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In this paper, we study the following nonlocal problem:

where Q is a smooth bounded domain in RN with N> 3,a,6>0,1<g<2and A >0
is a parameter. By virtue of the variational method and Nehari manifold, we prove the
existence of multiple positive solutions for the nonlocal problem. As a co-product of
our arguments, we also obtain the blow-up and the asymptotic behavior of these
solutions as b N\ 0.
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1 Introduction and main results
In this paper, we are concerned with the multiplicity of positive solutions for the nonlocal
problem

—(a - be |Vul?dx)Au = Mu|?u, xe,
u=0, x € 0%,

(1.1)

where Q is a smooth bounded domain in RN (N >3),4,h>0,1<g<2and A>0isa
parameter.

In the past two decades, the following Kirchhoff type problem on a bounded domain

—(a+b [, |Vul?dx)Au=f(xu), x€Q,
u=0, x €08,

(1.2)

has attracted great attention of many researchers. The Kirchhoff type problem is often
viewed as nonlocal due to the presence of the term b [, |Vu|? dx which implies that such a
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problem is no longer a pointwise identity. By using the variational method, there are many
interesting results of positive solutions to (1.2), see e.g. [1, 4, 5, 9, 11] and the references
therein.

If we replace b [, |Vu|? dx with —b Jo |Vu|? dx, then (1.2) turns out to be the following

new nonlocal one:

—(a=b [, |Vul*dx)Au=f(x,u), x€Q,
u=0, x € 0Q2.

(1.3)

This kind of problem involving negative nonlocal term not only presents some inter-
esting difficulties different from Kirchhoff type problem but also has its own physical
and mechanical motivation, see [8, 14]. Yin and Liu [16] considered problem (1.3) when
f(x,u) = |ulP~2u with 2 < p < 2* and showed the existence of two nontrivial solutions.
Based on [16], Wang and Yang [15] further obtained the existence of infinitely many sign-
changing solutions. In [17], the authors extended the results of [16] to a general case of
nonlinear terms. For f(x, u) = A|lu|™ with 0 < y < 1, [6] got the multiplicity of positive solu-
tions to (1.3). In [10], we proved that problem (1.3) possesses at least one positive solution
when N = 3, f(x, 1) = Af(x)|ul?~2u with 3 < p < 4 and f(x) € L% (€2) may change sign. In
particular, Duan et al. [3] and Lei et al. [7] proved that there exists A, > 0 such that, for each
A € (0, 1), problem (1.1) has two positive solutions by using the minimization argument
and the mountain pass theorem.

From the works described before, it is important and interesting to ask whether the
multiplicity of positive solutions to problem (1.1) can be established by other methods? In
the present paper, we shall give an affirmative answer. The main technique applied here
is a separation argument for the Nehari-type set of problem (1.1), which has been firstly
introduced by Tarantello [13] and later refined by Sun and Li [12].

Let H := H}(R2) and L¥(2) be the standard Sobolev spaces endowed with the standard
norms || - || and | - |, respectively. Denote by — and — the strong and weak convergence,
respectively. We use 0,(1) to denote a quantity such that 0,,(1) - 0as n — co. C and C; de-
note various positive constants which may vary from line to line. We say that / € C'(H,R)
satisfies the Palais—Smale condition at level ¢ € R ((PS), in short) if any sequence {u,} C H
such that I(u,,) — cand I'(u,) — 0 in H™! as n — oo has a convergent subsequence. S de-
notes the best constant in the Sobolev embedding H < L (), that is,

S 1Vul*dx

S= inf f——— >
uek\(0) ([ |u|*" dx)*?*

Associated with problem (1.1), we define the energy functional
a b A
5o = 1P = = = [
4 qJa

Then I, € C'(H,R). Recall that a function u € H is called a weak solution to (1.1) if, for
any ¢ € H, there holds

(a—b||u||2)/ Vqubdx—A/ || 2up dx = 0.
Q Q
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Define the Nehari type set of (1.1)
Ap={ueH:(I,(u),u)=0}= {u € H:allul®-blu|*= A[ |u|qu},
Q

and then decompose A} into three subsets:

Ay ={ue Ap:a-q)llul® - b4 - q)lul* =0},
Ap={ueAp:a2-qlul? - b4 -q)llul* >0},

Ay ={ueAy:a2-qllull® - b4 -q)|ul* <0}.
It is important to notice that there exists a norm gap in Aj:

~n2 d(z_q)
> 2

>|lull®> forallue Aj,ire A (1.4)

Set

4

. 22-q)az St
b= _ ¥ g *
(4—61)2 szq |Q|22*q

Our main results are as follows.

Theorem 1.1 Assume that A € (0, Tp), then problem (1.1) has at least two positive solutions
Uy € A}, ity € Aj with u, | < ||iis|.

Moreover, as a by-product of our arguments, we regard b as a parameter and obtain the
blow-up behavior of the solution #, € A} and the asymptotic behavior of the other one
up € A}, of problem (1.1) as b\ 0. Namely, we have the following theorem.

Theorem 1.2 Assume that {b,} is a sequence satisfying b, \ 0 as n — oo. Then there
exists a subsequence, still denoted by {b,}, such that
(i) l#p, || = o0 as n — oo.

(ii) #p,, — uo in H as n — 00, where uy is a positive solution of the problem

—aAu=Aul"%u, xe€g,

u=0, x € 082,

(1.5)

Remark 1.3 Compared with [3, 7], we adapt a new method to show the existence and
multiplicity of positive solutions to problem (1.1). In particular, we obtain the blow-up and
the asymptotic behavior of these solutions. As far as we know, such phenomena about the
solutions to (1.1) are first observed, which reveals some relationship between the nonlocal
problem (1.1) and the classical semilinear problem (1.5).

The paper is organized as follows. In Sect. 2, we present some preliminaries. Sections 3
and 4 are devoted to the proofs of Theorems 1.1 and 1.2, respectively.
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2 Preliminaries
Lemma 2.1 Let A € (0,T}). Then Aff # @ and A? = {0}.

Proof For any u € H, u #0, we define
h(t) = at®™||u||® - bt* 1 ||u||*, Vi>0.

It is easy to see that g(t) attains its maximum value at £,x = [&7)_”‘2”2]” 2 with

4-q

22-q)aT
(4-q)% p*!

h(tmax) = ”u”q

We note that, by Holder’s inequality, for A € (0, T}), there holds

24 g2
7 ST ull? < h(tmax)-

A/ lul? dx < 1|9
Q

It follows that there are two and only two positive constants ¢t* = £*(x) and ¢~ = £~ (&) such
that

h(t*):)»f lulfdx=h(t") and K (t")<0<Hh(t).

Equivalently, we obtain t*u € Ay and t7u € A}.

Next, we prove that A) = {0}. Arguing by contradiction, we assume that there exists
w € A satisfying w # 0. Then we have a(2 — g)||w||> - b(4—g)|w||* = 0. This yields b||w||* =
“ff_qq). For X € (0, T}p), it follows from w € A}, and Holder’s inequality that

0=a||w||2—b||w||4—A/ ] dx
Q

2a 2% ¢
> ——|lwl? - AlQ| 7 S |w|*

=
22-q)a T [4—q\?
— a — 2% _ —
= ||w||q[ P ( q) —x|sz|2—*q52"} >0,
(4-97 5t \2-¢q
which makes no sense. This ends the proof. O

Lemma 2.2 Given u € A}, there exist p, >0 and a differential function g, : B, (0) - R*
defined for w e H, w € B, (0) satisfying

2.0 =1, g, (W(u-w)eAy,

and

(2a — 4b||ul?) [, VuVe dx — gh [ |ul"up dx

(g0),¢)= a2 = q)|lull? - b4 — q)[lu]*
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Proof ‘We only give the proof for the case € A} . In a similar way, one can prove the other
case u € Aj. Fixu € Aj and define F: R* x H — R by

F(t,w) = at||lu—w||* = b8||u — w||* - 297! / lu — w9 dx.
Q
By u € Aj C Ay, we easily see that F(1,0) = 0 and
F(1,0) = a(2 - q)l|ull* - b(4 - q)||u|* <0.

Then, we are able to use the implicit function theorem for F at the point (1,0) and get
P >0 and a differential functional g = g(w) > 0 defined for w € H, ||w|| < p such that

g0)=1,  gw(u-w)e Ay, VYweH,|w|<p.

Thanks to the continuity of g, we can take p > 0 possibly smaller (p < p) such that, for any
we H, |w| < p, there holds

gw)(u—w) e A,
Moreover, for any ¢ € H, r > 0, it follows from

F(1,0+r¢) - F(1,0)

=a||u—r¢||2—bIIu—r¢|I4—kf |u—r¢|4dx—a||un2+b||u||‘*+xf P dx
Q Q
:—a/(2rVuV¢—r2|V¢|2)dx—k/ (|u—r¢|q—|u|q)dx

Q Q

+b[2/ |Vu|2dx/(2rwv¢—r2|v¢|2)dx
Q Q

- < /Q (2rVuVe —r*|V¢|?) dx)z]

that
(er ¢>|t:l,w:0
. F(1,0+r¢)-F(1,0)

= —(2a - 4b|ul?) f VuVeodx + qkf lulP2ue dx.
Q Q
Consequently, we derive

(Fy, ) (2a - 4bllul?) [, VuVdx — gk [, |u|"*uep dx

e 2@ lul?  b@— gl

This completes the proof. O



Shi and Qian Boundary Value Problems (2021) 2021:55

Lemma 2.3 If ) € (0, T,), then we have
(i) the functional I is coercive and bounded from below on Ap;
(ii) ian;UAg Iy = ianZ I € (-00,0).

Proof (i) For u € Ay, by Holder’s inequality, we have

19w = 1) ~ {13,

11
=f||u||2—x<—-—>/ |u|? dx

a 1 1 2%
> Zul —A(— - —)|s2| = S |y,
4 qg 4

and the conclusion (i) follows.
(ii) For u € A}, there holds

1) = Iy(ae) — é(l,;(u), u)

1 1 1 1
=a(§ - —)IIMII2 —b(— - —)Ilull4
q 4 gq

—a(2 - q)|lull* + b(4 - q)||ul*
< <
4q

0.

This together with Lemma 2.1 gives that inf AFUAY I, = inf AL I, < 0. Moreover, from (i) we
infer that ianZUAZ Ij, # —o0. Therefore, ian;uAg I € (-00,0). O

Lemma 2.4 For all A >0, I, satisfies the (PS). condition at any level c < g.

Proof The proof is similar to that of [16, Lemma 2]. We omit the details. O

3 Proof of Theorem 1.1
Lemma 3.1 Assume that )\ € (0, Tp), then problem (1.1) has a positive solution uj, with
up € Aj.

Proof 1t is easily verified that the sets A; U A) and Aj are closed. Applying the Ekeland
variational principle, we can derive a minimizing sequence {u,} C A; U A} satisfying that

lim Iy(#,) = inf I, <0 (3.1)
n—>00 AJUAY
and
1 + 0
Iy(2) > In(un) — =z — uy,|| forallze Ay UA;. (3.2)
n

Noting that [,(|u|) = I,(#), we may suppose that u, > 0 in Q. By Lemma 2.3, {u,} is
bounded in H, and so we can assume

U, —~up inH,

Page 6 of 13
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u, — up inL’(Q),2 <s<2%

U, — up a.e.in Q.
In what follows we prove that u,, is a positive solution to (1.1). The proof will be divided
into four steps.

textbfStep 1: u, # 0.
By contradiction, we suppose that u; = 0. Since u, € Aj U Ag, we see that, for n large,

4-q
allug|* > —bllu,||*.
2-q

As a consequence, we derive

1 1 4 —
Iy(uy) = ianunn2 - Ebnunn‘* +0,(1) > < 1

1 4
- n nl )
22-q) 4)bllu I* +0,(1) >0

which is a contradiction to (3.1). Thus, u;, # 0.
textbfStep 2: There exists a constant C; > 0 such that

2a||un||2—x(4—q)/ |4, T dx < —Cj. (3.3)
Q
To prove that, it suffices to verify
2aliminf ||u,]|? < A4 — q)/ lup|? dx.
n—0o0 Q
By u, € Aj UAY,
2aliminf ||u,||? < A4 - q)/ |ty |7 dx.
n—0o0 Q
Suppose to the contrary that
2aliminf ||u,||> = A(4 - q)/ |y |9 dx.
n—o0 Q
Then we can assume ||u,||>2 — A > 0 as 7 — oo, where A satisfies

2aA
A/ lup|? dx = L.
Q 4-q

Combining this with {u,} C Aj;, we have

2aA
0=ad—bA> - 222
4-q
It follows that

_ a2 -q)
b(4-q)’
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which leads to a contradiction

g
2(2 - 7z
X q3%||un||q—xf|un|qu
(4-q)? p=* Q

4—q

L 202-gar [a(Z—q)]"”_ 2a_a(2-q)
(4-q)% p57 L b(d-q) 4—qb4-q)

28°2-q)[(2-q\""
= -11<0
b(4-g)?* [\4-¢q
when A € (0, T}). Thus, (3.3) holds.

textbfStep 3: I, (u,) — 0 in H™*.
Let 0 < p < py = pu,,» 1 = gu,» Where p,, and g, are given as in Lemma 2.2 with u = u,,.

Let w, = pu with |lu|| = 1. Fix n and set z, = g,(w,)(u, — w,). By z, € A}, we have from
(3.2) that

1
Ib(zp) —1Ip(u,) > _; ”Zp — Uyl
Then, by the mean value theorem,
, 1
(Ib(un)»zp - un) + O(HZp - un”) = _Z lzp — wnll.
Hence, we derive
, 1
(Ib(un)’ —Wp + (gn(wp) - 1)(”71 - Wp)> > _; ”Z,o - Lt,,” + 0(||zp - I/l,,”),
and thus,
! ! 1
—o(L (), ) + (g0 (W)) = 1) (I, (t4), 18y — W) > =—llzp = tnll + o(llzp = uall)s

from which it follows that

”Zp — | + O(HZ/J — uyll) + gn(wp) - 1<

, 1
(Ib(un)r M) = ; P P

I (), thy — wp). (3.4)
By Step 2, Lemma 2.2, and the boundedness of {x,}, one sees that

2y — thnll = || (€n(Wp) = 1) (1t — ) = w, || < |ga(w,) = 1|Ca +
and

Ii

p—0

. W =(2,(0),4) < &, = Gs.

Therefore, for fixed 1, we deduce by taking p — 0 in (3.4) that
, C
(Ib(u,,), l'i) = Pl

which provides that I} (,) — 0 as n — co.

Page 8 of 13
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textbfStep 4: u,, is a positive solution of problem (1.1) and u, € Aj.

It follows from Step 3, Lemmas 2.3 and 2.4 that, along a subsequence, u, — u;, in H
with I3 () < 0 and 1} () = 0. Hence, u;, > 0 is a weak solution to problem (1.1) satisfying
up € Aj. The standard elliptic regularity argument and the strong maximum principle
imply that u;, is positive. Thus we complete the proof of Lemma 3.1. O

Lemma 3.2 Assume that A € (0,T)), then problem (1.1) has a positive solution u;, with
up € Ay.
Proof Similar to the proof of Lemma 3.1, one can construct a bounded and nonnegative

sequence {i1,} C A} satisfying that

(i) lim Ib(ljln) = inf]b,
n—00 A;

(i) Ip(z) > (&) — %Hz—uy,”, forallz e Ay,
(iii) @, —~up inH,

(iv) @,— up inL¥(R), 2<s<2%

(V) #,— 1, a.e. inQ.

Without loss of generality, we may suppose that 0 € Q. Take a cut-off function ¢(x) €
C§°(2) satisfying 0 < ¢ < 1in Q and ¢(x) = 1 near zero. Define

(N(N _ 2))(N_2)/48(N_2)/2
(82 + |x|2)1/2

ve(x) = (%)
It is known that (see [2])
[vell* = SN2 + O(eN?).

Firstly, we prove the following upper bound for inf,; /5:

2
a

infl; <suplp(up +tve) < —,

A, b = t>(1)) b( b s) 4b

(3.5)

where 1, is the first positive solution obtained in the previous subsection. By u;, € A} and
(1.4), we easily see that @ — b||u,||> > 0. Since u, is a positive solution of (1.1), we also have

0=<Il/,(uh),tvg>=t(a—b||ub||2)/ Vuvagdx—tA/ uz_lvgdx, (3.6)
Q Q

from which it follows that

A uT Ny, dx
/ VupVv, dx = fQ”—: > 0. (3.7)
Q a— blluy|

To proceed, set w, = u;, + Rv, with R > 1. By (3.7), we have

lIwe l1? = llus1* + 2R/ VupVve dx + R |[ve||> = upl|> + R*S*? + O(e). (3.8)
Q
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Let h(t) be defined as in Lemma 2.1. As can be seen from the proof of Lemma 2.1, we have
that h(t,) = A [, |HL|’1 dx and /' (t;) < 0, where ¢, = t*(%2-). From the structure of 4 and

well [lwell
f ol H::_fll |7dx > 0, it follows that £, is uniformly bounded by a suitable positive constant Cj,
VR > 1 and Ve > 0.

On the other hand, we can infer from (3.8) that there exists &; > 0 such that

1
l[well® = [losp|* + ERZSM, Ve €(0,¢1).

Thus, we can find R; > 1 such that |w,|| > C;, VR > Ry, and Ve € (0, &1).
Let

E = {u:u:Oor [l <t+<i>} and E, = {u: ]| >t+<L)}.
flaell flull

Note that H — A} = E; U E; and A} C E;. Since u;, € A}, by the continuity of ¢*(u), one
sees that u;, + R, v, for ¢ € (0,1) must intersect A}, and consequently

inf I, < suply(uyp + tve).
AZ t>0

Hence (3.5) will follow if we show that

2

SU[)} Up +Lv .
0 b\Up e) <

By the mean value theorem, we can get §(x) € [0, 1] satisfying
(ub(x) + LV, (x))q - uZ(x) = q(ub(x) +8(x)tv, (x))qiltvg (x) > qtuz_l(x)vs (x) (3.9)
for any x € Q. By (3.6), (3.7), and (3.9),

Iy(up + tv,)

a a b 2
= 5||u,,||2 +at/ Vu, Vv, dx + Et2||vs||2 - L—L||u,,||4 —bt2</ Vup Vv, dx)
Q Q

b b
—=t*vell* —btllub||2/ VupVve dx — =8| up | [|ve|?
4 o 2
3 2 A
— bt || ve | VupVvedx — — [ (up +tve)?dx
Q qJa

a b b
<Ip(up) + EtzlleH2 - Zt4”v5”4 - §t2||14b||2||1/a||2

A _
- E / [(ub + v, )1 — uZ — qtuz lvs] dx
Q

b b
< Svel® - L—Llf‘LIIVSII4 - Etzllubllzllvsllz,

[NSIRNY

which implies that there exists ; > 0 small enough such that

2
sup Ip(up + tve) < a4

. .
O<t<ty 4b

Page 10 0of 13



Shi and Qian Boundary Value Problems (2021) 2021:55 Page 11 0f 13

Thus, we only need to consider the case of t > t;. Since

a b b
wp@wh+wastﬁiﬂmuﬁ—zﬂmuﬁ}—Eﬁm%anw

t>t t>0
2 2
a
2 2 2
= — — =t llupll“llvell” < —
4p 271 ¢ ap’

we deduce that (3.5) holds.
Secondly, we claim that iz; # 0. If, to the contrary, i, = 0, from {iz,} C A} it then follows
that

al|ity||* = bllit,||* + 0,(1) = 0.

As a consequence, we obtain | iz, ||> — % as n — oo. Furthermore,

2

T [ P NP
1Anbf1h-ngrgozb<un)-nlingo[2||un|| i xfﬂw ax| =2,

which contradicts (3.5). Hence, the claim holds. This time we can proceed as in the proof
of Lemma 3.1 and deduce that iz, is a positive solution of problem (1.1) with #, € A;. The
proof is complete. 0

Proofof Theorem 1.1 This is an immediate consequence of (1.4), Lemmas3.1and3.2. O

4 Proof of Theorem 1.2

Proofof Theorem 1.2 For any sequence {b,} with b,, \( 0, we can use Theorem 1.1 to obtain
sequences {up,} C Aj and {ip,} C A, corresponding to positive solutions to problem
(1.1) with b = b,, when 1 € (0, T},,).
By i, € A, and (1.4), we see that
92—
lim 5, 2 > tim 222D _ o
n—00 n—00 bn(4—q)
and conclusion (i) follows.
Next, we prove conclusion (ii) of Theorem 1.2. Note that

Ib(ubn) = inf Ibn <0
A} UAY
n n

for all n € N. Then, by Holder’s inequality, we have

1 !
0> Iy, (up,) - E(Ibn(ub”)’ Up,)

1 1 1 1 g _—q
> (=== Mup, 1P =2 === )17 S7 [luy, |19
2 4 q 4

Since 1 < g < 2, it follows that {u;,} is bounded in H. As a consequence, there exists a sub-

sequence of {b,} (still denoted by {b,}) such that u;,, — uy in H as n — oo. Furthermore,



Shi and Qian Boundary Value Problems (2021) 2021:55 Page 12 0f 13

we have that, for all v € H,
p— 3 /
0= nlinolo<1bn(ubn), v>

= lim [(u—bnnubn”z)/ Vuande—k/ uZlvdx]
n—00 Q Q n
:a/ VMOVvdx—A/ ugflvdx,
Q Q

which implies that u, is a positive solution to problem (1.5). To complete the proof, we

only need to show that u;,, — 1o in H. This follows easily from

2
alluy, — ol

= (Ilgn(ubn) — It (uo), up, — uo) +b, / |Vuy, | dx/ Vuy, V(up, — uo) dx
Q Q

+ Af (uz;l - ug_l)(ubn — ug) dx
Q

— 0,

as n — 00. Theorem 1.2 is thus proved. g
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