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u=V-[pWVu] +fltu), inQx (0",

under mixed nonlinear boundary conditions % +0@u=hztuonT x(0,t* and

u=0onT, x (0,t*), where Q is a bounded domain and I'y and I, are disjoint
subsets of a boundary 3€2. Here, f and h are real-valued C'-functions and p is a
positive C'-function. To obtain the blow-up solutions, we introduce the following
blow-up conditions:

Q2+ e)/ PWEW,t,w)dw < upUf(x,t,u) + Biu’ + y1,
(Cp) .
Q2+ E)/ PEWh(z,t,w)dw < up?(U)h(z,t,u) + Bou* + y»,
0

forx e Q,z€ 92, t>0,and u € R for some constants €, By, B2, Y1, and y, satisfying

A+ 1 2 20
R)\ ,Bzipm fe and OEﬂzSpmS
s

€>0, B+ €,

where p,, = inf p(s), Ag is the first Robin eigenvalue and As is the first Steklov
eigenvalue. Lastly, we discuss blow-up solutions for nonlinear parabolic systems.
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1 Introduction
In this paper, we firstly discuss blow-up solutions to the nonlinear parabolic equations
under mixed nonlinear boundary conditions

ur =V - [p@)Vul + f(x,t,u), inQ x (0,t*),

S—Z +0(2)u = h(z, t,u), onT'; x (0,t%), )
u=0, on Iy x (0,t%),
u(-,0) = up, in Q.

Next, we deal with blow-up solutions to the nonlinear parabolic systems under mixed
nonlinear boundary conditions

ur =V - [p1()Vul + fi(x, t,u,v), in Q x (0, t%),

vy =V - [p2(v)VV] + folx, £ u,v), in Q x (0, t%),

3 1+ 0@u =hi(x,t,u,v), N 10V =hy(x,t,u,v), onTyx(0,¢%), (2)
u=v=0 onI'y x (0,£%),

u(-,0) = uy, v(-,0) = vo, in Q.

Here, 2 is a bounded domain in RY (N > 2) with the smooth boundary 92 and I'y, I'y
are disjoint open and closed subsets of d€2, respectively, such that I'; U T', = 9€2. Also, t*
is the maximal existence time of the solution u (or the solution pair (, v)).

Also, we assume that f is a real-valued C!(Q x R* x R)-function, f; and f; are real-valued
CH(Q x R* x R?)-functions, 4 is a real-valued C1(3Q2 x R* x R)-function, #; and k, are
real-valued C}(9Q x R* x R?)-functions, p, p1, and p, are positive and nonincreasing
C*(R*)-functions satisfying

inf p(s) > 0, infp1(s) >0, and infpy(s) >0,
s>0 s>0 s>0

and 6 is a nonnegative C1(3€2)-function, where R* := (0, 00). Moreover, the initial data
uy and v, are assumed to be nontrivial C!(€2)-functions which are compatible with the
boundary conditions.

Equation (1) and system (2) appear in several branches of applied sciences. For example,
they represent some ecosystems or chemical reaction models such as heat processes in one
or more component mixtures. Also, we can consider the above boundary conditions as a
migration during in these processes (see [1, 2] and the references therein).

Some special cases of equation (1) and system (2) have been studied from various per-
spectives with respect to the blow-up property (see [3—14]). For example, Enache studied
the following nonlinear parabolic equations:

u,=V- [p(u)Vu] +f(u) inQ x (0, t*) (3)
under the Dirichlet boundary conditions and the Robin boundary conditions in [15, 16],

respectively, where p is a positive and nonincreasing C*(R*)-function and f is a nonneg-
ative differentiable function. He obtained the blow-up solutions to equation (3) by using
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a condition
(4,): 2+ fo F6)p©) ds < uf @), u>0,

for some € > 0.

In fact, condition (A,) has been frequently used to study the blow-up phenomena of
nonlinear parabolic equations and systems. There are lots of research works on the equa-
tions and systems in which the functions f and % are replaced by a separable type func-
tions in equation (1) and system (2) (see [17—21]). For the example of the systems, Baghaei
and Hesaaraki [20] studied the following nonlinear parabolic systems under the nonlinear

boundary conditions:

=3 (@ X))y, —fi(w,v), in € x (0,¢%),

ve =@ @)y —folu,v), in Q x (0,¢%),

Y @ Wy = Iy (w,v), on 3R x (0,£), (4)
Y1 @)V = ha(u,v), on 92 x (0,t*),

u(-,0) = uy > 0, v(-,0) =1y >0, ingQ,

where fi, f2, 111, and &, are nonnegative locally Lipschitz continuous functions. They ob-
tained the blow-up solutions by using the condition
2+ €)E(r,s) = rfi(r,s) + sh(r,9),

(A4) :
(2 + €)H(r,s) < rhi(r,s) + shy(r,s)

for some 0 < €; < €5 with €; > 0, where the functions F and H satisfy

oF JoF oH oH
— =fi(r,s), — =fa(r,s), — =m(r,s), and — =hy(r,s).
or as ar as

On the other hand, Chung and Choi [22] studied the following nonlinear parabolic equa-
tions:

ur=Au+f(u) inQ x (0, t*) (5)

under the Dirichlet boundary condition, where f is a nonnegative locally Lipschitz func-
tion. They improved the blow-up conditions (4,) for p =1 such that

) : (2+e)/uf(s)ds5uf(u)+,3u2+y
0

for some constants € >0,0 < 8 < ’\7"6, y > 0. Here, Ap is the first Dirichlet eigenvalue of
the Laplace operator A.
In 2021, the authors [23] studied the blow-up solutions for the nonlinear parabolic equa-

tions

(b)), =V - [p()Vu] +f(x,t,u) inQ x(0,t") (6)
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under mixed boundary conditions, where p is a positive and nonincreasing C?*(R)-
function and f is a nonnegative C?(2 x R* x R)-function. They obtained the blow-up
solutions by using the modified version of condition (C).

It is well known that the blow-up phenomena are greatly influenced by the shape of do-
mains (see [24]). However, most of all blow-up conditions do not depend on the domains
and the boundary conditions. Therefore, it is worthwhile to notice that the above con-
dition (C) depends on the domain €2, since the first eigenvalue of the Laplace operator
depends on the domains.

From the above point of view, we obtained the blow-up condition for the solutions to

equation (1) as follows:

) (2+€)F(x, t,u) <up(u)f (x,t,u) + Bru® + Vi,
C,):
’ (2 + €)H(z, t,u) < up®u)h(z, t,u) + Pou® + s,

forxe Q,z€9RQ,t>0,and u € R, for some constants €, 81, B2, ¥1, and s, satisfying

)\R +1 %\R P2 s

€>0, B+ By < €, and 0<pB, <

€,

where F(x,t,u) := [’ p(W)f (x,t, w)dw and H(z,t,u) := [ p*(w)h(z,t,w)dw. Here, p,, :=
infi0 p(s), Ar is the first eigenvalue of the Robin elgenvalue problem, and Ag is the first
eigenvalue of the Steklov eigenvalue problem.

Because we deal with the function f in the reaction terms and the function % in the
boundary terms, it is important to find the blow-up conditions which depend on the do-
mains and the boundary conditions. From this point, it is worth noticing that information
on domain and boundary was applied to the blow-up condition (C,) by using the first
Robin eigenvalue and Steklov eigenvalue of the Laplace operator, respectively.

In most of the research results on blow-up, functions f and / have been assumed to be
nonnegative. In addition, functions of separable types such as k(t)f () or f(u) have been
considered. However, the functions f and 4 in this paper are real-valued functions and can
be non-separable, which is one of our main purposes.

Our boundary conditions include various boundary conditions such as the Dirichlet
boundary condition, the Neumann boundary condition, the Robin boundary conditions,
and so on. One of the meanings of our result is a unified approach.

We organize this paper as follows. In Section 2, we deal with the blow-up solutions to

equations (1). In Section 3, we discuss the blow-up solutions to systems (2).

2 Blow-up phenomena: nonlinear parabolic equations
In this section, we discuss blow-up solutions to the nonlinear parabolic equations under

the mixed nonlinear boundary conditions (1). We introduce the definition of the blow-up.

Definition 2.1 We say that a solution u to equation (1) blows up in finite time ¢* > 0

whenever [, u*(x,t)dx — +ocoast /' t*.

Now, we introduce the first Robin eigenvalue and the first Steklov eigenvalue.
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Lemma 2.2 (See [25, 26]) There exist Az > 0 and a nonnegative function ¢y € W%(Q)
such that

—Ado(x) = Aro(x),  x €,
%(z) +0(2)po(2) =0, zeThy,
¢o(x) =0, xeTl,.

Moreover, Ay is given by
Jo IVwiPdx + [ 6(z)w*dS
)"R = inf 1 .

wewl2(Q) Jow?dx
w#£0

Lemma 2.3 (See [25, 27]) Let I’y # (. Then there exist s > 0 and a nonnegative function
o € WH(Q) such that

Ago(x) = ¢o(x), x€eQ,
30 (2) + 0(2)¢o(2) = Aso(2), zeT,
¢0(x) =0, x el

Moreover, \s is given by

JIVwi? + w?ldx + [ 0(2)w*dS
)»5 = inf 5 1 .
WE\Z;(Z)(Q) fFl w2 dS

Now, we state the main theorem.

Theorem 2.4 Suppose that the functions f and h satisfy condition (C,). In addition, we
assume that F and H are nondecreasing in t. Moreover, we assume that the function p

satisfies

lim s%p(s) = 0. 7)

s—0+

If the initial data u satisfies

1
——fPZ(M0)|VMol2dx+/[F(x,o,uo)— n ]dx
2Je Q 2

+ €

+/;1 [H(z,O,uo)—G(z)/O 0s,oz(s)ds— %} ds >0, (8)

then every solution u to equation (1) blows up at finite time t* > 0.

Proof For a solution u(x, t), we define functions A and B on [0, o) by

u(x,t)
A(t) ::2// sp(s)dsdx + 1
2 Jo
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and

1
B(1) := —5Lpz(u(x,f))|Vu(x,t)|2dx+/Q[F(x,t,u(x,t))— 2)/1 ]dx

+ €

2+¢€

u(z,t)
_ 2 )
+/;1 [H(z, t, u(z,t)) 6?(2)/O sp“(s)ds :|dS

for each ¢ > 0. Firstly, we assume that I'; # . It follows from integration by parts and the

assumption o’ < 0 that

A(t) = 2/Q up(u)u; dx
= 2/ u,o(u)[V . [p(u)Vu] +f(x, 8, u)] dx
Q

_ 2 U 2 2 / 2
~2 [ ugeds 2 [ [P@IVu s pp 1] ds

+2/ up(u)f(x, t,u)dx

Q

_ 2 2

> Z/Qp (1) |Vu| dx+2/9u,o(u)f(x,t,u)dx

+ 2/ upz(u)[h(z, t,u) — Q(Z)M] das 9)
'
for all £ € (0,¢*). Applying condition (C,) to inequality (9), we obtain

/ B 2 2 2 2
A'(t) > 2/9,0 ()| Vu| 2/F19(z)u p“(u)dS
+2/[(2+6)F(x,t,u)—ﬁ1u2—yl]dx
Q
+ 2/ [(2 +€)H(z t,u) — Bou® — yz] ds
rp
:2(2+E)B(t)+6/ P2 ()| Vu|? dx + (4 + 2€) [0(2)/usp2(s)ds] ds
Q I 0

—2/ 9(z)u2p2(u)d5—2/31/ uzdx—2ﬂ2/ u*ds
I Q '

>2(2+¢€)B(t) + € |:/ 02W)|Vul|? dx + / 0(2)u? p*(u) dS:|
Q r

—2ﬁ1/u2dx—2ﬂ2/ u*ds
Q I

for all £ € (0,¢*). Here, the last term can be estimated by using the following inequality:

AZﬁ@wzéffw—AQ%@ﬂ@wz%fﬁw» (10)

Page 6 of 19
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Therefore, we obtain from Lemma 2.2 and Lemma 2.3 that

/ 2 _3 2 2
A'(t) > 22 +€)B(t) + (,ome P ﬂz) [/;2 |Vul|” dx + -/1:1 0(z)u dS:|

- (2,31 + Eﬁz)/ u?dx
As Q

20 +2
>2(2 +€)B(t) + (pf,l)»Re - §+ B — 2,31> / u® dx
s Q

> 2(2 +€)B(t) (11)

forallt € (0,¢*). On the other hand, it follows from the fact that F and H are nondecreasing
in t and integration by parts that

B(t) = —/ [0w)p' ()| Vul*u, + p*(u)VuVu,| dx
Q
+ A[p(u)f(x, tu)u; + %F(x, t, u):| dx
+/ [,oz(u)h(z tu)u; + 3H(z t,u) — 0(2Q)up(u)u ]dS
r &y t 8t by t

> /Q[p’(u)|Vu|2+P(M)A”]p(”)”fdx_/ p2(u)utg—ZdS

Q

+ / pW)f (x, ¢, u)u, dx + / [pz(u)h(z, t,u)u; — 9(z)up2(u)ut] ds
Q I

= ‘/Q[V (o) Vu) +f(x, t,u)] p(w)u, dx

_ /Q (i dx = 0 (12)

for all £ € (0,£*). Considering (11), (12), and the initial data condition (8), it is easy to see
that A(¢) > 1, A’(¢) > 0, B(t) > 0, and B'(£) > 0 for all ¢ € (0,¢*). Now we use the Schwarz
inequality and (11) to get

2%A’(t)B(t) < 2;A/(t)B(t)

[A@)
2 2
< (/Q u”p(u) dx) (/Qp(u)ut dx) (13)

for all £ € (0, £*). Integrating by parts, the use of p’ < 0 and assumption (7) give

=

| =

2 /0 $p(5) ds = 2 p(s) i fo $20/(5)ds > up(u). (14)
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Combining (13) and (14), we have

2+€ , " 2
5 A'(£)B(t) < (/92/0 sp(s) dsdx) </Q,o(u)ut dx)

<A@®B() (15)

for all £ € (0,t*). Then we obtain from (15) that
d 2+€
—|A™ 2 (¢)B()| =0
dt[ (t)B()] =
for all ¢ € (0, £%). It follows that
2+

A5 (DA () > 22+ €) A~ (H)B(t) > 2(2 + €)A~ 55 (0)B(0)

for all ¢ € (0, £*), which implies that

Lra=5 ()] =~ a5 (oA
g [A2()] =~ 2A (DA’ (t)
< —€(2+ €)A~ 5 (0)B(0).

Integrating from 0 to ¢, we finally obtain

i
A(f) = [ . T ] . (16)
A72(0)-€(2+€)A™ 2 (0)B(0)t

Therefore, the solution # blows up at finite time 0 < t* < T..

Onthe other hand, if I'; = @, then it is trivial that the function / cannot affect the solution
u. In this case, we can easily obtain the blow-up solution by following the above proof, by
using the condition

(Cp) : 2+ €)F(x,t,u) < up(u)f (x, t, 1) + fru” + 11
2
for some constants €, 1, and yj, satisfying € >0and 0 < ; < %e. O

Remark 2.5
(i) We can easily obtain that

At) < ,0(0)/ u?dx
Q
Le. lim,_, s+ A(t) = oo implies lim,_, s+ [, u* dx = 0.
(i) The upper bound T of the blow-up time £* can be obtained from inequality (16):

~ A(0)
" €(2 +€)B0)

Now, we discuss nonnegative functions or nonpositive functions since, in fact, if the
functions f and / have the same signs on 2 x R* x Rand 922 x R* x R, respectively, then
we can improve the blow-up condition (C,).
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Theorem 2.6 Suppose that the function F is nonpositive. Also, we assume that the func-
tions [ and h satisfy the conditions

) (2 + €)F(x,t,u) < up(u)f (x,t, u) + pru® + 1,
C,):
! (2 + €)H(z, t,u) < up*(W)h(z, t,u) + Bott® + s,

forallx € Q,z€ 3R, t>0,u>0, for some constants €1, €3, B1, B2, Y1, V2, satisfying

Ar+1 P2\ p2As

<
s B2 <

R
0<e1<e, >0, B1+ €, and 0<py < €.

In addition, we assume that F and H are nondecreasing in t. Moreover, we assume that the
function p satisfies

lim s%p(s) = 0.

s—0+

If the initial data u, satisfies

1
——/pz(ﬂo)|vuo|2dx+/[F(x,O,uo)_ V1 ]dx
2Ja Q 2+ €

" 2 Y2
+/;1|:H(z,0,u0)—9(z)/0 sp (s)ds—2 i|dS>0,

+ €3

then every solution u to equation (1) blows up at finite time t* > 0.

Proof The proof is basically similar to the proof of Theorem 2.4. Therefore, we state the
main difference of the proof. For a solution u(x, £), we define functions A and B on [0, c0)
by

u(x,t)
A(t) ::2// sp(s)dsdx + 1
aJo

and

1
B(t):= - 5LPZ(”(x;t))|Vu(x,t)|2dx+/Q[F(x,t,u(x,t)) - 2)/1 :|dx

+ €9

u(z,t)
B 2 e
+/;1 [H(z, tulz, t)) 9(2)/0 sp%(s)ds }dS

2+62

for each ¢ > 0. Now, applying condition (C,) to (9), we obtain

A() > —2/;2p2(u)|Vu|2—2/ 0(2)u? p*(u) dS

r;
+ 2/ [2+e€)F(x t,u) - pru® — y1 ] da
Q

+ 2/ [2 + €)H(z, t,u) - pou® — 2] dS
N

> 2(2 + €)B(¢) + e/ p2(w)|Vul? dx + (4 + 2¢) |:9(z) /uspz(s) dsi| ds
Q 0

'
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—2/ 9(z)u2p2(u)dS—2,31/uzdx—2,32/ u*ds
I Q

i

22(2+62)B(t)+€|:f pz(u)|Vu|2dx+/
Q

'
—2,31/ u?dx — 2,32/ u>ds
Q I

for all £ > 0. Hence, we have from Lemma 2.2 and Lemma 2.3 that

0(2)u?p*(u) dS]

A'(t) > 2(2 + €2)B(2).

Also, by the same argument as inequality (12), we can obtain
B(t) > / o(w)u?dx > 0.
Q

Therefore, we can easily obtain in a similar way as the proof of Theorem 2.4 that

2

1 2
AF(0)—er(2 + 62)A72+¥ (O)B(O)t] '

A(t) > [

Hence, the solution u blows up at finite time 0 < £* < T. Furthermore, the upper bound T
of the blow-up time satisfies

. AO
T 2+ e)B0)’ =

Theorem 2.7 Suppose that the function H is nonpositive. Also, we assume that the func-
tions f and h satisfy the conditions

() (2+e1)F(x, t,u) <upW)f(x t,u) + ,31u2 + Y1,
C,):
’ (2 + €)H(z, t,u) < up*(u)h(z, t,u) + Bots® + s,

forallx € Q,z€ 3R, t>0,u>0, for some constants €1, €3, B1, B2, Y1, V2, satisfying

2)¥S

Ar+1 2
RY P R€1, and 05/325'0’"2

€1>€, €>0, B1+ B2 <
As

€1.

In addition, we assume that F and H are nondecreasing in t. Moreover, we assume that the
function p satisfies

lim s%p(s) = 0.

s—0+

If the initial data u satisfies

1
——/,02(140)|Vuo|2dx+/|:F(x,0,uo)— n ]dx
2 Jo Q 2+¢€

up
+ / [H(z, 0, ug) — 9(2)/ sp2(s)ds— v2 :| ds >0,
r 0 2+€;
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then every solution u to equation (1) blows up at finite time 0 < t* < T with

A0
- 61(2 + 61)3(0) ’

Proof The proofis basically similar to the proof of Theorem 2.4 and Corollary 2.6. There-
fore, one can easily complete this proof by following the proofs. O

Since ¢ is the one of variables of the reaction term f, we can expect that condition (C,)
may depend on ¢. From this point of view, we obtain the following condition (C,)'. In fact,
condition (C,)" is the generalized version of condition (C,):

- (2 +€(®)F(x, t,u) < up(w)f (x,t,u) + Bi(t)u? + y1(x, 1),
o (2+€(®)H(z,t,u) < up*(Wh(z,t,u) + Bo(Ou* + y2(2, 1),

forallx € Q,z€ 9%, t >0, u € R, for some differentiable functions €, 81, B2, Y1, V2, satis-
fying

A+l 2 2
RY gty < PR e(r), and 0 < By(t) < 25

infe(s) >0, Bi(f) + ) 2

>0 )»5

€(t)
fort > 0.

Theorem 2.8 Let 'y # 0. Suppose that the functions f and h satisfy condition (C,). In
addition, we assume that

. ¥
i, 1) and  H(zt ) va(z,t)

Fotw) -0 e

are nondecreasing in t. (17)

Moreover, we assume that the function p satisfies

lim s%p(s) = 0.

s—0+

If the initial data u satisfies
1 2 2 / 71(x,0)
- = A% d F(x,0, - d
zpr (u0)|Vuo|” dx + Q|: (%,0, 1) 2+¢(0) X

¥2(z,0)
2 +€(0)

+/;1 [H(z,O,uo) 9(2)/0 sp“(s)ds ]dS>0, (18)

then every solution u to equation (1) blows up at finite time 0 < t* < T with

A
" €(2 + €,)B(0)

where €, := inf g €(s).

Proof For a solution u(x, t), we define functions A and B on [0, c0) by

u(x,t)
A(t) ::2// sp(s)dsdx + 1
2 Jo
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and

Y1, £)
- 2+e(t)i|dx

[F (x, t, u(x, t))

u(z,t) (z,t)
s 52

for each ¢ > 0. Then the proof is basically similar to the proof of Theorem 2.4. Applying

condition (C,)" to inequality (9), we can obtain

B(t) := —%/sz(u(x,t))|Vu(x,t)|2dx+/

Q

A -2 2(W)IVul? =2 0 2020,V dS
(t) > /Qp (@) Vul /n (2)u*p*(u)
+ 2/;2[(2 +€()F(x, t,u) — B1(O)u” — (%, 0)] da
+ 2/; [(2 +€(t))H(z, t,u) - B = (2, t)] ds
=22+ eO]BO +€(0) [ PV d
Q

(9(z)f0 s,oz(s)dst—Z/r 0(2)u? p*(u)dS

+ [4 + 2€(t)] /

r

2 2
—2,31(1.‘)fgu dx—Z,BZ(t)/Flu ds
22[2+e(t)]B(t)+e(t)|:/ ,oz(u)IVu|2dx+/ 9(z)u2p2(u)d5]
Q I

—2,31(t)/ uzdx—2f32(t)/ u*ds
Q

I

for all t € (0,¢*). Here, the last term can be estimated by using inequality (10). Therefore,
we obtain from Lemma 2.2 and Lemma 2.3 that

A'(t) > 2[2+€(®)]B() + [p;e(t) - )%ﬁz(t):| UQ |Vul® dx + fr 0(2)u® dS]

- [2/31(t> + %Sﬁza)} /Q W dx

2Ap +2
As

=202+ eO]B0) + | et - 2 ot -26100| [ w2l
Q
> 2[2+€(1)]B(t) (19)

for all £ € (0,£*). On the other hand, we have from condition (17) and integration by parts
that

B0 = - [ [000/ 1 uc + 20 uVi]d

a ’
Lo

9 :
; /F 1 |:,02(u)h(z, £ )t — 0(2)up ()t + E(H(z, tu) ;"i(i (’?)ﬂ ds
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> /Q[p’(u)|vu|2+,0(U)A”]p(u)utdx_/ pz(u)utg—ZdS

Q2

+ / pW)f (x, t, u)u; dx + / [,oz(u)h(z, tu)u; — 9(z)u,02(u)ut] das
Q

I

= / [V- (p(u)Vu) +f(x, ¢, u)]p(u)ut dx
Q
= / p(w)udx>0 (20)
Q
for all £ € (0,£*). Considering (19), (20), and the initial data condition (18), it is easy to see

that A(¢) > 1, A’(¢) > 0, B(t) > 0, and B'(¢) > 0 for all ¢ € (0,£*). Now we use the Schwarz
inequality and (19) to get

2+ €, 2 +€(t)
2

A'(HB(t) < A'(H)B(t)

1 !

< ol

( u?p(u) dx) (/ o(w)u? dx> (21)
Q

for all ¢ € (0, £*), where €, := inf;,0 €(s). Applying (14) to (21), we have

2+em 2+e()

A(H)B(t) < ———A'(t)B(t)
(/ / sp(s) dsdx) </ p(u)ufdx)
Q
<A@)B () (22)

for all £ € (0, t*). Then we obtain from (22) that

AT 0B =0

for all ¢ € (0,¢*). Hence, we can obtain the following in a similar way as the proof of The-
orem 2.4:

2

1

At) > [ _ - }'”
A2 (0)-¢€,2+€,)A 2 (0)B(0)t

Therefore, the solution u blows up at finite time 0 < t* < T. Furthermore, the upper bound

T of the blow-up time satisfies

A
T (2 +€,)B0)
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Remark 2.9 Let us assume that €'(t) <0, t > 0. Then we can obtain another upper bound
of the blow-up time. More precisely, we obtain from (22) and the fact A(z) > 1 that

%MDWUMH—EEQNQ$%MMHWA%€M)
’ét) -2l (OB InA()
> —#A 258 OB InA@) > 0

for all £ € (0, t*). It follows that

2+¢€(t)

AT (DA () = 2(2+€(0)A”

2+e(t

(t)B(t) = 2(2 +€(t))A™ "2 (0)B(0)

for all ¢ € (0, £*), which implies that

+Em

di o

AT @)= -ZAaT AW
s—gAﬁimAm

< -6, A 7T (0)BO)[2 + €(1)].

Integrating from 0 to ¢, we finally obtain

2

A(t z |: € 2+E . :| " :
A3 (0) — €,,A” (O)B(O) fo [2+€(s)]ds

Therefore, the solution # blows up at finite time 0 < £* < T'. Furthermore, the upper bound
T of the blow-up time satisfies

A2+s(0) €m (0)

Remark 2.10 Condition (C) was discussed by Chung and Choi (see [22]). From a careful
reading of their analysis, we can obtain that
F(x,t,u) = u** g (%, t,u) + &uQ + 2L,
(C,) holds if and only if € e

H(z, t,u) = u**gy(z, t,u) + &uz + L,
€ 2+¢

for some real-valued continuous functions g; and g, which are nondecreasing in u.
3 Blow-up phenomena: nonlinear parabolic systems
In this section, we discuss blow-up solutions to the nonlinear parabolic systems under the

mixed nonlinear boundary conditions (2). In this section, we assume that, for the functions
fi, fa, 11, and hy, there exist functions F and H such that

d d
B—F(x, t,r,s) = p1(r)filx, t,r,s), a—F(x, t,r,8) = pa(s)falx, L, 7,8)
r s

Page 14 of 19
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and

d ad
a—H(z, t,r,s) = plz(r)hl(x, t,r,8), 8—H(z, t,r,8) = pg(s)hz(x, t,r,S8).
r s

Now, we introduce a condition for functions fi, f3, 1, and %, as follows:

2+ €)F(x, t,u,v) <upr(u)fi(x, t,u,v) + voa (V)fa(x, £, u, v)
+ Brid’ + Bov + Y1,
(Cp) :
(2+€)H(z, t,u,v) < u,olz(u)hl(z, tu,v)+ v,o%(v)hg(z, t,u,v)

2 2
+ B3u” + Bav + ya

forallx € Q,z€ 9, t>0, u € R, and v € R, for some constants €, 81, B2, B3, Ba V1, V2»

satisfying
rr+1 0%, R rr+1 03, R
€>0, + <= €, + <= €,
B s B3 < ) Ba s Ba < 5
2 X 2 X
0<pBs< 2™ and 0<p, <25

where p1,, := infy,0 01(s) and py,,,, := infy,0 p2(5).

Now, we discuss the blow-up solutions to system (2).

Theorem 3.1 Let 'y # (. Suppose that the functions fi, f, satisfy conditions (C,). In addi-
tion, we assume that F and H are nondecreasing in t. Moreover, we assume that the func-

tions p, and p; satisfy
lim s%p1(s) = lim s%py(s) = 0. (23)
s—0+ s—>0+

If the initial data u, satisfies

1
5 [T + p2orewR s [ [Fomo - 52 Jas
Q

2 Q 2+€
uo ) vo 5 Y2
+ / H(z,0,ug,vo) —0(2) / spy(s) + / spy(s)ds |- ds >0, (24)
r 0 0 2+¢€

then every solution pair (u,v) to system (2) blows up at finite time t*.

Proof First of all, we define functionals A and B by

u(ox,t) v(x,t)
A(t) = 2/ [/ sp1(s)ds + / spo(5s) ds] dx +1
alLJo 0
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and
1 2 2 2 2
B(t) := _E/Q['Ol (u(x, t))|Vu(x, t)| + p5 (v(x, t))|Vv(x, t)| +] dx

Y1
+ /;—2 [F(x, t, M(x; t)’ V(x’ t)) - 2 ] dx

+€

V2
+ /1“1 [H(z, t, u(x, t), v(x, t)) ~ e ] ds

u(z,t) v(z,t)
—/ (9(2)[/ s,of(s) ds+/ spg(s) ds:| ds.
r, 0 0

In fact, the proofis basically similar to the case of Theorem 2.4. We have from integration
by parts and the assumptions p; <0, p; < 0 that

At) = 2/ [u,ol(u)ut + vpz(v)vt] dx
Q
=<2 [ [ofIVul + o)1

+ 2/ [upl(u)fl (e tu,v) +voa(Vfa(x, t, 1, v)] dx
Q

+ 2/ [uplz(u)[hl(z, t,u,v) — O(Z)u] + vp%(v)[hz(z, t,u,v) — 9(z)u]] ds
Iy

for t € (0,¢*). We use condition (C,) to obtain

A(t)>22+¢€)B(t) + E/ [,olz(u)|Vu|2 + p%(V)|VV|2] dx
Q

+€ / 9(2)[142/)%(14) + vng(v)] as
Iy

—Zﬂlfuzdx—ZﬂZ/vzdx—Zﬂgf u2d5—2ﬂ4/ v ds
Q Q Iy r

for all ¢ € (0,¢*). Here, this term can be obtained by similar way to inequality (10) in the
proof of Theorem 2.4. Therefore, we obtain from Lemma 2.2 and Lemma 2.3 that

As

20 +2
+ [p;?,m)\zee S 2/32] / u dx
As Q

A(t)>212+¢€)B(t) + |:p12,mkRe — 2 + zﬁg - 251:| / u? dx
Q

> 2(2 + €)B(¢) (25)
for all £ € (0, £*). On the other hand, it follows from similar way to (12) that
B(0) = - [ [ Vulc + 30V d
Q

- /Q[pz(V)pé(V)IVVIzvt +p3(V)VYVv, | dx
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+ /Q|:p1(u)f1(x, Lu,Vug + oW, 6 u, v)ve + E%F(x, t,u, v)] dx
+ /1“1 [,of(u)hl(z, t,u, V)i + p%(v)hz(z, t, U, V)vs + %H(z, t,u, v)] das
—/; 9(2)[u,o12(u)ut + vp%(v)vt] das
1
= [ [0 + o) ds =0 26)
for all £ € (0,¢*). Considering (25), (26), and the initial data condition (24), it is easy to see

that A(t) > 1, A'(t) > 0, B(£) > 0, and B'(£) > 0 for all £ € (0,£*). Now we use the Schwarz
inequality and (25) to get

2 a0
2
= %L[A/(t)]z = I:/Q[upl(u)ut +voa(V)ve] dx}
< [Juo? @] ooy |07 @] 2y + 1703 )] 2y 05 el )]

< ( /Q 2 pu (1) dx + fg m(u)utdx) ( fg Vo) dx + fQ pz(v)vtdx)

forall ¢ € (0,t*). Using p; <0, p; <0, and assumption (23), we obtain from similar way to
(14) that

2%A’(tw(t) <A@)B ()

for all £ € (0,t*). Therefore, we can obtain

A(t) Z |: € ! 2+€ i|6‘
A72(0)-€(2+€)A™ 2 (0)B(0)t

Hence, the solution pair (u, v) blows up at finite time 0 < t* < T. Furthermore, the upper

bound T of the blow-up time satisfies

T A(0)
" €(2+€)B(0) -
From the proofs of Theorems 2.4 and 3.1, we obtain the blow-up solution to the fol-
lowing nonlinear parabolic systems under the mixed nonlinear boundary conditions for

keN:

%M;‘ =V (pl(ul)vul) +ﬁ(x’ Liu,..., uk); in Q x (0) t*);

% +9(Z)Mi = hi(x: t»ulr'-‘ruk)’ on Fl X (0, t*), (27)
u; =0, on Iy x (0,t%),

ui('io) = wi Z 0! in Q,
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for i = 1,...,k. Here, the functions f; are nonnegative C}(Q x R* x R¥)-functions and ;
are nonnegative C1 (322 x R* x R¥)-functions such that

)
ﬁF(x, LTy VipeensTk) =fil@ 671, Vi oo 1) Pi(F0),
1

ad
8_rH(Z»t,r1wu,riy-urrk):hi(xrtyrl;eri»-«‘rrk)piz(ri)’
i

fori=1,...,k and p; are positive C!(R)-functions satisfying
pi(s) <0, s>0, and ingp(s) >0,
5>

for i = 1,...,k. Also, v; are nonnegative and nontrivial C 1(Q) functions satisfying the

boundary conditions for i =1,...,k.

Corollary 3.2 Let 'y # 0 and k € N. Suppose that the functions f; and h; satisfy the condi-

tions
k k
(2 + €)Fv(?@ tug,..., I/[k) = Z M]p](u}),ﬂ(x¢ tug,..., uk) + Z ﬂl,jujz + Y1
1 1
Co):
() k k
(2 + E)H(Z) t,uy,..., uk) = Z M/PIZ(uj)h](Z: t,uy,..., uk) + Z 132,}74]2 + V2
j=1 j=1

for some constants €, By, B2, V1, and y, satisfying

Ag+1 P RE P hs€

€>0, B+ B2 = , and 0<py; <
As 2

forj=1,...,k, where pj,, := infe0 0j(s),j = 1,..., k. In addition, we assume that F and H are
nondecreasing in t. Moreover, we assume that the functions p; satisfy

. 20 (6) =
s1—1>%1+s Pi (S) 0

forj=1,...,k. If the initial data u satisfies

-5/ > IV do [ [P0 - 2 |
2 o = 'j i i o y\S Wl Wik 2t e
k Vi )
+/1:1|:H(Z,0’¢1"H,I/fk)_Q(Z)|:j§_1./()‘ Spiz(S):|—2+6:|dS>0,

then every solution pair (uy, ..., ux) to system (27) blows up at finite time t*.
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