp)y?
o()»*)—/Q T+ ke dx > 0. (2.31)

Here, o/(A,) > 0 yields that (1,0, A,) is stable for A < A, and unstable for A > A,.
Using formula 1.7.40 in [17], we obtain

—-5(0) = A(0)a’ (1), (2.32)

where 6 (s) = %a(s).
It follows from Lemma 2.1 and (2.32) that

5(0) <0, (2.33)

which yields o (s) < 0 for small s > 0, so the bifurcating solution (u(s), V'(s)) defined by (1.8)
of system (2.1) is locally asymptotically stable. O

3 The stability of bifurcating steady states near (0, jt, L*)
In this section, we use a method similar to that in Section 2 in order to investigate the
stability of positive solutions bifurcating from (0, u, A*).

According to Shi [16] (Theorem 2.1 and (4.5)), we can define the functional

L:X—>R by(f.glh):= /Qf(f)*dx. (3.1)

Lemma 3.1 Letc= %‘j‘;. For any fixed (u,k, p(x), b(x), d(x)) with (1 >0, [|b]|so|d|l 0o < %,
Q
when b(x) is a constant function, the bifurcating direction satisfies

0| __1Gunun@umaIN(§). (k) (3.2)
ds | 2 (G, (0, ,u,)»*)(‘q;),lz)

Proof Using the bifurcation formula in [16] (Theorem 2.1 and (4.5)), we obtain the above

d;is) s=0- According to (2.3), we have

expression of

92G 022G

o Gudv _[-2-2b(x)ukp(x) blx) 33)

G 2G| - b(x) o/ '

AV ou V2 (0,p,0%)

Thus
32G1 3261 *
(¢* W*> 92 duaV ¢

26 6 ¥
oV ou V2 (0,12,2.%)

~2(¢*)” - 2b@)ukp(x)(¢*)” + 2b(x)p* Y. (3.4)
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After a simple calculation, we obtain

922G, 932G,
(¢* 1/f*> Ju2 udV
022G, 922G,

AV ou av2

()

(0,1,1%)

= —42 K2 0% () ()" — 2pkp (W)d(x) (97) + Guukp ()™ y*

2

+2d(x)p* Yt - 2(Y*)".

It follows from (3.4) and (3.5) that

Gy (0 1, 17) [(3*) : <$*)]

~2(¢*)* = 2b(x)pkp(x)(¢*)* + 2b(x)* *

= | —4K*0*(x)(9*)* - 2ukp(x)d(x)(¢*)* + 6ukp(x)p*r*

+2d(x)¢* Y+ —2(y*)?

Combining (3.1) and (3.6) give the following equation:

fonsmnl(2) )}

i /g(‘z("’*)z ~2b(x)ukp@)($7)’ + 2b(x)¢™ )" dx.

Using (1.5) and (1.11), we obtain

—2¢* = 2bukp(x)p* + 2by* = i—bAlﬁ* +(2bd(x) - 2)¢*.

1

When b(x) is a constant function, we have ¢* = —+ by (1.5).

It follows from (3.7), (3.8) and ||5||so || 4| 0c < % <1 that

o[22

- / (2bd(x) - 2) (¢*)* dx < 0.
Q

It is easy to compute that

L

:/§2(¢*)2dx>0.

From (3.9) and (3.10), we complete the proof of Lemma 3.1.

Page 10 of 15
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We linearize (2.1) at (%(s), \7(5)) and study the following eigenvalue problem:

biu(s)

bV(s)
Au+ [\ - 2u+(lk£xﬁ52]u+l+kpx)u(s\/ ou, x €,
x)V(s)=kpx)uV(s) 2kp(x)
AV + [ Ukl - skotolt) ol (3.11)
J+d(x)7i(s) 2V(s _ 1 ~ kp@)V(s)
* [1+/<p @)ir(s) (1+kp(x)zz(s))2] = TV - 7(“1(0() ())20”’ x e,
ou=9,V=0, x € 0S2.
By (2.3), we can compute
u Au+ (A + ub)u
Guv) (0, 1, 1) = , (3.12)
Vv AV + u(d(x) + pkop(x)u — uV
N(Gu,)(0, 1, 1)) = span{e*, *}, (3.13)

where N denotes the null space.
System (3.11) can be converted to

o~ o~ U 1 0 ou
G (1(s), V(s), 1) (V) = ( ko) ) ) <~ V) ) (3.14)
(rkp@is)?:  Teko@is) ) \9

Taking (2.7) and (3.14) into account, (3.11) can be reduced as

L(3i(s), V(s), 1) (5) = (;;) (3.15)

Theorem 3.2 Letc = 12 For any fixed (11, k, p(x), b(x), d(x)) with i1 > 0, || 5]l oo || o <1

mmf

when b(x) is a consmntfunctlon, the bifurcating solution (i(s), V(s)) defined by (1.10) of
system (2.1) is locally asymptotically stable.

Proof First, we will show that 0 is the first eigenvalue of L(0, , A¥). For any fixed (u, V) € X,
we obtain

(0,12, 1) (;)
1 0\~
N
i (—kp(x)u 1) G (0:1.37) <V>
_ 1 0 Au+ (A + ub)u
kp@u 1) \AV + u(d(x) + pkpx)u - nV
:< A+ (A7 + pub) ):o. (3.16)
kp@)u[Au+ (A + ub)ul + AV + u(d(x) + wkpx)u — uV

Taking (3.12) and (3.13) into account, we have

o (@) _ (O
L(0, 11, A") (w) = (0). (3.17)
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Then 0 is the eigenvalue of L(0, u, 1*). Next, we will show that 0 is the first eigenvalue
of L(0, u, 1*). Otherwise, then there exists a positive eigenvalue &7 of L(0, u, 1*) with the

[

corresponding eigenfunction ( Vl) € X such that

« [ %1 o1y
L(0, u, 1) <\71> = (51\71>’ (3.18)

that is,

AUy + (A + ub)iy =011y, x € Q,

kp®) AT + 0 + ub)iin] + AV; + pld(x) + pkp ()i
—uVi=W, x e,

39,70 = 8,V1 =0, x€ 0.

(3.19)

If % =0 and V; #0 hold, the second equation of (3.19) implies

Avl - [,L‘71 = 51 ‘71 (31 > 0), (3.20)

Vi=(A+ ) (=5 V), (3.21)

which is impossible, because (—A + u)™(-5; Vl) is negative if -, Vi is negative, thus
u, #0.

According to (1.5) and the scalar elliptic equation theorem, 0 is the first eigenvalue of
the first equation of (3.19), which contradicts 57 > 0. Then we have proved that 0 is the
first eigenvalue of L(0, 1, 1*) and the other eigenvalues are negative.

For small 0 < s < §, by Proposition 1.7.2 in [17], there exist a perturbed eigenvalue &' (s)

and continuous differential functions ¢ (s), ¢2(s) € X N Range(G,,v)(0, u, 1*)) satisfying

~ " +o18)\ [P+ (s)
L(t(s), V(s), A(s)) (10* ) <p2(s)> =5(s) (W* ) ¢2(3)> , (3.22)

with 5(0) = 0, ¢1(0) = 0, ¢2(0) = 0.

Similarly, there exist a perturbed eigenvalue & (1) and continuous differential functions
©1(A), p2(X) € X N Range(G(,, (0, u, 1*)) satisfying

»*+oi(A))  ~ " +¢1(1)
HOw2) (w* ‘ @(x)) o (w* ‘ <P2()»)> ’ 629

with &(1%) = p1(1%) = 2(1*) = 0.
Differentiation of (3.23) with respect to A at A* implies

d o [PF w [ 91 (%) o [ @F
—L(0, u, A L(0, i, A = A , 3.24
dxr ( ) (w*) * ( ) <¢§(A*)) 7 ( ) (W‘) ( )

where 5'(1) = 45 (2.

Page 12 of 15
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Combining (3.1) and (3.24), we have

d * ¢* ~/ (%
<EL(O,M,)» ) (W) ,12> =5’ (A"). (3.25)
It follows from (3.16) that
—L(0, s 1 = . 3.26
o )(w*) (kp@c)w*) (320

Using (3.1), (3.25) and (3.26), we obtain

5'(W) = /Q (¢*) dx > 0. (3.27)

Here, 6’(1*) > 0 implies that the semitrivial solution (0, t, A*) is stable for A < A* and un-
stable for A > A*.
It follows from formula 1.7.40 in [17] that

-5(0) = A(0)5" (1*), (3.28)

where 5 (s) = %E(s).
Together with Lemma 3.1 and (3.27), we obtain

5(0) <0, (3.29)

which yields '(s) < O for small s > 0, the bifurcating solution (%(s), V(s)) defined by (1.10)
of system (2.1) is locally asymptotically stable. O

4 The numerical simulation results
For system (1.1), let u = —0.02, » = 0.022, k = 100, p = 2, b(x) = 2_41rx’ d =1, t = 1000,
x € (0,1) and (x40, vo) = (0.02 + 0.001 cos? 47rx, 0.001 + 0.001 sin 47 x) hold. We have the fol-
lowing numerical simulation results in order to verify the local stability of the bifurcation
solutions near (A, 0, A.), see Figure 1.

For system (1.1), let i = 0.02, » = —=0.018, k = 100, p(x) = 1 + x, b(x) = 1, d(x) = ﬁ,

t = 1000, x € (0,1) and (29, vo) = (0.001+0.001 cos? 47rx, 0.02+0.001 sin 47 x) hold. We have

v(x,t)
u(x.t) x107°
4
0.024
0.022 2
0 ]
188 _""' ] 1000 B U4 v ;
500 ] 0.5 500 05
t 00 X t 00 X
Figure 1 The bifurcation solutions near (A,,0,,).
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u(x,t)
v(x,t)

1008 ”" ’ ’

500 05 500
t 00 X t o0 05(5

1

Figure 2 The bifurcating steady states near (0, u, A*).

the following numerical simulation results which verify the local stability of the bifurcating
steady states near (0, i, A*), see Figure 2.

5 Conclusions

In this paper, we have studied the local stability of bifurcating solutions obtained in [14] of
a spatially heterogeneous cooperative system with cross-diffusion. First, we give the bifur-
cating direction near bifurcation point. Then, using spectral analysis and the principle of
exchange stability, we prove that the bifurcation solutions near the bifurcation points are
locally asymptotically stable, which means that the densities of two cooperative species
will tend to stabilization. Finally, we give numerical simulation results in order to verify
the local stability of bifurcation solutions.
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