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Abstract

In this paper, we aim to investigate g-analogues of the natural transform on various
elementary functions of special type. We obtain results associated with classes of
g-convolution products, Heaviside functions, g-exponential functions, g-hyperbolic
functions and g-trigonometric functions as well. Further, we give definitions and
derive results involving some g-differential operators.
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1 Introduction

The subject of fractional calculus has gained noticeable importance and popularity due to
its mainly demonstrated applications in diverse fields of science and engineering prob-
lems. Much of developed theories of fractional calculus were based upon the familiar
Riemann-Liouville activity related to the g-calculus has been noticed due to applications
of this theory in mathematics, statistics and physics.

Jackson in [1] presented a precise definition and developed the g-calculus in a sys-
tematic way. Thereafter, some remarkable integral transforms were associated with dif-
ferent analogues in a g-calculus context. Among those examined integrals, we recall the
q-Laplace integral operator [2—5], the g-Sumudu integral operator [6—9], the Weyl frac-
tional g-integral operator [10], the g-wavelet integral operator [11], the g-Mellin type in-
tegral operator [12], Mangontarum transform [13], Widder potential transform [14], E;; -
transform [15] and a few others. In this paper, we give some g-analogues of some recently
investigated integral transform, named the natural transform, and obtain some new de-
sired g-properties.

In the following section, we present some notations and terminologies from the g-
calculus. In Section 3, we give the definition and properties of the natural transform. In
Section 4, we give the definition of the analogue N of the natural transform and apply it
to some functions of special type. In more details, Sections 5 to 7 are associated with the
application of the analogue N, to Heaviside functions, convolutions and differentiations.
The remaining two sections investigate the N7 analogue of the natural transform on some
elementary functions with similar approach.
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2 Definitions and preliminaries

We present some usual notions and notations used in the g-calculus [16—18]. Throughout
this paper, we assume g to be a fixed number satisfying 0 < g < 1. The g-calculus begins
with the definition of the g-analogue d,f(x) of the differential of functions

dyf (x) = f(qx) - f (). 1

Having said this, we immediately get the g-analogue of the derivative of f(x), called its

q-derivative,

A f&) )
(Dgf)(x) := dyx = 1= , x#0, (2)

(Dyf)(0) = £(0) provided f(0) exists. If f is differentiable, then (D,f)(x) tends to f(0) as g
tends to 1. It can be seen that the g-derivative satisfies the following g-analogue of the

Leibniz rule:

Dy(f(x)g(x)) = g(x)Dyf (x) + f (gx)Dyg (). @)

The g-Jackson integrals are defined by [1, 12]

o]

/0 fx)dx=(1-q)x Zf(qu)qk, (4)
0
/0 f@dgr=(1-x 3 f(d)d (5)

provided the sum converges absolutely.

The g-Jackson integral in a generic interval [4, b] is given by [1]

b b a
fa Flo)dgx = /O Flx) - /0 F)d,x. 6)

The improper integral is defined in the way that

% N\ g
/Of(x)dqu(l—q)Zf<Z>Z, (7)

and, for n € Z, we have

/ " ) dy - / Fl)dygx. ®)
0 0

The g-integration by parts is defined for functions f and g by

b b
/0 gX)D,f (x) dyx = f(b)g(b) — f(a)g(a) - / Sflqx)Dyg(x) dyx. )
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For x € C, the g-shifted factorials are defined by (x;4)o = 1;(x;9); = (xq q ;g =

(1 - x4"), and hence
oo

@ Qoo = [ [(1 - 4"). (10)
k=0

The g-analogues of x and oo are respectively defined by
1- 1
=T, fool= 2o (1)
-q l-q

The g-analogues of the exponential function of the first and second kind are respectively
given as follows:

Eq(x) = Zq 2 ([ ]q), (x€C) (12)
and
eq(x) = ﬁi :y (I« < 1), (13)
where ([n],)! = [n],[n -1l [2]4[1],, [H] = 1 q R TIEY ES Y

However, in view of the product expansions, (eq(x)) = Eq(—x), which explains the need
for both analogues of the exponential function.

The g-derivative of E,(x) is DjE;(x) = E,(qx), whereas the g-derivative of e,(x) is
Dyey(x) = e4(x), 4(0) = 1

The gamma and beta functions satisfy the g-integral representations

1
Fq(t) = fol—q xt_lEq(—qx) dqx (14)
By(t:s) = [y 7N (1 - qw) Vdgx (65> 0)

and are related to the identities B,(¢;s) = F?( ()Srft and T'y(t + 1) = [t],T4(t). Due to (12)

and (13), the g-analogues of sine and cosine functions of the second and first kind are

respectively given as

2n+1
sinf(at) = ) 0" (- 1)” [me] ;
cos(at) =y o (-1)" [2n]q)‘;
: n ”(”+1) 2n+1 2n+1 (15)
sing(at) = Yo" (- 1" [2n+1] =l
n(n2 l)
cosy(at) =Y o (- ([2n]q)! a*t™,

3 The N-transform or the natural transform

The natural transform of a function f(x), x € (0,00), was proposed by Khan and Khan
[19] as an extension to Laplace and Sumudu transforms to solve some fluid flow prob-
lems. Later, Silambarasan and Belgacem [20] derived certain electric field solutions to
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Maxwell’s equation in conducting media. In [21], the author applied the natural transform
to some ordinary differential equations and some space of Boehmians. For further inves-
tigations of the natural transform, one can refer to [22] and [23]. Over the set A, where
A ={f(t)|311, 72, M > 0, |f(t)| < Me''V,t € (~1) x [0,00)|}, the N-transform of f() is given
as [19, (1)],

(Nf)(;v) = /Ooof(ut) exp(-vt)dt (u,v>0). (16)

Provided the integral above exists, it is so easy to see that

WNALv) = LOHW),  (NF)w;1) = (5)(w), (17)

where Sf and Lf are respectively the Sumudu and Laplace transforms of f. Moreover, the

natural-Laplace and natural-Sumudu dualities are given as [21, (5), (6)],

(NF) () = / " Lexp (—”—t) dr 18)
0 u u
and
(NF)(sv) = /0 %f(%) exp(—t)dt, (19)
respectively.

Further, from (18) and (19), it can be easily observed that

(NF) (@) = é(Lf)(%), (NP5 = %(Sﬂ(%). (20)

The natural transform of some known functions is given as follows [21, p. 731]:
(i) N(a)(;v) = L, where a is a constant;
(it) N&)(u;v) = %, Where 8 is the delta function;
(iii) N(e*)(u;v) =

2 a is a constant.

4 The N, analogue of the natural transform
Hahn [24] and later Ucar and Albayrak [4] defined the g-analogues of the first and second
type of Laplace transforms by means of the g-integrals

Ly(f;s) = qu /OE E,(gst)f (t) dyt, (21)

1 o0
A9 = 1 /0 eg(~sOf (D) d,t. (22)

On the other hand, the g-analogues of the Sumudu transform of the first and second type
were defined by [6, 7]

Sifi9) = o q)s ( )j(t)dt (23)
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1 0 ¢
qS(f;S) = E/O €q <—;)f(t) dqt, (24')

]

where s € (-1, 7,) and f is a function of the set A, A = {f(£)|3IM, 11,72 > 0, |f(£)| < Me 7 ,t €
(=1Y x [0,00)}. Now, we are in a position to demonstrate our results as follows: the g-
analogue of the natural transform of the first kind is

(N):v) o= (Nofs () o= /0 if(t)E,,(—qV;t) d,t, (25)

provided the function f(¢) is defined on A and u and v are the transform variables. The
q-series representation of (25) can be written as

1
o)) = 7= > 4 (4)Eq (—qk“ 3>, (26)

u
keZ

which, by (10), can be put into the form

(4D 4'1(d")
N, sV) = . 2
N = gy & e 7

Let us now discuss some general applications of N, to some elementary functions.

Theorem 1 Let o € R. Then we have

o

(th"‘)(u; V) = V’::+1 Mo +1). (28)

Proof By setting the variables, we get

" u® ] N u®
(th )(M; V) = m A t Eq(—qt) dqt = ml"q(a + 1).

The theorem hence follows. O

The direct consequence of (28) is that

n

(N2") (w3 ) = %([n]q)y. (29)

Theorem 2 Let a be a positive real number. Then we have

(quq(at))(u; V) = ” —lom' au <. (30)

Proof By aid of the e, analogue of the g-exponential function, we write

(Nyegat)) (u;v) = /0 %eq(at)Eq(—q£t> dyt. (31)

In series representation, (31) can be written as

(Nyeq(at) wiv) =Y al t”Eq<—q£t) dyt. (32)

— u([n],)!
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By (29), (32) gives a geometric series expansion, and hence we have (Ne,(at))(i;v) =

1 Zo ()" = o= W,au<v.

This finishes the proof of the lemma. O

Theorem 3 Let a be a positive real number. Then we have

(NEfan) ) = 5" D (4. (33

0

Proof In view of the E; analogue of the exponential function, we indeed get

o0 n(n-1) 00
(N (@) @) = 3 “(;fni]z)‘% /0 t'E, (—q£t> dt. (34)
)

0

The parity of (29) gives (N,E,(at))(u;v) = Zq (&)n

This completes the proof of the theorem.

. . . . . q4+ _ eq(t)+eq(=t)
The hyperbolic g-cosine and g-sine functions are given as cosh?t = “——*— and

sinh? ¢ = M. Hence, as a corollary of Theorem 2, we have

(Ng cosh? £) (u; v) = T <Y (35)
(N sinh? t)(u; V) = L, au<v. (36)
1 V2 + a’uy? .

Theorem 4 Let a be a positive real number. Then we have (N cos? at)(u;v) = 2 — pro-

vided au < v.

Proof On account of (15) and (29), we obtain
o a*" 00 ) v
N, cos? at)(u;v) = —/ t™"E (— —t)d t
(Nycostar) ) =D i Jy Bt )

1 (au)zn
v\ v

For au < v, the geometric series converges to the sum

v

(oot a)1) = " &
provided au <v.

This finishes the proof. O

Similarly, by (15) and (29), we deduce that

au

A gp <V (38)

(Nq sin? at) (u;v) =
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5 N, and g-differentiation
In this section, we discuss some g-differentiation formulae. On account of (12), we derive

the following differentiation result.

Lemma 5 Let u,v > 0. Then we have

o n
u v (n+1)(n+2) V'
DqEq <—q;t) = ; E (_1)n+1q 2 Jtn. (39)
0

Proof By using the g-representation of E, in (12), we write

o) 0 S ()

00 q(n+12(n+2) v
— (_l)niqn_tn—l
21: (-1 " w

7+1

(n+1)( rl+2) 14
§ :( 1 n+1 "
un+1

Hence, it follows that D, E,(-qt) = + > (—1)”“qM Y 1. This finishes the proof. [
The natural transform of the g-derivative D f can be written as follows.
Theorem 6 Let u,v >0, then we have
Ny (Dof () (u;v) = = (0) + £Nq(f)(u; V). (40)

Proof Using the idea of g-integration by parts and the formula in (9), we write

N, (Dgf (8)) (55v) = /o qu(t)Eq<—q£t) dyt

= f(t)D,E ( ) / f(gt)D,E ( )dqt.

The parity of Lemma 5, gives

( 1n+1

N0 0) ) -0 - [ a0 Z T
nlq

_ v *© 2, (=1)" (n+1)2(n+2)£n
=—f(0) + u/o f(qt);([n]q)!q o dgt.

Changing the variables as g¢ = y and t” = g™"y" implies

0 o0 n(n2—1) M
NP )9 = O+ % [0 Sy s D (a1)
0

([nlg) u
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By virtue of (12), (41) yields Ny (D.f(£))(u;v) = —f(0) + ﬁfooof(t)Eq(—qﬁt) d,t. Hence,
Ny (Dyf (£))(u;v) = =f(0) + 7N, (f)(u; v). This finishes the proof. O

Now we extend Theorem 6 to the nth derivative as in the following theorem.

Theorem 7 Let u,v>0andn e Z*. Then we have
o n-1 u n-1-i
N, (D2 () (5 v) = ;(Nq(f))(u, V) — Z<;) DLf(0). (42)
i=0

Proof On account of Theorem 6, we can write Nq(DZf(t))(u; V) = =D,f(0) + Z(—-f(0) +
ﬁ(qu )(¢;v)). Hence we have obtained

2
Ny (D (0)(5:9) = ~Dyf (0) = ~f(0) + = (N, aiv). (43)

Proceeding as in (43), we obtain N, (D}f (£))(u;v) = ;—iNq(f)(u; v) - L)1 DLf(0).
This finishes the proof. d

6 N, of g-convolutions
Let functions f and g be given in the form f(¢) = t* and g(¢) = t*~! for a, 8 > 0. We define

the g-convolution of f and g as

t
(040 - [ fo(e-a0d,e. (a4)
0
The g-convolution theorem can be read as follows.

Theorem 8 Let o, 8 > 0. Then we have
Ny ((f % 8)g) ;) = uqu(ta)(”’ VINg (tﬂ_l)(”; V). (45)

Proof By aid of (44) and (14), we get N ((f % @),)(u;v) = 2L&P) & yasBE (_gqvty g ¢,
Hence, by (28) we obtain

a+f+1

Ny((f # 8)g) (5v) = Tyl + )Ty (B) = (46)

patp+l :

Motivation on (46) gives N, ((f *g),) (3 v) = u*(N,2*) (u, v) (thﬂ‘l)(u; v). The proofis there-
fore completed. d

In a similar way, we extend the g-convolution to functions of a power series form.

Theorem 9 Let f(¢) = Y o a;it* and g(t) = tP~'. Then we have N ((f * g);)(u;v) =
u?(Nof ) (15 v)(Nog) (145 v).
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Proof Under the hypothesis of the theorem and Theorem 8, we write

Nq((f *g)q)(u; V) = onaiNq((tai * tﬂ_l)q)(u; V)

= Z ai(Ngt™) (s v) (Ngt" ) (w5 v)

0

= U (Nf) (5 v) (Nyg) (15 v).
Hence, the proof of the theorem is finished.

7 N4 and Heaviside functions
The Heaviside function is defined by

. 1, t>a
ult-a)= (47)
0, 0<t<a,

where a is a real number.

In this part of the paper, we establish the following theorem.

Theorem 10 If &z denotes the Heaviside function and u,v > 0, then we have

Nq(b't(t - a))(u; V) = %Eq (—5@). (48)

Proof By (47) we have N, (it(t — a))(u;v) = % f:o E,(-q;t)d,t. On account of (21), we get
a4 n(n2—1) n
N, (it - a)) (u;v) = ———/ XO: q),< ) dyt

n(n 1)

Vn an
____Z ([n])' un/tdqt.

Upon integrating and using simple calculation, the above equation reveals

n(n-1)
1 1 o q 2 v gl
Ny (ot —a)(v) = - — = —
(e = @) ;) v u; (n]g! w" [n+1],
[ee] n
:1_,.12( Yl Vo
u [n+1],! u"
1 1 (n+1)

This can be written as N, (i(t — a))(u;v) = %
mation from 0 gives

<=

m(m-1) _m .
> (=1)" q([m]q)! vma™. Starting the sum-

1) m(m-1)

Nq(ﬂ(t—a))(u; V) = %Z(_ )m;l[j]; u”‘am - %Eq<_—va>.
1
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8 The g-analogue of the second kind
Over the set A = {f(£)|3M, 11,75 > 0, |f(t)] < Me''%,t € (=1) x [0,00)}, the g-analogue of
the N-transform of the second type is expressed as

(Nf) (s v) = /0 N if (t)eq (—gt) dyt. (49)

As the g-analogue of the gamma function of the second kind is defined as

00
Va(t) = / x" ey (—x) dyx, (50)
0
it follows that
n(n-1)
Vq(l) =1, Vq(t + 1) = qit[t]qu(t)) Vq(n) =q 2 Fq(”)r (51)

I'; being the g-analogue of the gamma function of the first kind.
In the remainder of this section, we derive certain results analogous to the ones we have

obtained in the previous chapters.

Lemma 11 Let a > —1. Then we have

o

u
(th“)(u; V) = myq(oz +1). (52)
In particular,
l,tn -n(n-1)
(N (w3 v) = il ([ng))!. (53)

Proof Let a > —1. Then, by the change of variables, we have

N 1 [, (-vt ut (>,
(NTe*) (3 v) = ;/0 t eq(—> dgt = W/o t%e,(~t)d,t.

u

By aid of (50), we get (N7*)(u;v) = ;j—‘zlyq(a +1). Proof of the second part of the theorem
follows from (51). Hence, we have completed the proof of the theorem. O

Theorem 12 Let a € R,a > 0, then we have

(quq(at))(u; V) = kS q 2z . (54)
uv

0

Proof By (13) we write

1 [e's) 1 S n [e'9)
(quq(at))(u; V) = ;/(; eq(at)e, (—£t> dyt = » Z ([:]q)!/() t”e,,(—%t) dgt.

0

n,n —nn-1)

By aid of Theorem 2, we get (Ne,(at))(u;v) = % Yoo teg

Y

This completes the proof of the theorem. O
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Theorem 13 Let a > 0,a € R, then we have

! (55)

(NqEq(at))(u; V) = m, au<v.

Proof After simple calculations and using Theorem 2, we obtain
; 1 [* v
(N eq(at))(u; V)= — E (at)ey| ——t ) dgt
uJo u

n(n-1)

I [T (LY
‘uz([n]q)!“/o ”"( ut)d"t

Since the above series determines a geometric series, it reads (NZe,(at))(u; v) = % —171@
4

L au<v.
u(v—au)
Hence the theorem is proved. d

The N7 transform of cos? and sin? is given as follows.

Theorem 14 Let a > 0. Then we have

! (56)

o0
(2n-1)
(chosq at) (u;v) —Z (-1)"a mh_ g,
0

R

Proof Using the definition of cos?, we write
1 [ v
(Nq cosq(at))(u; V) = —/ cos?(at)e, (——t) dgt
u.Jo u
2n o0 v
-1)" tel ——t | d,t
Z( DR ( : ) :
_ - Z( 1)a m¥ o —2n 2" 1) )

This completes the proof of the theorem.

The N7 transform of sin?(at) is given as follows.

Theorem 15 Let a > 0, then we have

u?" _oy, 2n=1)
(Nq smq(at) (uyv) = Z( 1)"g2m+! V2n+1q M= (57)

The proof of Theorem 15 follows from a proof similar to that of Theorem 14.
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9 NI of g-differentiation

Before we start investigations, we first assert that

14 14 v
quq —;t =—;eq —;t .

In detail, this can be interpreted as

o —1)"
el )-S5

nlg)! u”

i ( l)n V_n n-1

- ([m—1], )‘u"

! un+1

0 )n+1 n+1
2
0

v

(- 1)" v v
- _ Z )‘u” = —eq(——t>.

u u
This proves the above assertion

Hence we prove the following theorem

Theorem 16 Let u,v > 0. Then we have

(NDf () (u;) = —f(0) - /0 f(g)D,e, <—£t> dyt.

Proof By (58), the above equation gives
(NTDf (1)) (1) = / Df(t)e, (-L) dyt
0 u

- _f(0) + 5 /0 flat)e, <—£t> dgt
=—f(0) + gq‘lfo ft)e, (—gq"lt) dgt.

By setting variables, we have (NYDf ())(u;v) = —f(0) + © g YN g v; w).
This completes the proof.

Now, we extend (59) to have

(NID2f)(u3v) = (NTDy(Dygf)) (5 v)

~Dyf 0) + 2q (ND,f) (a7 )

==Dyf (0) + 561_1 <—f(0) + gq_l (Nf)(q%vs u)>
=D O - (L) 0+ ()20 ()

(59)

Page 12 of 14

(58)
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Proceeding to the wmth derivative, we get (NqD;f)(u;v) = (2)"q"(Nf) (g "v;u)
— Y ()DL f(0).

This completes the proof of the theorem. d

10 Conclusion

The g-analogues of the N-transform have been applied to various classes of exponential
functions, trigonometric functions, hyperbolic functions and certain differential operators
as well. As the N-transform defines an extension to Laplace and Sumudu transforms, our
results generalize the results existing in the literature.
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