
Shi Boundary Value Problems         (2023) 2023:29 
https://doi.org/10.1186/s13661-023-01714-5

R E S E A R C H Open Access

Nonexistence results of solutions of
parabolic-type equations and systems on the
Heisenberg group
Wei Shi1*

*Correspondence:
swqinb20280@163.com
1School of Mathematics and
Statistics, Beijing Institute of
Technology, Beijing 100081, China

Abstract
In this paper, we present necessary conditions for the existence of weak solution of
the parabolic-type equations and systems on the Heisenberg group. The main
technique for proving the results relies on the method of test functions.

MSC: 35K60; 35R03

Keywords: Nonlinear parabolic equations; Pseudo parabolic-type systems;
Heisenberg group

1 Introduction
In this paper, we are interested in the nonexistence of nontrivial solutions of pseudo
parabolic-type equations and systems in the Heisenberg group. Besides their intrinsic in-
terest, nonexistence results are a useful tool for proving related existence theorems for the
corresponding Dirichlet problem on bounded domains.

To better describe the setting, we recall the seminal work of Fujita. In his paper [6], Fujita
studied the following nonlinear heat equation:

⎧
⎨

⎩

ut(x, t) – �u(x, t) = u1+p(x, t), (x, t) ∈R
N × (0,∞),

u(x, 0) = u0(x) ≥ 0, x ∈R
N .

(1)

He showed the following results. If 0 < p < 2
N , then a solution of problem (1) blows up in

finite time for N > 2 while being globally well-posed for p > 2
N .

One of the further generalizations of problem (1) is considering the fractional Laplacian
(–�)s instead of the classical one (–�). For example, in [9], the authors considered the
Cauchy problem

⎧
⎨

⎩

ut(x, t) + (–�)su(x, t) = a(x, t)|u(x, t)|1+p(x, t), (x, t) ∈R
N × (0,∞),

u(x, 0) = u0(x) ≥ 0, x ∈R
N ,

(2)

for s > 0.
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As a generalization to the Heisenberg group, Ahmad and Alsaedi in [1] considered the
following problem:

∂u
∂t

+ (–�H )
α
2 |u|m = |u|p, (3)

where p > 1, supplemented with the initial data

u(η, 0) = u0(η),
∂u
∂t

(η, 0) = u1(η),

where (–�H )s is the fractional Kohn–Laplacian, s ∈ (0, 1), p > 1.
In this paper, we study nonexistence of all nontrivial weak solutions of pseudo parabolic-

type equation of the type

⎧
⎨

⎩

∂u
∂t + (–�H ) α

2 u – (–�H ) α
2 ut = |η|γH |u|p,

u(η, 0) = u0(η) ≥ 0, η ∈ Hn,
(4)

where p > 1, and γ is a real number, |η|H is defined in (8), the operator (–�H ) α
2 (0 < α < 2)

accounts for anomalous diffusion (see below for the definition).
We also present the critical exponent for the pseudo parabolic-type system

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂u
∂t + (–�H ) α

2 u – (–�H ) α
2 ut = |η|γ1

H |v|q,
∂v
∂t + (–�H ) α

2 v – (–�H ) α
2 vt = |η|γ2

H |u|p,

u(η, 0) = u0(η) ≥ 0, η ∈ Hn,

v(η, 0) = v0(η) ≥ 0, η ∈ Hn,

(5)

where p > 1, q > 1.
In recent years, increasing attention has been given to the analysis and PDEs, An im-

portant aspect most directly related to the present work is the fine analysis of blow-up
solutions of the nonlinear elliptic equations, see [14, 16]. In particular, equations on the
Heisenberg have been widely studied, see [2, 3, 5, 7, 8, 10, 11, 13, 15, 18–20] and the refer-
ences therein. In [12], the authors studied the Kirchhoff elliptic, parabolic, and hyperbolic-
type equations on the Heisenberg group, In addition, the analogous results have been
transferred to the cases of systems. Later, Zheng [21] established Liouville theorems for
the following system of differential inequalities:

⎧
⎨

⎩

�Hum1 + |η|γ1
H |v|p ≤ 0,

�Hvm2 + |η|γ2
H |u|q ≤ 0

(6)

on different unbounded open domains of Heisenberg group Hn, including the whole space
and the half space of Hn.

2 Preliminaries
In this section we recall some basic facts regarding the Heisenberg vector fields and frac-
tional powers of subelliptic Laplacian in the Heisenberg group, which will be used in the
sequel.
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The Heisenberg group Hn can be identified with (R2n+1,◦), where 2n + 1 stands for the
topological dimension and the group multiplication “◦” is defined by

ξ̂ ◦ ξ :=

(

x + x̂, y + ŷ, t + t̂ + 2
n∑

i=1

xiŷi – yix̂i

)

for any ξ = (x, y, t), ξ̂ = (x̂, ŷ, t̂) in Hn with x = (x1, . . . , xn), x̂ = (x̂1, . . . , x̂n), y = (y1, . . . , yn), and
ŷ = (ŷ1, . . . , ŷn) denoting the elements of Rn. Moreover, they are homogeneous of degree
one with respect to the dilations

δλ(ξ ) =
(
λx,λy,λ2t

)
(λ > 0). (7)

We consider the norm on Hn defined by

|ξ |H := ρ(ξ ) =

[( n∑

i=1

x2
i + y2

i

)2

+ t2

] 1
4

(8)

and the associated Heisenberg distance

dH (ξ , ξ̂ ) = ρ
(
ξ̂–1 ◦ ξ

)
,

where ξ̂–1 is the inverse of ξ̂ with respect to “◦”, i.e., ξ̂–1 = –ξ̂ . Let DR(ξ ) denote the Koranyi
ball with center at ξ and radius R associated with the gauge distance dH (ξ , ξ̂ ) = ρ(ξ̂–1 ◦ ξ ),
and we will refer to it as Heisenberg ball. For every ξ ∈ Hn and R > 0, we will use the
notation

DR(ξ ) :=
{
η ∈ Hn|dH (ξ ,η) < R

}
,

it follows that

∣
∣DR(ξ )

∣
∣ =

∣
∣DR(0)

∣
∣ =

∣
∣D1(0)

∣
∣RQ,

where |D1(0)| is the volume of the unit Heisenberg ball under Haar measure, which is
equivalent to 2n + 1 dimensional Lebesgue measure of R2n+1. The n-dimensional Heisen-
berg algebra is the Lie algebra spanned by the left-invariant vector fields

Xi :=
∂

∂xi
+ 2yi

∂

∂t
, i = 1, . . . , n,

Yi :=
∂

∂yi
– 2xi

∂

∂t
, i = 1, . . . , n,

T :=
∂

∂t
. (9)

The Heisenberg gradient, or the horizontal gradient of a regular function u, is then defined
by

∇Hu := (X1u, . . . , Xnu, Y1u, . . . , Ynu).
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While its Heisenberg Hessian matrix is

∇2
Hu =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

X1X1u · · · XnX1u Y1X1u · · · YnX1u
...

. . .
...

...
. . .

...
X1Xnu · · · XnXnu Y1Xnu · · · YnXnu
X1Y1u · · · XnY1u Y1Y1u · · · YnY1u

...
. . .

...
...

. . .
...

X1Ynu · · · XnYnu Y1Ynu · · · YnYnu

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Consider the vector fields Xj, Yj for j = 1, . . . , n in (9), the sub-Laplacian on the Heisenberg
group is a linear differential operator of the second order defined by

�Hu :=
n∑

j=1

X2
j u + Y 2

j u

=
n∑

j=1

∂2u
∂x2

j
+

∂2u
∂y2

j
+ 4yj

∂2u
∂xj∂t

– 4xj
∂2u
∂yj∂t

+ 4
(
x2

j + y2
j
)∂2u
∂t2 . (10)

A natural group of dilatations on Hn is given by

δλ(η) = (λx,λy, t), λ > 0,

whose Jacobian determinant is λQ, where

Q = 2n + 2

is the homogeneous dimension of Hn.
Here, we recall a result on fractional powers of sub-Laplacian in the Heisenberg group

taken from [4]. Let N (t, x) be the fundamental solution of –�H + ∂
∂t . For all 0 < β < 4, the

integral

Rβ (x) =
1

�( β

2 )

∫ +∞

0
t

β
2 –1N (t, x) dt

converges absolutely for x �= 0. If β < 0, β /∈ {0, –2, –4, . . .}, then

R̃β (x) =
β

2

�( β

2 )

∫ +∞

0
t

β
2 –1N (t, x) dt

defines a smooth function in Hn \ {0} since t 	→N (t, x) vanishes of infinite order as t → 0
if x �= 0. In addition, R̃β is positive and homogeneous of degree β – 4.

Lemma 2.1 If u belongs to the Schwartz class S(Hn) (see [5]) and 0 < α < 2, then (–�H )su ∈
L2(H) and

(–�H )su(x) =
∫

H

(
u(x ◦ y) – u(x) – χ (y)

〈∇H u(x), y
〉)

R̃–2s(y) dy

= P.V .
∫

H

(
u(y) – u(x)

)
R̃–2s

(
y–1 ◦ x

)
dy, (11)
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where P.V . is the Cauchy principal value and χ is the characteristic function of the unit ball
Bρ(0, 1), (ρ(x) = R

–1
2+α
2–α (x), 0 < α < 2, ρ is an H-homogeneous norm in Hn smooth outside the

origin).

3 Main results
Definition 3.1 A locally integrable function u ∈ Lp

loc(�) is called a local weak solution to
(4) in � = Hn × (0, T) with the initial data 0 ≤ u0(η) ∈ L1

loc(Hn) if the equality

∫

�

|η|γH |u|pψ dη dt +
∫

Hn
u0(η)ψ(η, 0) dη

= –
∫

�

uψt dη dt +
∫

�

u(–�H )
α
2 ψ dη dt

+
∫

�

u(–�H )
α
2 ψt dη dt +

∫

Hn
u0(η)(–�H )

α
2 ψ(η, 0) dη dt (12)

is satisfied for any test function 0 ≤ ψ ∈ C2,1
η,t (�).

Theorem 3.2 Let 1 < p ≤ γ +Q+α

Q and γ > –2, then (4) does not have a nontrivial weak
solution.

Proof Let u be a global weak solution of (4) and ψ be a smooth nonnegative test function
such that

D(ψ) .=
∫

�

|η|γ (1–p′)
H ψ1–p′(|ψt|p′

+
∣
∣(–�H )

α
2 ψ

∣
∣p′

+
∣
∣(–�H )

α
2 ψt

∣
∣p′)

dη dt

+
∫

Hn
u0(η)(–�H )

α
2 ψ(η, 0) dη

< ∞, (13)

where p′ = p/(p – 1). By using Young’s inequality, from identity (12) we obtain

∫

�

|η|γH |u|pψ dη dt +
∫

Hn
u0(η)ψ(η, 0) dη

≤
∫

�

|u||ψt|dη dt +
∫

�

|u|∣∣(–�H )
α
2 ψ

∣
∣dη dt

+
∫

�

|u|∣∣(–�H )
α
2 ψt

∣
∣dη dt +

∫

Hn
u0(η)(–�H)

α
2 ψ(η, 0) dη dt

≤ 1
2

∫

�

|η|γH |u|pψ dη dt

+ C
∫

�

|η|γ (1–p′)
H ψ1–p′(|ψt|p′

+
∣
∣(–�H )

α
2 ψ

∣
∣p′

+
∣
∣(–�H )

α
2 ψt

∣
∣p′)

dη dt

+
∫

Hn
u0(η)(–�H)

α
2 ψ(η, 0) dη. (14)
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In the sequel C denotes a constant which may vary from line to line but is independent of
the terms which will take part in any limit processing. Therefor the inequality

∫

�

|η|γH |u|pψ dη dt + 2
∫

Hn
u0(η)ψ(η, 0) dη

≤ 2C
∫

�

|η|γ (1–p′)
H ψ1–p′(|ψt|p′

+
∣
∣(–�H )

α
2 ψ

∣
∣p′

+
∣
∣(–�H )

α
2 ψt

∣
∣p′)

dη dt

+ 2
∫

Hn
u0(η)(–�H )

α
2 ψ(η, 0) dη (15)

follows from (14).
Taking

ψ(η, t) = �

( |ξ |4 + |ξ̃ |4 + τ 2

R4

)

�

(
t

Rα

)

, η = (ξ , ξ̃ , τ ) ∈ Hn, t > 0, R > 0, (16)

with � ∈ C∞
c (R+) is the standard cut-off function

�(r) =

⎧
⎪⎪⎨

⎪⎪⎩

1, if 0 ≤ r ≤ 1,

↘, if 1 < r ≤ 2,

0, if r > 2.

(17)

We note that supp(ψ) is a subset of

�R =
{

(η, t) = (ξ , ξ̃ , τ , t) ∈ Hn ×R+ : |ξ |4 + |ξ̃ |4 + |τ |2 + |t|2 ≤ 2R4},

and supp(�Hψ) is included in

�̄R =
{

(η, t) = (ξ , ξ̃ , τ , t) ∈ Hn ×R+ : R4 ≤ |ξ |4 + |ξ̃ |4 + |τ |2 + |t|2 ≤ 2R4}.

We note from [17] that there is a positive constant C1 > 0, independent of R, such that

∣
∣(–�H )

α
2 ψ

∣
∣ ≤ C1R–α

and

|ψt| ≤ C1R–2,
∣
∣(–�H )

α
2 ψt

∣
∣ ≤ C1R–2α .

We perform the change of variables Rξ̄ = ξ , Rξ̂ = ξ̃ , R2τ̃ = τ , Rα t̃ = t, and from (15), we
obtain the estimates

∫

�

|η|γH |u|pψ dη dt + 2
∫

Hn
u0(η)ψ(η, 0) dη

≤ C
(
R–2p′

+ R–αp′
+ R–2αp′)

Rγ (1–p′)+Q+α + 2
∫

Hn

∣
∣u0(η)

∣
∣
∣
∣(–�)

α
2 φ(η, 0)

∣
∣dη

≤ CR–αp′+γ (1–p′)+Q+α + CR–α . (18)
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When 1 < p < γ +Q+α

Q , the exponents of R of (18) are negative. Letting R go to infinity and
using Fatou’s lemma yields

∫

�

|η|γH |u|p dη dt + 2
∫

Hn
u0(η) dη

≤ lim inf
R→∞

(∫

�

|η|γH |u|pψ dη dt + 2
∫

Hn
u0(η)ψ(η, 0) dη

)

, (19)

which is zero from (18), and nonzero u cannot exist since

∫

Hn
u0(η) dη ≥ 0.

In the case where p = γ +Q+α

Q , from (15), we get

∫

�

|η|γH |u|pψ dη dt < ∞. (20)

We recall the domain

�̄R :=
{

x = (ξ , ξ̃ , τ , t) ∈ �|R4 ≤ |ξ |4 + |ξ̃ |4 + τ 2 + t2 ≤ 2R4},

then by (20) and the Lebesgue dominated convergence theorem, we have

lim
R→∞

∫

�̄R

|η|γH |u|pψ dη dt = 0. (21)

By using the Hölder inequality in (14), we get

∫

�

|η|γH |u|pψ dη dt

≤
(∫

�̄R

|η|γH |u|pψ dη dt
) 1

p
[(∫

�̄R

|η|γ (1–p′)
H ψ1–p′ |ψt|p′

) 1
p′

+
(∫

�̄R

|η|γ (1–p′)
H ψ1–p′ ∣∣(–�H )

α
2 ψ

∣
∣p′

) 1
p′

+
(∫

�̄R

|η|γ (1–p′)
H ψ1–p′ ∣∣(–�H )

α
2 ψt

∣
∣p′

) 1
p′

]

+
∫

Hn
u0(η)(–�H )

α
2 ψ(η, 0) dη

≤ C
∫

�̄R

|η|γH |u|pψ dη dt. (22)

Finally, we get

∫

�

|η|γH |u|pψ dη dt ≤ C
∫

�̄R

|η|γH |u|pψ dη dt. (23)

By letting R → ∞ and using (21), we get u ≡ 0, ending the proof. �

Next, we will consider system (5).



Shi Boundary Value Problems         (2023) 2023:29 Page 8 of 12

Definition 3.3 A pair (u, v) with p, q > 1 is called a weak solution of system (5) in � =
Hn × (0, T) with the Cauchy data (u0, v0) ∈ L1

loc(Hn) × L1
loc(Hn) if the following identities:

∫

�

|η|γ1
H |v|qψ dη dt +

∫

Hn
u0(η)ψ(η, 0) dη

= –
∫

�

uψt dη dt +
∫

�

u(–�H )
α
2 ψ dη dt

+
∫

�

u(–�H )
α
2 ψt dη dt +

∫

Hn
u0(η)(–�H )

α
2 ψ(η, 0) dη dt (24)

and
∫

�

|η|γ2
H |u|pψ dη dt +

∫

Hn
v0(η)ψ(η, 0) dη

= –
∫

�

vψt dη dt +
∫

�

v(–�H )
α
2 ψ dη dt

+
∫

�

v(–�H)
α
2 ψt dη dt +

∫

Hn
v0(η)(–�H )

α
2 ψ(η, 0) dη dt (25)

are satisfied for any regular function 0 ≤ ψ ∈ C2,1
η,t (�).

Theorem 3.4 Assume that

Q ≤ max

{ γ2+α

p + γ1
pq + α – 2

pq′ – 2
p′

1
pq′ + 1

p′
,

γ1+α

q + γ2
pq + α – 2

qp′ – 2
q′

1
qp′ + 1

q′

}

.

Then there is no nontrivial weak solution (u, v) of system (5).

Proof Let ψR be a nonnegative function such that

ψR(η, t) = �

( |ξ |4 + |ξ̃ |4 + τ 2

R4

)

�

(
t

Rα

)

, η = (ξ , ξ̃ , τ ) ∈ Hn, t > 0, R > 0, (26)

with � ∈ C∞
c (R+) being the standard cut-off function

�(r) =

⎧
⎪⎪⎨

⎪⎪⎩

1, if 0 ≤ r ≤ 1,

↘, if 1 < r ≤ 2,

0, if r > 2.

(27)

Let (u, v) be a nontrivial weak solution of (5). We note that for large R,

∫

Hn
u0(η)ψ(η, 0) dη –

∫

Hn
u0(η)(–�H )

α
2 ψ(η, 0) dη dt ≥ 0

and
∫

Hn
v0(η)ψ(η, 0) dη –

∫

Hn
v0(η)(–�H )

α
2 ψ(η, 0) dη dt ≥ 0.
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Using (24) with ψ = ψR, one has

∫

�

|η|γ1
H |v|qψR dη dt +

∫

Hn
u0(η)ψR(η, 0) dη –

∫

Hn
u0(η)(–�H )

α
2 ψR(η, 0) dη dt

≤
∫

�

|u|∣∣(ψR)t
∣
∣dη dt +

∫

�

|u|∣∣(–�H )
α
2 ψR

∣
∣dη dt +

∫

�

|u|∣∣(–�)
α
2 (ψR)t

∣
∣dη dt

≤
(∫

�

|η|γ2
H |u|pψR dη dt

) 1
p
[(∫

�

|η|–
p′γ2

p
H ψ

– p′
p

R
∣
∣(ψR)t

∣
∣p′

dη dt
) 1

p′

+
(∫

�

|η|–
p′γ2

p
H ψ

– p′
p

R
∣
∣(–�H )

α
2 ψR

∣
∣p′

dη dt
) 1

p′

+
(∫

�

|η|–
p′γ2

p
H ψ

– p′
p

R
∣
∣(–�H )

α
2 (ψR)t

∣
∣p′

dη dt
) 1

p′
]

=
(∫

�

|η|γ2
H |u|pψR dη dt

) 1
p
A1(R), (28)

∫

�

|η|γ2
H |u|pψR dη dt +

∫

Hn
v0(η)ψR(η, 0) dη –

∫

Hn
v0(η)(–�H )

α
2 ψR(η, 0) dη dt

≤
∫

�

|v|∣∣(ψR)t
∣
∣dη dt +

∫

�

|v|∣∣(–�H )
α
2 ψR

∣
∣dη dt +

∫

�

|v|∣∣(–�)
α
2 (ψR)t

∣
∣dη dt

≤
(∫

�

|η|γ1
H |v|qψR dη dt

) 1
q
[(∫

�

|η|–
q′γ2

q
H ψ

– q′
q

R
∣
∣(ψR)t

∣
∣q′

dη dt
) 1

q′

+
(∫

�

|η|–
q′γ1

q
H ψ

– q′
q

R
∣
∣(–�H )

α
2 ψR

∣
∣q′

dη dt
) 1

q′

+
(∫

�

|η|–
q′γ2

q
H ψ

– q′
q

R
∣
∣(–�H )

α
2 (ψR)t

∣
∣q′

dη dt
) 1

q′
]

=
(∫

�

|η|γ1
H |v|qψR dη dt

) 1
q
A2(R). (29)

Setting

I(R) =
∫

�

|η|γ2
H |u|pψR dη dt, J(R) =

∫

�

|η|γ1
H |v|qψR dη dt,

we have

J(R) ≤ I(R)
1
p A1(R), (30)

where A1(R) = Aψ (R) + Bψ (R) + Cψ (R), and

Aψ (R) =
(∫

�

|η|–
p′γ2

p
H ψ

– p′
p

R
∣
∣(ψR)t

∣
∣p′

dη dt
) 1

p′
,

Bψ (R) =
(∫

�

|η|–
p′γ2

p
H ψ

– p′
p

R
∣
∣(–�H )

α
2 ψR

∣
∣p′

dη dt
) 1

p′
,
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Cψ (R) =
(∫

�

|η|–
p′γ2

p
H ψ

– p′
p

R
∣
∣(–�H )

α
2 (ψR)t

∣
∣p′

dη dt
) 1

p′
.

Similarly, we have

I(R) ≤ J(R)
1
q A2(R), (31)

where A2(R) = A′(ψ) + B′(ψ) + C′(ψ) and

A′
ψ (R) =

(∫

�

|η|–
q′γ1

q
H ψ

– q′
q

R
∣
∣(ψR)t

∣
∣q′

dη dt
) 1

q′
,

B′
ψ (R) =

(∫

�

|η|–
q′γ1

q
H ψ

– q′
q

R
∣
∣(–�H )

α
2 ψR

∣
∣q′

dη dt
) 1

q′
,

C′
ψ (R) =

(∫

�

|η|–
q′γ2

q
H ψ

– q′
q

R
∣
∣(–�H )

α
2 (ψR)t

∣
∣q′

dη dt
) 1

q′
.

To estimate the integrals A1(R) and A2(R), we introduce the scaled variables Rξ̄ = ξ ,
Rξ̂ = ξ̃ , R2τ̃ = τ , Rα t̃ = t, and we conclude that

A2(R) ≤ C
(
R– γ1

q –2α+ Q+2
q′ )

(32)

and

A1(R) ≤ C
(
R– γ2

p –2α+ Q+2
p′ )

. (33)

Using (31) and (33) in (30), we obtain

(
J(R)

)1– 1
pq ≤ A

1
p

2 A1(R) ≤ CRσJ ,

where σJ = – γ1
pq – 2α

p + Q+2
pq′ – γ2

p – 2α + Q+2
p′ .

Similarly, we have

(
I(R)

)1– 1
pq ≤ A

1
q

1 A2(R) ≤ CRσI ,

where σI = – γ2
pq – 2α

q + Q+2
qp′ – γ1

q – 2α + Q+2
q′ .

Now, we require that σI ≤ 0 or σJ ≤ 0, which is equivalent to

Q ≤ max

{ γ2+α

p + γ1
pq + α – 2

pq′ – 2
p′

1
pq′ + 1

p′
,

γ1+α

q + γ2
pq + α – 2

qp′ – 2
q′

1
qp′ + 1

q′

}

.

In this case, the integrals I(R) and J(R), increasing in R, are bounded uniformly with
respect to R. Using the monotone convergence theorem, we deduce that |η|γ1

H |v|q and
|η|γ2

H |u|p are in L1(H). Note that instead of (28), more precisely,

∫

�

|η|γ1
H |v|qψR dη dt ≤ C

∫

�̄R

|η|γ2
H |u|pψR dη dt, (34)
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where C is a positive constant independent of R. Finally, using the dominated convergence
theorem, we obtain that

lim
R→+∞

∫

�̄R

|η|γ2
H |u|pψR dη dt = 0. (35)

Hence,

∫

�

|η|γ1
H |v|q dη dt = 0, (36)

which implies that v ≡ 0 and u ≡ 0 via (29). This contradicts the fact that (u, v) is a non-
trivial weak solution of (5), which achieves the proof. �
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