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Abstract

In the spirit of a publication by Cheung in 2013 we study generalized Gerber-Shiu
functions in the compound Poisson risk model perturbed by diffusion. These
generalized Gerber-Shiu functions can be used to analyze the moments of the total
discounted claim costs until ruin. Integral equations for the generalized Gerber-Shiu
functions are derived and a solution procedure is also provided. Some explicit results
are given when the claim size density is a combination of exponentials, and some
numerical results are also given.
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1 Introduction
In this paper, we describe the surplus process of an insurance company by the following

compound Poisson risk model perturbed by diffusion:

N()
Ut)=u+ct—» X;+oB(), (L1)
i=1

where u > 0 is the initial surplus, ¢ > 0 is the incoming premium rate per unit time. The

counting process
N(t)=max{n: Vi +---+V, <t}

is a homogeneous Poisson process with intensity A > 0, where V; is the time until the first
claim arrival, and for i > 2, V; is the inter-claim time between the (i — 1)th claim and the
ith claim. For k > 1, let Tx = Y%, V; be the kth claim arrival time. The claim sizes {X;}%°,
are positive continuous random variables which form an i.i.d. sequence distributed like a
generic variable X with density function fx and Laplace transformﬁ((s) = fooo e *fx(x) dx.
In addition, o > 0 is the diffusion coefficient and {B(¢)}>¢ is a standard Brownian motion.
Finally, we assume that {N(#)}, {X;}, and {B(¢)} are mutually independent.

The perturbed compound Poisson risk model, first proposed by Gerber [1], is an exten-
sion of the classical risk model by adding diffusion process to denote small volatility in
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the surplus process. Since then, a lot of contributions have been made to this model and
its extension. See e.g. Tsai and Willmot [2] for the compound Poisson risk model, Li and
Garrido [3] for a Sparre Andersen risk model with Erlang inter-claim times, Zhang and
Yang [4] for a perturbed compound Poisson model with dependence between inter-claim
times and claim sizes, and Zhang et al. [5] for a Sparre Andersen risk model with time
dependent claim sizes.

In ruin theory, one of the effective tools to study ruin related problems is the expected
discounted penalty function (also known as Gerber-Shiu function) proposed by Gerber
and Shiu [6]. It provides a unified approach to study the time to ruin, the surplus before
ruin and the deficit at ruin. Recently, some generalized Gerber-Shiu functions are pro-
posed by some researchers to study other ruin related quantities. For example, Cai et al.
[7] propose a generalized discounted penalty function that can be used to study the total
discounted operating costs up to ruin; Cheung [8] considers a generalized Gerber-Shiu
type function that can be used to analyze the moments of the total discounted costs up to
ruin in a Sparre Andersen risk model with general inter-claim times; Cheung and Woo [9]
study the discounted aggregate claim costs in a class of dependent Sparre Andersen risk
models.

For risk model (1.1), we define the ruin time by
t=inf{t > 0:U(s) <0},

where 7 = oo if U(t) > 0 for all £ > 0. In this paper, we study the following generalized
Gerber-Shiu type function proposed by Cheung [8]:

N(7) n
¢n(u) = E|:e’°‘r (Z e"ST"@(Xk)> W(|U(‘L’)|)[(T < oo)'L[(O) = u:|, (1.2)
k=1

where «,8 > 0 are the forces of interest; # is a nonnegative integer; w is a nonnegative
penalty function that depends only on the deficit at ruin; /(A) is the indicator function of
event A. The random variable Z],:i(lf ) e~3Tk9(X}) can be interpreted as the total discounted
claim costs until ruin, where 6(-) is the ‘cost’ function of a given claim size. We remark that
the expected total discounted claim costs have been studied by Cai et al. [7] in the com-
pound Poisson model. For higher order moments (# > 1), we refer the interested readers
to Cheung [8]. To the best of our knowledge, there has been no contribution to this gen-
eralized Gerber-Shiu function in the diffusion perturbed risk model.

Due to the existence of Brownian motion, ruin can be caused by claims or diffusion

oscillation. Hence, we decompose ¢,,(u) as follows:

N(©) n
Bu(t) = E[e“” (Z e“STkG(Xk)> w(|U()|)I(x < 00, U(T) < 0)‘U(0) = u}

k=1

N(t) n
Pna(u) = w(O)E|:e‘°” (Z e-”ke(xk)) I(z <00, U(7) = 0)‘LI(0) = u}

k=1
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It follows that ¢,,,, (1) is the generalized Gerber-Shiu function when ruin is due to a claim.

In particular, when n =0,
dow(u) = E[e““w(|U(r)|)l(t <oo,U(T) < O)IU(O) = u]

is the traditional discounted penalty function of the deficit at ruin when ruin is caused by
a claim, which has been studied extensively in ruin theory. In the remainder of this paper,

whenever we talk about ¢, ;(11), we suppose that w(0) = 1, and for the case # = 0, we mean
hoq4(u) = E[e“”l(t <oo,U(T) = 0)|U(0) = u],

which is the Laplace transform of the ruin time when ruin is caused by oscillation. For
applications of the above general discounted penalty functions, we refer the interested
readers to Cheung [8].

The paper is organized as follows. In Section 2, we derive integral equations for ¢,,,,(u)
and ¢, 4(u), and propose a recursive approach to solve the integral equations. In Section 3,
we derive some explicit expressions when the claim size density is a combination of expo-

nentials. Some numerical examples are illustrated in Section 4.

2 Integral equations and the solutions
In order to derive integral equations for ¢, ,,(«) and ¢, (1), we need to condition on the
surplus level immediately before the first claim arrival time. To this end, for g > 0 we

introduce the following g-potential measure:
o0
RD(u,dx) = / e Pr(u+ct +0B(t) €dx,t < 75 dt,
0

where 75 =inf{t > 0:u + ct + 0 B(£) < 0}. Let

—c++/c2+20% —c—/c2+20%q

Slgq= "5 82,4 =
q 02 q 0_2

be the roots of the quadratic equation (in s)

1
—o%? +ces—q=0.

It follows from Theorem 8.7 and Corollary 8.8 in Kyprianou [10] that R@ (, dx) admits a
density which is such that R/ (u, dx) = r'?(u, x) dx and is given by

r(q)(u,x) = e SLg¥ W(q)(u) _ W(q)(u - %),

where W@ is a g-scale function defined as W9 (x) = 0 for x < 0 and

eS],qx _ eSZ,qX
W(q)(x) =—
b3 (Sl,q - SZ,q)
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for x > 0. More explicitly, we have

$2,q(U=%) _ 52 qU=51,4%
e = = 0<x=<u,

2 rg-5g)
7 b (2.1)

esl,q(u—x) _2q" Lg%

7D (u, x) =

2 , X>U.
v (Sl,q*SZ,q)

Now we are ready to derive integral equations for the generalized Gerber-Shiu func-
tions. First, we consider ¢, (#). Conditioning on the time of the first claim arrival and
distinguishing whether or not ruin occurs due to the first claim, by binomial expansion
we obtain

Guw(w) = E[e"1 (e"1000)) " w(|U(VA)|)I(z = V1)IU(0) = u]

N(z) n
+E|:eot[V1+(‘[V1)] (eBVle(Xl) + e—SV] Zeé(Tle)e(Xk)>

k=2

w(!L[(r)DI(Vl <T< oo)‘LI(O) = ui|

= /Oooxe—(xmms)t/:o /yooé’”(x)w(x _)felw) dax

x Pr(u+ct + o B(t) € dy,t <15 dt

+ ZO: (;1) /(;oo )Le—()»+a+n6)t /OOO /Oyen—f(x)gijw(y _ x)fx(x) dx

x Pr u+ct+aB( )edy,t<ro’)dt

_A/ / x y)fX( ) anﬁ)(”y}’)dxdy
+ A FZO (;l) /(;00 /Oy Qn*j(x)d)ij(y _x)fx(x)r()wa+n§)(u’y) dxdy
n 00 y

= jzzo (7) /0 fo Giw(y = %) Vi (x) dxrO+19) (31 3) by

+ / mﬂn(y)r(““*"‘”(u,y) dy, (2.2)
0

where

Bul) = f 07 ()l — )fc () dlx,
y
yi(x) = A0 (x)fx(x), j=0,1,2,....

Similarly, we have

n " o py
» — . _ i d (A+a+nd) , d : 2.3
o 120() /0 /0 810y — 2y () dr D (u,3) dy 2.3)
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We use Laplace transform method to solve integral equations (2.2) and (2.3). In the re-
mainder of this paper, we denote the Laplace transform of a function by adding a hat on

the corresponding letter. For example,

an,w(s) = / e_m(bn,w(u) du’ an.d(s) = / e_su(»bn,d(u) du’
0 0

o0 o0
- [ eB0d 0= [ ey
0 0
For notational convenience, we set

Stn = S1a+a+nd» So.n = 82 h+a+nd-

For Re(s) > 0, multiplying both sides of (2.2) by e~** and then performing integration from

0 to oo gives

Bon(s) = (”) / " f N [ 7 By — 3y ) D (4, )y
] 0 0 0

j=0

+/ e_S”/ ﬂ,,(y)r(““*”‘s)(u,y)dydu. (2.4)
0 0

It follows from (2.1) that

)
/ e—sur(k+a+n8)(u,y) du
0

1 y 0 [e'e}
_ </ e—su+51,n(u—y) du + / e—su+s2,y,(u—y) du _/ e SUrS2,n=S1,ny du)
2
o
b3 (s1,1 = $2,1) \JoO y 0

1 (e—smy _ey e e—SLnY )
= + —
2
I A

e Sy _ o= e Sy _ o=

%(s —s1)(s—S0,) 30282 +cs—(h+o+nd)

Hence, by changing the order of integrals we can obtain

/OO e /00 ﬁn(y)r(k+a+né)(u,y) dydu
0 0
e —e B 0)dy  Blsin) - Balo)

%0252+cs—(k+a+n8) - %0232+cs—(k+a+n8)‘

(2.5)
Similarly, for j=0,1,...,n

00 oo ry
/ e / / B = %) Yy (x) doer ) u, y) dy du
0 0 0

_ Vo510 B0(61) = Ty (6) B (9) .
lo2 +cs—(A+a+ns) '
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Substituting (2.5) and (2.6) back into (2.4) we find that
1

%azs2 +cs— (A + o +nd)

x (Z (j) [P 1) Bian (51.0) = P (6)Biu(5)] + [Blsr) - En(s)])

j=0

an,w(s) =

Rearranging terms in the above equation gives rise to

(%azs2 +cs—(A+a+nd)+ )\ﬁ((s))a,,,w(s)

n-1
= 3 ()P89 - o) 27)
j=0
where

n

Anw = Z (?) J//\n—j(sl,n)q/;j,w(sl,n) + Eﬂ(sl,n)-

j=0
Similarly, we can obtain from (2.3)

n-1

(%stz +es—(A+a+nd)+ Aﬂ(s))@,d(s) =dpg — Z <7) f/\n_j(s)@,d(s), (2.8)

j=0

where ayq = 3o ()P (51.0) B (s1,)-

To make the following analysis more transparent, we introduce the Dickson-Hipp oper-
ator 7 (see e.g. Dickson and Hipp [11]), which for any integrable function f on (0, c0) and
any complex number s with Re(s) > 0 is defined as

o]

0= [ e - [ fandn yzo
y

The following commutative property will be used in the sequel:

T 0) =TT () = LTI,

y=>0,

for complex numbers s # 7.
By Gerber and Landry [12] we know that the following generalized Lundberg equation:

1 —~
50252 +es—(A+a+ns)+Arfy(s)=0 (2.9)
has a unique nonnegative root, say pu.,s. By subtraction we have

1 -
50232 +cs— (A + o +ns) + Afx(s)

= %Uz(s — Parns)(S + Psns) + €5 = Paens) + Afx(8) —fr(Pasns)]

= (S — Pasns) (%02(3 + Pasns) +C— )L7;7;)a+m;fX(0)>‘ (2.10)
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Setting s = py4ps in (2.7) gives

n-1

n\ —~ —~
Anw = Z (]) Vn—j(pa+n5)¢j,w(pa+n5) + Bu(Pasns)-
j=0

Hence,

Q

=

§
~. =
”MI
= —_
A
N

)Vn () j(s) — Buls)

n-1
= (n) [J,/\rlfj(pa+n8)zﬁj’,w(pa+n§) - f/\n—j(s)zﬁj,w(s)] + [B:'l(pa+n5) - B:’l(s)]

=0
n-1 - - ~
~ ¢‘,w( o +n )_¢',w( ) n—‘( a+n ) n—( )
= (s_pa+n6)§ (7) (Vn—/'(,oawl&) ’ /1_ ;a+n51 ° + Yr i_;a+n: e ¢lw( ))
Bulpecsns) = Buls)
+ (S = Poins) ———————

S — Pa+ns
(s — Pasns) Z ( ) Yn-j pa+n6)7-7;)a+n5¢1w(0) + ¢1w( )7;7;)(“”5 yn—j(o))
+ (S - pa+n5)7;7;>a+n5 ,3,,(0) (211)

Plugging (2.10) and (2.11) into (2.7) gives

(%az(s + Pains) +C— )»7;77;a+,,&fx(0)>$n,w(5)

n-1

= (7) (P e Ts Ty B0 (0) + Bianl8) s T Vi (0)) + T T Bu0).
j=0

(2.12)
Similarly, for an,d(s) we have
1
(502(5 + Paans) + €= ATT, pw,,(;fX 0)>¢nd s)
n-1 "
- (}) ot o) Ty 4(0) + B T T Yy 0)): (213)
j=0

Applying some arrangements to the above two equations results in

unls) = 1O

302(s+ Pains) + €

-1

+ (71)( yn—/(paerS) ,7;770%”6(?/%(0) + Tﬁama )/n—/(o) (’i;},w(s)>
j=0

j 2(S+pa+n5) +C 202(S+/0a+ms)+0

7;7;7a+n5 ﬂ"( )

T 2(c. -~ N\,
502(8 + Puins) + ¢
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and

- A s = n—, o+
Prals) = M(bnd(s ) + Z (n> (MT%W@M(O)

%02(5 + Pains) + € 0 02(S + Poins)

+ T7:’uz+m¥ Vn—}( )

102(s+ pasns) + €

¢1d(5)> (2.15)
Define
2 * (ﬂa+n5+ 2 (x=-y)
gn(x) = ; 0 e 7;7¢y+mifx(y) dy’
2 5 —\Pa+n 2 .
Xl,}’lJ(x) = ;anj(pamg)e (v 8+”2 )x) ] = 0) 1;“')” - 11
2 ¥ _(pot+m$+2_§)(x_y) .
XZ,H,j(x) = ; o 2 o 777a+n5 Vn—}()/) dy7 ] = 0; 1,...,” - 1,
2 (* . 20y
;n(x) — ;/ e (Puwmi‘*‘ag ) y)7;)a+m;/3n()/) dy
0

Inverting the Laplace transforms in (2.14) and (2.15) we obtain the following result.

Proposition 1 The generalized Gerber-Shiu functions ¢, (1) and ¢,4(u) satisfy the fol-
lowing integral equations:

u n-1 u
Guw(tt) = / Dot — X)gn () dx + ) < / Xinj (8 = %) Ty Dow (%) At
0 = \Jo

+ / X2, (16 — X)) (%) dx) + &u(u), (2.16)
0

Gnali) = / Gttt — 0)g(x) dx
0
n-1 u u
+ Z( / K@ = %) Ty, Oja (%) dix + / X2t — %) j,a(x) dx). (2.17)
j=0 0 0

The integral equations (2.16) and (2.17) are defective renewal equations since
fooo gu(x)dx <1 under the net profit condition ¢ > AEX (see Tsai and Willmot [2]). De-
fine S, (x) = 372, g (x), where g7 (x) = g, (x) and for k > 2, g (%) = [ g, (x—»)g:* " (y) dy.
By renewal theory, we can express the solutions to (2.16) and (2.17) as follows:

n-1

brnli) =3 ( /0 Xm0~ 5) Ty ) + fo X1t = D)h0() dx) + 4)

j=0

n-1 u y

> S,,(u—w( | 0= 9T,y
w0 Jo 0

y u
. / Komi (= X)) dx) dy+ f St = 3)¢n() dy
0 0

n-1 u
( ) / P, n}(u x)7;)a+m; ¢1 w(®) + p2, n/(u x)¢] w(x)] dx +p,(u) (2.18)
j=0

]
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and

n—

Onau) = Z (7) /o (P10 (1 = %) Ty s Bd () + P21 — %)j,a(%) ] dix, (2.19)

1
=0

~

where
(1) = ¢o(u0) + / St =9)6n0) dy,
0
Ding 1) = Xomg 1) + / Sut= V) xim0) dyy i=1,2.
0

It follows from (2.18) and (2.19) that we can compute ¢,,,, () and ¢,, 4(u) recursively with
the starting points ¢, (#) and ¢ 4(u). For ¢, (1), setting n = 0 in (2.18) gives

)=o) = 500+ [ o= 9)000) . (220)
For ¢o,4(u), it follows from Tsai and Willmot [2] that the following defective renewal equa-
tion holds:

b0 = [ dnal-go(a) s 2.21)
Hence,

o,qa(u) = ef(p‘“j_%)u + ‘/ou So(u - x)ef(p‘”r%)x dx. (2.22)

3 Explicit results
In this section, we assume that the individual claim size is distributed as a combination of

exponentials with density

m
fr@) =Y mipe, x>0, 3.1)
i=1
where i1,..., iy > 0,11, ..., N, are distinct constants such that ZZI n; = 1. Itis well known

that the class of combinations of exponentials can be used to approximate any absolutely
continuous distribution on (0, 00) (see e.g. Dufresne [13]). We assume that the cost func-

tion is a linear function with the following form:

0(x) = 0y + O, (3.2)

where 6y,6, > 0, and 6y + 6; > 0. Hence, each claim cost comprises a fixed cost 8, and
a proportional part with coefficient 6. It follows from (2.18) and (2.19) that we need to
determine the functions p, (i), p1,,j(4), p2,»j(1) as well as the starting values ¢y, () and

@0,4(u). We will use the Laplace transform method to determine these functions.
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3.1 Determination of p,(u)
By Laplace transform we have

Z.(5)
1 —@;(5) )

Pu(8) = (14 5,(9))2uls) =

For fx given by (3.1) we have

% - -
~ ) Sx(s) —fx(Pama) o2 Nilki
&)= Z (s + 1

- .
S+ Pasns + 25 Parns =S S+ Parns + 25 )(Persns + 14i)

Since pg4ps is the root of (2.9), we have

(5 = Parns) (s + Pasns + 2 )( ~2u(s))

2c
= (S - poz+n5) (S + Pa+ns + ) @( pa+1’15 )

2 (1 7
== (50232 +es— (M +a+nd)+ Xfx(S))

o2

pa+n6) Hm+1(s + Rn l)
Hl=1 (s+ i)

Page 10 of 20

(3.3)

) (3.4)

where —R,1,...,—R,, 41 are negative roots of the generalized Lundberg equation (2.9). In

the remainder of this paper, it is assumed that —R;1, ..., —R,, ;1 are distinct.
For E,,(s), we consider two cases. First, we consider the case 8y # 0 and 6; = 0. Since

) m oo
Bu(y) = A/ Ogwix — y)fx(x) dx = 10§ Z mme*ﬂz’y/ w(x)e™* dx,
4 i=1 0

we have
Le=2 1 Bn(s) = Bu(pans) _ Z D)

2 2
02 S+ Pa+ns + 0—5 Pa+ns —$S S + Pa+ns + ag S + Mz)(pa+n5 + /M)

i=

Then by (3.3) and (3.4) we have

( )= é-n(s) _ (S = Pasns) (S + Patns L )Cn( ) _ Ly,,(s)
P gn(s) (s PchS)Hi:l (S+Rn,z) Herl(S + an)
[T (s+is)
where

Lin(s) = (s + Parns + );“n (s) ]_[(s + 1)

is a polynomial with degree m — 1. By partial fraction we have

m+1

~ Ll,n,i
p}’l(s) = Z S+Rnl'y

i=1
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Ll,n (_Rn,i)

Ll,n,i Il N
H;Zij?'i(Rn,j - Rn,i)

, i=12,...,m+1

By Laplace inversion we obtain the following result.

Proposition 2 Suppose that —R,,3,...,—R, .1 are distinct. If 6y # 0 and 6, = 0, then

m+1

- ZLl,n,ie_Rn'iu’ (35)
Next, we consider the case 8, # 0. By binomial expansion we have

Bul) = 1 / (6 + 61wl — )fc(x) dx
y

o0
= A/ (B0 + O1x + O1y)" w(x)fx(x + y) dx
0

=A Z Z ( )Tth 01y) e Yk Mly/o (6o + 61%)" *w(x)e * dx.

i=1 k=0
Then
o0 [o¢]
Buls) = AZZ( )m / Bk e e dy / (6o + 01%)" *w(x)e " dx
i=1 k=0 0 0
n k+1, k
61 n! W,y
- i e MY ]
EEu(3) a5 e
o0
X / (6o + 61%)" *w(x)e ™% dx
0
mon k 00
n! nikity f x s
=2 — (Bg + 01x)" " w(x)e "™ dx
L RN ) Uy
m n Z
- Z n,i,k
(o1 1)kt
i=1 k=0 S +Hi ) '
where
Znik = ﬂi,U«iel k)‘ / (O + 01%)" *w(x)e M dx.
Consequently,
-~ 2 1 B\n(s) - B\n(pﬂt+n5)
;YI(S) = —2 2
0% 8+ Pg+ns + o2 Pa+ns —$
_ Z Z (Pasns + Hz)k —(s+ llz)kJrl Zn,ik
TS Paums + 25 A Parins = (s + L) (Pains + 1)<
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By (3.3) and (3.4) we have

5 (6 G(S) 5= Pasm)(s + pucons + Z)0n(s) Lo(s)
" 1—gu(s) (s-pmlﬁfr)”r([%;‘()ﬂzen,ﬁ 17 + Rua) T (s + )]
i=1\8TH

where

2¢\ ~ m
LZ,H(S) = (S + Po+ns + 6—2)%(5) 1_[(5 + /’Li)wr1

i=1

is a polynomial with degree m(n + 1). It is easily seen that —u;,...,—u,, are not zeros of

L, ,(s). Hence, by partial fraction we have

m+1

~ L2 n,i /

Pn(S) L2 7,0 < ) (36)
e S

where
L L2,n(_Rn,i)
2,10 = m+l m ) =4 ,m,
[njzlvjﬁ(Rn,j - Rn,i)] [1_[/':1(“1' - Rn,i)n]
1 a7 Ly,
Lo - 2,1(5)

(1= )0, A" [T + Rug )T Ty (s + paa)) o=’

i=1,...,mj=1,...,n
Inverting the Laplace transforms in (3.6) yields the following result.

Proposition 3 Suppose that —R,,3,...,—R, .1 are distinct. If 6, # 0, then

u/ 16 nin
i

Pn(u)=ZL2,m nlu+ZZL2n11M 1! . (3.7)
i=1

i=1 j=1

3.2 Determination of py »j(u) and p;,j(u)

The Laplace transform of py ,,;(1) is given by

2 & 1
S8 = (L2 SN )« Tt 7T
Pinj(8) = (L+8u(8)) Xinjls) = 7—=—= =
e AT T 3uls) 1-2,(s)

_ Ulzi;n—j(pa+n5) H?zl (S + /'l’i)

Hm+l(5 +R,, i)

where the last step follows from (3.4). By partial fraction we have

m+1
Ky

D (s 224
pl,n,]() S+Rn,i,

i=1
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where

Ulzi/\n—j(pa+m§) l_[km=1 (Mk - Rn,i)
Hkm:?kﬁ(Rn,k - Rn,z’)

Kyji= , i=12,...,m+1.

Then Laplace inversion gives the following result.

Proposition 4 Suppose that —R,,,,...,—R, 1 are distinct. Then
m+1
Pruj(u) = Zl(n,j,ieiRn'iu-
i=1

Now we consider ps ,,;(#), which has the Laplace transform

Paas®) = (145,69 a9 = 220

First, for the case 6y # 0 and 6; = 0, we have

2 1
T8 = =TT 0
X2,n,/( ) o2 S+ Darms + 3_5 s pginsVn 1( )
2A ph—j " 72
0_200 fX(S) _fX(pa+n6)
S+ Pasns + 3_5 Pa+ns —$

24 nh—J m
57%

_ - Z Nilki )

S+ Po+ns + o2 =1 (S + Mi)(:oa+n6 + ,Uvz’)
Hence, by (3.4) and (3.9) we have

~ Wi(s)
Pz,n,j(s) i »

nizl (s+ Rn,i)’

where

2c\ o "
Wii(s) = (s + Paens + — ) Xomj(©) [ J(s + o)

o? ;
i=1
is a polynomial with degree m — 1. By partial fraction we can obtain

m+1
Wi

?z,n,j(s) = Z W,
n,l

i=1
where

Wn,j(_Rn,i)

Wn,j,i = 1—
HZIM (Rn,j - Rn,i)

, i=1,2,...,m+1.

Then Laplace inversion gives the following result.

Page 13 of 20

(3.8)

(3.9)
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Proposition 5 Suppose that —R,,1,...,—R, 1 are distinct. If 0y # 0 and 6, = 0, then

m+1

Ponj() =Y Wi efni, (3.10)

Next, we consider the case 6; # 0. For 6y = 0, we have
VYo () = A(01%)" T f (),

which has the Laplace transform

—_ )1
yn—/ (s) = )‘Zrhﬂz/ (61%)" Te e dx = )\Zﬂzﬂz o /( (” ])

—
S+ Wi n—j+1
i1 1)
then

~ 2 1 J//\n—j(s) - %—/(pownﬁ)
XZ,n,j(S) = ) 2
0% 8+ Putns + 3 Pa+ns —$

2 . .
o2 i (pcx+n8 + Mi)n s (S + /’Li)n i+

2
S+ Pains + 25 = Pa+ns —

it ](}’l /)'

__ (3.11)
(S + Mi)n —+1 (pa+n8 + //Li)niﬁl

For 0y # 0, by binomial expansion we have
n—j " _},
oy 3) = 2B + 60 () = Y ( . )e T 01 (),
k=0
which has Laplace transform

Vnj(s) = A Z Z ( )n,,u,@" -k / (Orx)Fe i e™* dx

i=1 k=0

S kg =Pt 1
=A 00 ’kek ,
ZZ”M 0 (n—j — k)l (s + pu;)k+1

i=1 k=0

then

1 5/\}’1—1'(5) - %—j(pa+n5)
S+ Pa+ns + 3—5 Pa+ns —$

R 2
X2,n,j(S) = )

u“ njok x (1= ))!
= 2522”’1 " an ] k)

S+pa+m§+ i=1 k=0

)k+1

> (pa+n5 + Ui - (S + Mi)k+1 1

) (3.12)
Pans — S (s + i) (gans + pi)<+t
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By (3.4) and (3.9) we have

n/'(s) ,
[HWHI (s+ R, l)] [H::l (S + /'Li)nij]

?2,71,1’ (5) =

where by (3.11) and (3.12) we find that

2
Gj(s) = (S+ Pasns + )xm(s ]_[(s + )"

is a polynomial with degree m(n —j + 1) — 1. By partial fraction we obtain

m+1 G m n-j i i
~ n,j,i
pZ,n,j(s)—Z +1; ZZG}’I}L112< +;i ) ’
ni i

i1=1 ip=1
where
G. (—R. .
Guji = —s il ,,)1 —, i=1...,m+],
[l_[kzl,k#i(R”,k - Rn,i)] [nkzl(ﬂk - Rn,i)n_l]
1 a2 i(s)
G"J,il,iz = nl

(m—j-— iz)!,u,j:f ds"75 [HWHI(S + Rm)][nl 1ii (s + p)" 7] ls== “11

il = 1,...,m;i2 = 1,...,n—j.
Finally, Laplace inversion gives the following result.

Proposition 6 Suppose that —R,,1,...,—Ry .1 are distinct. If 6, # 0, then

m+1 m n-j 12 1 iy U

/’“z
sz(u)—ZGn,e "’”+ZZGn,lm l(l o (3.13)

i1=1 ip=1

3.3 Determination of ¢, (u) and ¢ 4(u)
First, note that ¢, (1) does not depend on 0(x). By (2.20) and (3.5) we have

m+1

Po(1t) = polw) = Y Lyge™ 0, (3.14)

i=1
Next, for ¢ 4(u), taking Laplace transform in (2.21) and using (3.4) we obtain

1
—  9¢ m+1
stPat 25 [T, (s + ) Ag;

Poals) = 1- go(S) 174 (s + Roy) Z;S+Ro,l‘,

where

[ 172 (1 = Ro,)

bi= =g i=L...,m+l
Hj:l,j#i(RO'/ —Ro,)
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Hence, Laplace inversion gives

m+l

$o,a(u) = ZAd,ie_Ro"”~ (3.15)
i-1

4 Numerical illustrations

In this section, we present some numerical examples. First, we compute the expected
number of claims until ruin. We set c =12, A =1,8=a0=0,02=0.5 w=1, 6, =1, and
6, = 0. We consider the exponential claim size density fx(x) = e*. In Figure 1(a), we depict

the curves of

Mean,, ;(u) := E[N(T)I(‘L’ <oo,U(T) = 0)|LI(O) = u],
Mean,,, (u) := E[N(v)I(t < 00,U(t) < 0)|U(0) = u],

Mean,,(u) = Mean,, 4(u) + Mean,, ,,(u).

We observe that Mean,, ;(u#), Mean,,,,(#) and Mean, (x) start from zero, then increase
w.rt. &, and finally decrease to zero as u — oo. This is due to the fact that ruin occurs
immediately for zero initial surplus, and ruin is unlikely to occur for large initial surplus.

Instead, if we consider the condition means

CMean,, 4(u) := E[N()I(U(t) = 0)|t < 00,U(0) = u],
CMean,,, (1) := E[N(t)I(U(t) < 0) |7 < 00, U(0) = u],

CMean,,(u) = Mean,, ;(u) + Mean,, ,, (1),

it follows from Figure 1(b) that they are increasing functions of # and almost linear func-

tions for large enough u.

300
250
200
150
100}
501 I
0 10 20 ;o 40 50 % ‘/'1‘:///2/0 3 40 50
u u
(a) (b)
Figure 1 The expected numbers of claims until ruin. (a) Mean, 4(u) (the red curve), Mean,, (u) (the green
curve), Mean,(u) (the blue curve); (b) CMean, 4(u) (the red curve), CMean,,, (u) (the green curve), CMean,(u)
(the blue curve).
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Figure 2 The conditional variances of the oX 10*
number of claims until ruin. CVar,, 4(u) (the red
curve), CVary w(u) (the green curve) and CVarp(u) 25l
(the blue curve). ’
Al
15}
4L
05 -
,//////
0 _— L L L L
0 10 20 30 40 50
u
Figure 3 The expected total discounted claims 12
until ruin. Meany 4(u) (the red curve), Meany,, (u)
(the green curve) and Meany (u) (the blue curve). 10}
sh
6l
4
2 —
~—
S T—
0 L A B e
0 10 20 30 40 50
u

We also study variances of the number of claims until ruin conditional on ruin occurring,
which are defined as

CVar,, 4(u) = Var[N(t)I(U(r) = 0)|r <00,U(0) = u],
CVar,,,(u) = Var[N(t)I(U(t) < 0)|‘L’ <00,U(0) = u],

CVar, () = Var[N(7)|t < 00, U(0) = u].

We plot the conditional variances in Figure 2. It follows that the conditional variances
CVar,, 4(#) and CVar,,,(u) behave like quadratic functions of u as the initial surplus be-
comes large, while the total conditional variance CVar, () behaves like a linear function
of u for large initial surplus.

Next, we consider the expected total discounted claims until ruin. With the other set-
tings as above, we set § = 0.01, 6y = 0, and 6; = 1. For the following functions:

N(t)

Meany 4(u) = E|:Z e_‘STkaI(r <oo,U(T) = 0) ‘U(O) = u:|,
k=1

N(t)

Meany ,, (1) = E[Z e“ST"Xkl(t <oo,U(7) < 0)‘LI(O) = u:|,
k=1

Meany (u) = Meany 4(u) + Meany,, (1),



Liu and Zhang Advances in Difference Equations (2015) 2015:34

6000

5000
4000

3000

2000} /
1000 /

Figure 4 The mean and variance of total discounted claims until ruin conditional ruin occurring.
(a) CMeany 4(u) (the red curve), CMeany,, (u) (the green curve), CMeany (u) (the blue curve); (b) CVary4(u) (the
red curve), CVary,,(u) (the green curve), CVarx(u) (the blue curve).

it follows from Figure 3 that they have the same behavior as the expected number of claims
until ruin, which can be explained as above. Furthermore, we study the mean and variance
conditional on ruin occurring, which are defined as

'N(t)

CMeany,q(u) = E[Z e Tk X I(U(z) = 0)
k=1

T <oo,U(O):uj|,

'N(t)

CMeany.,(u) = E [Z e kX I(U(7) < 0)
k=1

T <oo,Ll(0)=u:|,

CMeany (u) = CMeany 4(u) + CMeany,,, (1),

N(t)

CVarya(u) = Var[Ze”kxkz(u(f) -0)
k=1

T <oo,L[(O):u:|,

'N(t)

CVary,, () = Var|:z e Tk X I(U(7) < 0)
k=1

T <00, U(0) = u:|,

N(z)

CVary(u) = Var|:Z e Tk X,
k=1

r<oo,LI(0)=ui|.

We find from Figure 4 that the conditional means and variances are increasing functions
of u and converge to some finite constants as # — c0. The finite limit behavior has also
been found by Cheung [8].

Finally, we consider the case when fx is a combination of exponentials with the following
setting:

fx(x) = 0.7 + 0.24e705%,

Furthermore, we set c = 1.5, A =1, 62 = 0.5, 8 = 0.01, @ = 0, and the cost function 6(x) =
x+0.2.

N(t)

CMeang (1) = E[Z e Teo(X)I(U(r) = 0)
k=1

T <00, U(0) = u:|,
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0 5 10 15 20 25 30 0 50 100 150 200 250 300
u

Figure 5 The mean and conditional mean of total discounted claim costs until ruin conditional ruin
occurring. (a) ¢ 4(u) (the red curve), @1, (u) (the green curve), ¢ 4(u) + @1 (U) (the blue curve);
(b) CMeang 4(u) (the red curve), CMeang ,, (u) (the green curve), CMeang (u) (the blue curve).

'N(t)
CMeang,,,(u) = E Ze"ST"Q(Xk)I(U(r) <0)|7 <00, U(0) =u |,
k=1

CMeang (1) = CMeany 4(u) + CMeang ,, (u).

In Figure 5, we plot the means and conditional means of the total discounted claim costs
until ruin. Again, we observe that the means start from zero, then increase, and finally
decrease to zero, however, the conditional means increase to some finite constants.
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