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u(t) + Ba(t) - Lu) + VW (t,ut)) =0, VteR,
where W(t,u) is of indefinite sign. By using a critical point theorem of Ding, we
establish a new criterion to guarantee that the above system has infinitely many
nontrivial homoclinic orbits under the assumption that W(t, u) is asymptotically
quadratic or subquadratic as |u| — oco. Recent results in the literature are generalized
and significantly improved.
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1 Introduction

In this paper, we consider the following damped vibration system:
ii(t) + Bis(t) - L(t)u(t) + VW (t,u(t)) =0, VteR, (1.1)

where # € RN, B is an antisymmetric N x N constant matrix, L € C(R, RN*V) is a sym-
metric matrix-valued function, and W € C}(R x RY,R). As usual, we say that a solution u
of system (1.1) is homoclinic to zero if u € C*(R, RY), u(t) — 0, and () — 0 as |t| — oo.
In addition, if u(t) # 0, then u(¢) is called a nontrivial homoclinic solution.

Homoclinic orbits have been found in various models of continuous dynamical systems
and play an important role in the study of the behavior of dynamical systems; see [1].
Thus, the study of homoclinic orbits has become one of the most important directions in
the research of dynamical systems.

When B = 0, system (1.1) reduces to the following second order Hamiltonian system:

i(t) - L(Ou(t) + VW (t,u(t)) =0, VieR. (12)
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As a special case of dynamical systems, Hamiltonian systems play an important role in
practical problems concerning relativistic mechanics, gas dynamics, nuclear physics, fluid
mechanics. With the aids of the variational methods, the existence and multiplicity of
homoclinic orbits for (1.2) have been extensively investigated in many recent papers; see
[2-24].

Compared with the case where B = 0, the case where B # 0 is more difficult. The study of
homoclinic orbits for system (1.1) has attracted a lot of attention by many researchers; see
[25-33]. This work is mainly based on variational methods. Some of the authors consid-
ered the superquadratic case [27, 29, 30, 32, 33]; the authors of [25, 28, 31] considered the
subquadratic case; for the asymptotically quadratic case, except for [26], few researchers
have investigated this case. More precisely, in [25], Chen studied system (1.1) under the
assumption that W(t, i) is subquadratic as |u| — oo. In detail, he obtained the following
result.

Theorem 1.1 ([25]) Assume that the following conditions hold.

(L) There exists a constant v > 1 such that
meas{t € R: |¢|7VL(¢) < TIy}, VT >0,

where Iy denotes the N x N identity matrix.
(Ly) There exists a constant B > 0 such that

I(t) = |in_f (L(t)u, u) >-B, telR

(Hy) W(t,u)>0,Y(tu) € R xRN, and there exist constants k € (0,2) and Ry > 0 such that
(VW(t, u),u) <kW(t,u), VteRand|u|> Ry
and
(V wi(e, u),u) <2W(t,u), VteRand|u|<R,.
(Hyp) There exists a > 0 such that
W(t,u) <alul, VteRand|ul <R,.

(Hs) liminf}, - witw > b uniformly in t € R, where b > 0 is a constant.

[u]
(Hg) limpy 0 W‘/Iit"z“) = +00 uniformly in t € R.

(Hs) W(t,—u)= W(t,u), V(t,u) e R x RN.

Then system (1.1) has infinitely many nontrivial homoclinic orbits.

In [26], W(t, u) being asymptotically quadratic as |#| — 00, by using the variant fountain
theorem, Chen obtained the following result.

Theorem 1.2 ([26]) Assume that (11), (L), and (Hs) hold. Moreover, we assume that the
following conditions are satisfied:
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(He) VNV(t, u)=W(t,u)— 1/2)(VW(t, u),u) — +00 as |u| — oo uniformly int € R.
(H;) There are constants T € (1,2) and ay,a-,a» > 0 such that

azlul® < W(t,u) <ai|lul, VteRand|u|l <a,.
. u 7/(r-1) , ,
(Hg) limsupy,_, W—W%(;‘T = P(t) uniformly in t, |P(t)| < oo.
(Ho) W(t,u) > 1/2)(VW(t,u),u) >0,V(t,u) e R x RN,

(Hio) limpy oo vlylit"zu) = f(t) uniformly in t, where infier f(t) < sup,p f(£) < +00.

Then system (1.1) has infinitely many nontrivial homoclinic orbits.

Motivated by the above facts, in this paper, our aim is to generalize some results in
[25, 26]. Moreover, our approach is different from [25, 26].
We will use the following conditions:

(W1) VW (t,u) = S)u + VG(t,u), where S : R — RN*N is bounded symmetric N x N
matrix-valued function.
(W,) W(£0) = G(t,0) = 0 and there exist @,5 > 0 and 0 < v < 1 such that

|VG(t,u)| <a+blul”, Y(Eu) eR xRN,

(W3) W(nu)>0,V(tu) e R x RN,

Now, we state our main result.

Theorem 1.3 Assume that (L;), (Lp), (Ha)-(He), (W1)-(W3) hold. Then system (1.1) has
infinitely many nontrivial homoclinic orbits.

Remark 1.1 When S # 0, Theorem 1.3 generalizes Theorem 1.2. First of all, we remove
conditions (Hg) and W (¢, u) > 0 for any (¢, ) € R x RV, Second, condition (H,) is weaker
than (H7). In fact, condition (H7) implies (Hy). Third, it is clear that condition (W3) is
weaker than (Hy). Furthermore, there are many functions satisfying our Theorem 1.3 and
not satisfying Theorem 1.2. For example, let W (¢, u) = g(¢)|u|* + |u| for all (t,u) € R x RN,
where g : R — R is bounded continuous function such that g # 0. It is easy to check that
W (¢, u) satisfies all conditions of Theorem 1.3, but it does not satisfy condition (Hg) of
Theorem 1.2.

Remark1.2 When S = 0, Theorem 1.3 generalizes Theorem 1.1. First, conditions (H; ) and
(Hs) imply conditions (Hg) and (W3). Second, conditions (H;) and (H;) imply (W5). Third,
we remove conditions (Hz) and W (t,«) > 0 for any (¢,u) € R x RN, Furthermore, there
are many functions W (¢, i) satisfying our Theorem 1.3 and not satisfying Theorem 1.1. For
example, set

3
Hul—lul?,  |ul<1,

W(tr ”) = { 2
sy ul=1

forall (t,u) € R x RN It is easy to check that W(t, u) satisfies all conditions of Theorem 1.3,
but it does not satisfy condition (H;) of Theorem 1.1. Set

i|u|, lul <1,

W(tlu) = { 1 M2
Ul = sy =1
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forall (t,u) € R x RN It is easy to check that W (¢, u) satisfies all conditions of Theorem 1.3,
but it does not satisfy condition (H3) of Theorem 1.1.

The remainder of this paper is organized as follows. In Section 2, some preliminary
results are presented. In Section 3, we give the proof of Theorem 1.3.

2 Preliminaries

In this section, we give the variational setting for (1.1) and some related preliminary lem-
mas. Let X := H'(R,RY) be a Hilbert space with the inner product and the norm given,
respectively, by

(u,vV)x = / [(it(t),\'/(t)) + (u(t), V(t))] dt and |ullx = (u, u))%(, Yu,v e X.
R
We define an operator K : X — X by
(Ku,v) = / (Bu(t), l)(t)) dt, Vu,velX.
R

Since B is an antisymmetric N x N constant matrix, K is self-adjoint on X. Moreover,
we denote by J the self-adjoint extension of the operator —j—; + L(¢) + K with the domain
D(J) C L*(R,RN).

Let E := D(|J| %) be the domain of |J| 5 , which is a Hilbert space equipped with the inner
product and norm given by

(e = (V120 1712v), + (1, V)2,
1
lulle = {oe,0) 2

for u,v € E, where (-, -), denotes the inner product in L*(R,RN). Let || - |, denote the usual
norm on L#(R,RN) (p € [1, 00]).

Lemma 2.1 ([29]) Assume that L satisfies (L) and (Ly). Then E is compactly embedded in
LP(R,RN) forany 1 < p < oo.

By Lemma 2.1, the spectrum o (J) consists of eigenvalues numbered by ; <y <--- <

ng < -+-— oo (counted in their multiplicities) and a corresponding system of eigenfunc-
tions {ex} (Jex = nrex) which forms an orthogonal basis in L2(R, RY).
Set

n~ = #{iln; <0}, n° = 4{iln; = 0}, n=n +n°
and
E~ =spanfey,...,e,}, E° = span{e,,1,...,e,0}, E* =clg(span{e,+.1,...}).

Thus, we have the orthogonal decomposition

E=E ®E°@E*
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with respect to the inner product (-, -)z. Now we introduce on E the following inner prod-
uct:

(w,v) = (V13 13v), + (1°,0°), 2.1)

and the norm

1

lzell = (o, ) 2, (2.2)

0 0

where u,ve Ewithu=u"+u” +u* andv=v"+v" +v*.Itis easy to verify that || - || and || - ||
are equivalent; see [8]. Evidently, the aforementioned decomposition is also orthogonal
with respect to both inner products (-, ), and (-, -).

Define the functional ¥ on E by

W(u) = /R B (o) + %(Bu(t),it(t)) + %(L(t)u(t),u(t)) - w(t, u(t))] dt

1 1

S 7 / W (t,u(t))dt, VueE. (2.3)
2 2 R

It follows from the assumptions that W is defined on E and belongs to C!(E,R), and one

can easily check that

W (u)y = <u*, v*) - (u‘, v‘) - / (V W(t, u(t)), V(t)) dt (2.4)

R

0 0

foranyu,ve Ewithu =u"+u” +u* and v = v~ +v° + v*. Furthermore, it is routine to verify
that any critical point of W in E is a solution of system (1.1) with #(+00) = 0 = #t(£00) (see

[20, 21]). In view of Lemma 2.1, there exists D, > 0 such that
lleell, < Dpllull, Vue€kE, (2.5)

where p € [1, +00].
Define E; = Re;,

k o0
Ye=PE  z=EPE keN (2.6)
j=0 j=k

Lemma 2.2 Under assumptions (Ly) and (Ly), for ¢ € [1, +o0],

B(t)= sup Jullc—>0 ask— oco. (2.7)
ueZp,ul=1

Proof 1t is clear that 0 < Bi,1(s) < Bik(s), so that Si(c) — B(¢), k — oo. For every k > 0,
there exists uy € Z; such that |lu| =1 and [uxl ¢ > ’32—" Foranyve X, letv=) ) bie;, by
the Cauchy-Schwartz inequality, one has

<uk,il_9iei>0 <uk,i5iei>

i=1 i=k

00
2 b
i=k

‘(uk! V>| =

i -
= Z |biei]] — 0 ask — oo,

i=k

= Nl
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which implies that uz; — 0. It follows from Lemma 2.1 that z; — 0 in LY(R,RY). Thus we
have proved that B(¢) = 0. O

By Lemma 2.2, we can choose a positive integer ko > n* + 1 such that
llull3 < L||M||2 (2.8)
2= 41’1’10 ’

where mg = sup, g [SUP,cgN |51 (S(E)x, X)].
In order to prove our main result, we need the following lemma.

Lemma 2.3 ([8]) Let E be an infinite dimensional Banach space and ® € C'(E,R) be even,
satisfy the (PS) condition, and V(0) = 0. If X =Y @ Z, where Y is finite dimensional, and
W satisfies

(S1) W is bounded from below on Z;
(S2) for each finite dimensional subspace E C E, there are positive constants p = o(E) and

o = a(E) such that VYig,ng<0 and Vlap,nE < —, where B, = {x € E: ||x|| < p}.

Then WV possesses infinitely many nontrivial critical points.

Remark 2.1 As shown in [34], a deformation lemma can be proved with condition (C)
replacing (PS) condition, and it turns out that Lemma 2.3 holds true under condition (C).
We say that W satisfies condition (C), i.e. for any {u,} C E, {u,} has a convergent subse-
quence if W(u,) is bounded and (1 + ||, |)) || ¥/ (¢,)|| — 0 as n — oo.

3 Proof of Theorem 1.3
SetY = Yko, Z= ZkO'

Lemma 3.1 Suppose that (W1) and (W;) are satisfied. Then V is bounded from below
onZ.

Proof By virtue of (W7), (W3), (2.3), (2.5), and (2.8), we have

W) = 5t = 5 o~ 2 W ()

nez
= Ll = 3 W, i)
2
nez
1 - 7 v
> EIIMII2 — molull; —allully - bllul}
1 _ -
= 4 Il = @Dy jull = BDY ul " — +oo 31
as |lu]| = oo and u € Z,. The proof is completed. O

Lemma 3.2 Assume that (Ha) holds. Then for each finite dimensional subspace ECE,
there are positive constants p = p(E) and o = a(E) such that W |B,nE < 0and W|yp f < -a,
where B, = {x € E: ||x|| < p}.

Page 6 of 11



Chen et al. Advances in Difference Equations (2016) 2016:78 Page 7 of 11

Proof Let E C E be any finite dimensional subspace. Then there exists Mo > 0 such that
lul® < Mollull3, Vuek. (3.2)

By virtue of (Ha), for M, given above, there exists a constant ¢ > 0,

W(t,u) > Molu|?>, VteRand|u|<o. (3.3)
In view of (2.8), for any u € E with lull < 5= —, we have
lullw <o (3.4)

By (3.2)-(3.4), we have

1
v = 3l - Sl + [ wie)ae
1
<3l 1= [ wieut)a
< %Hu* |” - Mollul3
<2l 5

foranyu=u"+u
such that

0+ ut e Ewith ||lu| < HLOO. Then there exist p = p(E) >0 and a = «(E) > 0

Y(u) <0, VueBpﬂE; V() < —a, Vue(’)BpﬂE.
The proof is completed. O

Lemma 3.3 Under the assumptions of Theorem 1.3, V satisfies condition (C).

Proof Let {u,} C E is a (C) sequence of W, that is, {¥(u,)} is bounded and

(L + luall) | W' ()| > 0 asn— oo, (3.6)
then there exists a constant M; > 0 such that

|P@m)| <My, (1 uall) | W () | <My (3.7)
for every n € N. We choose k > n* + 1 large enough such that

lull = 2mollully,  Vu € Z, (3.8)

where 119 = sup, g [SUp,crN -1 (S(£)x, x)]. We now prove that {u,} is bounded in E. In fact,
if not, we may assume by contradiction that ||u, | — oo as n — oco. Let u, = w,, + v, z, =

Y, = , Wy € Yy, V,, € Zy. After

then [|z,]| =1, 2, = Wy + v, € E, where w, = [,

Yn_
Hu Tunll? etz ]l

passing to a subsequence, we have z, — z, w, — w, and y = lim,_, » ||V, exists.
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Case 1. y = 0. Since dim Y} < 0o, we obtain ||w,|| — ||w]| = 1. It follows from (3.7) that

1

%Ml > W(uy) - %\Iﬂ(un)un > / 5 (VW (s u,,(t)),un(t))> dt.  (3.9)

R

(W(t, un(t))

By virtue of (Hg), for any 1 > 0, there exists M, > 0 such that
~ 1
W(t,u) = W(t,u)— 5(VW(t, u),u) =n, VteR,|ul=M,. (3.10)

For any ¢ > 0, define A, := {t € R: [w(t)| > ¢} and A, := {t € R: |[v,(¢)| > 5}. First, we
claim that there exists g9 > 0 such that

meas{te R: |u(t)| > 80} >eg9, YueYwith|u| =1

Otherwise, for any positive integer m, there exists w,, € Yi with ||w,,| =1 such that

1 1
meas{te]R:|wm(t)|z—}<—. (3.11)
m) m

Passing to a subsequence if necessary, we may assume w,, — wy in E for some wy € Yj
since dim Yj < oo. Evidently, ||wo|| = 1. By the equivalence of the norms on the finite di-
mensional space Y, we have

/’wm(t)—wo(t)}zdte 0 asm— 0. (3.12)
R
Thus there exists &; > 0 such that
meas{te]R: ‘wo(t)‘ 281} > ey. (3.13)
In fact, if not, then, for all positive integers m, we have
1
measit€R: |w0(t)| >—1=0. (3.14)
m
It implies that
4 1 2
0< ’wo(t)’ dt< —lwoll; >0 asm— oo.
R m

Hence wy = 0, which contradicts that ||wg||o = 1. Thus, (3.13) holds.
Now set

Toz{teR:|wo(t)’zsl}, Tmz{teR:|wm(t)’<%},

and ¥, =R\ T, ={t e R:|w,()| > %}. By virtue of (3.11) and (3.13), we obtain

meas(Y,, N Yo) = meas(Yo \ Y5, N Yo)

> meas(Yp) — meas( Y5, N Vo)

1
=& ——
m
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1

for all positive integers m. Let m be large enough such that %81 - > %51. Thus, for m

large enough,

/ [w(2) = wo &) dt > / Iw0) = wo(0)|” dit
R teYoNYim

> 1/ ]wo(t)|2dt—/ |wu(8)|* dt
2 Jieronty, teToN Ty,

1 1
> (—81 - —) meas(Y,,, N Vo)
2 m

which is a contradiction to (3.12). Thus, there exists € > 0 such that meas(A;) > €.

In view of (2.5), we obtain
4 2 4D3
meas(A,,) < = |vn(t)| dt < —2||v,,|| —0 asn— oo
&7 JRrR &

Then we have meas(A, \ A,¢) — meas(A;) as n — 0o. Therefore, there exists Ny > 0 such

that |z,(¢)| > 5, Vt € Ac \ Ay and n > N, then we have |u,(£)| > 5 ||luull, VE € A\ Aye and

n > Njy. By (W3), (3.9), and (3.10), there exists N; > 0 such that

3 ~
—M; > / W(t, un(t)) dt > / ndt > nmeaS(As \ Aye), Yn=Nj,
2 R £E AL\ A e

which gives a contradiction due to the arbitrariness of 7.
Case 2. y > 0. In view of (W1), (W3), (2.5), (3.7), (3.8), and Holder’s inequality, we get

My = W ()i = 7]~ /R (YW (8, u(0)), 7(0)) it

> 72 - /R [(S©)itn(0),7(0)) + (@ + Blun()]") |7(0)]] e

~ 2 ~ 2 -~ T ~
= 1Vall” = mo1Vully = a@llvally = Dllunll3, 1Vall2

v

1 s = -
3 191> = @Dy 17| = bD2 Dy, [[14]1” 17,

v

1 ~ = 1. v
Ellvnll2 — aDy ||uy || - bDyDy [l [ (3.15)
Dividing by ||, ||* on both sides of (3.15), we obtain
2
0=2 5o,
2

which gives a contradiction.
Thus, {u,} is bounded. Next, we show that {«,} has a convergent subsequence. In view

of the boundedness of {u,}, without loss of generality, we may assume that

Uy — U, u, —u', u, —>u, u® — ul. (3.16)
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It follows from (2.4) that

i = = (3 ) - 9/00) o~ )

n

+ fR (YW, un) = VW (6 1), u;, — u”) dt. (317)
It is clear that
(V' () = V' () (u; —u*) > 0 asn— oo. (3.18)
By (2.5), Lemma 2.1, (W), (W3), and Hoélder’s inequality, we have

/ (V W(t,u,) - VW (t,u),u, - u*) dt
R

+_

<alluy - ut||, + (mollunllz + bllunly,) s —u*|,

waluy —ut |, + (mollulla +Bllully,) fuf - |,
<2au, — u |, + (moDallunll + BDY, llun ") [, - ',

+ (moDa |lull + bDy |ull”)||uf, — u' |, — 0 (3.19)

as n — 00. Therefore, by (3.17)-(3.19), we get ||u;, — u*|| = 0 as n — oo. Consequently,
u, — u. The proof is completed. g

Proof of Theorem 1.3 Obviously, ¥ € C}(X,R) is even and ®(0) = 0. It follows from Lem-
mas 3.1-3.3 that all conditions of Lemma 2.3 are satisfied. By Lemma 2.3, we see that W
possesses infinitely many nontrivial critical points, that is, system (1.1) possesses infinitely

many nontrivial homoclinic orbits. 0
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