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1 Introduction
The differential delay equations have useful applications in various fields such as age-
structured population growth, control theory, and any models involving responses with
nonzero delays [1-5].

Given f € C°(R*,R™) with f(—x) = —=f(x),xf (x) > 0,x # 0. Kaplan and Yorke [6] studied

the existence of 4-periodic and 6-periodic solutions to the differential delay equations

& (t) = —f(x(t - 1)) (1.1)

and

& (t) = —f (x(t - 1)) — f (%(t - 2)), (1.2)

respectively. The method they applied is transforming the two equations into adequate
ordinary differential equations by regarding the retarded functions x(t — 1) and x(t — 2) as
independent variables. They guessed that the existence of 2(n + 1)-periodic solution to the
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equation

K(t) ==Y f(x(t-1) (1.3)
i=1

could be studied under the restriction
x(t —(n+ 1)) = —x(t),
which was proved by Nussbaum [7] in 1978 by use of a fixed point theorem on cones.

After then, a lot of papers [8-21] discussed the existence and multiplicity of 2(n + 1)-
periodic solutions to equation (1.3) and its extension

x'(t) = - Z gradF(x(t - i)), (1.4)

i=1
where F € CY(RN,R), F(—x) = F(x), F(0) = 0.

Recently, Zhang and Ge [22] studied the multiplicity of 2x-periodic solutions to a type
of differential delay equations of the form

&) =~f(x(t-1) - f(x(t-n)), n=2, (1.5)
and obtained new results.

In this paper, we study the periodic orbits to a type of differential delay equations with
two lags of ratio (2k — 1)/2 in the form

&) =—f(x(t -2)) - f(x(t - 2k - 1)), k=2, (1.6)
which is different from (1.3) and can be regarded as a new extension of (1.2). The method

applied in this paper is the variational approach in the critical point theory [23, 24].
Since the equation

K(8) = f((t-2) - f (et - 2K)), k=2,

can be changed into the form of equation (1.5) by the transformation

t=2s,  x()=x2(25)=y(s),  f()=2f(x)
this paper completes the research of the equations in the form
& (t) = —f (x(t - 2)) - f(x(t —n)), n=3. (1.7)

In fact, it follows from

¥ (s) = 2x/(£) = =2f (w(t - 2)) — 2f (x(£ — 2k)) = =2f (x(2(s = 1))) — 2f (x(2(s — k)))
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that

Y(s) =~ (ys = 1) ~F (s - k)

for f = 2f, which is much the same as equation (1.5).
We suppose that

f € CO(R»R)’ f(_x) = _f(x)» (1.8)
and there are «, 8 € R such that

lim@ =a, lim @ =

x—0 X x—>00 X

B. (1.9)

Let F(x) = fox f(s)ds. Then F(—x) = F(x) and F(0) = 0. For convenience, we make the fol-

lowing assumptions.

(S1) f satisfies (1.8) and (1.9),
(S,) there exist M > 0 and a function r € C°(R*, R*) satisfying r(s) — oo, r(s) — 0 as s —
oo such that

‘F(x) - %,sz

> r(lxl) - M,

(S3) *[F(x) - 385 >0, |x| —> oo,
(S§) +[F(x) - %axz] >0,0 < |x| < 1.

In this paper, we need the following lemma.
Let X be a Hilbert space, L : X — X be alinear operator,and ® : X — R be a differentiable

functional.

Lemma 1.1 ([24], Theorem 2.4; [8], Lemma 2.4) Assume that there are two closed s'-
invariant linear subspaces X* and X~ and r > 0 such that

(@) X* U X~ is closed and of finite codimensions in X,

(b) X" )C X, L=L+P'AgorL=L+P Ay,

(c) there exists co € R such that

xlef}(ﬁ D(x) > co,
(d) thereis coo € R such that ®(x) < ceo < P(0)=0,Vxe X NS, ={xe X :|x|| =71},
(e) @ satisfies (P.S).-condition, cy < ¢ < Coo. Then ® has at least
% [dim(X* N X7) — codimx(X* U X™)] generally different critical orbits in
®([co, cao]) if

[dim(X* N X7) - codimy (X UX7)] > 0.

Remark 1.1 We may use (P.S)-condition to replace condition (e) in Lemma 1.1 since (P.S)-
condition implies that (P.S).-condition holds for each ¢ € R.
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In order to construct adequate functional whose critical points are the solutions of equa-
tion (1.6), we need to distinguish our problem into three cases:

k=3l+2, k=3l+3,
and
k=3l+4.
Then we construct the corresponding three functionals.

2 Space X, functional ®, and its differential ®’
2.1 4k-Periodic orbits to equation (1.6) when k =3/ + 2
We are concerned at the 4k-periodic solutions to (1.6) and suppose that

x(t—(60+4)) =—x(t), [>0. (2.1)
We transform (1.6) into

& (t) = —f (x(t - 2)) - f (x(¢ - (6] + 3))). (2.2)
Let

X={xeCr:a(t—(6l+4)) = —x())

o0 . .
2i+1)mt 2i+1)mt
= Z(ﬂicosu+bisinu) :ai’bieR ,
= 6/ +4 6l+4

> 2+ 1)t 2i+ )t
X:d{Z(ﬂicos( i+ +bisin( i+ L ):ai,bieR,

6l+4 6l+4

L

(2i +1)(a + b7) < oo},

and define P: X — L? by

ad (2i + 1)t Qi+ Drt
Px(t) = P(;):(aicos W + bl' Sin W))
> 2+ 1)t 2i+ 1)1t
=S @i s 1) (aycos ZEDTE g G BEEDTEY
6l +4 6l + 4

i=0

Then the inverse P! of P exists. For x € X, define

12/+8

(%,7) = /0 (Px@y(®) dt, ] = /o),
12/+8

(%,7)2 = /0 (x(0), () dt,  [1xll2 = /0.

Therefore, (X, | - [|) is an H2 space.
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Define the functional ® : X — R by

1 ak
Dd(x) = 3 (Lx,x) + / F(x(t)) dt
0
1 12/+8
= E(Lx,x) +/ F(x(t)) dt, (2.3)
0
where
1 2041 21 21
Lx= EP‘I |:§x’(t —3i) - ;x’(t —3i-1)- ;x’(t ~3i- 2)}. (2.4)

Letky = [22] = [£#2] = 2L, ky =k —1=3[+1,and

2i+ 1)t 2i+ 1)t
X@) = x(t):aicosu+bisinuza,’,biel€ .
6l +4 6l+4

00 ky
X=3Y |:Z(X(2mk + i)+ X(2mk + 2k — i - 1))

i=0

+ Y (X@mk + i) + X (2mk + 2k — i - 1))} . (2.5)

> (2i + 1)t L 20+ l)nt)
— | €X,

x(t) = Z(aicos—6l+4 + b; sin o4

i=0

define 2: X — X by

00 . . - Qi+
(2i+ )mt . i+ mt sin e
(Qx)(t) = Z(b,» cos ~elia a; sin ol+a o B
0 12048
If x;(¢) = a; cos % + b;sin % € X(i),i € N, then we have
o0 (2i+1)
T cos
[P P Sk | 2.6
12/+8 ( Z " sin Gixlr (20
i=0 12/+8

Obviously, L|x(; : X (i) = X(i) is invertible.
By the theorem of Mawhin and Willem [25], Theorem 1.4, the functional @ is differen-

tiable, and its differential is

®'(x) = Lx + K(x), (2.7)

where K(x) = P71f(x). It is easy to prove that K : (X, ||x||*) — (X, ||x]|3) is compact.
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It is easy to see that (Qx,x) = 0. Therefore, from (2.6) we have that if

00 ,
(2i+1)mt . Qi+t
x(t) = a;c0s —— — + b;sin ——— |,
(t) ;( i 6l + 4 : 6l +4
then
(Lx,x)
00 . (2i+1)m
Ny M(ﬁ £ 5?) S0 s
= 2 i Y9i) Qi3
Py SN Tols
K- 2L (@m(31 +2) + 2 + 1) B2 cos T
_ Z Z 5 (‘lzm(31+2 i T Do 31+2)+z) o Qirl)3T
o B SN orig
y ‘ 2i+1
+Z (4m+1)3l+2)-2i-1)m (a2 + b2 )M
5 2m+1)(31+2)—i-1 ¥ P2(m+1)(31+2)~i-1 sip @irl3x
- 12/+8
L @mBl+2) +2i+ 1) B %
— Z ) (azm(31+2 i ¥ Oom 31+2)+z) - (2i+1)371
e SIn Sors
3141 i o
. X“': (4.(m+1)(3[+2)—2l—1)7f(a2 L2 ‘ )M
2 2(m+1)(31+2)-i-1 2(m+1)(3/+2)~i-1 gin @él3w
o~ 12/+8
On the other hand,
p ng, Z(6l+4 a; +biz)
00 21
= Z |:Z(6l + 4),3(azm 304+2)+i T me 31+2)+t)
m=0 L i=0
21
N 2
+ 2(61 + 4),3(“zm(31+2)+2(31+2)—i—1 + b2m(31+2)+2(31+2)—i—1)
i=0
3l+1
2 2
+ Z (60 + DB (@3 n(3102)1i + Bam(ars2))
i=2/+1

3l+1
2 2
+ Z (6/+4)B (ﬂzm(31+2)+2(31+2)—i—1 + b2m(31+2)+2(31+2)—i—1)i|'
i=20+1

Therefore, we have

(L +P'B)x,x)

(2i+1)
(4m(31 +2) + 2i + 1)1 cos “Tor4 /3>

= (6] +4) Z|:Z< 218 Gt

12/+8

2
(aZm(Sl+2 i T b2m 31+2)+1)
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21 i+

Z((4(m +1)(31+2) =2 = I)m cos 577 ﬂ>
+
. (2i+1)37
— 127+ 8 sin ~52
2 2
X (”2(m+1)(31+2)-i—1 + hz(m+1)(31+2)—i—1)
S [ (@m(3L+2) +2i+ 1) cos G > B2
+ Z B 12/ +8 sin @i+D3n +B (ﬂzm(31+2)+i * 2”’(3“2)”)
i=20+1 12/+8
. % ((4(m +1)(31+2) - 2i — 1)z cos b /3>
. (2i+1)37
ey 127+ 8 sin “572
2 2
x (a2(m+1)(3[+2)—i—1 + bz(m+1)(31+2)—i—1)}' 28)

Lemma 2.1 Each critical point of the functional ® is a (121 + 8)-periodic solution of equa-
tion (1.6) satisfying (2.1).

Proof Let x be a critical point of the functional ®. Then x(¢) satisfies

1 20+1 21 21
5 |:Zx/(t =3i) =Y K(t-3i-1)- ) x(t-3i- 2)} +f (%)) = 0. (2.9)
i=0 i=0 i=0
Consequently,

20+1 21 21
% |:Zx/(t ~3i-2)- ) ¥(t-3i)- ) «(t-3i- 1)} +f(x(t-2)) =0, (2.10)
i=0

i=1 i=1

1 20+1 21 21
5 |:Zx/(t —3i+1)= Y A(£-3i)— Y A(t-3i- 1)] +f(x(t+1)) =0. (2.11)

i=0 i=0 i=0

Subtracting (2.10) from (2.11), we have
=& () + f(x(t + 1)) — f (£ - 2)) =0,
that is,
& (t) = —f (x(t - 2)) — f (x(t - (61 + 3))),
which implies that x is a solution to (1.6). 0

2.2 4k-Periodic orbits to equation (1.6) when k=3/+3
We are concerned at the 4k-periodic solutions to (1.6) and suppose that

x(¢t— (6 +6)) =—x(t), [>0. (2.12)
We transform (1.6) into

& () = f (x(t - 2)) - f(x(¢ - (6] +5))). (2.13)
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Let

X={xeCr:x(t-(6l+6)) = —x(t))

> 2i+ 1)t 2i+ 1)t
= Z aicosu.’.bisinu :ai’bieR ,
6/+6 6/+6

i=0

> 20+ 1)t 2i+ 1)t
X:cliZ(aicos( i+ +bisin( i+ m ):ai,bieR,

, 6l+6 6l+6
i=0

221+1) a; +b2 <oo}
i=0

and define P: X — L? by

VeSS Qi+t (2i+ D)t
Px(t) = P(Z <a, Cos — e+ b;sin W))

i=0
0

00+ 1)(%008 (2i + )7t o (2i+ l)nt)‘

: 61+6 ! 61+6
i=0

Then the inverse P! of P exists. For x € X, define
120412
= [ (ex0np0)de, el = V),
0
12/+12
= [ 000)dty sl = VG
0

Therefore, (X, | - [ is an H2 space.
Define the functional @ : X — R by

127+12
<I>(x)— (Lx, %) + / F(x(2)) dt, (2.14)
0
where
20+1
Lx=--p! (t—3i-1). 2.1
x==3 ;x(t 3i-1) (2.15)

Letk = [22] = [##4] =2/ + 1,ky =k —1=3[+2,and

X() = { (2i + Dmt . Qi+ Dt

t)=a; i l,b €R.
x(t) = a;cos 6 }

6/+6
We have

oo k1
X=Y |:Z(X(2mk +0) + X(2mk + 2k —i - 1))
i=0

m=0

+ Z X(2mk + i) + XQmk + 2k — i — ))i| (2.16)

i=k1+1
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Define Q: X — X by

00 . . - Qi+l
i+ )mt . Qi+ mt sin 7
(Sx)(2) = Z(bi S Telre MMM T e ) g itir
i=0 120412
Then if
2i+ 1)t 2i+ 1)t
xi(t):a,»cos( i+ m +b,»sin( i+ lm € X(i), ieN,
6/+6 6l+6

then we have

o] 2i+)m
Cos
— 12/+12
Lx=- 12[+12< Z 2L+13n>'

i=0 121+12

(2.17)

The functional ® is differentiable, and its differential is

@'(x) = Lx + K(x), (2.18)

where K(x) = P"}f(x). The mapping K : (X, [|x]|?) — (X, ||x]|3) is compact
Therefore, from (2.17) it follows that, for each

oo

i+ 1)mt o i+t
x(t) = ;):(a,- cos ~eli6 + b; sin W)’

we have

> : (2i+1)7
(2i+1)m cos
(Layx) = = Y (a} + b}) —22

. (2i+1)37
0 SN S5
21+1 2i+1
i i: (4m(31+3) +2i+ 1) (@ R ) cos (ulz:;;
2 2m(31+3)+ 2m(31+3)+i n (2i+1)37
m= i=0 12/+12
2 (am+1)(31+3) -2~ D)m
+ Z ) (“2(m+1)(31+3) -1 T b2(m+1)(31+3) —i- 1)
i=0
(2i+1)
COS 12
. (2i+1)37w
SIN o71o
3142 2i+1
) Z (4m(31+3) + 2 + 1) @ 2 o8 e
2 2m(31+3)+i 2m(31+3)+i (2i+1)37
i=21+2 120+12
30+2
(4(m+1)(31+3)-2i—-1)m
+ Z 5 (”2(m+1)(31+3) —ie 1+b2(m+1)(31+3) 1)
i=21+2

i+
% COS o
sin (2i+1)37

12[+12
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On the other hand,

(P Bx,x) = 2(61 +6)B(a; +b})

m=0

oo [20+1
= Z |:Z(6l +6) B3 m(a1e351 + Dom(3143)+1)

m=0L i=0
2[+1

2 2
+ 2(61 +6)p (aZ(m+1)(3l+3)—i—1 + b2(m+1)(3l+3)—i—1)
i=0

3l+2

2 2
+ Z (61+6)p (a2m(3l+3)+i + b2m(31+3)+i)
i=20+2

3l+2

2 2
+ Z (6/+6)p (aZ(m+1)(3l+3)—i—1 + b2(m+1)(3l+3)i1)]'

i=21+2

Therefore, we have

((L + P‘lﬁ)x,x>

oo [20+1 . (2i+1)
4 2i+1
Iy P e

. (2i+1)37
o L izo 127 +12 sin

120+12
2 2
X (“2m(3l+3)+i + b2m(31+3)+i)

20+1

) 2i+1
. Z((4(m +1)(3/+3)—i—1)m cos (127+1)g N ﬁ)
. (2i+1)3
— 121 +12 sin 5t
2 2
X (“2(m+1)(31+3)—i—1 + h2(m+1)(31+3)—i—1)
3042 . 2it1
. Z*: _(4m(30 +3) +2i+ 1) cos (121;+g +B)(a + b2 )
127+ 12 . (2i+1)31 2m(30+3)+i 2m(31+3)+i
i=20+2 SIN 57 1s
3042 ; 2i+1
. Z (40m + D31 +3) ~ 2~ e cos G P
120 +12 sin G
i=20+2 12012

2 2
X (“2(m+1)(31+3)_i_1 + b2(m+1)(31+3)—i—1):|' (2.19)

Lemma 2.2 Each critical point of the functional ® is a (121 +12)-periodic solution of equa-
tion (1.6) satisfying (2.12).

Proof Let x be a critical point of the functional ®. Then x(t) satisfies

20+1

_% Zx’(t ~3i—1) +f(x(t)) = 0. (2.20)
i=0

Page 10 of 26
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Consequently, we have

20+1

—% > x(t-3i-3)+f(x(t-2)) =0,
i=0

20+1

—% ;x/(t ~3i) +f(x(t +1)) = 0.
Subtracting (2.21) from (2.22), we have

—x'(t) + f (x(t + 1)) —f(x(£ - 2)) = 0,
that is,

& () = =f (x(t - 2)) - f(x(¢ - (6] +5))),
which implies that x is a solution to (1.6).

2.3 4k-Periodic orbits to equation (1.6) when k=3/+ 4

We are concerned at the 4k-periodic solutions to (1.6) and suppose that
x(t—(61+8)) =—x(t), [>0.

We transform (1.6) into
& () = —f (x(t - 2)) - f(x(¢ - (6] +7))).

Let

(o] . .
2i+1)mt 2i+ 1)t
I3 (acos CEITE g GEUTEN e vl
, 6/+8 6/+8

> 2+ 1)t 2i+ )t
XzCl{Z(ﬂicos( i+ +b,-sin( i+ ):a,-,b,-eR,

Py 6/+8 6/+8
o0
Z(2i+1)(uf+b?)<oo},
i=0
and define P: X — L? by
> (2i + 1)mt (2i + 1)mt
P t =P i _— bi 1 s
x(t) (;(a cos oIr8 + b; sin 18 ))
> 2i+ )t 2i+ 1)t
=S @is 1) aycos ZEDTE L) G BEEDTEY
6/+8 6/+8

i=0

Page 11 of 26

(2.21)

(2.22)

(2.23)

(2.24)
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Then the inverse P! of P exists. For x € X, define
12/+16
(®9) = / (0,50 dt, 5] = /()
0

12/+16
(%,3)2 = fo (0 (©) dt,  [xll2 = v/ T,

Therefore, (X, || - ||) is an H> space.
Define the functional ® : X — R by

121416
®O(x) = %(Lx, x) +/ P(x(t)) dt,
0

(2.25)
where
1 2042 20+2 2[+1
Lx==pP! [— D oX(E-3) - A (E-3i-1)+ ) «(t-3i- 2)}. (2.26)
2 i=0 i=0 i=0
Letk = [22] = [£48] =2/ + 2,k =k -1=3[+3,and
2i+1)mt 2+ 1)t
X(i) = {x(t) = a; cos u + b,»smM ta;,b; €Ry.
6/+8 6/+8
We have
o0 ky
X=3 |:Z(X(2mk +i) + X(2mk + 2k — i - 1))
m=0L i=0
ko
+ Y (X@mk + i) + X (2mk + 2k — i - 1))} ) (2.27)
i=k1+1
Define Q: X — X by
> (2i + Dt _(2i+ 1)t sin Ex
(Qx)(t) = Z(bi cos 8 a; sin 18 o il
i=0 12/+16
Then if
2+ 1)mt 2+ 1)t
xi(t) =a;c (2i+ D ; @i+ x €X(i), ieN,
[+8 6/+8

then we have

oo 2i+1)
bg cos
=— Qx+§ o206
121+16< “sin {

2i+1)3m (228)
-0 SM g
The functional @ is differentiable, and its differential is
@' (x) = Lx + K(x), (2.29)

where K(x) = P~\f(x). The mapping K : (X, ||x[|*) — (X, ||*||3) is compact.
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For
> (2i + D)7t (2i + D7t
x(t) = a;c08 ——— + b;sin ——— |,
© XO:( 61+8 ' 61+8 )
we have
(Lx,x)
00 h: Qi+
_ Z (2l+1)”( 2, 12\ °O8 Drie
= - s — (li + b ) (213
: 2 Sln( i+1)3m
= 121+16
nd 242 (4m(3l+4)+2i+ )7 cos (12273761
= Z Z ) (“2m(31+4 i T b2m(3[+4)+z) Qirl)3r
m=0L =0 120+16
2 @m+DBI+4) -2i-Dr ) cos Zirln
+ Z D) (“2(m+1)(31+4)—i—1 + B3 a1)(3144)-i 1) (@irl)37
i=0 120+16
& @mBl+4)+2i+ cos il
- Z 2 (6{ m(31+4)+ it b2m 31+4)+1) (2i+1)37
i=21+3 12/+16
3/+3
(4(m+1)(3l+4)-2i-1)m
+ Z ) (@ men)3iear-i1 + Dmen3ii)-i1)
i=21+3
(2i+1)
% COS L6 :|
- (2i+1)37
SIN 57716
On the other hand,

(P Bx,x) =D (61 +8)B(a} +b})

oo [20+2
= Z|:Z(6l+ 8)B

“2m l+4)+i T b2m 31+4)+z)

20+2
+ Z(6l+8 “2 1) (31+4)—i-1 +b 2m+1)(31+4)—i— 1)
3[+3
+ Z (6/+8)B (d%m(31+4)+i + b%m(31+4)+i)
i=21+3
3[+3
+ Z (6/+8)p (a%(m+1)(31+4)—i—1 + b%(m+1)(31+4) i 1):|
i=21+3

Therefore, we have

(L +P'B)x,x)

oo [2/+2 2i+1)mw

(2i+1)37
oo L izo 12/ +16 sin

121+16
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2
X (a2m(3l+4 i + b2m 31+4)+1)

20+2

Qitl)r
. Z((4(m +1)(30+4)—i =D cos G ﬂ>
(2i+1)37
i=0 12/+16 Sin “T7 16
2
X (“2(m+1)(31+4)—i—1 + b2(m+1)(3[+4) i 1)
3143 , 2i+1
. i _ (4m(3l+4) +2i + 1) cos (127+ig +8) (a3 ,+ b? )
12/ + 16 . (2i+1)37 2m(31+4)+ 2m(31+4)+i
i=21+3 Sin 12/+16
3143 Qitl)r
. Z (4(m +1)(31 + 4) — 2i — 1)z cos 2T o
12/ + 16 sin (2i+1)3m
i=21+3 120416

2 2
X (“2(m+1)(31+4)+1 + b2(m+1)(31+4)i1):|‘

(2.30)

Lemma 2.3 Each critical point of the functional ® is a (121 +16)-periodic solution of equa-
tion (1.6) satisfying (2.23).

Proof Let x be a critical point of the functional ®. Then x(¢) satisfies

2042 2042 2041
= [— > x(t-30) - Zx (t-3i-1)+ > «(t-3i- 2)] +£(x(8)) = 0.

(2.31)
i=0

Consequently,

1 2[+2 2042 2[+1

—|:—Zx(t—3z 2)- ) X(t-3i-3)+ ) x(t-3i- 4)} +f(x(t-2))=0, (2.32)
i=0 i=0

|: 20+2

21+2 20+1
- Zx (t-3i+1)= > &(t-3i)+ Y #/(t-3i- 1)} +f(x(t +1)) = 0. (2.33)
i=0 i=0

Subtracting (2.32) from (2.33), we have

— () +f (x(t + 1)) — f (x(£ - 2)) = 0,

that is,

& (t) = —f (x(t = 2)) —f (x(t = (61 +7))),

which implies that x is a solution to (1.6)

3 Partition of space X and symbols
In fact, in Sections 2.1, 2.2, and 2.3, we could let

2k -2
k1=[ (3 :|, ky=k-1,

N ~ 2i+1)mt . i+ Dmt
X(l) = {x(t) =a;Cos T +bl SIHT .ﬂl,bl GR},

Page 14 of 26
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and

) ko
X= Z[Z (X (2mk+i) + X (2mk+2k—i-1)) + Z(X(2mk+i)+X(2mk+2k—i—1)):|

m=0 L i=0 i=ky+1

and define Q: X — X by

00 . (21+1)
2i+1)mt Qi+t T
(Qx)(t) = ?:0 <b,- cos ok a; sin % o (2511’()371 .

i+t 2L+1

Then if x;(¢) = a; cos =5~ + b; sin @Dt o X(i),i € N, then we have

(2z+1)
=\ st le sip @irl3x (21+1 )37 )’
i=0 4k

and, for each

o]

(2i+1)mt . (2i+ )t
x(8) = a;cos ————— + b;sin——— | € X,
® ZO( : ok Hhisin T
we have
oo . (2i+1)
i+ 5 5 €O Thp
(Lx,x)z—Z*(ﬂi +bz’) i
. (2i+1)37w
o 2 sin 4k
0 K (2i+1)m
IS I AR LA Y S el
2 Domk+i 2mk+i) . (2i+1)37
m=0 i=0 st 4k
i Am+ 1k -2i-1)x ( % ) Cos ‘(2121?71
2(m+1)k—i-1 2(m+1)k=i-1) . ~(2i+1)3x
- 2 sin ~===
Z (4mk +2i + 1) ( B2 ) cos (221?
- —_ + T
el 2 Domk+i 2mk+i sin (214;1]()371
x , 2i+1)m
. Zz (4(}’}’1 + l)k —2i— 1)7‘[ (az N b2 ) CcoS ( l+k)
) 2(m+1)k—i-1 2(m+1)k—i-1 (2i+1)37 |°
i=ky +1 sin
On the other hand,

(P‘l,Bx, x> = Z 2kpB (a? + blz)

m=0

oo k1
= Z |:Z 2kﬁ (a%mkﬂ' + b%mkﬂ’)

m=0L i=0

ky

2 2
+ Z 2kp (ﬂz(m+1)k-i—1 + b2(m+1)k—i—l)

i=0
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ko
+ Z Zkﬂ (a%mkﬂ' + b%mkﬂ’)

i=k1+1

ko
2 2
+ Z 2kp (“2(m+1)k—i—1 + b2(m+1)k—i—1):|'

i=k1+1

Therefore, we have

((L + P‘lﬁ)x,x>

Qi+

> [& (4mk + 2i + 1) cos “=¢ ) 5
- 2](2 Z 4]( . (2i+1)37 + ,3 (akaH' + b2mk+i)
. Z(
i=0
ko

i=0 SIN =g
(4(m + 1)k — 2i — 1)t cos
4k sin (2H1k)3n + ,3 (a2(m+1 k-i-1 T b 2(m+1)k—i— 1)
4

Qi+l)m
4k

(2i+1)m

(4mk + 2i + 1)r cos =
+ <_ Ak sin (2i+1)37 + ﬂ (akaﬂ + b2mk+z)
i=ky+1 4k
ky . Qi+
(4(m + 1)k —2i — 1) cos =3 ) ) )
+Z< +B) (@i + Bomein) |-
- (2i+1)3 (m+1)k—i-1 2(m+1)k—i-1
faraet 4k sin %
Let
Qi+
, . (4dmk +2i + 1) cos “=
X = {X(ka +i):m>0,0<i<kg,— " — (2l+1<3n +8>0
4k

U {X(2(m+1)k—i—1):mzo,05i§k1,

(21+1)n

(4(m + 1)k —2i — 1) cos ——
4k (21+1 )37 + ’3 >0
sin 4k
(21+1)
(4mk + 2i + 1) cos }
ULXQ2mk+i) :m>0,k+1<i<ky,— >0
{ 1 2 4k sin (21;1[()371 ﬂ
U {X(Z(m+1)k—i—1) im >0,k +1<i<ky,
(4(m + 1)k — 2i — 1) cos ZDT
4k (2L+1)37‘[ + ﬁ >0
sin vy
Qi+l)
~ . . (dmk + 2i + 1) cos =
Xw:{X(ka+l):m20,O§l§k1, 4k sin @i +p<0
4k
U {X(z(m+1)k—i—1) :m>0,0<i<k,
(4(m + 1)k - 2i - 1)z cos ZPT
4k sin —(2‘21,33” Hh<0
) . (4mk + 2i + 1)z cos (ZHD
U{X(ka+z):m20,k1+1§l§k2, 4k SIII(ZHDST[ +IB<O

4k
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u{X(z(m+1)k—i—1):mzo,k1+1§i5kz,

(4(m + 1)k —2i— 1) cos (ZHDN
Ak sin (21+1 )3 + ﬁ <0
ak
. . (4mk + 2i + 1) cos (2H,?
XS:{X(ka+z):m20,0§z§/q, K sinmﬁ)g” +a>0
Ik

U{X(Z(m+1)k—i—1):sz,OfiSkl,

(4(m + 1)k — 2 — 1) cos Zx

+a>0
4k sin (21;1]()371 }
dmk +2i + 1) cos 2T
Ul X@mk o+ 1) m> 0k +1< i < ky, — HPKE 2+ 1) %L y50
4k sin (2i+1)37
4k
u {X(Z(m+l)k—i—l) m >0,k +1<i<ky,
(4(m + 1)k —2i—1)r cos (2’211)”
ak @i T2>0
sin vy
Qi+
4mk + 2i + 1) cos
Xy =1X@2mk +i):m=>0,0<i<ky,— ( ) kL <0
a4k sin (2i+1)37
4k
u {X(Z(m+1)k—i—1) :m>0,0<i<k,
(4(m + 1k — 2i — 1)z cos (2‘;';)”
4k Gingr T2 <0
sin =%
Qi+
4mk + 2i + 1) cos
U X(2mk+i):m20,k1+1§i§k2,_(m +2i+ )7 A L4 <0
4k sin (2121[{)371

U {X(Z(m+1)k—i—1):sz,k1+1§i§k2,

, (2i+1)
(4(m + 1)k — 2i — )7 cos =37~
(2i+1)37
4k sin vy

+a<0}.

On the other hand,

dmk + 2i + 1) cos 20T
Xgoz{X(ka+i):m20,05i§k1,(m i+ L)m ak ,3:0}

4k (2i+1)37
sin —ak

U{X(Z(m+1)k—i—1):sz,Ofifkl,

(4(m + 1k — 2i — 1) cos (2l+1)7‘[ s 0}

Qi 13
4k sin %
Qi+
4mk + 2i + 1)7r cos
UlX@mk+i):m> 0,k +1<i<ky,— ( ) k1 B=0
Ak sin (21+1k)37'[
4

u{X(z(m+1)k—i—1):mzo,k1+1siskz,

Page 17 of 26
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(4(m + 1)k - 2i — 1)z cos (ZHI)” = 0}
Qi 1 3
4k sin %

0 _ o, .
Xy = {X(2mk +i):m>0,0<i<ky,~- m < @

Qi+
4mk + 2i + 1) cos
( ) L 0}
Ik

U {X(Z(m+1)k—i—1):mE0,0Siikp

(4(m + 1)k = 2i — 1)1 cos (2”1)” ~ 0}
@i 1)3
4k sin %

Qi+
4mk + 2i + 1) COS
U{X(ka+i):m20,k1+1§i§k2, (mk + 21 + D 08—y~ a—o}

Ak sin (Zzzlk)Sn
U {X(Z(m+1)k—i—1) im>0,k+1<i<kh,
(4(m + 1)k — 2i = I)rr cos 2T
(2i+1)37 +ta=0
4k sin vy
Obviously, dim XY, < oo and dim X < .
Lemma 3.1 Under assumptions (S1) and (S,), there is o > 0 such that
(L+P'B)x,x)>ollxl? xeXZ,
and
((L+P_1/3)x,x><—a||x||2, xeX,. (3.1)
Proof First, we have that, for § >0 and i € {0,1,...,k},
(4mk + 2i + 1)z cos (2’2,?” p (4m{(i)k +2i + 1) cos (2‘;? 50
- +B>- +8>0,
4k sin (2121/3371 Ak sin (211113371
@i
where m{ (i) = max{m € N : 4"’1(1%*1)” = ZHIk)Sﬂ +p>0},and
(4mk +2i+1)m cos =T (2“1)” (4my(i)k + 2i + 1) cos (23}1)71
4k (2z+1)37r +h <~ 4k i TP <0
Sln Tk Sin T

2i+
(4mk+2i+1)7 CO‘( )ﬁ

where m1; (i) = min{fm e N : - by - (2H1 5 + B <0}
e

In this case, we may choose

(2i+1)
T COS = B

4k sin % 4l (Dk +2i+17

o; :min{—

2i+l)7
7 cos 2T

4k ;3
>
4/( sin %}{)3% 4m6(z)k +2i+1
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and let 0 = min{0,01,...,0%} > 0. Further, for 8 > 0 and i € {k; +1,...,k»}, we have

(4mk + 4k — 2i — 1)z cos (2”,? (4mi (Dk + 4k — 2i —1)7 cos (2‘;']?
4k s1nw+l3> 4k s1nm+ﬂ>0,
ak ak

)71

(4mk+4k—2i—1)r[ cos 20T

where m] (i) = max{m e N : P (zﬁmn + >0}, and
(4mk + 4k — 2i - 1)m cos 2T (4my (i) + 4k — 2i — )7 cos ZEPT
4k (2i+1)37 + ﬂ < 4k (21+1 )37 + ‘3 <0,
sin =% sin ~= =
Qi+)m
where m7 (i) = min{m € N : 4”1k+4fk 2= 1)” = Z,j‘lkgn +pB <0}
T
In this case, we may choose
= min o8 <2’+11) + P
4-k sin (2H11(> 4mf(l)k + 4k —2i—
T COS (2”,? B o
4k sin % 4y (ik + 4k —2i— 1 ’
and let o' = min{ok, 41,0k 425+ +-» Ok, } > 0.
Leto = min{c®,0'} = min{oy,09,...,0%,}. The proof for the case B < 0 is similar. We omit
it. The inequalities in (3.1) are proved. O

Lemma 3.2 Under conditions (Sy) and (S,), the functional ® defined by (2.3) satisfies (P.S)-
condition if

’(D(x) - %ﬁxz

>r(lxl) =My, x€R,

for some My > 0 and some function r € C°(R*, R*) that satisfies
r(s) = oo, r(s)/s— 0 ass—> oo. (3.2)

Proof Let I1,N, Z be the orthogonal projections from X onto X, X5, X2, respectively.
From the second condition in (1.9) it follows that

(P2 (F () — Ba), )| < %nxn2 M, xeX, (3.3)

for some M > 0.

Assume that {x,} C X is a subsequence such that ®’(x,,) — 0 and ®(x,,) is bounded. Let
wy, = Xy, ¥y = Nxy, 2, = Zx,. Then we have

NL+P'B)=(L+P'B)II,  N(L+P'B)=(L+P'B)N. (3.4)

From

(@' (), %) = (Lot + P (1), %) = (L + P B) ks ) + (P (f (%) = Bkn), %)
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and (3.4) we have
(1003 = ([1(L + 278 ) + (DU ) — ) )
= <(L + P_IIB)W,,, Wn) + (HP_I (f(xn) - IBxl’l)! Wn)

and then, by (3.1),

((L+ P B)wswn) + (NP7 (F(5,) — B,), wi) > Sl = Ml

which, together with I1®'(x,) — 0, implies the boundedness of w,,. Similarly, we have the
boundedness of y,. At the same time, (S;) yields

1

4k ﬁ
D(x,) = 2((L + P71 Bty %) +/0 F(x,)dt - 5||x,,||§

1 1
= S+ P B)wwa) + AL+ P B) )

4k /3
+/0 F(x,)dt - 5(||Wn||% + 1yull3 + 124 113)-

Then the boundedness of ®(x) implies that ||z,|l2 is bounded. Consequently, ||z,| is
bounded since X2, is finite-dimensional. Therefore, ||x,| is bounded.
It follows from (2.7) that

(IT + N)®'(x,,) = (IT + N)Lx,, + (IT + N)Kx,,

= L(wy +y,) + (IT + N)Kx,,.

From the compactness of operator K and the boundedness of x,, we have that K(x,) — u.
Then

Llst sng, Wy +y0) = —(IT + N)u. (3.5)

The finite-dimensionality of Xgo and the boundedness of z,, = Zx,, imply z, — ¢ € Xgo.
Therefore,

Xn=Zp+Wn+tYn—> ¢ — (L|xgc+xgo)_l(n +N)u,
which implies (P.S)-condition. d

Lemma 3.3 Under conditions (S1) and (S,), the functional ® defined by (2.14) and (2.25)
satisfies (P.S)-condition if

1
‘CD(x) - i,sz >r(jxl) - Mo, x€R,

for some My > 0 and some function r € C°(R*, R*), which satisfies

r(s) = oo, r(s)/s— 0 ass— oo.
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The proof of Lemma 3.3 is the same as that of Lemma 3.2, and we omit it.

4 Notation and main results of this paper
We first give some notation.
Denote

7 COS

Qi+1)m
4k

k1 dmk+4k—-2i-1
~ Y iycard{m > 0: 0 < Grkear2il)

1card{m >0:0< (4mk+2i+1)

sin (2i+1)37

<—a}

cos (2i 1)7[

ko

i=ky+ 4k
N(a) = (2i
4mk+21+1)n €os 4/<

ZQO cardfm>0:0<

| (21+1 )31 | < Ol}) o< 0,
a4k

)n

Ak (21+1)
Ak

(4mk+4k—2i—

<o}

(z)n

31

) |COS

ko )
+ Zi:km card{m>0:0< v

ki . (4mk+4k—2i—
=Y locard{fm>0:0< i

)n cos Zitlr

(21+1 )3 | < a}’ (24 Z 0’

)7[

_ Zf:zk1+1 card{m>0:0 < (4mk+2i+1)7

21+1 31 <= ﬂ}
4k

cos (21+1)rr

ak
N(B) =

4mk+2l+1)7r cos {

Zkl card{m>0:0<

| 21+1371 | < IB}’

)

B <0,

ak 2H—1

ko . (4mk+4k—2i—
+ 2 i card{m>0:0<

= < B}

1) |COS

4k

and

il (4mk + 4k — 2i —

(21+137‘r |<,3} B =0,

Qi+

1) cos =7

NOe) = anrd

{m20:0<
Py 4k

ko

(dmk +2i + )7

(2i+1)3m
4k

:_a}

sin

Qi+l)

COS K

+ Z card

i=ky+1

{sz:O ik

ki

4= anrd

(4mk + 2i + 1)7 cos

sin (2i+1)3m —(X}, a <0,
4k

Qi+
"4k

>0:0<
{m— ak

i=0

ko

+ Z card

sin

(dmk + 4k - 2i - 1)7

:a}

i+
4k

(2i+1)3m
4k

Cos

>0:0
{m— < ak

i=ky+1

i (4mk + 4k — 2i —

@it)3r | a}, a=0,

sin Tk
Qi+

1) cos 21

NO(B.) = anrd

{m20:0<
i=0

4k

ke (4mk +2i +1)

sin

-

(2i+1)37
4k

Qi+)m

COoS a4k

/g

+ Z card

i=ky+1

>0:0<
{m— ak

ky

°(B:) = ) card

(4mk + 2i + 1)7 cos

(2i+1)37
4k

=—ﬂ}, B <0,

sin

(21+1

0:0<
{mz 4k

i=0
ky

+ Z card

(dmk + 4k -2

sin

(2”1 Br =B }
Ik

Qi+
ik

i-1)m

Cos

>0:0
{m— < 4k

i=k1+1

Now we give the main results of this paper.

::3}’ B =0.

(2i+1)37

s 2k
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Theorem 4.1 Suppose that (S,) and (Sy) hold. Then equation (1.6) possesses at least
n=max{N(B) - N(&) - N°(B-) - N°(ar.), N(@) - N(B) - N°(e-) - N°(B.)}
4k-periodic solutions satisfying x(t — 2k) = —x(t), provided that n > 0.

Theorem 4.2 Suppose that (Sy), (S2), (S3), and (S;) hold. Then equation (1.6) possesses at
least

n=N(B) - N(a)+N°(B,) + N°(a.)
4k-periodic solutions satisfying x(t — 2k) = —x(t), provided that n > 0.

Theorem 4.3 Suppose that (Sy), (S2), (S3), and (S}) hold. Then equation (1.6) possesses at
least

n=N(@)-N(B)+N(@.) + N°(B.)
4k-periodic solutions satisfying x(t — 2k) = —x(t), provided that n > 0.
5 Proof of main results of this paper
Proof of Theorem 4.1 Suppose without loss of generality that
n=N(B)-N(@)-N°(B) - N°(a,).
Let X* =X and X~ = X;;. Then
X\ (XTUXT) =X\ (XL UXy) € XL UXSU (X NX).
Obviously,
codimy (X" +X7) <dim XY, +dim X} + dim(XZ, N Xy) < o0,

which implies that condition (a) in Lemma 1.1 holds. Let Ay, = 8. Then condition (b) in
Lemma 1.1 holds since for each j € N, we have that x € X(j) yields (L + P~ 8)x € X(j).

At the same time, Lemma 3.2 gives the (P.S)-condition.

Now it suffices to show that conditions (c) and (d) in Lemma 1.1 hold under assumptions
(S1) and (Sy).

In fact, condition (S;) implies that on X~ we have ®(x) > 0 if 0 < ||x|| < 1, that is, there
are r > 0 and ¢4 < 0 such that

P(x) <o <0=D(0), VxeX NS, ={xeX:|xl|l=r}
On the other hand, we have shown in Lemma 3.1 that there is o > 0 such that ((L +

P, x) > o ||x]|%,x € X,. On the other hand, |F(x) — 3 82| < ;0'|x|* + My, x € R, for some
Ml > 0.
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Then

®(x)

%((L + P B)x, x) + /04]( [F(x(t)) - %,B|x(t)|2] dt

1 1
S0 llxll? = ~ollx]* - 4kM,
2 4

1
> o %)) - 4k,
4

v

if x € X*. Clearly, there is ¢y < ¢ such that ®(x) > ¢g,x € X*.
Our last task is to compute the value of

n= l[dirn(X+ NX") - codimy (X" +X7)]

= [d1m(X+ NXg) - codimy (X, +Xp)]

Nl—= N

:-i dim(XZ, () N X5 (7)) — codimyg) (X2 () + X5 () ]-
j=0

By computation we get that, for each i € {0,1,...,k},

T COS (2l+11) ﬂ

L+P'B)xx)= 2 xeXQmk+i),
(L +P7p)w.a) <4ksm_2l;1k>3 +4mk+2i+1>”x” * € X(2mk +1)

Qi+
7 cos DT B
L+P ' B)xa)= | —— %+ x|%,
<( ﬁ) > <4k sin —(2‘11]33” dmk + 4k — 2 Il

x € XQ2mk +2k-i-1),

and

T COS Qi+

o
L+Pla)xx)=(- 4k _ + x|, xeXQmk+i),
(( Ot) > ( 4k sin —2‘11]()3” dmk +2i+1 <l ( £)

Qi+)m
7T COS o
L+Pla)xx) = K x|,
\ @) (4k sin @03 k4 4k —2i -1 Il

x € XQ2mk + 2k —i—1).
Therefore,
X @2mk+i) =X NXQmk +i)=0
X (2mk + 2k — i —1) = X2, N X(2mk + 2k — i — 1) = X(2mk + 2k — i — 1),
Xo2mk + i) = Xy N X(2mk + i) = X(2mk + i),
Xo@2mk +2k —i-1) =Xy N X2mk +2k—i-1)=0
ifi€{0,1,...,k} and m > 0 is large enough,

X (2mk + i) = XI, N X(2mk + i) = X(2mk + i),

Page 23 of 26
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XL@2mk+2k—i-1) =X NX2mk +2k-i-1) =0,
Xo2mk + i) = Xy N X(2mk + i) =0,

Xg2mk + 2k —i —1) = Xy N\ X(2mk + 2k — i — 1) = X(2mk + 2k — i — 1)

ifie{ki+1,...,k} and m > 0 is large enough, which means that there is M > 0 such that
dim(X?,(j) N X5 (7)) — codimy (X, () + X; () = 0,/ > M, from which it follows that

[dim (X2, () N X5 (7)) — codimyg) (X2 () + X5 ()]

N =

[dim X2, () + dim X5 (j) - 2]

[dim X7 () + dim X ()] - (M +1).

N =

1l
N =
M= =M= 2D

i
=)

Then we have

M
> dim(X%,(7)
j=0
N(B) +card{2mk + 2k —i—1:0 <2mk+2k—-i—1<M,0 <i <k}
+card{2mk +i:0 <2mk+i <M, ki +1<i<ky}, B>0,
N(B) - N°(B_) + card{2mk + 2k —i—1:0 < 2mk + 2k —i—-1<M,0 <i <k}
+card{2mk +i:0 <2mk+i <M, ki +1<i<ky}, B<O,

M

2 dim(X5())

=0

—N(o) = N°(vy) + card{2mk +i:0 < 2mk +i <M,0 < i<k}
+card{2mk + 2k —i—1:0 <2mk +2k—i-1<M,k; +1 <i <k},

a >0,

=2
—N(a) + card(2mk +i: 0 <2mk +i <M,0 <i < ky}
+card{2mk + 2k —i—1:0 <2mk +2k—i-1 <M,k +1 <i <k},
a<0,

and

M

> [dim X2, () + dim X5 ()] = 2[N(B) - N(@) - N°(B-) - N°(@.)] + 2(M +1).  (5.1)

j=0
Therefore,

n=N(B)-N(a)-N°(B.) - N°(a,).

Theorem 4.1 is proved. d
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Proof of Theorem 4.2 and Theorem 4.3 Since the proof for the two theorems is almost the
same, we prove only Theorem 4.2.

Let X* = X, + X%,X™ = X° + XJ . Then as in the proof of Theorem 4.1, we check condi-
tions (a), (b), (c), (d), and (e). In the present case, we may suppose that (5.1) still holds for
some M > 0. Let X% (i) = X2, N X (i), X (i) = XJ N X(i). Then

[dim(XZ, (i) N X5 () — codimy (Xi (0) + Xo ()] + (dim X, + dim X7))

N =

™Mz iz LMz

T
<}

[dim X, (i) + dim X (i) - 2] + (dim X, + dim X7

N =

[dim X (i) + dim Xy ()] = (M +1) + (dim X2, + dim X{))

N =

=N(B) - N(a) - N°(B_) - N°(a) + (N°(B.) + N°(B-) + N°(ews) + N(ax-))

= N(B) - N(&) + N°(B,) + N°(av).
Our proof is completed. 0

6 An example
Example Suppose that f € C°(R, R) is such that

1
Zx+x3, |x>1,

f0=12,

Tx-a, |xl <1
We are to discuss the multiplicity of 12-periodic solutions of the equation
& (£) = —f (x( = 2)) —f (x(2 - 5)). (6.1)

In this case, k =3,k; =1, ky =2,a = —77”, B = 57” This yields that

12m+12-1)wrcosi5 7
N(a):—card{m20:0<( mr i 12<—7T}

12 sin3Z 2

12m+12-3)wr cos 3 7
—card m20:0<( " i - 12<—7T
12 sin 2Z 2
12
(12m +5) COSSI—’ZT 7T
—cardim>0:0< — 5 — ¢t =-15,
12 Slnﬁ 2

12 sin 3Z < 2

N(B) = card{mz 0:0<
12

(12m+ 1) cos 5 57 }

12 PrcosZ 5
+card{m20:0<( m+3)x 12<—7T}

9
12 sin 33 2

5

(12m+12-5)w|cos 35 | 57 }

12

sin 2%

+card{m20:0<
12

N°a,) =N°(B-) = N°(a_) = N°(B,) = 0.
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Applying Theorem 4.2, we conclude that equation (6.1) possesses at least 27 different
12-periodic orbits satisfying x(¢ — 6) = —x(t) since f satisfies (S;), (S2), (S%), and (S3).
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