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X" () + FXOIX' (1) + p(Ox*(6) - el e(?),

where f: (0,+00) — R is continuous, which may have a singularity at the origin, the
sign of @(t), e(t) is allowed to change, and w, v are positive constants. By using a
continuation theorem, as well as the techniques of a priori estimates, we show that
this equation has a positive T-periodic solution when € [0, +00).
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1 Introduction

Since singular equations have a wide range of application in physics, engineering, mechan-
ics, and other subjects (see [1-7]), the periodic problem for a certain second order differ-
ential equation has attracted much attention from many researchers. In the past years,
lots of papers (see [8—14]) were concerned with the problem of periodic solutions to the

second order singular equation without the first derivative term,

x" + (t)x — @ = h(t), (1.1)
Y

where f : [0,00) — R is continuous, ¢, b, € L' [0, T], and 1 > 0 is a constant. Among these

papers, we notice that the coefficient function ¢(¢) is required to be
o(t)>0 forae. te[0,T]. (1.2)

This is because (1.2), together with other conditions, can ensure that the function G(¢,s) >
0 for (¢,s) € [0, T] x [0, T], where the G(t,s) is the Green function associated with the
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boundary value problem for Hill’s equation

&(8) + (O)x(t) = h(t),  x(0) =x(T), ¥'(0) = '(T).
The condition G(¢,s) > 0 for (¢,s) € [0, T] x [0, T] is crucial for obtaining the positive pe-
riodic solutions to (1.1) by means of some fixed point theorems on cones. Beginning with

the paper of Habets—Sanchez [15], many works (see [16—21]) discussed the existence of a
periodic solution for Liénard equations with singularities,

K (8) +f (x(8)x' (£) + p(t)x(t) —

70 =e(t), (1.3)

where ¢(t) and e(t) are T-periodic with ¢,e € L'[0, T], while y is a constant with y > 0.
However, in those papers, the conditions of ¢(t) > 0 for a.e. t € [0, T], the strong singu-
larity y € [1, +00), and f(x) being continuous on [0, +00) are needed. To the best of our
knowledge, there are fewer papers dealing with the equation where the function f(x) pos-
sesses a singularity at x = 0. We find that Hakl, Torres, and Zamora in [22] considered the

periodic problem for the singular equation of repulsive type,
& (8) + f((0)x'(£) + p(£)x" (£) + g(x(8)) = O, (1.4)

where 1 € (0,1] is a constant, ¢ is a T-periodic function with ¢ € L!([0, T], R), and the sign
of ¢(¢) can change, while f € C((0, +00), R) may be singular at x = 0 and g € C((0, +00), R)
has a repulsive singularity at x = 0, i.e., lim,_, ¢+ g(x) = —0o. By using Schauder’s fixed
point theorem, some results on the existence of positive T-periodic solutions were ob-
tained. However, the strong singularity condition fol g(s)ds = —o0 is also required. In a
recent paper [23], the authors consider the periodic problem to (1.4) for the special case
glx) = xiy, where y € (0, +00). But, in [23], the function ¢(£) is required to satisfy ¢(£) > 0
a.e. t € [0, T] for the case u > 1 (see Theorem 3.1, [23]). Motivated by this, in the present
paper, we continue to study the periodic problem for the singular equation,

K0+ fEHOW O + 0 (0) - — =el0) (15)

where f, ¢ are as same as those in (1.4); © > 0 and y > 0 are constants, e is a T-periodic
function with e € L1([0, T], R), and fOT e(s)ds = 0. By means of a continuation theorem of
coincidence degree principle developed by Mandsevich and Mawhin, as well as the tech-
niques of a priori estimates, some new results on the existence of positive periodic so-
lutions are obtained. The interesting point in this paper is that the function f(x) has a
singularity at x = 0, the sign of ¢(¢) is allowed to change, and u,y € (0, +00). Compared
with [22], we allow the singular term 2 to have a weak singularity, i.e., y € (0,1). Also, for
the case of i > 1, the sign of ¢(t) is allowed to change, which is essentially different from
the condition ¢(¢) > 0 for a.e. t € [0, T] in [23].

2 Essential definitions and lemmas
Throughout this paper, let Cr = {x € C(R,R) : x(¢t + T) = x(t), Vt € R} with the norm |x|, =
max;e(o,7] |%(£)|. Clearly, Cr is a Banach space. For any T'-periodic function x(t), we denote
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X = % fOTx(s)ds, x,(£) = max{x(¢),0}, and x_ = — min{x(¢), 0}. Thus, x(¢) = x, (£) —x_(¢) for all

1
t € R,and ¥ = x, —x_. Furthermore, for each u € Cr, let ||u||, = (fOT lu(s)|Pds)?, p € [1,+00).

Lemma 2.1 ([24]) Assume that there exit positive constants My and My, with 0 < My < M,
such that the following conditions hold:
(1) for each X € (0,1], each possible positive T-periodic solution u to the equation

0

#1(0) + A () (0) + 2o (O (0) - s =

satisfies the inequality Mo < u(t) < M, for all t € [0, T];
(2) each possible solution ¢ € (0, +00) to the equation

1
— —oc* =
o oct =0

satisfies the inequality My < ¢ < M;;
(3) the inequality

holds.
Then equation has at least one positive T-periodic solution u(t) such that My < u(t) < M
forallte[0,T].

Lemma 2.2 ([22]) Letu(t): [0,w] — R be an arbitrary absolutely continuous function with
u(0) = u(w). Then the inequality

( max u(t) — rr[lin]u(t))2 < %[Lw | (s)|>ds

te(0,w] te[0,w

holds.
Remark 2.3 1f ¢ > 0, then there are constants C; and C, with 0 < C; < C, such that
1 _
— —px* >0 Vxe(0,Cy) (2.1)
xV
and
1 _
- Px" <0 Vx € (Cy, +00). (2.2)
x

Now, we embed equation (1.5) into the following equation family with a parameter A €
(0,1]:

& (8) + Af (x(2))x'(£) + Ap(£)xH (£) — A Ae(2). (2.3)

X (t)

Let

D= {x € CL i (t) + A () (6) + Ao (£) — h—— = re(t), A € (0,1] } (2.4)

X7 (t)
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and
F(x) = /xf(s)ds, G(x) = /xsyf(s)ds, x € (0, +00). (2.5)
1 1

Lemma 2.4 Assume ¢ > 0 and e = 0, then there are two constants 1,7, € [0, T] for each
u € D, such that

==

u(11) < max {1, (%) } = Ap (2.6)
and
u(tp) > min [1, <%> v ] = A (2.7)

Proof Let u € D, then

u” (&) + M (u(e) ' (&) + Ao(t)u () - = Ae(t). (2.8)

u” (t)

Dividing both sides of (2.8) by u*(¢) and integrating over the interval [0, 7], we obtain

T Lt”(t) ~ T 1 T e(t)
/0 u“(t)dt-”»w_k,/‘o —uN+V(t)dt+A/0 uﬂ(t)dt'

Since the inequality fOT Z:((?) dt > 0 holds, it is easy to see that

e,
Mo <AT A ,
P ) )
ie.,
0<F<— 1 (2.9)
< + . .
Y2 " wrm)
From this, we can verify (2.6). In fact, if (2.6) does not hold, then
2\ 7
u(t) > max {1, (;) } vt e [0, 71, (2.10)
%

which together with (2.9) gives

ie.,

u(t) < (%)i (2.11)
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On the other hand, (2.10) implies that u(7;) > 1. It follows from (2.11) that (%)i >1,ie,
% > 1. By using (2.11) again, we get

u(ty) < (%)ﬁ (2.12)

which contradicts with (2.10), verifying (2.6).
Integrating both sides of (2.8) over the interval [0, 7], we obtain

T T 1 T
lL - _— =
[ owwrwar- [ —a [ e

Since [ e(t)dt = Te =0, it follows that [ p(t)u*(t)dt = [ —+-dt.If

u(t)<1 Vtelo,T], (2.13)

then

T T
./0 uV(t)dtS /0 o, (Out(t)dt < To,.

By using the mean value theorem for integrals, we get that there is a point £ € [0, T] such

that
T < T
= 1¢s,
u” (§)
ie.,
1y
u(§) > (:) . (2.14)
O+
Thus (2.7) immediately follows from (2.13) and (2.14). O

Lemma 2.5 Assume ¢ >0 and e =0 for a.e. t € [0, T] and suppose that the following as-

sumptions:
By= inf H(x)>-00 (2.15)
[A1,+00)
and
. T
lim (F(s) + —) <Bg—Te, (2.16)
s—0t sY

hold, where H(x) = F(x) — To_x". Then there is a constant yy > 0 such that

min u(t) > yo, uniformly for u € D. (2.17)
te[0,T]

Proof Let u € D, then u satisfies

1

w!' (&) + 2 (@) () + Ap(Ou'(e) =2 0

= Le(2). (2.18)
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Since u € D, it is easy to see that there are two points t,f; € R such that u(t;) =
maxqeo,7] 4(t), u(ty) = mingepo,r) u(t), and 0 < t; — t, < T. By integrating (2.18) over the
interval [ty, t1], we get

Flu(t)) = Flu(ts) + / 1 M%””f‘ / ' o(Ou ()t + / ety

ty ( ) ty ty

T
< F(u(t)) + + To-u" () + Tey,

V(tz)
and then
F(u(ty)) + > F(u(ty)) - To-u"(t1) - Tey
72415))
> ” 1nf H(x) (2.19)
=Bg-Te,.

Assumption (2.16) ensures that there is a constant y, > 0 such that
T
F(s) + = < By—Te,, forse(0,v). (2.20)
s
Combining (2.19) with (2.20), we get that

min u(t) = u(tz) > yo. (2.21)
te[0,T] 0

Lemma 2.6 Assume ¢ >0 and e =0 for a.e. t € [0, T] and suppose that the following as-

sumptions:
By = inf H(x)>-00, (2.22)
[A1,+00)
T
lim (F(s) + —) <By- T, (2.23)
and
lim (F(s) — To,s") = +o00 (2.24)
§—>+00

hold. Then, there exists a constant y, > 0 such that

max u(t) <y1, wuniformlyforu e D. (2.25)
te[0,T]
Proof Since u € D, the function u satisfies (2.18). Then there are two points ¢, ; € R such
that u(#1) = maxe[o,) u(t), u(tz) = mingeo,7) u(¢), and 0 < £, —t; < T. By integrating over the
interval [t;,£,], we get

F(u(t)) = F(u(ty) - / V(t)dt+/2 (t)u”(t)dt—/ze(t)dt

< F(u(ty)) + To u"(t1) + Te_,
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thus, by the assumptions of (2.6), (2.22), and (2.24), according to the proof of Lemma 2.4,

we obtain
Yo < u(ty) = min u(t) < Ao. (2.26)
te[0,T]
So, we have

F(u(t) — Tovu" () < F(u(t)) + Te-

(2.27)
< max F(x)+ Te_.
x€[y0,A0]
Assumption (2.24) now ensures that there is a constant y; > 3, > 0 such that
F(s)— To,s" > max F(x)+ Te_ forallse (y,+00). (2.28)
x€[y0,A0]
Therefore, (2.27) and (2.28) imply
rr[lax] u(t) =u(t1) <y, uniformly for u € D. (2.29)
tel0,T
O

Lemma 2.7 Assume ¢ >0 and e =0 for a.e. t € [0, T| and suppose that the following as-

sumptions:
Co= sup Hi(x)<+o0 (2.30)
[A1,+00)
and
. T
lim (F(s) — —) > Co + Te, (2.31)
s—0* sY

hold, where Hy(x) = F(x) + To_x". Then there is a constant y, > 0 such that

min u(t) > y,, uniformly for u € D. (2.32)
te(0,T]
Proof Since u € D, it is easy to see that there exist two points ¢1,£ € R such that u(t;) =
maxyeqo,7] U(t), u(ty) = mingejo, ) u(t), and 0 < t, — ¢ < T. By integrating over the interval
[t1, 5], we get
ty 1 %) 2
F(u(ty)) = F(u(ty) + / ——dt - / o(t)u" (t)dt + / e(t)dt

151 uv (t) 151 151

T
< F(u(t1)) + 75 + To_u"(t)) + Te;,

and then

Flu(ts)) - WT@ < F(u(t)) + Tomut (1) + Tes

< sup Hi(x)+ Te, (2.33)

[A1,+00)

:C()+TZ.
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Assumption (2.31) ensures that there is a constant y;, > 0 such that
T
F(s) — > Co+ Te,, forse(0,y,).
s
So, it is easy to see from (2.33) that

u(ty) = min u(t) > ys. (2.34)
te[0,T] 0

Lemma 2.8 Assume ¢ >0 and e =0 for a.e. t € [0, T] and suppose that the following as-

sumptions:
Co= sup Hi(x)<+oo, Hy(x)=F(x)+ To_x", (2.35)
[A1,+00)
as well as
. T
lim (F(s) — —) > Co + Te, (2.36)
s—0* sY
and
. - T
lim (F(s) + To_s" + —y) = -0, (2.37)
s—>+00 S

hold. Then, there exists a constant y3 > 0 such that

max u(t) <vys, wuniformlyforu e D. (2.38)
te[0,T]
Proof Let u € D, then u satisfies (2.18). Let ¢ and ¢, be defined as in the proof of
Lemma 2.6, that is, u(t;) = maxee[o,r) #(t), u(t2) = mingepor u(t), and 0 < t; — t; < T. By
integrating over the interval [¢, 3], we get

Fu(t)) = Flults) - / ’ u%(t)dt . / o0 (Ot - / s
; B (2.39)
= Pu(t) - o = T (1) - Tex

Thus, by the assumptions of (2.6), (2.35), and (2.36), and according to the proof of
Lemma 2.6, we have

Y2 < ul(ty) = min u(t) < Ao, (2.40)
te[0,T]

which together with (2.39) yields

Fu(tr) + T () + —— = Fu(ty) - Te;
w(t) (2.41)

> min F(x)-Te,.

x€[y2,40]
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On the other hand, assumption (2.37) gives that there exits a constant y3 > 0 such that

T
F(s)+To_s" + — < min F(x)—Te,, s€ (y3,+00). (2.42)
Y x€lyz,40]

Combining (2.41) with (2.42), we get that

u(t;) = max u(t) < ys. (2.43)
te[0,T]

3 Main results

Theorem 3.1 Assume ¢ >0 ande =0 fora.e.t € [0, T] and suppose that the assumptions
of (2.15) and (2.16) in Lemma 2.4, as well as the assumption (2.24) in Lemma 2.5, hold.
Then for each 1 € [0, +00), equation (1.5) has at least one positive T-periodic solution.

Proof Due to assumptions of Lemma 2.4, we see that there are two constants y >0, y; >0
such that min u(¢) > yo, max u(t) < y;.

Now, we will show that there exists a positive constant M > 0 such that maxe[o,r} |#/(£)| <
M, uniformly for u € D. If u(t;) = max;e[o,r}, t1 € [0, T, then u/(£;) = 0. Letting ¢ € [0, T,
we integrate (2.8) over the interval [¢,¢] and get

t t t t 1 t
ftl u’ (t)dt + 1 /tl fu(e)ud (t)de + A / o(O)ut (t)dt - A/ —tdt = A/tl e(t)dt, (3.1)

t t u” (t)

which yields

u'(t) =1 / (=f ()t (8) - ()" (¢) + +e(t))dt, (3.2)

u” (t)

and then we obtain

tH+T t+T
0 < AF) - ) [ 1stdeen [ leolar

T
n
Y / (O (1) dt (33)

T PP

<2 max |F(u@))|+— +Te; + Tloly
Yo<u<y Yo
=M, forallte[0,T].

So, we have

max |u/(¢)] <M, uniformly for u € D. (3.4)
te[0,T]

Let m; = min{yy, D1} and m; = {y1, D,} be two constants, where D; and D, are the con-
stants determined in Remark 2.3. Then we get that every possible positive T-periodic
solution x(¢) to equation (1.5) satisfies

my <x(t) <my, |¥ ()| <M, foralltel0,T]. (3.5)

Page 9 of 12
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Furthermore, we have

1 1
(Em’f - —y) (@mg - —V) <0, (3.6)
my Uo)
by using Lemma 2.1, thus equation (1.5) has at least one positive T-periodic solution.
On the other hand, by Lemmas 2.6 and 2.7, we get the same conclusion as in Theo-
rem 3.1, which can be proved similarly. Thus, the proofs are omitted. O

Theorem 3.2 Assume @ >0 and e =0 fora.e. t € [0, T] and suppose that the assumptions
of (2.30) and (2.31) in Lemma 2.6, as well as the assumption (2.37) in Lemma 2.7, hold.
Then for each n € [0, +00), equation (1.5) has at least one positive T-periodic solution.

4 Example
In this section, we present two examples to demonstrate the main results.

Example 4.1 Considering the following equation:

3 25 1
x"(t) + [— + (_n + S)x%]x/(t) +(1+2cos t)x%(t) - —— =sint. 4.1)
x* 6 x2(t)
Corresponding to equation (1.5), in (4.1), e(¢) = sin(¢), ¢(£) = 1 +2cost, T = 2. Obviously,
@=1>0,and e=0 for all £ € [0, T] with @, = g + % and@:%—%.SinceF(x):—ﬂ% +

(%” + 2)x%, we can easily verify that equation (4.1) satisfies

By= inf (F(x) - Zgo,x%) > —00, (4.2)
[A1,+00)

. 2

lim (F(x) + —2) = -0, (4.3)
x—0% X

and

. 3

lim (F(x) - Tﬁxi) = +00. (4.4)
X—>+00

Obviously, (4.2), (4.3), and (4.4) imply that assumptions (2.15), (2.16), and (2.24) hold.
Thus, by using Theorem 3.1, equation (4.1) has at least one positive 27 -periodic solution.

Example 4.2 Now consider

3 5my\ 3 3 1
”t—[— (5——) ?]/t 1+2cost)x2(t) — —— =sint. 4.5
x"(t) x4+ : x2 [x'(£) + (1 + 2cost)x2 (¢) 20 sin (4.5)
Corresponding to equation (1.5), here, e(t) = sint, ¢(t) =1 + 2cost, T = 2x. Clearly, ¢ =
1>0,ande=0forallz e [0, T] withp, = %+ % and g_ = %—%.SineeF(x) = J%—(2— %)x%,
we can easily verify that (4.1) satisfies
Co= sup (F(x) + Tng%> < 400, (4.6)

[A1,+00)

lim (F(x) - i—;’) - +00, (4.7)

x—0%
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and

2
lim (F(x) + 2n@x% + —Z) = —00. (4.8)
x

X—>+00

Obviously, (4.6), (4.7), (4.8) imply that assumptions (2.30), (2.31), and (2.37) hold. Thus,
by using Theorem 3.2, equation (4.5) has at least one positive 2 -periodic solution.

Remark 4.3 In (4.5), since u = % >1and ¢(¢f) =1 + 2cost is a sign-changing function, the
result of Example 4.2 can be obtained neither by using the main results of [23], nor by using
the theorems of [23]. In this sense, the theorems of the present paper are new results on
the existence of positive periodic solutions for singular Liénard equations.
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