Wang and Guo Boundary Value Problems (2023) 2023:51 @ BOU nda ry Va I ue PrOblemS
https://doi.org/10.1186/513661-023-01738-x a SpringerOpen Journal

RESEARCH Open Access
()]

Persistence properties and blow-up
phenomena for a generalized
Camassa—Holm equation

Ying Wang' and Yunxi Guo'"

“Correspondence:

matyunxiguo@126.com Abstract

' Department of Mathematics, Zunyi . . . . . .

Normal University, 563006, Zunyi, In this paper, we investigate a generalized Camassa—-Holm equation. Firstly, we

China establish the persistence properties of strong solutions for the equation in weighted

spaces 12 =[P(R, @P dx). Then we present some sufficient conditions of blow-up
solutions assuming that the initial data satisfy certain conditions, which are more
precise than those in the previous work.

MSC: 35D05; 35G25; 35L05; 35Q35

Keywords: Persistence properties; Weighted space; Blow-up; A generalized
Camassa-Holm equation

1 Introduction

In 2009, Novikov [26] used the perturbative symmetry approach to deduce a series of
generalized Camassa—Holm equations, including both quadratic and cubic nonlinearities,
which are integrable and possess an infinite hierarchy of quasi-local higher symmetries.
They are of the following structure:

(1 - a?)ut :F(I/l, Uy, Uy uxxxw-«); u= u(t,x), (1)

where F is a function of # and its derivatives with respect to x, and the subscript denotes
partial derivative. Among them, the most celebrated example is the Camassa—Holm equa-
tion (also called the CH equation)

U — Upyy + Uy — 2UyUyy — Ulhyyy = 0, (2)

derived by Camassa and Holm [2] and Fokas and Fuchssteiner [11]. It describes the motion
of shallow water waves and possesses a Lax pair, a bi-Hamiltonian structure, and infinitely
many conserved integrals [2]. It can be solved by the inverse scattering method. One of
the remarkable features of the CH equation is that it has the single-peakon solutions

ult,x) =ce ™, ceR,
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and the multipeakon solutions

N
u(t,x) =y pi(t)e 10,

i=1

where p;(¢) and ¢;(t) satisfy the Hamilton system [2]

dpi _ _B8H _ : lgi—qil
T =i = Liybipisign(qi — qj)e !,
dq; _ _9H _ olai—gjl
at =~ " op ij/e )

with Hamiltonian H = ; Zf\jz | pip;eil. It is shown that those peaked solitons are orbitally
stable in the energy space [9]. Another remarkable feature of the CH equation is the so-
called wave-breaking phenomenon, that is, the wave profile remains bounded while its
slope becomes unbounded in finite time [5-7]. Hence equation (2) has attracted lots of
attention since it was born. The dynamic properties related to the equation can be found
in [4, 8, 10, 12, 14-20, 23, 31, 33—-38] and the references therein.

The other example is the Novikov equation

Uy — Uppy + 0% 1y — Bttty — Ul Upry = O. (3)

It is shown in [26] that equation (3) possesses soliton solutions, infinitely many conserved
quantities, a Lax pair in matrix form, and a bi-Hamiltonian structure. The conserved quan-
tities

Hl[u(t)] = / (u2 + ui) dx

R

and

1
H,(t) = / (u4 +2uu? ~ —ufj) dx
R 3

play an important role in the study of the dynamic properties related to equation (3). More

information about the Novikov equation can be found in Tiglay [27], Ni and Zhou [25],

Wu and Yin [29, 30], Yan, Li, and Zhang [32], Mi and Mu [24] and the references therein.
In this paper, we are interested in the following equation:

1
Ut — Uty = 5(314,% = 2Uy U — u,zcx ’ (4)

u(0,x) = up(x),

for t > 0 and x € R, and u stands for the unknown function on the line R. Problem (4)
admits traveling wave solutions and possesses conserved laws [21]

E(u(p) = /

(17 + ul,) dx = / (g + Ugy) A (5)
R R

Tu and Yin [28] established the local well-posedness for the Cauchy problem in the critical

1
Besov spaces By, relying on the Littlewood—Paley decomposition, transport equations
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theory, logarithmic inequalities, and Osgood’s lemma. The global existence of a strong
solution and some blow-up results are also presented. It is shown in [21] that the solutions
of problem (4) are velocity potentials of the classical Camassa—Holm equation and also are
locally well posed in the other Besov spaces B;’r, s > max{ }9, %}, To our best knowledge, the
asymptotic behaviors for the Cauchy problem (4) have not been studied yet. In this paper,
we first investigate the asymptotic behaviors of the strong solutions for problem (4) in
weighted spaces LZ := LP(R, ¢” dx), extending the result in [22]. Then we present some
blow-up results, provided that the initial data satisfy certain conditions, which are more

precise than those in [28].

Notations The space of all infinitely differentiable functions ¢(t, x) with compact support
in [0, +00) x R is denoted by C§°. Let L7 = L?(R)(1 < p < +00) be the space of all measurable
functions / such that ||h||1L)P = [g |h(t, %) P dx < co. We define L> = L*°(R) with the standard
norm ||Af|ze = infy(e)-0SUp,ep\|/1(2,%)|. For any real number s, H* = H*(R) denotes the

Sobolev space with the norm

I7lls = (fR(l + I%‘|2)8|il(tw§)|2d§>2 <00,

where h(t,€) = [, e "¢ h(t, x) dx.
We denote by  the convolution. Note that if G(x) := 3™, x € R, then (1-92)7!f = Gxf
forallf € L%(R), and G * (1 —u,,) = u. Using this identity, we rewrite problem (4) as follows:

u—rut=Gx [+ 2u2 ],

2 ? ©)
u(0, %) = uo(x),
for t > 0 and x € R, which is equivalent to
Vi — Uy = —%yz +uy+ %ufc - %uz,
Y =U— Uxy, (7)
u(0,%) = uo(x), Yo = Uo — Uoxx.

2 Persistence properties
Motivated by the recent work [22, 35, 36], the aim of this section is to establish the per-
sistence properties for a generalized Camassa—Holm equation in the weighted L? spaces.

Let us first give some standard definitions.

Definition 2.1 An admissible weight function for problem (4) is a locally absolutely con-
tinuous function ¢ : R — R such that, for some A > 0 and almost all x € R, |¢'(x)| <
Alp(x)|, and that is v-moderate for some submultiplicative weight function v satisfying

infr v >0 and

/ () dx < 00. (8)
R

elxl
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Definition 2.2 In general, a weight function is simply a nonnegative function v: R” — R,
which is called submultiplicative if

v(x,y) < v(x)v(y) forallx,yeR".
Given a submultiplicative function v, a positive function ¢ is v-moderate if and only if
3Co>0:¢(x +y) < Covix)p(y) forallx,y € R".

If ¢ is v-moderate for some submultiplicative function v, then we say that ¢ is moderate.
This is usually used in the theory of time-frequency analysis [1]. Let us recall the most
standard example with such weights. Let

B) = Papea®) = e (1 + [2]) Tog(e + |x])".

Then we have the following two properties [22].

(i) For a,c,d > 0 and 0 < b < 1, such a weight is submultiplicative.

(ii) If a,c,d € R and 0 < b < 1, then ¢ is moderate. More precisely, ¢opca iS Pa,p,y,s-
moderate for |a| < a, |b| < B, |c| <y,and |d| <§.

The elementary properties of submultiplicative and moderate weights can be found in
[22]. Let us collect our results on admissible weights.

Lemma 2.1 ([22]) Let v:R" — R* and Cy > 0. Then the following conditions are equiva-
lent:
(1) Vx,y:v(x +y) < Covx)v(y);
(2) forall1l <p,q,r < oo and for any measurable functions f1,fo : R" — C, we have the
weighted Young inequality

1 1 1
* )| < Gollfiv Wy 1+-—=—+-.
[ %], < Colfvlo vl 1+ 7= o
Lemma 2.2 ([22]) Let 1 < p < 00, and let v be a submultiplicative weight on R". The fol-
lowing two conditions are equivalent:
(1) ¢ is a v-moderate weight function (with constant Cy);
(2) for all measurable functions fi and f>, we have the weighted Young estimate

[ £, < Collfivinllfsd -

Theorem 2.1 Let T >0,s > %, and?2 < p < co. Assume that u € C([0, T], H*(R)) is a strong
solution of problem (4) such that u(0,x) = ug satisfies

uoP, U xP, U xxP € IP(R),

where ¢ is an admissible weight function for problem (4). Then, for all t € [0, T], we have
the estimate

lugllr + luxplirr + lsxxplr

CMt
< (ol zp + ol p + ol 2 )e
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for some constant C > 0 depending only on v, ¢ (through the constants A, Cy, infycr v, and

R %dx < 00), and

M= sup ([|u(®)] o + 00| oo + [Daets(D)] -
te[0,T]

Proof Assume that ¢ is v-moderate and satisfies the above conditions. From the assump-
tion u € C([0, T], H?), s > 5/2, we get

M= sup ([u(®)]  + 0240 oo + [0ets()] ) < 00.
tel0,T]

For any N € Z*, let us consider the N-truncations of ¢: f(x) = fy(x) = min{¢, N}. Then
f:R — Ris alocally absolutely continuous function such that

IIfllze <N, V/(x)| < A[f(x)} a.e.on R.
On the other hand, if C; = max{Cy, "'}, where « = inf,cg v(x) > 0, then
flx+y) <Cv(x)f(x) VYx,yeR.

In addition, as shown in [22], the N-truncations f of a v-moderate weight ¢ are uniformly
v-moderate with respect to N. We begin to consider the case 2 < p < co. Multiply the first
equation of problem (6) by f|uf|?~2(uf) and integrate to obtain

f 0 P (uf)0,uf )l — / P2 (uf fil i
R R

1
_ / uf 1P (uf)fG # [ug . Euix] dx=0. 9)
R
For the first term on the left-hand side of (9), we have
[z = > Sty = Vit S (10)
& ‘ pdt" W g

and the third term on the left-hand side of (9) reads

}fG * |:u,2€ + luix]
2

< Nuf 15 1GYI o (| 2f | + S ] )

< CMIuf 15, (lluf e + Nt N120), (11)

—1
< llufllz

‘/ |uf|1’_2(uf)fG* |:u,2c + lufm] dx
- 2

‘ g

where we used the Holder inequality, Lemmas 3.1 and 3.2, and (8). For the second term,
we have

’/ |uf|p_2(uf)fufcdx
R

_ ] /R s luf 172 [0 i) — ]

+

< ‘ / s 17210, i)
R

f we|uf P72 (uf ) uf, dx
R

M
< ;Ilufllfp + AM|\uf |I},. (12)
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From (9) we obtain

d
alluflluf < (%/I +AM> luflle + CM(lltaf lle + NS Il 12). (13)

Now we will give estimates on u,f. Differentiating the first equation of problem (6) with

respect to x, we get

1
Uy — Uglhy — Gy % |:ua2c + §Mazcx:| =0, (14)

which multiplied by f results in the equation
2,1,
0 (Uyf) — fuuxthy — Gy | 1 + Euxx =0. (15)
Multiplying (15) by |u.f[P~2(u.f) with p € Z* and integrating give the equation

/ [ 1P 72 (s ) 0y (1t f ) A — / |taf VP2 (e fitathnn
R R
1
—/ |t f [P~ (1 )f G % |:uﬁ + iufm] dx =0. (16)
R
Using as similar procedure, we obtain the estimates
p-2 1d 14 p14

[f 1" (nf ) O (unf ) A = — — Nl 175 = Nttaf 1 = Nt Nl 22 (17)

R p dt dt

< Mlusf I}, (18)

‘ /R e V2t Vit

and

p-1
< luaf I

‘fo * |:ufc + luﬁxi| ‘

2 )z
< Cluf 15, NGav o ([|2f | + |2f | ,0)
< CMIluf 15" (luf e + Nttf I20),  (19)

|f |t f 1P (e f)f G * [ui + lufm] dx
A 2

where we used [0,G(x)| < 3¢*I. Therefore from (16)—(19) it follows that

d
Sl = (C+ DM|lusf |1r + CM || thif 1| 17).- (20)

Next, we focus on estimates of u,,f. Differentiating (14) with respect to x and multiplying

by f result in the equation

1
A (Usrf) —fufcx — futy Uy — fGix * [ufc + Euix} =0. (21)
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Multiply by |t f 172 (t,f) with p € Z* and integrate to obtain the equation
f b Pt )0, hf e — / e 1t Vi, i — f b P2t ittt
R R R
1
- / |l 1P (s f )f G |:ufc + Euﬁx] dx=0. (22)
R
Notice that the estimates
p-2 ld 4 p-1 d
|uxxf| (uxxf)at(uxxf) dx = __H”xxf”Lp = ””xacf”Lp _”Mxxf”l}’y (23)
R P dt dt

‘/R |thaof 1P~ (thaf Vi3, x| < M|tf 11, (24)

and

p-1

‘/ |uxJ|P’2(uny’Gxx * |:u§ + luﬁx] dx
R 2

"/Gxx * |:u§ + luﬁx] ‘
2 §7
< CM””x&cf”[z;l(”uxf”lP + luf lr)  (25)

hold, where we used the equality 32G = G — 1.
For the third-order derivative term, we have

‘/ |an¢f|p72(uxa¢f)fuxuxxx dx
R

_ ' fR et f 1P 1t N[O fes) — tfe]

< ‘ f 6 1P (tf O fir)
R

+

/ s taf 1P 1t Vi
R

M
< ;Iluxxfllfp + AM||thaf |17 (26)
Therefore from (22)—(26) it follows that
d 1
E”Mxxf”U’ECM””xf”l}’ +M 1+C+A+; ll2tcnf | 22 (27)
Now, combining (13), (20), and (27), we deduce
d
E(llufﬂw + llttf e + kS 1120)
M 1
< (— +AM> luflie + (BC + DM|luyf |l 1o +M<1 +3C+A+ —) ll2tsf Il r
P P

< CM(lluf ey + Nlstaf lw + otf N1 22)- (28)

Integrating (28) gives

leaf 2o + Nleaxf Nlze + lttanf |l 1o
< (luof e + ltbonf l1p + lttouaf N1p )€™ VE € [0, T (29)
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Since f(x) = fy(x) = ¢(x) as N — oo for a.e. x € R, recalling that up¢p, uoP, uoxd € L?,
we deduce

luglice + Nluxdllzr + llttxpllLr

< (luodllr + lluoxllze + ltorspllzr)e™ Ve e [0, T). (30)

Finally, we will treat the case p = co. We have uy, oy, Uoxx € L2NL* and f(x) = fy(x) € L*°.
So we obtain

lleef llza + ot Il + xS Nl 2o
< (lluaf llza + llthonf llza + llthonsnf Nl ) €™ ¥t € [0, T] (31)

for g € [2,00), where the last factor on the right-hand side is independent of 4. Since
flle = |If Iz as p — oo for any f € L2 N L™, we get

lloaf llzoo + lltasf llzoo + [l thof || oo
< (lluaf oo + llatonf llzoe + lltb0nsf llo0)e“M Ve € [0, T1, (32)

where the last factor on the right-hand side is independent of N. Now taking the limit as
N — oo implies that estimate (31) remains valid for p = co. g

Remark 1 (1) Let ¢ = ¢g,.0 With ¢ >0, and let p = co. Then Theorem 2.1 states that the

condition
|0 ()| + [1t0,6(%) | + |tho,ex ()| < C(1 + Ix]) ™
implies the uniform algebraic decay in [0, T]:
|u(t, )| + 1 (8, %) | + |uaa(t,) | < C(L + 1)) ™.

It is shown that the algebraic decay rates of a strong solution to problem (4) are obtained.

(2) Let ¢ = ¢g100 if x >0 and ¢(x) =1 if x < 0 with 0 < a < 1. It is easy to see that
such a weight satisfies the admissibility conditions of Definition 2.1. Moreover, let p = co
in Theorem 2.1. Then problem (4) preserves the pointwise decay O(e**) as x — +oo for
each ¢ > 0. Similarly, we have persistence of the decay O(e™**) as x — —o0.

Clearly, the limit case ¢ = ¢1,1,.4 is not covered in Theorem 2.1. Furthermore, in the
following theorem, we may choose the weight ¢ = ¢;,1,.4 with ¢ <0, d € R, and ﬁ <p<
00. More generally, when (1 + | - |)log(e + | - )¢ € L”(R), Theorem 2.2 covers the case
of fast growing weights, which means that when a v-moderate weight ¢ does not satisfy
condition (8), we may establish a variant of Theorem 2.1, putting instead of assumption

(8), the following weaker condition:
ve Il e I2(R), (33)

where 2 < p < co.
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Theorem 2.2 Let 2 < p < 00, let ¢ be a v-moderate weight function as in Definition 2.1
satisfying condition (33), and let the initial data uy = u(0, x) satisfy

Llo(l), uO,x¢; Z'tO,xx(p € LP (R) and M0¢%, uO,x¢ % ) uO,xx(ﬁ% S L2 (R)
Then the strong solution u of the Cauchy problem for (4), emanating from uy, satisfy

sup (Ju@]r + @8], + O8] ) < 00

and

sup ([ ()92 |2 + |92 12 + [ uss(092] 1) < o0.
te(0,T]

Remark 2 Let ¢ = ¢1,100(x) = ! and p = oo in Theorem 2.2. If |19 (x)|, |#40(x)|, and |20, x|
are bounded by Ce™™, then the strong solution satisfies

|u(t,x)| + |ux(t,x)| + \uxx(t,x)| < CeM

uniformly in [0, T].

Proof The assumption that ¢ is a v-moderate weight function implies
ACy >0, s.t, ¢x+y) <Covx)v(y) Vx,yeR,

which, combined with infz v > 0, gives

1
(x+y) < Cozv% (x)v% () VxyeR,

Nl

¢

that is, ¢>% is a v -moderate weight function. The inequality |¢'(x)| < A|p(x)| reads

ol
ol

b7

IS

(62)' ()] = %«p‘% ¢ ()] <

By condition (33), ve™* € L7. So the Holder inequality yields

< c”ve_‘x‘ ”U, <00, ¢q= 2;—Ij1

=[xl

L al 1
[vze ™l <lvze™ e

=lxl

”

Thus Theorem 2.1 with p = 2 applied to the weight q)% results in

o o + 0x? [ 2+ st

< (09 | o + Juosd? | 2 + ot )™ Ve [0, T, (34)

From Lemma 2.2 and f(x) = fy (x) = min{¢(x), N}, applying (33), we have

1 1
o[- 3] <ven e ]
2% ||, 2% ||,

(I 2aeeo + 20 2)

CMt. (35)

IS

[

I
Q
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Similarly, we have the estimates

1 1
H/Gx * |:ui + —ufm] < fGxlle Hj[ufc + —uix:|
27|, 2

Se(lfruel e+ I 2wl 2)

1

< CeCMt (36)
and
ous i g ]| <foe e g] ol 5]
G * | 1y + 1, G* | ul + 7 + |f | uy + =ul,
2 2 »
<Gl Mu + 1y ] N Hu2+1u2H
p 2 XX 1 X 2 XX I
Sc(fuelf + |F e 2) + CM(laef lip + Nitef 120
< Ce™M + CM(luxf llze + llttsrf Il 10 ) (37)

Here the constants on the right-hand side of (35)—(37) are independent of N. By using the
procedure as in the proof of Theorem 2.1, we readily get

d M 1
—llufllr < (— +AM> llufllr + pG* |:M,Zc + —M,zcx] , (38)
dt p 2 1w
d 2 1 2
—Nuaf e < Mlluaf e + |[fGx * | vy + Zti, ||| 5 (39)
dt 2%,
and
d 2 1 2
|Mxxf||U’<M 1+A+_ |uxacf||U’+ G * U, +2uxx (40)
e

Substituting (35), (36), and (37) into (38), (39), and (40), respectively, and summing up
them, we have

%(lluflup + laf lw + Nttf 1120)

< KM(luf I + luaf v + ltbaaf 1) + Ce“M. (41)

From Gronwall’s inequality it follows that

laf llzw + ot Nlzw + llstanf Il o

< M (Jlugf Il + lluof 1 + llttosf llzr) + CelCHME, (42)

We obtain desired result by letting N — oo in the case 2 < p < 0o. The constants through-
out the proof are independent of p. So for p = 0o, we can obtain the result from that es-
tablished for the finite exponents g by letting ¢ — co. The rest of the proof is fully similar
to that of Theorem 2.1. O
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3 Blow-up

3.1 Several lemmas

In this section, we study the sufficient conditions of blow-up solutions for problem (4) by
using some classical methods. Firstly, we need several lemmas.

Lemma 3.1 ([3]) Letf € CY(R),a>0, b >0, and f(0) > \/g. Iff'(t) > af*(t) - b, then

f(t)—> +00 ast— T =

0 b
1 log<f( )+ \/:> (43)

2/ab "\ p(0)- /2

Lemma 3.2 ([13]) Letuy € H®, s > 5/2. Then the corresponding solution u has the constant

energy integral

/R(ui + uix) dx = fR(u(z)x + u(zm) dx = ||u0x||f{1.

Lemma 3.3 ([13]) Letuo € H*,s > 5/2. Let T be the lifespan of the solution to problem (4).
Then the corresponding solution blows up in finite time if and only if

liminf inf m = —o00.
t—T xR

Remark 3 From Lemma 3.2 we see that u(¢,x) is bounded. This implies that the solution

to problem (4) blows up if and only if
tll)n}, | thxx [l Loe = +00.
3.2 Blow-up phenomenon

Theorem 3.1 Let uy € H*(R) for s > % Let u(t, x) be the corresponding solution of with the
initial datum uy. Suppose that the slope of uy satisfies

3 K
/R(MO) <—E, (44)

2
where K> = QX322 004 - and K7 =

4|Iu/1H2 . Then there exists the lifespan T < 0o such
0l

that the corresponding solution u(t,x) blows up in finite time T with

1 K1h(0) + K
T= 1 . 45
KK, Og(l<1h(0) —1<> (45)
Proof Define g(t) = u,(t,x) and h(t) = fR g2 dx. Then it follows that
& -8 =0Q (46)

where Q = 9,(1 - 82)7 (2 + 2u2).

Differentiating equation (46) with respect to x yields

1 _ 1
8~ 8= 58 —& +(1-9) 1<u§ + §”§x>~ (47)
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Multiplying by 3¢g2 both sides of (47) and integrating with respect to x over R, we have

i 3 _1 4 _ 2 2
dt Rgxdx_zjl%gxdx S.éggxdx
w3 [0y (@) ase s [ @0-)" ) ax
R R

=F1+F2+F3+F4. (48)

Using Holder’s and Yong’s inequalities, (5), and (48), we get
r,=3 / g dx
R
1 1
2 2
< 3(/ g4dx> </ (gx)A‘dx)
R R
1
712 4 ’
<3l [ @)
R

714 4
< 3(””"””1 + ¢ Jae) dx), (49)
2e 2

rh=3 [ @(-02)" () ds
R

<= @)1 fwra)

1

< 3w, ( [ @M)z

714 4
< 3("”"””1 + < Ju (@) dx), (50)
e 2

and

3 -
ro- 5 [ @00 "0e) s

1
2

IA

21000 )l [ )

32, 2
bl ([ e an)

372 (nuon;:l K fR(gx)ux)

(51)

4 2¢€ 2

Combining inequalities (49)—(51), we obtain

24 + 342 (24 + 34/2)e
ITa + T3] + T4 < Tnuonzl +T/(gx)4dx. (52)
R

Page 12 of 17
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. _ 2 .
Choosing € = YW yields

F2+F3+F4Z <(24+3\/— ”uO”Hl"'_/(gx dx) (53)

Therefore, combining (48) and (52), we get

1
p gx dx > — / grdx - K2, (54)

where K? = (24+3 V2? N2 || . Using Holder’s inequality, we get

2
( / ggdx) < / £ dx / dx < i / . (55)
R R R R

Combining (54) and (55), we have
d 272 2
Eh(t) > -Kih*(t) + K7, (56)

2 1
where Kj = ———.
a2 4

From the assumption of the theorem we have that 4(0) > 1< , and the continuity argu-
ment ensures that h(t) > h(0). Lemma 3.1 (with @ = K} and b = K?) implies that 4(¢) — +00
Kih(0)+K
ast—>T= 21(11< log 0%
On the other hand, using the fact that

/R Fdx< / & dx < |t o / = 6,0 o 26| 2 (57)

Remark 3 implies the statement of Theorem 3.1.
The characteristics ¢(t, x) related to problem (4) is governed by

%(t,x) = _ux(t’ Q(t,x)), tel0,7),

q(0,x) =x, x€R.
Applying the classical results in the theory of ordinary differential equations, we can obtain

that the characteristics g(¢,x) € C!([0, T) x R) with g,(t,x) = elo —mx(ta@adr 5 for all
(¢,x) € [0, T) x R. Furthermore, it is shown in [28] that the potential y = u — u,, satisfies

72 (6, q(6,%)) 4a(,%) = y(x)elo vax(raeaDdr, (58)

Therefore we obtain the second blow-up result. g

Theorem 3.2 Let uy € H*(R), s > % Suppose that there is a point x; € R such that

V2 1 2+4/2 V2

- <u3x(xz) - Eu?m(xz)> 2 ol <O and  uoy < 5 towx- (59)
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Then the blow-up occurs in finite time

) . (W NI ||u0x||H1)
=
NN TSI e~ 208, VT Tl

Proof We track the dynamics of P(t) = (u, — gum)(t, q(t,x7)) and Q(¢f) = (u, + %uxx)(t,

q(t,x,)) along the characteristics

y 2
P (t) = (utx + uqut) - T(utxx + uxxet)
2 _ 1 2 _ 1
_ %p@ 0.(1 - 2) l(ug R Euix) _ %(1 _ ) l(ug R Euix)
V2 2+ ~/—

< 5 PQ+ = g (60)

and

Q1)

2
(ex + Unnqs) + T(Mtxx + Upxxqt)

_\/TEPQ +3,(1-92)" (uﬁ + %u§x> + \/75(1 —2) (ui + %%%;;)

Z—?PQ—%F\/_

” Uy HHI (61)

From (59) we see that the right-hand side of (60) is positive and the right-hand side of

(61) is negative initially. Hence P increases, and Q decreases. Then we obtain

P(t) < P(0) = ugy — gu(m <0, (62)
Q(t) > Q(0) = ugy + ?MOM > 0. (63)

Letting /(t) = /—PQ(t) and using the estimate % > h(t), we have

PQ+PQ
2./-PQ
_ ~(FPQ+ 252 171)Q + PCEPQ + 22 |121)
- 2./-PQ
_ ~(FPQ+ 22 171)(Q - P)
- 2./-PQ

W) = -

NG) 2 f
- pg 2
-y <>—ﬂn s (64
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In view of Lemma 3.1, we obtain that # — +o0 as t — Ty with

Ty

(65)

) 1 l%(ﬁm+w¢hnwwm)
VA2 + Ulugullpn V2ho — (VN2 + 1) ||ugellpn

Observe that h(t) =,/ %uix —ul< |“/7§uxx(t, q(t,x7))|. Therefore h — +oo as t — T implies
that |u,, (¢, q(t, x2))| = +o0 as t — Tj.
The proof of Theorem 3.2 is completed. O

Theorem 3.3 Let uy € H*(R) fors > % Suppose that there exists x3 € R such that ugy,(x3) >
lletgll 1. Then the wave breaking occurs in finite time

1 XX /
T = log(uo (x2) + 2l g2 ) (66)

ll24g |11 uoxx (%2) — [lug [l 11

Proof Now we prove the wave-breaking phenomenon along the characteristics g(t, x3). It
follows from (6) that

-1 1
%mzm@-ﬁ)(@+?@) 67)
and

- 1
W (t) = —ul, —u2 + (1-02) l(ui + Euix) (68)

Since (1 - 02)7(u2 + Jul,) > ju?, we get

, 1, 1

u,,(t) > Eu?cx - Eui (69)

Setting M () = u,x (¢, q(¢,x3)) and using Young’s inequality, Lemmas 3.1 and 3.2, and (69),
we get

1
M'(t) > EMZ - Ky, (70)

where K, = 3 ||ug|1%,-

Since by the assumption of Theorem 3.2, uy(x3) > |[t4g || 1, solving (70) results in

M— +o0 ast— 1%, (71)
1 uoxx (¥3)+llugll 1
where T™ = o log(L o i ) .
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