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Abstract

We prove the Hyers-Ulam-Rassias stability of the Jensen type quadratic and additive
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1 Introduction

The study of stability problems for functional equations has originally been raised by
Ulam [1]: under what condition does there exist a homomorphism near an approximate
homomorphism? In 1941, Hyers [2] had answered affirmatively the question of Ulam for
Banach spaces. The theorem of Hyers was generalized by Aoki [3] for additive mappings
and by Rassias [4] for linear mappings by considering an unbounded Cauchy difference.
The work of Rassias [4] has had a lot of influence in the development of a generalization
of the Hyers-Ulam stability concept. The terminology Hyers-Ulam-Rassias stability orig-
inates from these historical backgrounds and this terminology is also applied to the case
of other functional equations (see [5-10]).

In particular, Kannappan [11] introduced the following functional equation:

fx+y+2)+fx)+f)+f2) =fx+y)+f(y+2) +f(z +x) 1.1)

and proved that a function on a real vector space is a solution of (1.1) if and only if
there exist a symmetric biadditive function B and an additive function A such that f(x) =
B(x,x) + A(x). For this reason, we call (1.1) as the mixed type quadratic and additive func-
tional equation. In addition, Jung [12] investigated stability of (1.1) on restricted domains
and applied the result to the study of an interesting asymptotic behavior of the quadratic
functions. More generally, Jun and Kim [13] solved the general solutions and proved the
stability of the following functional equation, which is a generalization of (1.1):

n n

f(Z x,») +(n=2)) fl)= Y fi+x) (1>2).
i=1 1

i= 1<i<j<m
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Najati and Moghimi [14] introduced another type quadratic and additive functional equa-
tion

Fx+y) +f(2x—y) =flx+y) +f(x—y) + 2f(2x) — 2f (x)

and investigated the stability of this equation in quasi-Banach spaces.
Recently, Lee et al. [15] introduced the following Jensen type quadratic and additive
functional equation:

o (55) walr(*52) o (50) (557 | el s ese] a2

and proved the stability of this equation. Also they established the general solutions of
(1.2) as follows:
Let X and Y be real vector spaces. A mapping f : X — Y satisfies (1.2) if and only if there

exists a quadratic mapping Q: X — Y satisfying

Qlx +y) + Qx — ) = 2Q(x) +2Q(y) (13)
and an additive mapping A : X — Y satisfying

Alx+y)=Alx) + A(y) (1.4)
such that

f®) = Qx) + Alx)

forallx € X.

We refer to [16—26] for stability results of the mixed type and Jensen type functional
equations. Also we refer to [27-30] for more stability results of another functional equa-
tions.

In this paper, we prove the stability of (1.2) in addition to a suitable condition of the
function. In Section 2, we first induce two lemmas which plays a crucial role in the proof
of stability theorems. Based on the two lemmas, we evaluate the stability of (1.2) under
the approximately even condition and the approximately odd condition in Section 3 and
Section 4, respectively. Using similar approaches, we prove the stability of (1.2) under the
approximately quadratic condition and the approximately additive condition in Section 5
and Section 6, respectively.

2 Preliminaries
Throughout this paper, we assume that X is a real vector space and Y is a Banach space.
For simplicity, given a mapping f : X — Y, we use the abbreviation

Df(%,9,2) := 9f<x+;'+z> +4[f(x;y> +f(y;Z) +f<z;x)i|

=3[f®) +f () +f(2)]

for all %, y,z € X. Here we need the following lemmas.
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Lemma 2.1 Let ¢ : X x X x X — [0,00) be a given mapping. Suppose that a mapping
f:X — Y satisfies

“Df(x’y’ z) “ < ¢xy,2) (2.1)

forall x,y,z € X. We then have

)-S50 )+ 5 a3 + 50|

S 2.on 2.97 2.97
< ki;[?);l;kl (p(Skx, 3*x, —ka) + 31;19_/(1 (p(—Skx, —3x, Skx)] (2.2)
forallx e X and n e N.
Proof Putting y = x, z = —x in (2.1) yields
H9g(§) ~2g(2) + ¢(-) | < 9w, ~) (23)

for all x € X, where g(x) :=f(x) + %f(O). Replacing x by 3x in (2.3) and dividing by 9 gives

1
< §¢(3x, 3x, —3x) (2.4)

2 1
”g(x) - §g(3x) + §g(—3x)

for all x € X. We use mathematical induction on 7 to prove lemma. Note that (2.4) proves
the validity of inequality (2.2) for the case # = 1. Assume that inequality (2.2) holds for

some # € N. Using (2.4) we have the following relation:

3n+1 +1 3n+1 -1
”g(x) - 2. 9n+1 g(371+1x) + 2. 9n+1 g(_3n+lx)

3" +1 3"-1

L) - Ze(a )+ he(-31
e+ 2 - ety
< :2;(3;_.192%(3%, 3kx, ~3kx) + 3:_19; o(-3kx, -3%, ka)>
for all x € X. This proves the validity of inequality (2.2) for the case 1 + 1. O

Lemma 2.2 Let ¢ : X X X X X — [0,00) be a given mapping. Suppose that a mapping
f:X — Y satisfies

|Df (x,9,2) | < @(x,3,2) (2.5)
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forall x,y,z € X. We then have

peo-5(5) -5 ) -

<”i 3.9435 /x x o« +3-9k—3k
= P\ 3030 T3k 6 7

forallx e X and n e N.

Proof Putting y = x, z = —x in (2.5) gives

log(3) - 260+ (-

S (p(xr X, _x)

for all x € X, where g(x) :=f(x) + % -£(0). Interchanging x with —x in (2.7) we have

< @(—x,—x,%)

log =5 ) - 26601+t

for all x € X. It follows from (2.7) and (2.8) that

X X
Hg(x)‘6g(§) ‘?’g<‘§)

R

2 1
< —@x,x,—x) + —p(—x,—x,x
< 3<0( ) 3<p( X, X)

)
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(2.6)

(2.7)

(2.8)

(2.9)

which proves the validity of inequality (2.6) for the case n = 1. Applying (2.9) we obtain

9n+1 + 3n+1 x 9n+1 _ 3n+1 x
e R T

9" + 3" X 9n 3" X
=l -5 ) -5 ¢

9" + 3" x x x
+ 2 &g 3n - 6g 3n+l - Sg - 3+l
9" 3" x x x
|8\ 30 ) 08\ ~3um ) ~ 3¢\ 3um

- "[3-95+3% /x x 9« 3.9k _3k
- _’—’__ +7 __’__7—
o 6 \arz T 6 I\ T30 Tarak

)

for all x € X. This proves the validity of inequality (2.6) for the case n + 1.

O

In order to prove the stability of (1.2), we suppose that ¢ : X x X x X — [0,00) is a

mapping satisfying one of the conditions (.A4;) and (5),

(A Z %(ﬂ@kx, Sky, Bkz) < 00,
k=1

S (x y z
(By) E 9 (p<§,?, ?) <00
k=0
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for all x,7,z € X. Also we assume that i : X — [0, 00) is a mapping satisfying one of the
conditions (A,) and (,),

(A)  lim w(::x) -0,

n—00

(By) £@WW(%)=0

forall x € X.

3 Approximately even case
Now we are going to state and prove the stability of (1.2) under the approximately even
condition.

Theorem 3.1 Let ¢ : X x X x X — [0, 00) satisfy the condition (A;) and ¥ : X — [0, 00)
satisfies the condition (Asz). Suppose that a mapping f : X — Y satisfies

|Df (%, 9,2)|| < @(x,9,2) 3.1)
forallx,y,z € X and
If () = ()| < ¥ (x) (3.2)

forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

’M@—@@+§ww

[ k 31-1 k k.. ok
S;[ or (303, 3%) + (3% -3%,3 x)] (3.3)
forallxe X

Proof 1t follows from Lemma 2.1 and (3.2) that we have

Mw-ﬂy@ - ww

9" 2. 9”

k-1 k-1 _
< 2[32 9+/<1"0 3*x, 3%, —ka) + 32 : 9k1<p(—3kx, —3x, 3kx)]
3" -1
+ 7 o 1/t(3”x) (3.4)

for all x € X and n € N. By virtue of (3.4), for n,m € N with n > m, we obtain

‘ 13" f(3")
9m 9n
1

. (3n—m .3m )
- g i) ~LE
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3 +1 3k-1_1
Z|: 9k+m 3k+m 3k+mx’ _3k+mx) + 2 . 9k+m ‘P(—3k*’”x, —3k+m9€, 3k+mx)]
k=1 .

3n-m _ -1
o o) 65

1 n
¥ (3"x) + o

+

for all x € X. Since the right-hand side of inequality (3.5) tends to 0 as m — 00, the se-
quence {97'f(3"x)} is a Cauchy sequence. Completeness of Y allows us to assume that

there exists a mapping Q so that
Q(x) := lim 9_”f(3”x)
n—0o0
for all x € X. Replacing «, y, z by 3"x, 3"y, 3"z in (3.1) and dividing both sides by 9” yields
1 1
o ||Df(3”x, 3"y,3"z) H < &go(B”x, 3"y,3"z)
for all %, y,z € X. Taking the limit in the above inequality we have

oo(=5) of(57) re57) ()]

=3[QW) + QW) + Q)] (3.6)

for all x,y,z € X. Similarly, we get Q(—x) = Q(x) for all x € X by (3.2). Putting y =x, z = —«x
in (3.6) and using the evenness of Q we obtain 9Q(3) = Q(x) for all x € X. Setting y = 0,
z=—xin (3.6) gives 4Q(3) = Q(x) for all x € X. Thus, we can rewrite (3.6) as

Qx+y+2) +Qx—y) + Qly - 2) + Qlz - x) = 3[Qx) + Q) + Q2)] (3.7)

for all x,y,z € X. Putting z = 0 in (3.7) we see that Q satisfies the quadratic functional
equation (1.3). Letting n — oo in (3.4) we finally obtain the result (3.3).
In order to prove the uniqueness of Q we assume that Q' : X — Y be another quadratic

mapping satisfying (3.3). From the quadratic property of Q and Q" we calculate

|Qx) - Q)|
1 / n
- 2106 - Q3]

i %H{(s"x) -Q(3") + %f (O)H

2 ¢« 3k L+ k k k 3k_1 -1 k k k
_ 3 +}’1x’3 +le’ 3 +}’l _3 +le’ _3 +le’3 +nx

Q(3"x) —f(3"x) - %f(O)

<
= gn

for all x € X and n € N. Taking n — o0 in the preceding inequality we immediately find
the uniqueness of Q. d

As a consequence of the above theorem we have the following corollaries immediately.
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Corollary 3.2 Let € > 0, p <1, and v : X — [0, 00) satisfy the condition (A). Suppose
that a mapping f : X — Y satisfies

|1Df (x,3,2) | < €(lll” + Iy117 + 12117
forall x,y,z€ X (x,9,z € X\{0} if p < 0) and
If @) —f(=2)| < ¥ (x)

forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

=

H/(x) - QW + 5/(0)

3¢
3 _3p€||x||p
forallx € X (x € X\{0} if p < 0).

Corollary 3.3 Let € > 0 and ¥ : X — [0,00) satisfy the condition (Ay). Suppose that a
mapping f : X — Y satisfies

||Df(x’y’2) ” <€
forall x,y,z € X and
1f o) = f (=) | < ¥ (=)

forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

H/(x) - Q) + 1/0)

1
<—¢
~6
forallx € X.

We have the following result, which is analogous to Theorem 3.1 for the functional equa-
tion (1.2).

Theorem 3.4 Let ¢ : X x X x X — [0, 00) satisfy the condition (B,) and ¥ : X — [0, 00)
satisfy the condition (By). Suppose that a mapping f : X — Y satisfies

|Df (x,3,2)| < 0(x,3,2) (3.8)

forall x,y,z € X and

If @) =f (=) || < ¥ (=) (3.9)



Lee et al. Advances in Difference Equations (2015) 2015:61 Page 8 of 20

forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

If ) - Q)|

3. 9"+3" X XX 3.9k _ 3k X x x

k=0

forallx e X.

Proof Putting x =y =z =0 in (3.8) yields f(0) = 0. According to Lemma 2.2 and (3.9) we
have

X
!P(M"f(a)”
- 3 9k+3k X X X 3.9F _3k X X X
_’—7__ +7 __’__’—
3673k 3k 6\ T3 T3k 3k

ks w<ﬁ> (3.11)

oM

2 3"

for all x € X and n € N. From (3.11) we verify

7s(5)-o9(3)
f(5)- (o)

n-m-1 3. 9l<+m + 3k+2m x x x
Z 4 3k+m’ 3k+m’ - 3k+m

k=0

3. 9k+m _ 3k+2m x x x gQn _ gn+m x
+ 6 ¥ _3k+m’_3k+m’ 3k+m + ) 4 3_;4 (3.12)

for all x € X and m, n € N with n > m. Since the right-hand side of inequality (3.12) tends

:9m

to 0 as m — 0o, we may define a mapping
. x
Q(x) := lim 9”f<—)
n—00 3n
for all x € X. Replacing x, y, z by 55, 27, & in (3.8) and multiplying both sides by 9",
and after taking the limit in the resulting inequality, we see that Q satisfies (1.2). Using a

similar method to the proof of Theorem 3.1 we see that Q is the unique quadratic mapping
satisfying (1.3). Now letting » — oo in (3.11) we arrive at the desired result (3.10). O

Corollary3.5 Lete > 0,p >2,and ¥ : X — [0, 00) satisfy the condition (B,). Suppose that
a mapping f : X — Y satisfies

IDf (x,9,2) || < €(llxl? + Iyl12 + 11z117)
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forall x,y,z € X and

1f @) —f (=) || < ¥ (=)

forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

3p+1
If (%) - Q)| < 2 g Il

forallx € X.

4 Approximately odd case
In this section, we establish the stability of (1.2) under the approximately odd condition.

Theorem 4.1 Let ¢ : X x X X X — [0,00) satisfy the condition (A1) and v : X — [0, 00)
satisfy the condition (Asz). Suppose that a mapping f : X — Y satisfies

|Df (x,9,2) | < @(x.3,2) (4.1)

forallx,y,z€ X and

1f @) +f(=x) | < ¥ (x) (4.2)
for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that
1
H/(x) —Ax) + 5f(0)“
o 3/( l . . . 3/(—1 -1 X . .
; 7 9k <p3x,3 x,—3 x)+ ok go(—3 x,-3"%,3 x) (4.3)
forallxe X

Proof It follows from Lemma 2.1 and (4.2) that

o122, 750

2.97
k-1 k-1 _
< Z[Sz : 9+k1<p(3kx, 3kx, ~3%x) + %q)(—ka, —3kx, ka)]
k=1
3"-1
t oo v (3"x) (4.4)

for all x € X and n € N. From (4.4) we figure out

f(3"x)  f(3"x) 1 m f(3" " . 3"x)
JO7) SO0 _ L gy ST -37)
3m 3}’1 3”’1 3}’1—”’1
— 3k71 +1 k+m k+m k+m
< E |:2 32k (3 My, 3y 3K x)



Lee et al. Advances in Difference Equations (2015) 2015:61 Page 10 of 20

3/(—1 -1

+ W @ (_3k+mx, _3k+mx’ 3k+mx)]

31 9 _ 1
+ 2. 32n—m 1/,(3",;) + 2. 32n—m

I£ )] (4.5)
for allx € X and m, n € N with n > m. Taking the limit as m — oo in (4.5) we verify that the
right-hand side of inequality (4.5) tends to 0. Thus, the mentioned sequence is convergent
to the mapping A; that is,

Ax) = nlingo 3‘”f(3”x)

for all x € X. Replacing x, y, z by 3", 3"y, 3"z in (4.1) and dividing both sides by 3”, and

after taking the limit in the resulting inequality, we see that

A (E22) A (552) e (252) (552

= 3[A@®) + A() + A(D)] (4.6)

for all x,y,z € X. By virtue of (4.2) we have A(—x) = —A(x) for all x € X. Setting y = x,
z = —x in (4.6) yields 3A(3) = A(x) for all x € X. Similarly, putting y = 0, z = —x in (4.6)
gives 2A(3) = A(x) for all x € X. Thus, we can rewrite (4.6) as

BA(x+y+2)+ Z[A(x -N+AWY-2)+A(z- x)] = B[A(x) +A®) + A(z)] (4.7)
for all %, y,z € X. Replacing z by —x in (4.7) we have

Alx+y)+A(x —y) =2A(x) (4.8)

x+y X y

for all x,y € X. Replacing x, y by = in (4.8) we see that A satisfies the Cauchy func-
tional equation (1.4). Letting » — oo in (4.4) we finally obtain the result (4.3).

To show the uniqueness of A we assume that A’ : X — Y be another quadratic mapping
satisfying (4.3). Obviously, we have A(3"x) = 3"A(x) and A'(3"x) = 3"A’(x) for all x € X.

According to the additive property of A and A’ we figure out

|46 -]

= A - a3

A(3"x) -f(3"x) - —f(O

P(gn )-A(3) + L10) ”

3/(1
2-

3

o k-
33 |:3 ' +1 3k+n 3k+nx, _3k+n )
k=1

3k+nx’ _3k+nx’ 3k+nx
2.0k ¥ ok (- )

for all #» € N and x € X, which means the uniqueness of A. d

From the theorem above we obtain the following corollaries immediately.
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Corollary 4.2 Let € > 0, p <1, and v : X — [0, 00) satisfy the condition (Aj). Suppose
that a mapping f : X — Y satisfies

|Df (x,3,2)|| < e(lxl” + Iyl + 1121)
forallx,y,z€ X (x,y,z € X\{0} if p < 0) and
lf @) +f(=x) | < ¥ (x)

for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that

MM—MM+§m>

< €llx”
3»

3_
forallx € X (x € X\{0} if p < 0).

Corollary 4.3 Let € > 0 and  : X — [0,00) satisfy the condition (A3). Suppose that a
mapping f : X — Y satisfies

||Df(x’y’2) “ <€

forallx,y,z€ X and

If ) +f(=x)| < v (x)

for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that

‘MM—MM+§ww5%e
forallx € X.

We have the following result, which is analogous to Theorem 4.1.

Theorem 4.4 Let ¢ : X x X x X — [0, 00) satisfy the condition (B;) and ¥ : X — [0, 00)
satisfy the condition (B,). Suppose that a mapping f : X — Y satisfies

|Df (x,3,2)| < 9(x,7,2) (4.9)
forall x,y,z € X and

If @) +f(=x)| < ¥ (x) (4.10)
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for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that

/@) - A

i 39k+3’< x ox X 3.9k _ 3k X x x

forallxe X

Proof From Lemma 2.2 and the approximately odd condition (4.10) we have

x
3l =
por-av(3)|
= 39’<+3k x x x\ 3.95-3F /7 x x &
Z ez 3 )t e
k=0
9" 3”1// X (4.12)
2 37 '
for all x € X and n € N. By (4.12) we obtain
x uef *
#1(50)-39(5:)|
x x
Z Y _gpmp(
i(5) -5 5)
-1 3. 32k+m+3k+m x x x
6 4 3k+m’3k+m’_3k+m
0

3. 32k+m _ 3k+m x x x 32n—m _3n x
+ 6 4 _3k+m’ _3k+m’ 3k+m + 2 14 ? (4.13)

for all x € X and m, n € N with n > m. Since the right-hand side of inequality (4.13) tends

+

:3m

n—
=

NE

>~
I

to 0 as m — 00, the sequence {3"f(37"x)} is a Cauchy sequence. Thus, we can define a
mapping

A):= lim 3"f<i>
n— 00 37
for all x € X. Replacing «, y, z by 5, 37, % in (4.9) and multiplying both sides by 3", and
after taking the limit in the resulting 1nequa11ty, we see that A satisfies (1.2). Using a similar

method to the proof of Theorem 4.1 we see that A is the unique additive mapping satisfying
(1.4). Taking the limit as # — oo in (4.12) we finally obtain the result (4.11). (I

Corollary4.5 Lete > 0,p >2,and vy : X — [0, 00) satisfy the condition (B,). Suppose that
a mapping f : X — Y satisfies

IDf (x,9,2) || < €(llxl? + Iyl12 + 11z117)
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forall x,y,z € X and

lf @) +f(=x)| < ¥ (x)

for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that

If () - A@) | < 5 €lxll”
forallx € X (x € X\{0} if p < 0).

5 Approximately quadratic case
We are going to prove the stability of (1.2) under the approximately quadratic condition.

Theorem 5.1 Let ¢ : X x X x X — [0, 00) satisfy the condition (A;) and ¥ : X — [0, 00)
satisfy the condition (Asz). Suppose that a mapping f : X — Y satisfies

|Df (%, %,2)|| < @(x,9,2) (5.1)
forallx,y,z € X and
[f3x) —9f (=) < ¥ () (5.2)

forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

H/(x) - QW + 5(0) H

o - 3/(—1 -1
Z[ o (p (3*x,3x, -3%x) + SOk o(-3"x, -3k, ka)] (5.3)
-1

forallx € X.
Proof Setting y =x, z=—xin (5.1) gives
7(5) -0 7600 +470)) < 06559 6.4

for all x € X and n € N. Combining (5.2), (5.4) and Lemma 2.1 we have

Hr/(x)_f(l%”x) s 9" +2.3"-3
2.9

f(O)H

Bl k 31-1 k k.. ok
<Z|: S Ton (3%, 3", -3"x) + SOk o(-3"x,-3",3 x)]

31 T
+ 4.9”¢(—3”x,—3 x,3"x) +

1
o ¥ (3" %) (5.5)
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for all x € X and n € N. For n,m € N with n > m, we verify by (5.5) that

f(3’” _fB")
971
n-m  qm
- L L/(B”’x) _fET -3
gm Qn-m
S Sk ' k+m k+m k+m Sk_l -1 k+m k+m k+m
< Z|:2,9k+m(p(3 x, 3%, —3"x) + 2.9k+m<p(—3 x,—3Kmy 3 x)]
k=1
371w anany 3L
o ¢(-3"x,-3"x,3"x) + o ¥ (3" %)
9}’1—”’! 2 . ?)n_m _ 3
+2 o lro (5.6)

for all x € X. Since the right-hand side of inequality (5.6) tends to 0 as m — oo, we can
define a mapping

Q(x):= lim 97"f(3"x)
for all x € X. Replacing «, y, z by 3"x, 3"y, 3"z in (5.1) and dividing both sides by 9”, and
after taking the limit in the resulting inequality we see that Q satisfies (1.2). Letting n — oo
in (5.4) we have the result (5.3). The rest of the proof is similar to that of the proof of
Theorem 3.1. O

The following corollaries are immediate consequences of the above theorem.

Corollary 5.2 Let € > 0, p <1, and ¥ : X — [0, 00) satisfy the condition (A). Suppose
that a mapping f : X — Y satisfies

IDf (x,9,2) || < €(llxl? + lIyll? + l1z]1%)
forallx,y,z€ X (x,9,z € X\{0} if p < 0) and
£ 3%) - 9f (%) || < ¥ (x)

forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

€|lxl”
-3¢

01—+ 370 =
forallx € X (x € X\{0} if p < 0).

Corollary 5.3 Let € > 0 and v : X — [0,00) satisfy the condition (A;). Suppose that a
mapping f : X — Y satisfies

”Df(x’y’z) ” =€
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forall x,y,z € X and

£ (3x) = 9f (~x) | < ¥ ()

forallx € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

y

forallx € X.

We have the following result, which is analogous to Theorem 5.1.

Theorem 5.4 Let ¢ : X x X x X — [0, 00) satisfy the condition (B;) and ¥ : X — [0, 00)
satisfy the condition (B,). Suppose that a mapping f : X — Y satisfies

|Df (x,9,2) | < @(x,9,2) (5.7)

forall x,y,z € X and

[f3x) - 9f (=) < ¥ (%) (5.8)
forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that
f () - Q) |
i39’<+3k x X x +3-9k—3k X X ox 5.9)
3 3 3k 6 <\ T3t 30k ’
k=0
forallx € X.

Proof 1t follows from (5.7), (5.8), and Lemma 2.2 that we have
x
por-os(3)|
21: 3. 9k+3k x x x 3.9k _ 3k X x x
L A T A +7 T AL AL AL
a 36" 3k T3k 6 Y\ 333k
9" 3" X X X 9" 3" X
e\ )t Vg (5.10)

for all x € X and # € N. From (5.10) we obtain

7s(a)-o9(3)
f(5)- (o)

=9
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n-m-1 3. 9k+m + 3k+2m x x x
= Z 6 4 3k+m’ 3k+m’ N 3k+m
k=0

3. 9k+m _ 3k+2m x x x
+ 6 Y\~ 3k+m’ - 3k+m’ k+m

9}’1 _ 3n+m X X x 9}4 _ 3n+m x
M Ed TR ik vl R v (61D

for all x € X and m,n € N with n > m. Note that the right-hand side of inequality (5.11)
tends to 0 as m — co. This means the sequence {9”f(37"x)} is a Cauchy sequence. Now
we define a mapping

for all x € X. Replacing x, y, z by 37, %7, % in (5.7) and multiplying both sides by 9", and
after taking the limit in the resulting inequality, we see that Q satisfies (1.2). Letting n — oo
in (5.10) we have the result (5.9). Using a similar method to the proof of Theorem 3.1 we
see that Q is the unique quadratic mapping satisfying (1.3). d

Corollary 5.5 Lete > 0,p >2,and  : X — [0, 00) satisfy the condition (1B,). Suppose that
a mapping f : X — Y satisfies

IDf (x,9,2) || < €(llxl? + llyl12 + l1]1¥)

forallx,y,z € X and
[f3%) - 9f ()] < v ()

forall x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying (1.3) such
that

3p+1
3¥-9

If (%) - Q)| <

ellxl1”

forallx e X.

6 Approximately additive case

In this section, we establish the stability of (1.2) under the approximately additive condi-

tion.

Theorem 6.1 Let ¢ : X x X x X — [0, 00) satisfy the condition (A;) and ¥ : X — [0, 00)
satisfy the condition (Asz). Suppose that a mapping f : X — Y satisfies

|Df (%, %,2)|| < @(x,9,2) (6.1)
forall x,y,z € X and

£ (3x) +3f (=x) | < ¥ () (6.2)
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for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such

that
H/(x) - AW+ 2f0) “

o0
3141 31 -1
Z|: 7ok <p 3kx, 3*x, —ka) + Ww(—skx, —3x, Skx)] (6.3)
k=1
forallxe X

Proof 1t follows from (6.1), (6.2), and Lemma 2.1 that we have

f(3"x) 9"+2.3"-3
‘W‘ et f(O)H

k—l_l

< Z 3+ 1<p 3kx, 3% —ka) + 3 (p(—Skx 3% Skx)
2 9k ’ ’ 2 . 9k ) ’

3" -1 3+l _3
+ @(=3"x,-3"x,3"x) +
4..97 4..97

¥ (3" %) (6.4)

for all x € X and n € N. From (6.4) we figure out

Hf (3"x) f(3"x)

3n
n—-m _ Qm
= L ’j(g”%) _M
3 g
n—m k-1 k-1 _
< Z |: ; 322;}” ga(Bk””x, 3k+mx’ _3k+mx) + 23 32k+}n @ (_3k+mx’ _3k+mx’ 3k+mx)i|
k=1
Jn-m _ ; ; ; n-m+l _ 3 e
+m¢(—3 x,—3 x,3 x)+mw(3 x)
R e |

for all x € X and m,n € N with n > m. We remark that the right-hand side of inequality
(6.5) tends to 0 as m — oo. Define a mapping

Ax) = nll)rgo 37" (3"x)

for all x € X. Replacing «, y, z by 3"x, 3"y, 3"z in (6.1) and dividing both sides by 3", and
after taking the limit in the resulting inequality, we see that A satisfies (1.2). Letting n — oo
in (6.4) we obtain the result (6.3). The remains of the proof are similar to that of the proof
of Theorem 4.1. O

From the theorem above we have the following corollaries.

Corollary 6.2 Let € > 0, p <1, and  : X — [0, 00) satisfy the condition (Aj). Suppose
that a mapping f : X — Y satisfies

IDf (x,9,2) || < €(llxl? + Iyl12 + I1z]1?)
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forallx,y,z€ X (x,9,z € X\{0} if p < 0) and

£ (3x) + 3f (=) | < ¥ ()

for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that

=

H/(x) A + 2 0)

€llx”
3-3¢

forallx € X (x € X\{0} if p < 0).

Corollary 6.3 Let € > 0 and ¥ : X — [0, 00) satisfy the condition (Ay). Suppose that a
mapping f : X — Y satisfies

”Df(x’y’z) ” <€
forall x,y,z € X and
If (3x) +3f (=) | < ¥ ()

for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that

-1+ 370 = 5

forallx e X.
We have the following result, which is analogous to Theorem 6.1.

Theorem 6.4 Let ¢ : X X X x X — [0, 00) satisfy the condition (B;) and ¥ : X — [0, 00)
satisfy the condition (B,). Suppose that a mapping f : X — Y satisfies

|Df (x,3,2)| < 0(x,3,2) (6.6)

forall x,y,z € X and

[f(3%) +3f ()| < v () (6.7)
for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that
lf@-4@]
[3-9%+3¢ /x x  x\ 3-9K-3F X x o«
< - - P RN R - - T A T An? Al 68
—kXO:[ 6 ¢(3k 3¢ 3k)+ 6 w( 36" 3k 3k>} (68)

forallx € X.
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Proof Combining (6.6), (6.7), and Lemma 2.2 we have

3}’1

\W 1(5)

- 3 9k+3k X X X 3.9k _3k X X X
L A T A +7 T AT AL AL
3k’ 3% 3k 6 \ T3k 33k

- 3" X x X 3(9" - 3") x
PN T TET) R a A T (69)

for all x € X and n € N. We claim that {9”f(37"x)} is a Cauchy sequence. From (6.9) we

obtain

(5)-(3)
1) )

m-1 2k+m k+m
< Z -3 +3 o X , x ’_ x
3k+m’ Zk+m 3k+m

@OM

+

=3"

k=0
3. 32k+m _ 3k+m x x x
+ 6 P\~ 3k+m’ - 3k+m’ k+m
32n—m _ 3" x x x 32n—m+1 _ 3n+1 x
o eeees)t T e (610

for all x € X and m, n € N with n > m. Since the right-hand side of inequality (6.10) tends
to 0 as m — oo, the sequence {3"f(37"x)} is a Cauchy sequence. Define a mapping

A(x) := 1521037(;—”)

for all x € X. Replacing «, y, z by 2, 37, % in (6.6) and multiplying both sides by 3",
and after taking the limit in the resulting inequality, we see that A satisfies (1.2). Using a
similar method to the proof of Theorem 4.1 we see that A is the unique additive mapping
satisfying (1.4). Finally taking the limit as # — 00 in (6.9) we have the result (6.8). O

Corollary 6.5 Let € > 0, p > 2, and v : X — [0, 00) satisfy the condition (B,). Suppose
that a mapping f : X — Y satisfies

IDf (x,9,2) || < €(llxl? + lIyl12 + l1z]1¥)
forall x,y,z € X and
£ (3x) + 3f (=x) | < ¥ ()

for all x € X. Then there exists a unique additive mapping A : X — Y satisfying (1.4) such
that

3p+1
If () - A@)| < 3 o<l

forallx € X.
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