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1 Introduction

In population dynamics, the linkages between predator and prey are usually expressed
by different functional response functions, which reflect different dynamical behaviors.
Holling [1] carried out a large number of experiments on predator and prey and got
some different functional response functions. For example, the mathematical expression
of Holling x; (i = 1,2) model is as follows [2]:

d(X) = LXZ.
B2+ X2

Besides, in ecosystems, mutual interference between species is always present. The au-
thors [3] proposed a mutual interference factor that tended to leave when the host or
parasite met. A lot of articles studied the ecosystem with interference factors. Their ob-
tained results showed that the effect of this factor should not be ignored [4-7]. For ex-
ample, Wang et al. [6] concluded that mutual interference had great effect on the relative
properties of predator-prey models.

In real life, time delay always exists. Food digestion time, resource regeneration time,
mature time, pregnancy period and so on, these all can be expressed by time delay. Usu-
ally time delay plays a key role in many systems. For example, time delay can destroy the
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stability of the positive equilibrium. The obtained results showed that delayed differential
equations exhibited more complex dynamical properties than ordinary differential equa-
tions [8—14]. Du et al. [10] gave the following model:

i = x(0)(r1(£) - b1 (Oa(t - T(1))) ~ HLEQym (),

5= 20 (=ra(6) = ba(O)y(0)) + ZLEQym(p),

(1.1)

where all parameter meanings can be seen in [10]. The time delay of system (1.1) made
the system very unstable and led to more complex dynamical behaviors. At the same time,
the research methods were also very different from other systems.

From the point of view of the interaction between biology and environment, Darwin
thought that biological variation, heredity and natural selection could lead to the adaptive
change of organisms. We know that natural environment is not a constant, and organisms
can change their habits to adapt to the new environment, which is called adaptive con-
trol. In recent years, adaptive control has been widely used in biological control systems,
aerospace systems, satellite tracking systems, and so on [15, 16].

On the other hand, in Ref. [10], the authors assume that the coefficients r;(¢), b1 (), 7 (¢),
c1(2), ra(t), ba(t), ca(t) of system (1.1) are continuous positive almost periodic functions. It
is well known that the assumption of almost periodicity of the coefficients in (1.1) is a way
of incorporating the time-dependent variability of the environment, especially when the
factors of the environment exhibit periodical changes with not necessarily commensurate
periods, such as weather, food, mating habits, harvest, etc. In view of these factors, it is
necessary to study the relevant properties of ecosystems by using almost periodic coeffi-
cients. Recently, many scholars have studied the almost periodic solution and got some
nice results, which showed that the almost periodic solution of a population dynamical
system with mutual interference and time delay had wider application value [10, 17-19].

However, in the actual ecosystem, predator and prey always coexist, which is a common
and widespread phenomenon. The dynamical property of a multispecies predator-prey
system is much more complex than the system with only two or three species, and the
analytical methods are very different [11, 20-22].

Based on the above discussion, we establish a multispecies predator-prey model with al-
most periodic coefficients, mutual interference and time delays. The corresponding math-

ematical model is as follows:

x(8) = %)) = Xy bar(Ohmit - e(0) = i, @),

i=12,...,n,

7 o () _ N ) n qkl(txk 1 (1'2)
O =3O = Si prOe(t) + Ty BEE 0

i=1,2,...,m,

with the initial conditions

x00)=¢i(x), 00 =v(x)s  (x)¥(x) € C([-7,0l,R,), x € [-7,0],  (1.3)

where t = max;cr{w(£), k = 1,2,...,m}, 7(£) is a nonnegative and continuously differen-
tiable almost periodic function on R and min;eg{1 — 7;(£)} > 0. 7,(£), b (t), cix(t), fir (£), 1,(8),
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Table 1 Notations used to denote parameters

Parameters Description

Xi(t) The population of species of the ith prey at t.

(0 The population of species of the ith predator at t.

ri(t) The population growth of prey without predators.

ri(t) The decay rate of predator population without prey.

o The mutual interference of predatorand 0 <« < 1.

bi(t) The number of prey decreased due to inter-specific competition.
pik(t) The number of predator decreased due to inter-specific competition.
cik(t) The amount of prey eaten by predator.

qxi(0) Conversion of energy from prey to predators.

Pik(t), qij(t), fij(t) are all continuous positive almost periodic functions on R and the brief
description about other parameters used in system (1.2) is presented in Table 1.

In this article, we aim to investigate the dynamical properties of almost periodic system
(1.2), which can greatly enrich the biological background.

The structure of the article as follows. In Section 2, we introduce several important defi-
nitions and lemmas. We discuss the permanence of the system in Section 3. Next, we prove
the global attractivity of system (1.2) in Section 4. In Section 5, we give conditions of the
existence and uniqueness of almost periodic solutions for the system. We put numerical

simulations in Section 6. In Section 7, we give a brief conclusion to this paper.

2 Main descriptions
In this part, we give some definitions and lemmas.
For continuous and bounded f on R, we denote f* = sup, . f(2), f! = inf,cr f(2).

Definition 2.1 The positive solution (x(z),y(£))7 = (x1(2),%2(2), ..., %,(£), y1(£), y2(8), ...,
Ym(£))T of system (1.2) is said to be globally attractive if, for any other positive solution
@@, y)T = ®1(£), %20), ..., %, (), 71(£), Y2 (8), ..., ¥ ()T of (1.2), the following condition
holds:

lim (Z|xi(t) —x(0)]+ |y _J_’j(t)’> =0.
i=1 J=1

Definition 2.2 ([23]) A function f(¢,x) is said to be almost periodic in ¢ uniformly with
respect to x € X if f(¢,x) is continuous and, for Ve > 0, it is possible to find a constant

I(e) > 0 such that, for any interval of length I(¢), there exists 7 such that

[f(t+7,%) - f(tx)| <e,
where the number 7 is called an e-translation number of f(¢, x).

By the continuity of almost periodic functions, we obtain that the almost periodic coef-
: : : N R |
ficients satisfy min;_1 5, uj-1,2,..m {7} Tis bl.k,pjk, cik,qk/} >0 and max;-12,.mj-12,..mit; r}’.‘, by,
Pjjr Cigr 4} < +00. For, the characteristics and relevant definitions of almost periodic func-

tions, the reader may refer to [10, 17, 24].
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Definition 2.3 ([25]) An almost periodic function f : R — R is said to be asymptotic if
there exist an almost periodic function g(¢) and a continuous function r(¢) such that

f(&) = q(t) + (1), r(t) =0 ast— oo.

Lemma 2.1 ([26]) If the function f(t) is nonnegative, integral and uniformly continuous
on [0, +00), then lim,_, o f(t) = 0.

Lemma 2.2 The set {(x(2),y(t))T = (%1(2),%2(8),. .., %4(6),71(2), y2(8), ..., ym(£))T € R™*™|
xi(to) > 0,i = 1,2,...,my;(to) > 0,j = 1,2,...,m,3ty € R} is positive invariant with respect
to system (1.2).

Proof For x;(tp) > 0, yj(to) > 0, we have

xi(t>=xi(to)exp{ f [n(s)—Zbik(sm(s—u(s Z ﬁ’(ks) +’j;:)s) k<s>] ds}>o,
to k=1

! “ L qii(s)xi(s)
¥;(t) = yi(to) EXP{/tO [—r/(s) - ;ij(s)yk(s) + 2 ’m% 1(s)j| ds} >0
Then Lemma 2.2 is obtained. g

Lemma 2.3 ([27]) Suppose that the continuous operator A maps the closed and bounded
convex set Q C R" onto itself, then the operator A has at least one fixed point in the set Q.

Lemma 2.4 ([28]) Ifx' >(<)x(b—ax®), wherea >0, b > 0 and « is a positive constant, then

1 1
b\« b\«
lim supx(f) < (—) (lim infx(t) > <_) )
t—00 a t—00 a

Lemma 2.5 ([29]) Ifx’ >(<)x™(t)(b —ax'™"(t)), x(0) > 0,a > 0, b > 0, then ¥t > 0, we have

x(t) (<) (g + (xlm(O) - S)e“um)t> m.

3 Permanence of system (1.2)
Theorem 3.1 Ifthe following condition holds:

n m oy
. ¢ M;Ny
(Hi] &=ri— Y biOMc-) “*——=>0,

k=1k+i k=1 fix

then system (1.2) is permanent, that is, there exists T > 0, for t > T > 0, the solution
(x@®), ()T of (1.2) satisfies m; < x;(t) < M;, n; < y;(t) < N;, where

mi= 8 exp((@ - Bia)e), M= —

Tl -t
bii b”’e ‘

n [ 2 L n u 1
G I« 3> g\ =
n,»:( 2k DMy ) ’ Nj=< 2 ko1 9k )

237, (M +ﬁ<t;{))(r;‘4 + Z/Zrl:ll’;(Nk) 2”;

fori=1,2,...,mj=1,2,...,m. In this article, the values of i, j are no longer repeated.
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Proof By the first equation of (1.2), we get

x(t) < x:()ri().

L

Integrating (3.1), we have x;(¢) < x;(£ — T)exp(ri't), t > 7, that is,
x;(t—1) > x:(2) exp(—ri”r), t>t.

Combining (3.2) and the first equation of (1.2), we have
x;(8) < x(2) [rl” - bfixi(t) exp(—r;‘t)], t>t.

By applying Lemma 2.4 to (3.3), we obtain

U

lim supx;(t) < L =M,
—+00

(e
bie™i

By (3.4), there exists 71 > v, when ¢ > T; and T7 — oo, then
x,(2) <M.

By (3.5), there also exists Ty = T1 + t, when ¢ > T, then
x(t—1) <M,

Combining (3.6) and the second equation of (1.2), we have
¥i(8) < ;(®) [Z q®y () - r}(t>]
k=1

SHO) [Z q(t) = 7; (t)yla(t)]’ tzTo
k=1

Using Lemma 2.5 to (3.7), then

> k1 qi()
ri(®)

> ko1 qi(8) )e_r;(:)u-a)t] e

¥i(t) < [ r} 0

+ <yl—a (0) _
Therefore, there exists T3 > 0 such that

37 440\ Te
yj(t)§< Dk 1lqk1 ) =N, t>Ts.

2

Combining (3.5), (3.6), (3.9) and the first equation of (1.2), we get

x(8) = xi(2) |:rf = > BOM - bxi(t - T(0) - ) MNE ]

1
k=1ki o Ji

Page 50f 18

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.10)
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Suppose x;(f) is any local minimal value of x;(¢), then we have

Y m &t M:N?

0=2( = x() [rg - ) b OMe-bBixi(E- @) - Y %

k=Lk#i k=1 “
Let
" m oy o
A c* M;N;
G=rl= X Hom- YT
k=1ki k=1 Ji

From (3.11) and (3.12), we have

xi(f - u(®) = 2.

Page 6 of 18

}. (3.11)

(3.12)

(3.13)

Integrating (3.10) on [£ — 7;(f), ] and noticing that g; — b%x;(Z — 7;(£)) < 0, we obtain

m(’ﬂi(z)) . / (@ bn(i— @) de > (& - M)

xi(E - 7,(2)) ()

From (3.13) and (3.14), then

A

O f— exp((& — biM)7).

123

Hence, for T, > 0 and ¢ > T4, we have

xi(t) = (0 = - exp((& - HeMi) ) = .

123

(3.14)

(3.15)

(3.16)

Combining (3.9), (3.16) and the second equation of (1.2), when T5 > max{T3, T4} > 0, for

t> Ts, we get

m n ) 2
, " " D" -
7;(8) = 5(®) [—r,- _Zpika+ZM21+ Y 1("‘)}

k=1 k=1 "k Tk

n l 2 m

o ql‘/mk u u 1-a
=5 (®) [Z P (’/ * ijka>yj (t)}'
k=1 My +f/<1’ k=1

It follows from Lemma 2.5 that there exists T > 0 such that
I 2

n n o 95"k

Zk:l M12<+f13 Zk:l Ml%+ﬂ;

i+ Z/anlijsz i+ Z'knzlpﬁNk

1
- ( pay q;q'mi )1‘“ —
= 2 MV + f) (e + Y, PG i

I 2
9"

NOE ( v (y}“(o> -

1
>6—<r;‘+zz"1pﬁ1vk)<1—a>t) a

Make T > max{T5, Ts, Ts} > O, for t > T, we get m; < x,(£) < M;, n; < y;(t) < N;.

Therefore system (1.2) is permanent.
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Next, we prove that system (1.2) has at least one bounded positive solution for ¢ > 0.

Define Q = {(x(£),y(#))" = (x1(2),%2(8), ..., %(8), y1(8), 72(0)s .. ., ym ()T € R (x(2), y(£))T
is the solution of system (1.2), satisfying m; < x;(t) < M;,n; <y;(t) <Nj,t e R} . O

Theorem 3.2 For system (1.2), the set Q # (.

Proof According to the characteristics of an almost periodic function, for a sequence of
{t,}, t, > ccasy — oo, thenr(t +t,) — ri(t), ri(t +t,) — rj(t), bu(t +t,) — by(L), p(t +
) — pir(t), €t + ) = cult), qylt + 1) = qy(@), Tt + ) — w0), it + 1,) = f(0
(4,/=1,2,...,m j,k=1,2,...,m) uniformly on R as y — co. By Lemma 2.3, system (1.2)
has at least one solution z(£) = (x(¢), y(¢))” satisfying m; < x;(t) < M;, n; < y;(t) < N; when
t>T.

Obviously, the sequence z(t + £,) is uniformly bounded and equi-continuous on any
bounded subset of R. By the Ascoli theorem, we know there exists a subsequence z(¢ + t;)
which converges to a continuous function

26) = (210,20)" = (210,818, .., G ), €12(8), g22(®), ..., 8o ()

as A — oo uniformly on any bounded subset of R.
Make T7 € R, suppose T7 + t; > T for all .. When ¢ > 0, we obtain

xi(t + 1ty + T7) — %t + T7)
t+T7 n
_ / xils+6) (ri(s 4= Y bils + t)w((5+ 1) - (s + 1)
Iz k=1

cik(s + t)xi(s + t))

xHs+6) +fuls + 1)

Vi (s + tx)) ds, (3.17)
k=1

Yi(t + 6+ T7) = yi(tn + T7)
t+T7 m
= / yitn +8)| -ri(s +t,) - ijk(s +5)yk(s + )
T k=1

qy(s+t)xi(s+5)
P x,z((s + t)\) +fkj(S + t)\) /

(s+ tx)) ds. (3.18)

Letting A — o0 in (3.17) and (3.18), for V¢ > 0, by the Lebesgue dominated convergence
theorem, we get

gu(t+ T7) — g (T7)

17 Z 7\ ci($)gals)
/T 7 g (s) (r (s) k§:1 1 ()gi1 (s — Tic(s)) 2 26+ f (S)gk2(5)> s

8ot + T7) — gp(T7)

I RN IR " qy©gH©)
= /1:7 g]Z(S) <—7’](S) - kXﬂ:p}k(S)ng(S) + Z mgﬂ (S) ds.

Since T; € R is arbitrarily given, g(¢) is a solution of system (1.2) on R.
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It is easy to know m; < g;1(t) < M, nj < gn(t) < N; for any ¢ € R. Thus, the set Q # 0,
that is, system (1.2) has at least one bounded positive solution. O

4 Global attractivity of system (1.2)
Theorem 4.1 If the parameters of system (1.2) satisfy condition [H;] and the following
conditions:

[Hy]  lim infA;(¥) >0

t—+00

t—+00

where

Ay(t) =- Z cik(O)Ex + Z b (t)

k=1 k=1

L)
—Z[rk(stbk,(s)M +qu’f(s) ] ] [ bt
kj t

j=1

1(t

)
_ Z Z cik(E)MyEx; / bix(u) du

k=1 j=1

" & Mibig(971(0)) 7©) M;N?!
_ ; d
kZ,Z =6 (1) /w,.-l(t) i) die - Z‘”’( )f()+m2
m n m (/fl 6 m
Bi(t)==) cal®Fu -y Y ay®MiEy / bix(w)du+ Y pix(®),
k=1 k=1 j=1 k=1

SENE+3MENE L fiM e M
L

Ej = =
l (i +m)> (i + )2

and ¢; Lis the inverse function of ¢;(t) = t — 7,(t), then the solution of system (1.2) is globally
attractive.

Proof Let (x(2),y())T, (x(£),7(£))T be any two solutions of system (1.2). From Theorem 3.1,
for V¢ > T, we get

m; < x;(t), %;(¢) < M; n; < y;(t),y;(t) < N;. (4.1)
Next, we set up several Lyapunov functions. Let
Vir(8) = [Inx;(¢) — Inax;(2)|. (4.2)

By calculating the upper right derivative of V;;(¢) along system (1.2), we have

D" Vi (t) = sign(%(t) _xi(t))(a"cé(t) ~ xQ(t))

xi(t)  xi(2)

= sign(#;(t) — x:(1)) {— D ba0)[xe (£ - () — k(£ — (D)) ]

k=1
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~ X’”:[cik(t)a‘ci(t)&z(t) ~ Cik(t)xi(t)yZ(t)]
O+ fale)  xO) +fult)

= sign(x(£) - x:(2)) {— > " but)[x (£ - () — (£ — T (®)) ]

k=1

_ XM: cal®) [ﬁk(t)ﬂ (&) + ¥ ()7 (8) — 2 ()9 (D) (xi(2) + Xi(2)) (56) - (1)

® () +fa ) (0) + £ (1)

k=1

S ®)xi(t) + 2} (2) o }
(&7 (2) + fi () (7 (1) +ﬁk(t))(ﬁ(t) PAG). }

Z clk(t)Elk xl(t —Xi t)| Z Ctk(t)Flk |yk (t) Jk (t)i
k=1

k=1

, (4.3)

bie|%e(£) — x(8)] + Zb,k

/ X1 (s) — 2y (s) ds
t-1x(t)

k=1
where

SENE + 3BM2ZNY F(_j%AL+Aﬁ

(fix + m)? (e

Ei =
Substituting (1.2) into (4.3), we get

D"V (1)

<> cal®Ewlxi(t) — %) + D calFul 7 (€)= 55 0] = Y bae®)[2e(t) — xe(2)|
k=1 k=1 k=1

2 cri(8)x(s)yY (S):|

n | t ) ) " o ) )
e /tw{xk(s)[m“) ;bk’(s)x’(s LRV FerE®

n " cii(s)xr(s)yy (s)
—xk(5)|:rk(s)_j_zlbkl (s = 7(s Z fk;(S)+xk(S) ]}ds

j=

= Zcik(t)Eik‘fCi(t) xi(t Zczk(t Fie| 3 (8) - 53 (0)] - Zhlk £)Eige| %1 () — xi(0)]

k=1 = k=1

+ Z bi(t)

" (s ()Y (S)}

/”k(t {|:rk(5) Zbk;(S)x, s —7i(s)) Z 7o)+ 20

J=

X (J_ck(s) - xk(s)) — x1(s) Z by(s) (a_cj (s - rj(s)) —Xj (s - rj(s)))
j=1
~ S0y s+ ()2 (5) = 57 (5)cx (5) (i () + % (5))
) Zl ) () + <25 fig(s) + 2(6))

(% (s) — xx(s))

Sii(8)xi(s) + 2;(s) i .
) Z s (fk, (s) + x(5)) (fig () + ¥7(s)) 07 -5©) ] s
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m

<> caltEalxit) - x:(0)] + chk(t IAGE yk(t)|—2blk<t)|xk(t> ()|

k=1 = k=1

+ 2 bu®) t { |:Vk(5) + Z big(s)%;(s — 7;(s)) + Z ()3} (5):|
j=1

P -7 (t) i ﬁ(} + xk( )

x [%(s) =k (s)] + 0k (s) Zbkj(s){ (% (s — 7(9)) —x5(s - 5(5))) |

j=1

+2(5) Y cig($)Exg |7 (5) — 2k (s)] + k() D exi()Fig |35 () = 9 (5)| } ds.  (44)

Jj=1 Jj=1

Considering (4.1) and (4.4), for t > T + 7, we get

D" Vi(t)
<> e Ealxi(t) —xi)] + Y ca®Fu |5 (€)= 55O = Y bae ()7 () — . (0)]
k=1 k=1 k=1
i ¢ cri(s)M N}
+ = bik(t)/t » { |: Zbk} M + Z k/fk] nI;k i| |xk k(5)|

+Mk2bk, x}s r,(s)) xj(s—rj(s)))|

+ My Z €15(8)Exj| % () — i (s) | + Mic Z ckj(5)Fi| 37 () = 57 (s)| } ds

j=1 j=1

= Z cir(8)Eael%i(t) = x:(8)| + ) cae@)Fie|[3 () =y (O] = Y bue )| % (8) — x:(0)|
= k=1 k=1

* Z bix(?) Gils) ds. (4.5)
= (8)
Define
"ot pt
Ve® =3 [ [ bulwGu) dsa @.6)
k=1 Y1 7y (1)

Combining (4.5) and (4.6), for t > T + 7, we get
D*Vi(t) + Vi chk Ei|%:(£) — x:(2))|
+ Z c(B)Fi |77 (2) = 72 (B)] = D bur ()| Za(0) = xx(8)|
k=1

k=1

nooret@©
+ Y /t i) duGi (o). 4.7)
k=1
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Next, we define

Vi(t) = Va(8) + Via(8) + Viz(2), (4.8)
where
‘pk ((ﬂ/ l(l) zk(u)bk}((/)} _
3(t) = —————\%i(l) —x;(])| du dl. .
Vis(t) = ZZM / y / ’ D D50 - 500 di @9)

Considering (4.7)-(4.9), for t > T + 7, we get
D*Vi(t)

< Z cik (&) Ei|%:(2) — x:(8)| + Z cie(E)Fe 3 (0) = 98 )] = > buat) [5e(£) — s (8)]
- - k=1
MNE] eto
+ Z |:rk(s) + Z b ()M, + Z f ‘ } / ) dule(t) = (1)
ki t

it

(6
+ Z Z cik(E)MiEy / b () duu| % (£) — % (2)]|

k=1 j=1

-1

(®)
£ ey OMEy / bun) i 7(6) -y (0|

k=1 j=1
" Mkbk] (p] t) ‘P}?l(wl_l(t))
+ , b (u) du|x;(t) — x;(£)|. (4.10)
;,ZI L-5g D) J, 1 duf6) = )|
Define
Vi(t) = [Iny;(t) - Iny;(0)|. (4.11)

Calculating its Dini derivative along system (1.2), we get

yi(t) &;(t)>

D*Vj(t) = sign(y;(¢) - 5(2) (y ® 5
]

= sign y} (&) - y;(t) |: Zp,k(t Yj (t) - y,(t)
=1
Oy FOF )
' Z"k’ (t) +30) ful) +5ci(t)>:|

_ _Z pir(®)]y;(6) = 5,(0)|

k=1
(RO RO )
+ k; qii(£) s1gn(y;(t) y/(f)) (,/ik(t) + xi(t) fk(t) N xk(t)

m

== pr®|y(®) =30 + > qi(®) sign (y;(0) - 5(0))

k=1 k=1
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X(/()y, ') xk(t)y;"l(t) X (0N (e) xk(t)y;"l(t)>
(£) +22(8)  frle) +23(2) fk(t)+xk(t)  fal) + 2 ()

=- Zp,-km (8) = ()| + Z axi(2) sign(y;(2) - 35(0))

k=1 1
ﬂ oa—1 —a—1
X(/ik(t)+x,2((t)(y/ URS/AN0)
, SO0 + @) 0) _
* 0 + 2O + 2y O —xk(t))>

(£) + & ()55 (2) _
—ijk(t>|y;<t>—y,(t Z%() f(t)+xk(t) EACEENG]

k=1 k=1
m a—l
<= p@®|y0) - 50| + Z%( ) o i (8) = Fu(2) - (4.12)
k=1
Define the Lyapunov functional V(¢) as follows:
V) =) Vie) + Y V). (4.13)
i- j=1

Considering (4.10), (4.11) and (4.12), for t > T + t, we have

D V() <= A0)|x () - x8)| - D Bi(e)]3(e) - y(8)], (4.14)

i=1 j=1

where A;(¢), B;(t) are given in Theorem 4.1.
From conditions [H,] and [H3], there exist a;, 8; > 0 and Ty > T + 7 such that

0<a; <A;), 0< ,3}' < Bj(f) for t > Ty. (4.15)

Let ap = min{oy, ota, ..., @y; B1, Bas - - -» B}, combining (4.14) and (4.15), then

D'V(t) < —ao (Z|5ci(t) —x(0)]+ |50 —y;(t)|). (4.16)
i=1 j=1

Integrating (4.16) on [T, t], we get

+ao/ (Z\xl — ()| + Y |3(u) —y;(u)\> du<V(To), t=T,  (417)
To j=1

i=1

So, f}ow(Z?zl i (1) — xi(u)| + Z;Zl |y;(u) — y;(u)|) du < +oo and V(¢) is bounded on the
interval [T, +00). Combining Theorem 3.1 and (1.2), we get x;(¢) — x;(¢), y;(t) — y;(£) and
(:(t)—x:(8))', (;(t)—;(¢)) are bounded on the interval [T, +00). Then >/ ; |X;(1) —x;(u)| +

Z;Zl [9j(u) — y;(u)] is uniformly continuous.
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Using Lemma 2.1, we get

lim (Z{a‘ci(t) —x(0)] + ) _[50) - y;(f)|) =
i=1 j=1

(4.18)
lim |%;(¢) - x:(2)| =0, lim |5,(2) - ,(t)| =
t—>+00 t—+00
Therefore, system (1.2) is globally attractive. O

5 Existence of almost periodic solution
Theorem 5.1 Suppose [Hi], [Hs] and [Hs] hold, then system (1.2) has a unique almost

periodic solution.

Proof From Theorem 3.2, we know (x(2), y(t))7, t € R is a bounded positive solution. Then
there exists a sequence {£}}, £, — 0o as > — +00 such that (x(¢ + £]), y(¢ + £,))T is a solution
of the following system (5.1):

ik (48 )i (0)
#(0) = xiOlrie + 6) = Xy bule + et = @) = Ty 32 m ok @

WO =3Oy (e + 1) = S5 oyt + G)yile) + o, B gy

2 2O+ (t+t,)7 ]

(5.1)

)T are

From the above and Theorem 3.1, we know (x(¢ +£,), y(t +£,))T and (x'(t +£,),/ (¢ +1;)
uniformly bounded. Clearly, the sequence (x(t + £} ), y(t + t/k))T is equi-continuous. By the
Ascoli theorem, there exists a uniformly convergent subsequence {(x(t + £,), y(t + £,))T}
{(x(t+8),y(t + ti))T} such that, for any Ve > 0, there exists A¢(¢) > 0 with the property that
if A, @ > Ag(e), then

|x,»(t +ly) —x(t+ t,\)| <e, |y,»(t +tm) -yt + t,\)| <¢,

which indicates that (x(¢ + t,), y(¢ + £,))T is an almost periodic and asymptotic function.
Then there exist functions g;1(¢), gi2(¢), 41 (2), hjp(t) such that

x;(t) = gn(8) + hir (1), ¥i(t) = g (t) + hjp(2),

where

lim g (t+1)=ga(®), lim gp(t + 1) = gp(t),
h—>+00 A—>+00

lim hil(t + lf)L) =0, lim hjg(lf + t)L) =0,

A—+00 A—+00

gi1(2), go(t) are almost periodic functions. It shows that
Jim it +4) = ga ), Jim y;(t +4) = go(0).

Besides, we still have

A+t +h) —x(t+¢ o ogn(e+h)—gat
hm x(t+4)= lim lim wlt+ b+ _) xilt + A):11m‘w, (5.2)
> h—>+00 ;50 h h—0 h




Liu et al. Advances in Difference Equations (2017) 2017:393 Page 14 of 18

(E+E ]:l —yilt+t o (t ]jl — g (t
lllll y](t+tx)— lim llmy( ThT _) e+ A)zlimw'
00

1 (5.3)
A=>+00 150 h h—0 h

Therefore, the derivatives g}, (¢), g]fz(t) exist.

Next, we prove g(t) = (g1(t),g2())” is an almost periodic solution of system (1.2).

By the characteristics of almost periodic solution, there exists a sequence {¢,}, t, —
00 as y — +00 such that ri(t + t,) — ri(t), rj(t + t,) = ri(t), bu(t + t,) = by(t), pu(t +
ty) = pic(0), cu(t + ty) = ci(®), gyt + &) — q;@), Tt + &) = w(@0), (¢ + 8,) — fi(2)
(,1=1,2,...,mj,k=1,2,...,m)as y — oo uniformly on R. Obviously, lim,, _, ;o0 *;(t +¢,) =

g (2), limy, _, o0 (¢ + £,) = g2(£). So we have

g1(@®) = lim xi(t+t))

y—+00

= lim x;(t+¢,) |:ri(t +1) - Zbik(t +t,) ) ((E+ 1) - w(t + 1))

y—+00
k=1

X2 +1t,) +fult +t,)

w(E+ )%+ 2, )5 (t+t,)
_ch }

- “ Clk(t 8i1 g](g(t)
=gn(¢ (L) — bi t t— t ,
gl()[r() kzl 1 (Ogia (£ - w(0) - kZI 20 m(ﬂ]

g(t) = lim y(t+t)

m

= hm y,(t+t )|:—r,(t+ ty)—Zp,k(t+t (£ +t) — Tt + )
k=1

. i qu(t + 1, )52t + 1)y (¢ + ty)}

pay xp(t+t,) +fiyt+1t,)

qkl gkl( )g]gZ_I( )
_ _ b; T20 0 |
=gp(t) [ ri(t) - Z x(£)gr2(2) + kXI: g6 (0) + fig(2) j|

From the above, we know g(¢) satisfies (1.2), that is, it is a positive almost periodic solution.
Next, we prove that the positive almost periodic solution of system (1.2) is unique.
Let g(¢) > 0 and g(¢) > 0 be any two almost periodic solutions of system (1.2), then we
claim that g;(¢) = g1(¢) and g,(¢) = g»(¢) for V¢ € R. Otherwise, there is at least one § € R
such that g1 (§) # gi1(§), that is, |g;1(§) — gi1(§)] := § > 0. Then

8 =|gn(6) -gn ()| = yl_i}POin(%” +5,) - Xi(E +1,)| = tEIfloo!xi(t) -x(1)| >0,

which is a contradiction to (4.18). Thus V¢ € R, g1(¢) = g1(¢) holds. By the same method,
we can prove that Vt € R, & () = 22(8). O

Remark 5.1 If 7;(t) = t;, where 7; (i = 1,2,...,n) is a nonnegative constant, then assump-

tions [H;] and [H3] can be redefined. So, we give the following Corollary 5.1.
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Corollary 5.1 Make t,(t) = 1;, where t; > 0. If system (1.2) satisfies both [H;] and the fol-

lowing two conditions:

lim inf{ = cw(®Ex+ Y bult)
—+00 1 ol
g 4 " q(s)MN; | [t
-3 |:rk(s) + Y ()M + Y %} f b (1) du
k=1 j=1 fk/’ + My t

j=1
+T; non LHTE+T;
- Z Z cik(E)MrExj / biu) du—y Y~ Mpy(t + 7)) bi(u) du
k=1 j=1 k=1 j=1 s
MNP
qu] fix (t +m? ’

t+1; m
Jim inf{ Z ci(t)Fix — Z Z% t)MiEj / bi(u)du+y qjk(t)} >0,

k=1 j=1 k=1

then system (1.2) has a unique positive almost periodic solution which is globally attractive.

6 Model simulation
We give examples to verify the correctness of our theoretical results in this part.

Example 6.1 Consider the following system:

x'(t) = x()[(3 + 0.1sin /7£) — (2 — 0.1 sin £)x(t — 0.01)
_ (0.05-0.01sin£)x(¢) 0 2(1’)]
x2(t)+1 (61)
¥ (£) = y(£)[-(0.02 + 0.01 sin +/3£) — (0.05 — 0.01 sin £)y(t)

(0.2+0.01 sin£)x%(¢) , —0.8
(02:001sn 020 -03))
with the initial conditions (¢(0), ¥ (0)) = (1, 1) and (¢(0), ¥(0)) = (2.5, 2).

By calculation, the parameters of (6.1) meet the conditions of Theorem 3.1 and Corol-
lary 5.1. Using MATLAB, by simulation, time series diagrams of (6.1) are shown in Fig-
ure 1. Figure 1 indicates that (6.1) is persistent and has a unique positive almost periodic

solution which is globally attractive.

In order to demonstrate the dynamical behaviors of a multispecies predator-prey sys-
tem, we give the time series diagrams with only three species in system (1.2).

Example 6.2 Consider the following system:

x) () = %1 (£)[(1 + 0.1sin /7¢) — (1.3 — L.1sin£)x; (£ — 0.01)

_ _ . _ _ (0.05-0.01sint)x1 (¢) ,.0.5
(1.4 — 1.2sin £)x, (¢ — 0.01) T 20w ¥ ()],

x5(2) = 2 (t)[(1 + 0.1sin+/7¢) — (1.3 — 1.1sin £)x; (¢ — 0.01)

(0.05-0.01 sin £)x7 () , 0.5
- (1 4 —1.2sin t)xz(t 0. 01) - W‘y (t)],

¥ (£) = (£)[-(0.02 + 0.01 sin +/3£) — (0.05 — 0.01 sin £)y(t)

(0.5+0.01 sint)x1 (t)y'o'5 (t) n (0.5+0.01 sin £)xo (£)y 05 (2) ]
*2(£)+30 *2(£)+30

)
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Figure 1 (a), (b) The time series diagrams with two initial values of prey and predator, respectively.
(c) Two-dimensional periodic diagram of predator-prey. (d) Three-dimensional periodic diagram of
predator-prey-time.

with the initial conditions (¢1(0), $2(0), ¥ (0)) = (2,2,2) and (¢1(0), $2(0), ¥ (0)) = (0.1,
0.1,0.1).

By calculation, these parameters of (6.2) meet the conditions of Theorem 3.1 and Corol-
lary 5.1. Using MATLAB, by simulation, time series diagrams of (6.2) are shown in Fig-
ure 2. Figure 2 shows that (6.2) is persistent and has a unique positive almost periodic

solution which is globally attractive.

7 Conclusion

We construct a multispecies predator-prey model with mutual interference and time
delays in this article. We obtain the conditions of permanence, global attractivity and
uniqueness of positive almost periodic solutions of the system by using the Ascoli the-
orem, Lebesgue dominated convergence theorem, Lyapunov functions and comparison
theorem. Finally, simulation results indicate the correctness of the theoretical results and
demonstrate the complex dynamical behaviors of the system.

Compared with Ref. [10], Du only considered the basic dynamics of two species, which
can not be effectively promoted and applied in actual production and life. However, we
comprehensively integrate the universal phenomenon of multispecies coexistence in the
real ecosystem. By studying the dynamics of multispecies predator-prey system, we can

better protect the ecosystem and practice the concept of green development.

Page 16 of 18
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Figure 2 (a), (b) Time series diagrams with two initial values of prey x; (i = 1,2), respectively. (c) The time
series diagram with two initial values of predator y. (d) Three-dimensional periodic diagram.
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