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1 Introduction and main results
This paper focuses on the two-dimensional magnetohydrodynamic (MHD) system

ou+(u-V)(u=-Vp+B-VB-viu,
0B+ (u-V)B=B-Vu—«kfsB, (1.1)
divu = divB =0,

where u = (u1(x,t), ua(x, t)) denotes the velocity, p = p(x,t) the scalar pressure, and B =
(B1(x, £), Ba(x, 1)) the magnetic field of the fluid. #(x) and By(x) are the given initial data
satisfying V - up = 0 and V - By = 0. The operators £, £, are general negative-definite
multipliers with symbol /(£), namely

£1u(E) = |€1°h(E)u(E), £2B(E) = £ *h(E)BE). (1.2)

We note the convention that by v = 0 we mean that there is no velocity dissipation in (1.1);
and similarly « = O represents that there is no magnetic diffusion in (1.1),. It is well known
that the 2D MHD equations with both Laplacian dissipation Ax and magnetic diffusion
AB have the global smooth solution [1]. In the case without velocity dissipation and mag-
netic diffusion (v = k = 0), the question of whether a smooth solution of the 2D MHD
equations develops a singularity in finite time is open [2, 3]. Therefore, more researches
focus on the MHD equations with fractional dissipation and partial dissipation (see e.g.,
[4-7]) and the references cited therein, the issue of global regularity for 2D MHD (v = 0,
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k =1 or v =1,k =0) has attracted much interest from many mathematicians and has
motivated a large number of research papers concerning various generalizations and im-
provements (see [8—12]). Recent important progress has been obtained by Ren et al. [13],
who prove the global existence and the decay estimates of a small smooth solution for the
2D MHD equations without magnetic diffusion, and these results confirm the numerical
observation that the energy of the MHD equations is dissipated at a rate independent of
the ohmic resistivity, the main tools used in [13] are the anisotropic Littlewood—Paley de-
composition and the anisotropic Besov spaces. More recently, Yuan and Ye [11, 14] studied
separately the global regularity of solutions to the 2D incompressible MHD equations with
almost Laplacian magnetic diffusion in the whole space. Furthermore, Lei [15] studied the
global regularity for the axially symmetric MHD equations with nontrivial magnetic fields.

Inspired by the previous works, the aim of this paper is to weaken the operator § as
possible as one can, then the global H!-bound of the solution can be achieved as long as
the fractional dissipation power of the velocity field is positive without losing the global
regularity of the system (1.1), we obtained the global regularity of solutions requiring the
velocity dissipative operators to be weaker than any power of the fractional Laplacian, the
result can be regarded as a further improvement and generalization of previous works [3].

More precisely, the main result in this article reads as follows.

Theorem 1.1 Let uy, By € H*(R?) x H*(R?) for any s > 2 and satisfy V - ug = V - By = 0,
where v > 0 and « > 0, assume that h(§) = h(|§|) is a radial nondecreasing smooth function
satisfying the following conditions:

(1) & is a nonnegative function for all & #0;
(2) there exists a constant C > 0 such that

05h(&)| < CleI™*|nE)|, ke {1,2,3},V& £0;
(3) for any given T € (0, 00) such that
® ds
= _C )
/T s TS
where Bt > 0 is the unique solution of the following equation
1
2
h(x) = =,
% hix)=
then for the MHD equations (1.1) there exists a unique global solution such that
u,BeL®([0, T;H(R?)),  uel*([0,TLH™(R%)).
Remark 1.2 By virtue of the expression in (1.2), the dissipative operator £ in Theorem 1.1

is weaker than any power of the fractional Laplacian. Thus, we improve the results in [3]

for system (1.1) in which v >0 and « > 0.

Remark 1.3 For the 2D generalized MHD equations, it remains an open problem whether

there exists a global smooth solution without the dissipative operator £.
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2 The proof of Theorem 1.1

In this section, we will give the global existence and uniqueness of the smooth solution
to the system (1.1). By the classical hyperbolic method, there exists a finite time T, such
that the system (1.1) is local well-posed in the interval [0, Tj] in H* with s > 2. Therefore,
it is sufficient to establish a priori estimates in the interval [0, T] for the given T > Ty. We
shall prove Theorem 1.1 by adapting the elaborate nonlinear energy method. Furthermore,
throughout this paper, we use C to denote the positive constants that may vary from line

to line.

2.1 L? estimate for (u, B)
Lemma 2.1 Assume that the conditions in Theorem 1.1 hold, then it holds that

t
|u®] + [BO)|» +2 / |£2u(r)|2, dr = lluol% + I1Bol. (2.1)
0

Proof Taking the inner products of (1.1); with # and (1.1); with B, adding the results and
utilizing the following cancelation identity:

(B-V)B-udx+/ (B-V)u-Bdx =0, (2.2)
R2 RZ
we have

1d

L )2+ 1BOI) + [ebul? -o. 23

Thanks to the Plancherel theorem

f £u-udx - / En(®)iu(E) dt = f £ e (&)|a(E) | (2.4)
R2? R2 R2
- [ Etue e = bl ©5)

then integrating the above inequality we obtain

t
||}, + |BO> +2 / |£2u(0)| 3 d = lluol%, + 1Bl 2.6)
0
2.2 H" estimate for (u, B)

Lemma 2.2 Assume that the conditions in Theorem 1.1 hold, then there exists a positive
constant C dependent on T, uy and By, such that

t
lo@)|2, + [j®)] 3 + / |£2w|2, dt < C(T, uo, Bo). 2.7)
0

Proof First, we obtain the vorticity equation by applying V x to the MHD equations (1.1),
where the vorticity w = V X u = 9, uy — 0,41 and the current j =V x B = 0,, By — 0x,B1,

the corresponding vorticity equation:

hw+ (u-V)w+vEw = (B-V)j, (2.8)
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dj+(u-V)j=(B Vo) + T(Vu, VB), (2.9)
where T(VM, VB) = 28x31(3x2141 + 8x2u1) - 28x1 IZ5% (3x2b1 + axlbz).
Taking the inner products of the first equation in (2.8) with w, the second equation in
(2.8) with j, adding them up and using the incompressible condition as well as the following
fact

(B- Vj)w dx + / (B- Vw)j dx =0, (2.10)
R? R?

then we easily obtain

N

d

2ol + [70)]72) + [£2 07, :/ T(Vu, VB)jdx. (2.11)
R2

For the arbitrary function

Vi), = C|leu®)| 2

-C 2u(®)]* d
| el as

- CA 1|§|21u’(5)|2ds+cf &2 [aE) [ de

|§1=1

1 —
= 2d L 2 d
C/aq'”@)' ec [ (&) |ilE) [ de

=1 m(&)
— 1 — 2
C *di+C e
= fRz|u(€>| £+ L|21m(1)|s| m(&)|u(®)| ds
< Cilluls + G| €24 },, (2.12)

we obtain finally
1
IVul2 < Cillull + Cof| £2ul) . (2.13)

Utilizing the estimate of || Vu||;2 in (2.13) and the interpolation inequality, we obtain

/ T(Vu,VB)jdx
o
< CIIVaell 2 I VBl sl o
< Clloll2 i
< Clloll2 il 21Vl 2
< Clloll2 VBl 2 Vil
< Clloli2 (1Bl 2 + | 2B ) (jll2 + [£3] ,2)

1
< 5Uf;‘%wniz + C(L+ 1812 + |£2B]%) (lol12 + I1f11%)- (2.14)

Page 4 of 12
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Hence, combined with (2.14) and (2.11) this implies that

d

(10Ol + o]72) + |£20] .

< C(1+BI% + [£2B]%) (]2 + I1%). (2.15)
The Gronwall lemma provides us with
t
o012 + V@l + [ 1ebol2de < CCTuo0) 210
0

2.3 L°L™ estimate for u
Lemma 2.3 Assume that the conditions in Theorem 1.1 hold, then it holds that

lltll zoroe < C(t, 10, Bo), foramyt € [0, T]. (2.17)

Proof By the classical hyperbolic theory, the system (1.1) is local well-posed in the interval
[0, Tp] in H*® with s > 2, we have the estimate

latllzge ps + 11Bllzge s < Cluto, Bo). (2.18)
0 0
Hence, by the embedding theorem,

”u”LOT%LOO < C(uo,Bo). (2.19)

Thus, it is sufficient to establish that an a priori estimate (2.19) is valid for ¢ > Tj. We
rewrite the first equation in system (1.1) as

u+vEu=V-(BQB) -V -(u®u)- Vp. (2.20)

According to the solution of the linear inhomogeneous equation, the solution of (2.20) can
be explicitly given by

u(t) = K(¢) * ugp + /Otl((t -1)%[V-(B®B)-V-(u®u)- Vp|dr. (2.21)
Taking L* norm in terms of space variables and using the Young inequality, we obtain
0] = I <]+ [ VK =) % [(B® B — (40 w)](0)] o dr
+ /O t||div(1((t - ))p| o~ dr (2.22)
< C||K@)|| ;1 1ol + C/Ot”VK(t -1)| 2| [B®B)
—(u®B)|(x)| 2 dr + /ol |div(K(=1))| 2 llpl 2 dT

= C[K@] s luollz + € fo [VE@ -0 [B@)] 4 |B)] 2 d7
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< K@ ol + CIVE@)] 3,2 [0 | oo | BO e
< C(1+£7 + ) uollz~ + C(t, uo, Bo)

< C(1+8)|1Bollzee + C(t, uo, Bo), (2.23)

where we have used the inequality || K(¢)[|;1 < C(1 + ¢! + £3), which is the property of the
operator £ proved in Lemma 2.5 [14], hence we obtain

llullggoroo < C(¢ 10, Bo), for t > T. (2.24)
Combining (2.19) and (2.24), we have
llullrgeroe < C(£ 10, Bo), foranyt e [0, T]. (2.2B)

2.4 L?L*™ estimate for @
Lemma 2.4 Assume that the conditions in Theorem 1.1 hold, then it holds that

t
/ |(0)]| 3o dT < C(T, 10, Bo)- (2.26)
0
Proof We write the first equation of (2.8) as
dw+vEw=B-V)j—(u-Vio=V-Bj) -V - (uQw). (2.27)

According to the solution of the linear inhomogeneous equation, the solution of (2.27) can
be explicitly written as

t
w=K(t)*wy + / Kit-1)%[V-B®))- V- (u®w)](r)dr. (2.28)
0
Taking L* norm in terms of space variables and utilizing the Young inequality, we have

lollz = K@) % w0 o + /O |VK(t-0) % [(B®)) - (4 ® )] ()] 1 do

< ClK®)] 2 lwoll2 + C / VK (- )] (| B® D) 2

+ (@ ))(0)| 2 dr. (2.29)

In order to obtain the L?Loo estimate on w, we take the L? norm on the time variable and

use the convolution Young inequality as well as the estimate (2.25) to obtain

lollzz < CIKO | 2210002 + C[ VK@ 1,2 (1B @ fllpzp2 + [ @) 2,2)
= C[K®| 22 llwollz + C[ VK@ 112 (1Bl 210 1l o2

+ ||M||L?L4||j||L§L4)

= C(T1 M(),B()), (230)

Page 6 of 12
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where we have used the following known estimates due to the linear inhomogeneous equa-

tion:
t 9 t
/ |K(@)|}2 dr < C(T, uo, Bo), / K@) oo d < C(T, 10, Bo). (2.31)
0 0
On the other hand,we also used the fact that

1
lwll%,, < C(T, uo, Bo) (2.32)

1
lull s, < Cllal B

2
L°1?
and

1

1 1
lolgs = Clol .1 Vol;

2
L71?

1 1 1
< Clol e (lol,. + [£20]5,0)

< C(Tr Uo, BO) (233)
As a result, one has
¢ 2
/ ()2 dr < C(T, uo, Bo). (238)
0

2.5 The key estimates of fot I Vj(T)|l= dT
Lemma 2.5 Assume that the conditions in Theorem 1.1 hold, then it holds that

||a)(t)||Loo < C(T¢ I/l(),B()), (235)
1 1
Vulre < ClIVu|| LI Voll (2.36)
t
/ IVallne dr < C(T, 10, Bo). (2.37)
0

Proof By (2.28), we can check that
w=K(t) * wy +/ K(t-1)% [V -B®j)-V-(u ®w)](r)dr. (2.38)
0

Taking the operation V to both sides of the above equality, and then taking the L* norm

in terms of space variables and using the Young inequality, we have
IVollr,
t
<[VK@ o], + [ VK1) +[B©) - 4 )](0)] o do
0

< C|VK®)| allwollz + C / [V (- ) (B © )@ o

+ (4 ® @)(1)] ;) d. (2.39)

Page 7 of 12



Li and Hong Boundary Value Problems (2023) 2023:76 Page 8 of 12

Then, we obtain by taking the L! norm in terms of time variables and utilizing the convo-
lution Young inequality

[ Vo)1,
= C|VK®| 3 olloll2 + C[ VKO 30 (1B @ fllppoe + 18 @ l30)
= C[ VK@ o llwll 2 + C[T2K@| 1, (1Bl + el 2 0l 210)

< C||VK(L‘)||L[1L2 lwoll 2 + CHVZK(’:)”L}U
1 1
(1Bl zgoroe lill oo + Nll oo 2 N0l o Nl 210 ) (240

By the previous estimates on || VK||L}L2, it is easy to show that || VK||L}L2 ljollz2 are nonde-
creasing functions satisfying

| VE@)] 11,2100l 22 < C(T' o, Bo), (2.41)

[ V2K @] 32 1Bl zgeree < CT' uo, Bo)- (2.42)
Therefore, it follows from (2.40) that
t
fo | Vo), de
1
< C|VK® | 2 lwollzz + (C[ VK@ a0 + 14l e 2 N0l 2100

+ ClBler~ | VKO 1) /0 (@) dr. (243)

Multiplying both sides of the vorticity equation by |w|P~2w and integrating over R?, we
obtain

d
}95 @l = /RQ(B Vol dx v /

foloP2wdx
R2

< 1Bl IVjll e lloll5y (2.44)

where we have used the nonnegativity of the almost Laplacian velocity dissipation, then
we have

d
E”w(t) |p < IBll=IVjlle. (2.45)
Integrating over time, we have
t
le®] < o], + /0 [B@) o [Vi)] 1 - (2.46)

Letting p — o0, this yields

[0®]] 0 = 0O o + /0 |B@] 1 [ Vi) de- (247)
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Due to the previous estimate, we obtain

[(®)] . < [£(©)], +C(T) fo |Vj@)] . (2.48)

Now, suppose that
t
H(t) = hi(T) + hy(T) / ()|, dr., (2.49)
0
it follows from (2.43) that
t
f [Vo(o)|| .~ dr < H(Q). (2.50)
0

Due to (2.48), we easily obtain

2 1) = Hy(T)|o0)]

dt L

< Hz(T)<||w(0)||LOO L) /0 Vo) df)

< Hy(T)(]|(0)]| o + C(T)H(2)). (2.51)
The Gronwall lemma provides us with
G(t) = C(T> MO:BO)’ (2.52)
which further implies that
t
/ [ Vi(0)]  dT < C(T, uo, Bo). (2.53)
0
Combing (2.53) and (2.48), we obtain
lo(®|| ;oo < C(T' 10, By). (2.54)
According to the interpolation inequality
1 1
IVillree < ClIVul I Vol f (2.55)
and (2.16), we obtain
t
[ 19utzde < o, 0 (256
0

2.6 Global H*(s > 2) estimates of (u, B)
Lemma 2.6 Assume that the conditions in Theorem 1.1 hold, then it holds that

()], + [B®)],. + /O |£bute)|, dr < COo). (2.57)
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Proof To obtain the global bound for (,B) in H*(s > 2), we apply A® with A = (/ — A)%
to the original equation u and B, and take the L? inner product of the resulting equations
with (A®u, A*B) to obtain the energy inequality.

2
HS

+[B@5) + |24

2
HS

1d
55(””“”

=—/ [As,u-V]u-Asudx+f [AS,B-V]B~ASudx
R? R?

—/ [AS,u.V]B-ASde+/ [A%,B-V]u-A°B
R? R?

211 +12 +13 +I4, (2.58)

where [m, ] is the standard commutator notation, namely [a, b] = ab — ba. Utilizing the

following Kato—Ponce inequality [16].

I8l = VL~ | Al + gl [AF] ), 1<p<co 259)
Then, we estimate the energy terms as follows:

L < ClIVulpollulzs, o < CIVBIz=(lullfs + I1BlFs), (2.60)

I3 + Iy < C(|| Vallge + | VBIlzoe) (17 + I1BIIZe)- (2.61)

Finally,we obtain

d
217 + 1B ) + [£2u]

< C(IVtllgee + VBl o) (el s + 1Bl Fss)- (2.62)

We need to estimate the bounds on ||Vu| i~ and ||w|/r~, according to the following

Sobolev extrapolation inequality with logarithmic correction [17].

Vullpee < C(1+ llull 2g2) + llwllooz2y) (e + 1l gsg)) (s> 2). (2.63)
Collecting the above estimate, we have
2 152
s) * [ E20]

d
gz @1 + B

< C(L+ @iz + [VBIIz)n(e + llullFs + [1Bllzs)

(leells + 1Bl 75 )- (2.64)

Utilizing the log-Gronwall-type inequality and estimates (2.34) and (2.41), we obtain

()], + [B®)],. + /O [ ue) | dr < COo). (2.65)
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Combining (2.13) we obtain

JAZC

According to the six steps priori estimates in previous results, we give the proof of Theo-

f{m dr < C(t). (2.66)

rem 1.1. We introduce the mollification of onf given by

(o)) = N / (NG = ))f ) dy, (2.67)

n
R2

where 0 < n(|x]) € C3°(R?) satisfies fRZ n(y)dy = 1. We regularize the system (1.1) as fol-

lows:

d,uN + Pon((onuN - V)onu) + vi£ionuN = Pon(onBY - V)onBY,
39BN + on(onu - V)onB = on((onBY - V)onuM),
V-uN=vV.-uN=0,

uN(x,0) = onuo(x), BN (x,0) = pnBo(x),

where P denotes the Leray projection operator. For any fixed N > 0, using the properties
of mollifiers and the priori estimates obtained in proving the global bounds, for any ¢ €

(0,00),
| @] + [ BY @] + /0 |2 (o)}, dr < C@), (2.68)
/ t||uN (D)o dT < C), (2.69)

0

which are uniform in N, according to the standard Alaogu theorem and compactness
arguments, we can extract a subsequence (#™i, BNi) and pass to the limit as N — oo to
obtain the fact that the limit function (u, B) is indeed a global classical solution of the
problem (1.1). The uniqueness can also be easily obtained. This completes the proof of
Theorem 1.1. O
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