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1 Introduction

Denote the sets of integers and real numbers by Z, R, respectively. For a,b € Z, Z(a, b)
denotes the discrete interval {a,a + 1...,b} if a < b. Due to geometric and physical mo-
tivations, many authors [1-3] have studied the existence results for the prescribed mean
curvature equations with Dirichlet boundary conditions

(@) =f(u), x€(0,1),
u(0) = u(1) =0,

(1)

where f : [0,00) — [0,00) is a continuous function, ¢, is the mean curvature operator
defined by ¢.(§) = \/%W with « > 0. For general background on the mean curvature op-
erator, we refer to [4, 5].

Because of the wide applications of difference equations in various research fields such
as computer science, economics, biology, and other fields [6—11], many authors have ob-
tained excellent results for difference equations, for example, positive solutions [12-15],
homoclinic solutions [16—21], and ground-state solutions [22, 23]. In particular, Guo and
Yu [24] first used the critical-point theory to study the existence of a periodic solution for
the following discrete problem

-Nu(t-1)=f(t,ut)), teZ (2)
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where A is the forward difference operator defined by Au(t) = u(t + 1) — u(t), A%u(t) =
A(Au(?)),f(t,-) € C(R,R) foreach t € Z. Also, the critical-point theory is an important tool
to deal with the existence of solutions for the discrete boundary value problems [25-27].
However, few works have been done concerning the discrete problems (1). In [15], Zhou
and Ling proved the existence results for the boundary value problem

~Ap(Au(t -1) =f(¢u®), teZ(,T),
u(0)=u(T +1) =0,

3)

where T is a given positive integer, f(t,-) € C(R, R) for each t € Z(1, T). Under some suit-
able oscillating assumption on the nonlinearity f at infinity, they investigated the existence
of infinitely many positive solutions.

The aim of this paper is to study the existence of multiple solutions for the following
nonlinear difference equations with mean curvature operator

~A(p(Ault - 1)) + q()ut) = Af (¢, u(t)), teZ(d,T),
u(0)=u(T +1) =0,

(4)

where g(t) € R* for each ¢t € Z(1, T) and A > 0 is a positive parameter. Based on a version
of Clark’s Theorem [28, 29], we investigate the existence of multiple solutions of (4).

Let f satisfy the following hypotheses:

(a1) f(¢,+) : R — Ris a continuous function and f(¢,0) = 0 for each t € Z(1, T);

(a2) liminf;_, .~ f(t,€) < 0 and there exists a positive constant « such that

0<f(t,&) forall(s,&)eZ(1,T)x (0,a);
(as) f(t,&)isoddin & forany t € Z(1,T).

Example 1.1 1t is easy to find some suitable functions satisfying assumptions (a;)—(as).
Let

f(t,&)=sin& forall (¢,&) € Z(1,T) x R.

We note that sin& is a continuous odd function on R. Thus, (a;) and (a3) hold. Lastly, if
we set o = 7, then

liminfsiné =-1<0 and O<sin& forallf;‘e(O,%).

E—+o00

Therefore, (a,) holds.

Obviously, if u is a solution of (4), then —u is also a solution of (4) by (a3). We say that
=+u is a pair of solutions.

2 Preliminaries
Consider the T-dimensional real space

E-= {u: [0, T + 1] — R such that «(0) = u(T + 1) = 0},
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endowed with the norm
1
2

T
el = <Z|Au(t)|2>
t=0

From functional analysis theory, we know that E is a real Banach space. Moreover, we
define the following two equivalent norms on E,

r :
||u||z=(;|u<t)|2) and e = max {[u(0)]}.

Let J be a C! functional on E. A sequence {u,} C E is called a Palais—Smale sequence (P.S.
sequence for short) for J if {J(u,)} is bounded and J'(,) — 0 as n — co. We say J satisfies
the Palais—Smale condition (P.S. condition for short) if any P.S. sequence for / possesses a
convergent subsequence in E.
Let 6 be the zero element of Banach space E. Let ¥ denote the family of sets A C E\ {6}
such that A is closed in E and symmetric with respect to 0, i.e., u € A implies —u € A.
The following Clark’s Theorem will be used to prove our main result.

Lemma 2.1 ([28,29]) Let E be a real Banach space, ] € C*(E,R) with ] even, bounded from
below, and satisfying the P.S. condition. Suppose J(0) = 0, there is a set K C X such that K
is homeomorphic to S~ by an odd map, and supy ] < 0. Then, ] possesses at least j distinct
pairs of critical points.

First, the following comparison principle is necessary for the positive solutions.

Lemma 2.2 Let u,v e E.If
—A(QSC(Au(t - 1))) +q(t)u(t) > —A(¢C(Av(t - 1))) +q®W(t) forallte Z(1,T), (5)
thenu>vinZ(1,T).

Proof Arguing indirectly, if not, there exist some j, € Z(1, T) such that u(jy) < v(jo). Set
that

ji= max{j0|j0 € Z(1, T) such that u(jp) < v(jo)}.
If u(j — 1) > v(j — 1), by ¢.(s) being increasing in s, we have
~A(¢e(Au(=1))) + q()ul) < ~A(pe(Av( - 1)) +qG)v(), ©)
which contradicts (5).
If u(j — 1) < v(j — 1), we first consider the case for u(j) — u(j — 1) < v(j) — v(j — 1), which
implies (6). This contradicts (5), since it remains to consider that u(j — 1) < v(j — 1) and

u(j) — u(j — 1) > v(j) — v(j — 1). First, we assume that u(j — 2) > v(j — 2) holds, then

—A(@e(Aulj-2))) +q( - Duli - 1) < =A(pe(Av( - 2))) + q(i — Dv(j - 1). 7)
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Ifu(j—2) <v(j—2)and u(j—1) —u(j—2) < v(j— 1) —v(j—2), we obtain (7), again contradicting
(5). Then, u(j) < v(j) can happen only if u(j —2) <v(j—2) and u(j— 1) —u(j - 2) > v(j - 1) -
v(j—2).

By repeating the above process, u(j) < v(j) can happen only if u(2) < v(2) and u(3) —u(2) >
v(3) — v(2). In this case, if (1) > v(1), or u(1) < v(1) and u(2) — u(1) < v(2) — v(1), we have

—A(¢e(Au(D))) +q(2u(2) < ~A(¢c(A(1))) + q(2)n(2), ®
which contradicts (5). If (1) < v(1) and u(2) — u(1) > v(2) — v(1), we have

—A(¢e(Au(0))) + q()u(1) < ~A(¢c(A(0))) +g(L)v(1), ©
which contradicts (5). Hence, u(j) > v(j) for all j € Z(1, T). The proof is completed. [

Lemma 2.3 Letu €L, if

~A(¢e(Au(t-1))) + q(t)u(t) = 0,

u(t) =0, u(t+1)>0,
then u(t +=1) =0.
Proof By the above assumptions, we have

0 < ¢e(Au(t)) < ¢c(Au(t-1)) <0,

Au(t) >0, Au(t-1)<0.
Combining with the monotonicity of ¢., we have u(¢ £ 1) = 0. The proof is completed. [

In particular, let v = 0 in Lemma 2.2, the strong comparison principle is given by the two
lemmas above.

Lemma?2.4 LetuckE, ifu+0 and
—A(qﬁc(Au(t - 1))) +q(O)u(t) >0 forallt € Z(1,T),
then u>0inZ(1,T).
Lemma 2.5 Fix u € E, if u(j) <0 for some j € Z(1, T) and
~A(¢e(Aulj - 1)) +q()u() = 0, (10)
thenu>0inZ(1,T) or u=0.

Proof Let u be a nontrivial function satisfying (10). We assume first thatj = 1 and #(1) <0,
by (10), then we obtain

o u() u(2) —u(1)
>———— +g(Du(l) > ————.
V1 +xu(1)? V1+k(Au(1))?

Page 4 of 13
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Hence, u(2) < u(1) < 0. Again, we apply (10) with j = 2 to conclude that u(3) < u(2) < 0.

Hence, we have u(T) < u(T - 1) <--- <u(3) <u(2) <u(l) <0.If u(T) =0, then u is a

trivial function, contradicting the definition of u. If u(T) < 0, by (10) with j = T, we obtain
u(T) — u(T - 1) —u(T)

°* e = e o

This is absurd, hence #(1) > 0. By a similar argument, if #(2) < 0, then u(T) < 0, but we

obtain #(T) = 0 from (11). Thus, we have u(2) > 0. Repeating the above computation, we
have u(3) > 0,u(4) > 0,...,u(T — 1) > 0. Now, we show u(T) > 0. If u(T) < 0, since u(T) <
0 < u(T - 1), again we obtain (11) from (10). This implies #(7) = 0, showing u(T) > 0.
Hence, u(1) > 0 and u(j) > 0 for all j € Z(2, T). If u(2) = 0, we have

-u(1) u(3)

0> V1 +ku(1)? = V1 +ku(3)?

207

contradicting #(1) > 0. By a similar argument, we obtain #(3) > 0,u(4) >O0,...,u(T - 1) > 0.

If u(T) = 0, we have 0 > % > 0. Then, u(T — 1) = 0, which is absurd, hence z > 0.0

3 Main results
Now, we state our main results.

Theorem 3.1 Assume that (a,)—(as) hold, then there exists a positive constant %, when
A > A, and problem (4) admits at least T distinct pairs of nontrivial solutions. Furthermore,
there exists a positive constant M such that each solution u satisfies ||u||o < M.

Proof Using the condition (a5), there exists a positive real sequence {d,,} with lim,,_, .. d,, =
+00 such that

lim f(t,d,) <0 forallteZ(1,T).

n—+00

We can find a positive integer n such that M = d,,, > « and f(t, M) < 0, where o comes
from (a,). First, we consider the following boundary value problem

~A(@(Ault - 1) + q(O)u(®) = Af (&, u(®)), teZQ,T),
u(0)=u(T +1) =0,

(12)

where f (¢,£) is a truncation function defined by

fe,M)  ifEs>M,
FE) =1fe)  if1E] <M,
ft,-M) ifE<—-M.

We show that if u satisfies problem (12), then ||#|l.c <M and u is a solution of problem
(4). Arguing indirectly, there exists a ko € Z(1, T) such that |u(ko)| > M and |u(¢)| <M for
te Z(1,ky — 1). If u(ko) > M, thenf(t, u(ko)) = f(t, M) < 0. We have

~A(¢e(Aulko - 1))) + glko)u(ko) <0,
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or

u(ko) — ulkg + 1) . u(ko) — u(ko — 1)
\/1 + ik (Au(ky))? \/1 + k(Auky —1))2

— q(ko)u(ko) <0,

which implies that u(ky + 1) > u(ky) > M. By repeating the above process, we obtain
ult)>u(t-1)>M forallte Zky+1,T).

Further,
0=u(T+1)>u(T)>M,

which is a contradiction. If u(ko) < —M, we can similarly obtain a contradiction. Thus,

4|l <M holds.

Define the functiona17 on E as follows:

(13)

T T
j(u)zz<<,/l+K(Au(t))2—1> q(t)uz(t ) Zﬁ (tute
=0

K

where F(t,£) = f(ff(t, s)ds, (t,€) € Z(1, T) x R. It is easy to verify that /] € C'(E,R) and is
even. By using #(0) = (T + 1) = 0, we can compute the Frechet derivative,

T

/@), v) =D (- A(pe(Au(t - 1)) + q(@)u(t) — f (£ u(t)) )v(e),

t=1

for all u,v € E. It is clear that the critical points of j are the solutions of problem (12). In
what follows, we will prove that J has at least T distinct pairs of nonzero critical points by
Lemma 2.1.

For any sequence {u,} C E, if {J(u,)} is bounded and J'(u,) — 0 as n — +00, we claim
that {u,} is bounded. In fact, there exists a positive constant C € R such that |j ()| < C.
Since E is a finite-dimensional real Banach space, there is ||u||; < |lu|| < 2||u||; forallu € E

(see [30]). Assume that ||u,|| — +00 as n — +00, then

A

C > J(uy)
T T
V1+x(Au®)? -1 q()u(t) .
_ ;(( : ) L ) -A;F(t,un(t))
T
() un(t)? .
> X_; % —A Z E(tun())] -2 Z |E(t,uq(0))|
= (D1 <M lun (O)1>M
up(t)
> L, 13- 2D Z ()] - Y Ft.5)ds
n(H)|<M | (£)|>M M

zqz—*uunng—w Y |uat)] - 2D Z |, (8)| - 22 TDM
[un ()| <M lun()]>M
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T
q
= 5 3 —AD;|un(t)| —2).TDM

> %* 4> = ADT? ||| - 22.TDM — +00  as n — +00,
where g, = minezq, ) q(t) and D = max |[f (¢, u)| for (¢t,u) € Z(1,T) x [-M, M]. This is im-
possible, since C is a fixed constant. Thus, {u,} is bounded in E. This 1mp11es that {u,} has
a convergent subsequence. Then, the functionalf satisfies the P.S. condition.

Moreover, the coerciveness of J,

J(w) > ﬁ||Lt||2 —ADT? l#]| = 2ATDM — +00  as ||u]| = +00
8

implies that J is bounded from below.
Let {e;}", be a base of E and ||e;|| = 1 for each i € Z(1, T). We define

T T
A(p)={2ﬁiei|2|ﬂi|2=p2}, p>0.
i=1 i=1

Obviously, 6 ¢ A(p), A(p) is closed in E and symmetric with respect to 8. We note that
A(p) is homeomorphic to ST~! for any p > 0. For u € A(p), we see that

T
Z BiAei(t)

i=1

T
2
="

t=0

=0

i(Dm ;|Ael(t)| )

T
=02 lel® < pX(T+1), p>0.
i=1

Take p = 77, thus
T 1
lulloo < | Au(®)| < (T +1)2 ul| < (T+1)p<a <M.
t=0

For u € A(57), we note that u # ¢ andf(t, u(t)) = f(t, u(?)). By (a2) and (as), then

T
Z (tu®)= > Euw)+ > FLu)

{t€Z(1,T)|u(t)>0} {t€Z(1,T)|u(t)<0}
u(t)
= > / fts)yds+ Y f f(t,—s)d(~s)
{t€Z(1,T)|u(t)>0} {t€Z(1,T)|u(t)<0
u(t) —u(t)
= / fods+ Y / f(t,s)ds
(teZ(1,T)|u(t)>0} (t€Z(1,T)|u(t)<0}
> 0.

Let 7 =infycq2. Zt 1F(t u(t)) and A = % By (a,), we know 7 > 0. If A > A, then

T T
J(u) = Z(( L+ il Au(t)) )+ 0 (e) ) Z (& u(®)




Wang and Xie Boundary Value Problems (2022) 2022:55 Page 8 of 13

T * T
= Y lau@ + L3 -2 Y Bt u(o)
t=0

t=1
2+4q* T
< = lull? =3 Y F(u®)
t=1

*\ 2
_ (2+g")
- 2T

<0,

-\t

where g* = max;cz1,1) g(¢). Since all conditions of Lemma 2.1 hold, problem (4) admits at
least T distinct pairs of nontrivial solutions. The proof is completed. g

At the end of this section, we try to prove a pair of constant-sign solutions of the original
problem. We first introduce the following assumptions:

(a}) f(t,-) is a continuous functional on R\{0} for each ¢ € Z(1, T);

(a5) 0<q* <f(t,§),Y({tE) e Z(1,T) x (0,) for some & > 0, where g* = max;ez,1) q(t);

(a5) f(t,€)=—f(t,—&)in& #0forany ¢t € Z(1,T).
We note that the function f(¢, -) is locally bounded from below for each t € Z(1, T) in the
right-hand side of 0 from (a,) and problem (4) has no trivial solution. When 6 is not the
solution of the problem, many problems become more complicated [31, 32]. For example,
we put f(t,&) = 3%/?, a=1and g* = %, then 0 < % < %E,V(t,é) € Z(1,T) x (0,1), which
satisfies the conditions (a})—(a}).

Let

T (Au@®)?
2o Lic(Au(t))?

1= 1
ueE\(0) lluell3

ST (Au(t)?

£=0 +i(Au(r)?
‘We observe that LA g positive in E\{#}. Thus, u; > 0.

llel3

Theorem 3.2 Assume that (a})—(a3) hold and

lim sup
|§]—o00

f(zg) <U1+qs LE Z(l’ T) (14)

Then, problem (4) has a positive solution and a negative solution for each \ € (0, ‘“l%),

where 1 € (0, (41 + G4).

Proof We consider the following problem

—A(@(Au(t - 1)) +q@)u(t) = Aq*, teZQ,T),
u(0)=u(T +1)=0.

(15)

Define the variational framework of problem (15)

T

2_ 2 T
Jor () = Z(( 1+ K(AKu(t)) 1) . Q(t);t (t)> g Z”(t)’
=1

t=0
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then we have

T

T
- (L 1) A0810)

t=1

i

: T
—A
;):( 1+x(Au(t)? +1 T q tzzlu(t)
T

p 1+x(A (t))
z’“ L \u2 - g VT lully — +00  as [lully — +0o.

Hence, /;+ is coercive on E and has a global minimum point # that is its critical point.

Combining with Lemma 2.4, u is a positive solution of problem (15). We take ¢ > 0 so

small that u () = sug(t) < a.
Define a continuous function as follows:

f(tIS) lf$ > Z'il(t):

fu1 (t,é) = .
ft,ui(t)) if& <up(z).

By (14), there exist a i € [0, 1 + g«) and M; > u;(¢) such that

f(&8) =, (6,§) € Z1,T) x (My,00).

Thus,
foE) <ft,uy(t)) + max(e)ez1, 1) x [ @) f (6E) + n&  if & >0,
“ >q* if€ <0,
and
up (L
lim sup]M <u, teZ1,T).
|§|—00

Next, we claim that the following problem

~A(p(Au(t - 1)) + qO)ult) = M, (t,ult)), teZ(Qd,T),
u(0)=u(T+1)=0

admits a positive solution «# and u > #; > 0.

We define the following variational framework corresponding to problem (19)

R T 2 2 T
f(u)=Z(( ETD) 1)+q(t);‘ (t))—)LZFul(t,u(t)),

t=0 t=1

where F,, (t,€) = [5 fu (t,5)ds, (t,€) € Z(1,T) x R.

(16)

(17)

(18)

(19)

Page 9 of 13
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Using (18), there is one positive constant M such that
Moo 55
F,(t,8) < §|§| +M. (20)

Letn:%.Forn>k>0,wehave

T

M

<( 1+/<(Au(t))2 ) q(t)”z(t> AZF’“ (t, u(t))

t=0
T
(Au(t)? qx A —
=33 s+ 5 lully = - lul3 - ATM
‘mo V1+x(Au(®)?+1
T
(Au(t) q A —
zz + llull - -l - ATM
21+ k(Au(t)? 2 2

t=
"
E(n )\)||u||2 —ATM — +00  as ||ully — +00.

This shows that j is also coercive. As the functional is coercive and continuous, it has
a global minimum point u € E, which is a critical point. By (17) and Lemma 2.5, u is a
positive solution. Moreover, if we can show u > u;, then u must be one positive solution
of problem (4). First, we assume that u < u; for every ¢ € Z(1, T). Since

~A(¢e(Ault =1))) +q(O)ule) = A (6w (1)) = Aq* = =A(de(Auo(t = 1))) +q(O)uo(?),
by Lemma 2.2, we obtain u > u > u;, contradicting the assumption above. Secondly, we
consider that # and u; are not ordered vectors. There exist some jy € Z(1, T') such that
u(jo) < u1(jo). Let

j :=max{joljo € Z(1, T) such that u(jo) < u1(jo)}.
From the proof of Lemma 2.2, if u(j) < u;(j) holds, we have the following inequality

M (i, u1(0)) = —A(pe(Auli - 1)) + q(@)u(i) < =A(pe(Aur (i — 1)) + q(i)ua (i), (21)
where i = 1,2,j. Since ¢* < f(i, u1 (§)) from the proof of Lemma 2.2 and (a5), this implies

A" =~ (ge(Aioli ~ 1)) + qD)uto(d) < ~A(pe(Auus (i~ 1))) + g(uas (). (22)

We see from (22) that

0 < q(i) (uo (i) - 1 (0))
< A(pe(Auo(i=1))) = A(e(Aur(i-1)))

B eAug(i—1) Aug(i—1)
- (\/1 T k(eAupi-1))2 1+ k(Duoli- 1))2>
. < Aug(i) ~ eAuo(i) )
VT+k(Bue(D)? /1 +r(ehuo(i)?)
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By the strict monotonicity of ¢., we find that if Aug(i — 1) > 0, then Auy(i) > 0. That is, if
Aui(i—1) >0, then Auy(i) > 0.
Further, we estimate the inequality (22) from the following three cases. First, if Au;(i —

1) < Auq(i), we have
A" < =A(pe(Au(i - 1))) + gD (i) < eq(Duo(i). (23)
For the second case, if Auq(i — 1) > Au(i) > 0, then

Ag" < —A(Pe(Aur(i - 1))) + q(@)us (i)

_ Aul(i—l) _ AMl(l) + (l)u (l)
Tk m- DR Jlic@m@p 24)

< Aui(i-1) + q(Dui (i)

< e(Aug(i — 1) + q(Q)uo(0)).

For the last case, if 0 > Auq(i — 1) > Auq(i), then

Aq* < —A(¢pe(Aur(i - 1)) +q()ui (i)

B Aul(i—l) _ AMl(l) + (l)l/l (l)
T Tk m- DR Jlic@m@p (25)

< —Aui (i) + q()u1 (i)

< e(=Auo(@) + q(@)uo(i)).

We note that Au; (i — 1) = 0 or Au, (i) = O still satisfies the above cases. Obviously, when &
is taken sufficiently small, (23), (24), and (25) cannot hold. These are contradictions. Thus,
u > u;. u is one positive solution of problem (4). Moreover, we see that —u is a negative
solution of problem (4) because of (a3). This completes the proof. O

Example 3.1 Let A = 1, we consider the problem

~Ap(Au(t - 1)) + q(O)u(?) = sin(u(?)), teZ(1,T),
u(0)=u(T +1) =0,

(26)

we note that the conditions (a;)—(a3) hold from Example 1.1, and A can be less than 1 by
the definition, thus the problem (26) admits at least T distinct pairs of nontrivial solutions
by Theorem 3.1.

In fact, in [30], such a problem can be found when x = 0 and g(¢) = 0 foreach t € Z(1, T)
in Corollary 5.1. We see that the conditions of Theorem 3.1 are different from the condi-
tions of Corollary 5.1 of [30], and we find more solutions of problem (26).

Example 3.2 Let k =0 and T = 3. We consider the problem

—A%u(t-1)+q@)ut) = A
u(0) = u(4) = 0.

1
Vg L€ 7(1,3), @7)
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Puta=1,q,= % and g* = % The conditions (a})—(a3) hold from the previous example.
We have 11 = 2 — +/2 from [30]. Clearly,

L, . 1 9
limsupf( §) = lim sup =5 = 0<=-+2, te Z(1,T).
|00 lel>oo € 4

All conditions of Theorem 3.2 are verified. If we take © > 0 sufficiently small, then the

problem (27) has a positive solution and a negative solution for each A € (0, +00).
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