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1 Introduction
Let T > 0. The Riemann-Liouville fractional integral I* of order « € R* is defined for func-
tion u(x) as (see [1, 2])

1

(I“u)(x) = m

/x(x -0 ut)dt, x€l0,T].
0
In particular,

(I%u) (x) = u(x),

from [3].
Let [ € N = {1,2,3,...}. The Liouville-Caputo derivative of fractional order o € R* of
function u(x) is defined as

dl x
(D)) =1 ) = o [ =0 0

wherel-1<a <.
Let a(x) € C[0,T], g:[0,T] x R— Rand f: C[0, T] — R. We shall study the unique-
ness of solutions for the following nonlinear integro-differential equation with nonlocal
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boundary condition and variable coefficients for [ <o <[+ 1:

cDu(x) + a(x)IPu(x) = glx,ulx)), x€][0,T],
u(0) = —f (u), u'(0)=---=uP(0) =0, (1.1)
foT u(x)dx = A,

where A is a constant. In particular, for [ = 1, equation (1.1) turns out to be

cDu(x) + a(x)IPu(x) = glx,ulx)), x€][0,T],

1.2
w0) = ~f@), [T ul)dx=1. 12

Boundary value problems of fractional differential equations have recently attracted many
researchers and emerged as an important field of research due to their applications in
various areas of science and engineering, such as control theory, wave propagation, me-
chanics, and biology [4—21]. In 2014, Tariboon et al. [4] investigated the existence and
uniqueness of solutions for the following fractional differential equation:

cD%u(x) :g(x, u(x)), l<a<2,x€][0,T],

subject to nonlocal fractional integral boundary conditions:
m n
Shutm)=on Y w(Iu(T) - Fu()) = o,
j=1

i=1

where g : [0,T] x R — R is a continuous function, A;,u; € R for all i = 1,2,...,m, j =
1,2,...,n,and w1, w; € R, using Krasnoselskii’s fixed point theorem, Banach’s contractive
principle and Leray-Schauder’s nonlinear alternative.

In particular, for all o; = §; = 1, the above boundary conditions become

nm NMm
)»1/ u(x)dx+---+km/ u(x) dx = wn,
0 0

T T
,u1/ u(x)dx+~--+,u,,/ u(x) dx = w,.

s} Cn

In 2013, Yan et al. [5] studied the existence and uniqueness of solutions for the following
boundary value problem of fractional differential equation based on several standard fixed
point theorems:

cD%u(x) :g(x, u(x)), l<a<2,x€][0,T], (1.3)

with the nonlocal boundary conditions

T
u(0) = g(u), fo u(x) dx = m,

whereg : C%[0, T] — Risa C? continuous functional. Clearly, equation (1.3) with its nonlo-
cal boundary conditions is a special case of equation (1.2) by setting a(x) = 0. Very recently,
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Li et al. [22] studied the uniqueness and existence for the following nonlinear integro-
differential equation with the boundary condition using several fixed point theorems:

cDyulx) + /’“115”(") =gxulx), xelpgll-l<a<lp=>0,
ulp)=u'(p)=---= u(l_z)(p) =0= u(l_l)(q),

where p is a constant, and 0 < p < g < +00.

Very little is known in modern literature about boundary value problems of fractional
integro-differential equations with integral boundary conditions and variable coefficients.
We will work on equation (1.1), which, to the best of the author’s knowledge, is new and
requires the following preliminaries.

We define the Banach space C[0, T] with the norm

llul = max |u(x)| < +oo.
x€[0,T]

The two-parameter Mittag-Leffler function [2] is defined by

o0 k

z
EO[ = ’ ’ ) .
82 kE=0 Fak+ B) zeC,a,8>0

Babenko’s approach [23] is a powerful tool for solving differential and integro-differential
equations with initial conditions by treating bounded integral operators as normal vari-
ables. The method itself is similar to the Laplace transform while working on differential
and integral equations with constant coefficients, but it can be applied to equations with
continuous and bounded variable coefficients. As an example to demonstrate the tech-
nique, we will show the following lemma, which plays an essential role in deriving our
main theorem.

Lemmal Leta,h:[0,T] — R be continuous functionsandf : C[0, T] — R be a continuous

functional. Assume that

IMTP

- o+
MNa+p+ 2)Ea+ﬁ’l(MT ) <1,

where M is a constant satisfying
|la]| = max }a(x)’ <M.
x€[0,T]
Then u(x) is a solution to the following nonlinear integro-differential equation

cDu(x) + a(x)IPu(x) = h(x), l<a<Il+1,x€]0,T],
u©) =),  uw©0)=---=ud0)=0, (1.4)
fOT u(x) dx = A,

if and only if u(x) satisfies the integral equation

u@®) = Y (1Y (I"a@PY I hx) - f) Y (-1) (I“a@)1?) 1

j=0 j=0

Page 3 of 10
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2 T . 00 . "
_ m/o (T %) h(t)dt;(_n/(] a1’y x

x1

2 T
R o e
’ F(a+1)r(,3)T2/ (T =2x1) a(xl)dm/o (1 =P u() dt

oo

Y (1Y (ae TAZ ~1Y (I"a(
j=0

j=0

+ 21’_7(?) Z(—l)j(laa(x)lﬁ)jx,
j=0

in the space C[0, T1.
Proof Clearly,
I*(cD*)u(x) = u(x) + f () + c1,
using
u(0) = —f (u), u"(0)=---=u?0)=0.
Hence, applying the operator I to both sides of the equation
cD%u(x) + a(x) P u(x) = hix),
we get
u(x) +f(u) + c1x + I%a(x)Pu(x) = I*h(x).

Obviously,

‘/Olo‘h(x)dx—r( )/ dx/ (x =) h(t)dt " T )/ ht)dt/ (x—1t)*dx

- et 1)/0 (T = O h(t) dt.

Similarly,

T 1 T x1
/o Ia(x)Pu(x) dx = F(Ot+—1)r(m/o (T—xl)“a(xl)dxlfo (1 — 8P u(e) dt

Thus,

T T T T T
o B _ o
/0 u(x) dx + \ f(u)dx+01/0 xdx+f0 I®a(x)I u(x)dx—/o I°h(x) dx,

which implies that

2

T T
A+f()T + T7C1 =/ I“h(x)dx—/ I“a(x)Pu(x) dx,

0 0

Page 4 of 10
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by noting that f(u) € R. So,

2 r .
C1 = m/(; (T—t) h(t)dt

2 T N x1 .
_W/o (T —2x1) a(xl)dxlfo (%1 — )" 'u(t) dt

2% 2f(u)

T2 T’

and
(L+%a@)I1P)u(x) = I h(x) - f () - c1.
Treating the factor (1 + Ia(x)I?) as a variable, we deduce that by Babenko's approach
u(®) = (1+1%a@)1?) " [Ihx) - f () - 1]
- i(_w’(ﬂa(x)zﬂyﬂh(x) —f(w) i(—l)j(l"‘a(x)lﬂ)j 1
j=0 j=0
—a i(-w’ (a1 x

j=0

= S Y (AP Y R - ) S (1Y (a1

j=0 Jj=0
2 / T(T— % h(t) dt - i(—l)j(l"‘a(x)lﬂ)jx
F(ot + l)TZ 0 20

2 T x1
. S e\ Bl
T+ 1)F(ﬁ)T2/ (T —x1) ﬂ(xl)dﬁﬁf (1 — )P u(t) dt

Z( 1 (Fat)P Y + Z( 1 (1" a1’ x

j=0

2fTu Z(—l)j(l"‘a(x)lﬂ)jx.

j=0
It remains to show that u € C[0, T']. Clearly,

o

Dt _ a-1
] = o max | [ -0 o] < - T,
Hence, we infer that
llul| < Z|| (a1 Y 1|11k ]| + | () 1> l(a@?Y |
j=0 j=0

e 2 e St
o +2)T2

j=0
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M ]| T e
+WZHI a@r) |

oo

2|MZII ra@ry st + 2203 | aor) e

j=0
00 Blj+at X MIT@P)
<|h ||Zl-((a+,3)]+a+1) + | )|ZF((0£+,3)]+1)

2||h||Ta i M T @+B) 2M || u| T+ X M T(@+B)

"Te+2) & T(@+pj+D  Ta+p+2) & T(@+pj+1)

2|A| ©  MIT@B)
2 T(a+pBj+1) 15

[ fiu )|];,:F((a+ﬁ)/‘+1) (1.5)

This implies that
2MT+B [—
( T pratel ))llull
T B (1) 3070 A 2 e 0770) < s

By our assumption,

QMTP

_ o+
Ta+p+ 2)E‘”ﬁ’1(MT )>0,

which infers that ||«|| is bounded. Furthermore, u(x) is clearly continuous over the interval
[0, T]. This completes the proof of Lemma 1. d

2 Main results
We are now ready to present our key results regarding the uniqueness of solutions to equa-

tion (1.1) using Banach’s contractive principle.

Theorem 2 Assume that a(x) € C[0,T],g: [0, T] X R — R is continuous and f : C[0, T] —

R is a continuous functional, and there exist nonnegative constants L and L, such that

g, 1) — g y2)| <Lly1 -2l yuy2 €R,
[fw) —fW)| <Lilu—vl, wuveC[0,T].
Furthermore,

2LT 2MTP
+
IMNae+2) T(@+p+2)

q =LTEqsp o (MT*P) + [BLI + :|Ea+ﬂ,1(MT°”5)

<1

Then equation (1.1) has a unique solution in the space C[0, T].

Page 6 of 10
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Proof From Lemma 1, we define a nonlinear mapping T over the space C[0, T] by

(T)®) = Y (~1Y (I"a@) 1Y "g(w, u) ~ f () Y (-1 (I"a(@)IP) -1

Jj=0 Jj=0

2 T o ad . o IB ]
B W/O (T - 2)°g (& u(®) dt - ;):(—ly (" a(x)1) x

s i
F(oz+1)F(ﬂ)T2/ (T =) “("l)dxl/ (v1 =) u(t) dt

Z( 1Y (Ia(x)1?) x+—Z( 1Y (I“ax)1P)

j=0

+ Zf](ft Z(—l)j(l"‘a(x)lﬁ)/x.

j=0

Clearly,

|g(x, u)| = |g(x, u) — g(%,0) + g(x,0)| < Llul + |g(x,
which implies that

max |gx u | < L||lu| + max ‘gx O)’ < 400,
x€[0,T]

since g(x,0) € C[0, T]. It follows from inequality (1.5) that (Tu)(x) € C[0, T] by noting that

QMTP

_ o+
Ta+p+ 2)E‘“ﬁ’1(MT )>0

in Lemma 1, as g < 1. Further, we need to prove that T is contractive. Indeed,

(Tu)(x) - (T¥)(x)

= Z(—lY(I“a(x)Iﬁ)jI“ (g(x, u) —g(x, v))

j=0
~(f@) ~f0) Y1V a1y -1
j=0

2 r = ;
I _ _ . _ o BY
F(a+1)T2[0 (T - 0% (g(t,u(®)) — g(t,v(1))) dt FZO( 1 (I*a@)1P) %

sy 0 e [t o)

. Z(—l)/(l"‘u(x)lﬁ)jx + M Z(—l)j(laa(x)lﬂ)jx.
j=0 Jj=0
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Thus,

s M T@+B)
|(Tu) () - (T¥)(x)| < LTl =] Y
j=0

F(e+B)+a+1)

oo
M T@+P)
+3L |lu- v||Z @ B

2Ll - V|| T o~ M TP
+ > .
INa+2) = F((e+B)j+1)

IMu—v|| T S MIT@P)
Ca+p+2) = F((@+B)j+1)

=qllu—vl.

Since g < 1, equation (1.1) has a unique solution in the space C[0, T'] by Banach’s fixed
point theorem. This completes the proof of Theorem 2. O

Example 3 The following nonlinear integro-differential equation with nonlocal boundary

condition and variable coefficients:

cD35u(x) + 22’1111 Lux) = L cos(¥?u(x)) + 2%, x€[0,1],

u(0) = §sinu(1/2),  u"(0)=u"(0)=0,
Jo ulx)dx = /2,

has a unique solution in C[0, 1].
Proof Clearly,
1 2 3
glx,u) = 5 cos(x u(x)) +x°,
and
1, 5. 1
g, u) — g, V)| < = |¥Pu—2*v| < Z|u—-vl.
2 2
Therefore, L = 1/2 as x € [0, 1]. On the other hand,
1.
f(u) = 5 sinu(1/2),
and
1, . . 1 1
[f(u) —f(v)| < §|s1nu(1/2) - smv(1/2)| < §|u(1/2) - v(1/2)| < §||u—v||,

which indicates that L; = 1/9. It follows from Theorem 2 that

—lE 2 3 1 4 Eici(2)
CI—E 4,6,4.5 +[9 F(55) m] 4.6,1(2).

Page 8 of 10
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Using online calculators from the site https://www.wolframalpha.com/ (accessed on 09

October 2022), we get
Eieas() =Y — = ~0.0860118,
1645(2) ]ZO: T (4.6] +4.5)
Ei1(2)=Y — 2 ~1.0325,
261(2) ]ZO T(4.6j + 1)
1 4
——~00191048, ——— ~0.0116042.
'(5.5) '(6.6)

These obviously claim that g < 1. By Theorem 2, it has a unique solution in C[0, 1]. O

3 Conclusion

We have investigated the uniqueness of solutions to the nonlinear fractional integro-
differential equation (1.1) with nonlocal boundary condition and variable coefficients us-
ing the Mittag-Leffler function, Babenko’s approach, and Banach’s contractive principle
and presented an applicable example. The technique used clearly opens up new directions
for studying other types of boundary conditions or with different fractional derivatives,
such as boundary value problems of the nonlinear fractional partial integro-differential
equations with variable coefficients as well as nonlinear integro-differential equations with
the Hilfer fractional derivatives.
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